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Abstract. We presentl/O-efficient algorithmsto constructplanarSteinerspan-
nersfor point setsandsetsof polygonalobstaclesn the plane,andfor construct-
ing the “dumbbell” spannerof [6] for point setsin higherdimensionsAs im-
portantingredientgo our algorithms we present/O-efficientalgorithmsto color
theverticesof agraphof boundediggree,answetbinarysearcihgueriesontopol-
ogy buffer trees,and preprocess rootedtreefor answeringprioritized ancestor
queries.

1 Intr oduction

Moti vation: GeometricspanneraresparsesubgraphsfthecompleteEuclideangraph
over a setof pointsin RY. They play a key role in efficient algorithmic solutionsfor
severalfundamentajeometricproblems.Several efficient algorithmsfor constructing
spannerin Euclideanspaceareknown, includingl/O-efficientalgorithmg[12], thereby
enablingthe processingpf muchbiggerdatasetsthatdo not fit into internalmemory
With respecto geometricshortespathproblemsjn internalmemory spannersireuse-
ful becauseahey aresparsesothatapproximateshortespathquerieson the complete
Euclideangraph,whosesizeis ©(N?), canbe answeredy solving the single-source
shortespath(SSSP)problemon agraphof sizeO(N). In externalmemory sparseness
is notsufiicientto obtainl/O-efficientalgorithms asthebestknown singlesourceshort-
estpathalgorithmtakesO(|V| + (|E|/B)log, |[E|) I/Os [14]. Thefocusof this paperis
to constructspannersn suchaway thatspannepathscanbereported/O-efficiently.

Computational Model and Previous Results: In the ParallelDisk Model (PDM) (see
[17]), anexternalmemory(EM) consistingof D disksis attachedo a machinewith an
internalmemoryof sizeM. Eachof the D disksis dividedinto blocksof B consecutie
dataitems.Up to D blocks,at mostone per disk, canbe transferrecbetweeninternal
andexternalmemoryin asinglel/O-operation.The complexity of analgorithmin this
modelis the numberof 1/0O operationst performs.lt hasbeenshowvn that sortingan
arrayof sizeN takessor{N) = ©((N/DB)logy g (N/B)) I/Osin the PDM (see[17]).
Scanninganarrayof sizeN takesscar{N) = ©(N/DB) I/Os. Dueto thelack of space,
we are forcedto omit a discussiorof previous relatedwork, exceptfor the mostrel-
evantresults.However, we referthe readerto [15] for geometricspanners|9] for the
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well-separategair decompositiofWSPD),and[17] for externalmemorymodelsand
algorithms.

In [12] an algorithmto computethe WSPD and the correspondingspannerof a
pointsetin RY in O(sortN)) 1/0s usingO(N/B) blocksof externalmemoryhasbeen
proposedBYy carefully choosingspannetedgesthe diameterof the spannemgraphis
shavn to be atmost2log, N. Reportinga spannepathin this spannetakesO(1) 1/0s
peredgein thepath.Moreover, alower boundof Q(min{N,sortN)}) I/Osfor comput-
ing at-spannenof agivenpoint setis presented.

New Results: In Sec.3, we presentan algorithmto constructthe dumbbellspanner
of [6] for a setof N pointsin RY in O(sor{N)) 1/Os, shav how to computean aug-
mentedspannenf sizeO(N) andspannediametelO(log, N) (resp.O(a(N))) andhow
to reportspannepathsin thesetwo spannersn O(log, N/(DB)) (resp.O(a(N))) I/Os.
Thesespannersreinducedby aconstannumberof rootedtrees calleddumbbelitrees,
sothatreportinga spanneipathreducedo reportinga pathin oneof thesetrees.The
lattercanbedonel/O-efficiently [13]. To construcdumbbellspannersye haveto solve
severalinterestingsubproblemsncludingvertex coloringof graphsof boundediegree,
answeringprioritized ancestoqueries andansweringjuerieson topologybuffer trees
(seeSec.2).In Sec 4, we presentanexternalversionof thealgorithmof [5] to construct
in O(sortN)) I/Os aplanarSteinerspannenf sizeO(N) andspanningatio 1+ € for a
givensetof N points,or polygonalobstaclesvith N verticesin the plane.Planarityis
desirableasplanargraphscanbeblocked[1], andan|/O-efficient singlesourceshort-
estpathalgorithmfor embeddeglanargraphss known [3]. Also, planargraphscanbe
preprocessefbr fastshortespathquerieqg13].

Preliminaries: A EuclideangraphG = (V,E) is at-Steinerspannerfor the complete
Euclideangraph£(S) definedon a setS of pointsin RY, if SC V andfor every pair
of verticesp, g € S, distg(p,q) <t-disk(p,q). Theverticesin V \ SarecalledSteiner
points G is at-Steinerspannefor thevisibility graph?/(P) definedonasetP of polyg-

onal obstacleswith vertex setS, if SCV andno edgein G crossegheinterior of ary

obstaclein P, andfor every pair of verticesp,q € S, distg(p,q) <t-dist,p)(p,q). We

call graphG at-spanneiif V =S,

Givenanaxes-parallebox R anda point setS containedn R, afair split of Ris a
partitionof Rinto two boxesR; andRp, eachcontainingatleastonepointin S, usingan
axes-parallehyperplaneH; thedistanceof H from thetwo sidesof R parallelto H has
to beatleast{/3, where/ is the shortestside of the boundingbox of S. Givena point
setS, let R(S) beits boundingbox, and R(S) be the smallestaxes-parallehypercube
containingS and centeredat the centerof R(S). The following recursve procedure
definesa fair splittreeT(S) for S If |§ = 1, thenT(S) consistsof the singlenodeS.
Otherwisewe split R(S) into two non-emptyboxesR (S;) andR/ (S;), usingafair split.
R(S) is definedas an axes-parallebox of aspect-raticat most 3 which is contained
in R(S), containsS, canbe partitionedusinga fair split, and suchthat every sidee
of R(S) eithercoincideswith the correspondingside € of R(S) or is at distanceat
leastl’ /3 from €, wherel’ is thelengthof the sideof R(S) perpendiculato €. Now
recursiely computetreesT (S;) andT ($) andmalke theirrootschildrenof S. Notethat
everynodein T (S) correspond$o auniquesubsebf S. We identify this subsetwith the
node.



A well-sepaatedpair decompositioffWSPD)of S consistof afair splittreeT(S)
andasetof pairs{{A1,B1},{A2,B2},...,{Am,Bm}} suchthatA;, B; arenodesn T(S),
for 1 <i < m, for every pair of pointsp,q € S, thereis auniquepair {A;, B; } suchthat
p € Ai andg € B, andfor all 1 <i <m, disk(p,q) > s-dist(x,y), forall p€ A;, g € B;,
andeitherx,y € A; or x,y € B;. Therealnumbers> 0 is calledthe sepagtion constant

2 Techniques

Coloring Graphs of BoundedDegree: GivenagraphG with N verticesandmaximal
degreeboundedby someconstanty, the following algorithmcolorsthe verticesof G
with A+ 1 colorssothatary two adjacentverticesin G have differentcolors: Number
theverticesof G in theirorderof appearanci thegivenvertex list, anddirecttheedges
of G from the verticeswith smallernumbersto thosewith larger numbersWe now
procesgshe verticesby increasingnumbers,one at a time. When processinga vertex
we color it with the smallestcolor differentfrom the colorsof its in-neighbors.This
techniquecaneasilybe realizedin O(sort{N)) 1/0Os usingthe time-forward processing
techniqud10,2].

Prioritized Ancestor Queries: Givenarootedtree T andanassignmenbf priorities
priority(v) € {0,1,...,k} to theverticesof T, we wantto build a datastructure? that
allows answeringgueriesof the following typein O(1) I/Os: Givena vertex v andan
ancestow of vin T, find the highestvertex priority h on the pathtt from v to u, and
reportthe first vertex first(v,u) andthe last vertex last(v,u) on Tt with priority h. We
call thesequeriesprioritized ancestomueries We shav how to find first(v,u). A slight
modificationof this procedurdinds last(v,u). We augmenfT with an artificial root r
with priority(r) = k+ 1, andmaker the parentof theoriginalrootof T. LetW = {v e
T : priority(v) = i}. Thenevery nodev € W, i < k, hasanancestoof higherpriority.
For every nodev, let p/(v) be the lowestancestomu of v in T suchthat priority(u) >
priority(v). Thenwe defineatree T’ by makingv the child of p’(v).

Lemma 1. Givenanodev € T andanancestoru of vin T, first(v,u) = u or first(v, u)
is a child of the lowestcommorancestorf u andv in T/, denotedoy LCAT (v, u).

We computea binary tree 7/ with |7’| = O(|T|) from T’ asfollows: Replaceevery
nodev with childrenwy,...,w by apathvy,...,v of new nodessuchthatvi,; is the
right child of v;, for 1 <i < t. We call v1 therepresentativeep(v) of v andv; its anchor
anchotv). Let the childrenwy,...,w be sortedby decreasinglepthin T. Thenwe
make rep(w;) theleft child of v;, for 1 <i <t andgive nodev; alabelleft(v;) = w.
Thefollowing resultfollows from Lemmal andgivesan O(1) 1/O procedureo report
first(v,u).

Lemma 2. Givena nodev andan ancestoru of vin T, first(v,u) € {u,z}, whee z=
left(LCA 4 (anchofv),anchofu))).

We computethe parentof thenodesn T’ for every setW, separatelylLet To=T. Then
we mark every vertex w € Tp with priority(w) > 0. For every node,we computeits
lowestmarked ancestoiin To. This producesall parentsp'(v), v € Wp. We remove all



verticesin Wy from Tp andmalke every vertex w ¢ Wy the child of its lowestmarkedan-
cestorin Tp. Let Ty denotetheresultingtree.We now recursvely applythis procedurdo
T, to obtainall parentsp’(v), for v € Wp. Usingtime-forwardprocessingeachrecursie
steptakes O(sor{(|Ti|)) 1/0s. OnceT’ hasbeencomputedit takesO(sort(|T'|)) 1/Os
to computeZ’ from T’ andto preprocesg”’ for answering.CA-queriesin O(1) I/Os.
If [Wi| < c|W_1|, for someconstan®0 < ¢ < 1 and1 <i <k, we obtainthe following
result.

Theorem1. GivenarootedtreeT with vertex priorities priority(v) € {0,1,...,k}, let
W = {ve T :priority(v) =i}, 0<i <k If W[ < c[W_1], for someconstanD < c < 1
and 1 <i <k, it takes O(sort(N)) 1/0Os and O(N/B) blocks of external memoryto
constructa data structue D that allows answeringprioritized ancestorquerieson T

in O(1) I/Os.

Querying Topology Buffer Trees: Given a binary tree T whosenodesstore O(1)

informationeach we call abinarysearchqueryq stronglylocal on T if theinformation
storedat a nodew andan ancestow of w is sufficient to decidewhetherall, none,or
someof theanswergo qin T (v) arestoredin T (w), andwe arerequiredto reportall

answergo g storedin T. We call g weaklylocal onT if theinformationstoredatanode
v is sufficient to decidewhetherT (v) containsan answerto g, andwe have to report
oneanswero g.

A topologytree [11] is abalancedepresentationf a possiblyunbalancedbinary
tree T. 7 hasheight O(log,N), whereN is the numberof nodesin T, and allows
answeringweakly local binary searchquerieson T in O(log, N) time. To construct
T, onestartswith atreeTop = T, andrecursvely constructsa sequencély, Ty, ..., Tk
of binary trees,whereTi1 is obtainedfrom T; by contractinga carefully chosenset
of edgesin T;. The vertex setof 7 is the disjoint union of the vertex setsof trees
To, Ta,--., Tk- A vertex v in Tiy; is the parentof a vertex w in T; if v is the result of
contractinganedge{u,w}, or vis acopy of win Ti+1 andnoedge{u,w} in T; hasbeen
contracted.

If T is static,we canextendtheideaof [7] to obtaina topology buffer tree. We
constructitopologytreeZ for T andcutit into layersof heightlog,(M/B). Eachlayer
is a collectionof rootedtrees We contracteachsuchtreeinto a singlenode.Theresult-
ing tree B is thetopologybuffer treecorrespondingo T. B hasheightO(Iog(M/B) N);
eachnodeof B represents subtreeof 7 of sizeO(M/B) andhasat mostM/B chil-
dren.Thus,every nodeof 4B fits into internalmemory Combiningtheideasof topology
B-treeg[7] andbuffer trees[2], we obtainthefollowing result.

Theorem 2. Givena topology buffer treeB representingan N nodebinary treeT and
O(N) (weaklyor strongly) local binary search queries,it takes O(sort{N + K)) 1/Os
andO((N + K)/B) blodksof externalmemoryto answerall querieswhereK is thesize
of the output,providedthatM > B2,

3 Spannersof Low Diameter

Givena pointsetSin RY, we wantto constructiinear size spanneigraphsof spanner
diametersO(log, N) andO(a(N)) thatcanbe representetby datastructureso report
spannepathsin O(log, N/(DB)) andO(a(N)) I/Os, respectiely.



3.1 Dumbbell Trees

GivenaWSPD D for S, let T(S) bethefair split treeof D, andC = R(S). We referto

thewell-separategbairsof 2 asdumbbellgasthey look like dumbbellsif we connect
the two centersof the boundingboxes of eachwell-separategair by a straightline

segment). We definethe length of a dumbbellto be the length of this line segment.
Referto thetwo boundingboxesastheheadsof thedumbbell Also, referto C asahead
(whichdoesnotbelongto any dumbbell). We wantto partitionthe setof dumbbellsnto

a constannumberof groupssuchthatthe lengthsof two dumbbellsin the samegroup
differ by afactorof at most2 or by a factorof atleast1/d, for some0 < 6 < % to be
definedlater; the headsof two dumbbellsin the samegroupwhoselengthsdiffer by a

factorof at mosttwo arerequiredto have distanceat leastc/ from eachother wherec

is a constanto be specifiedlater, and/ is the lengthof the shorterdumbbell.We call

theformerthelengthgroupingproperty;thelatterthe sepaation property

For every suchgroup G of dumbbellswe definea dumbbelitree T; asfollows: Tg;
containsonedumbbellnodeperdumbbellin G, oneheadnodeper dumbbellheadof
thedumbbellsin G, andonenodeperpointin S. The pointsin Sarethe leavesof Tg.
Theheadnodecorrespondingo thespeciaheadC is therootof Tg;. For everydumbbell
{A,B}, headsA andB arethe childrenof {A,B}. The parentof dumbbell{A, B} is the
smallestheadnodecontainingoneof its headsThus,every node,exceptC, hasawell-
definedparent.Sucha treecanbe computedn O(sortN)) I/Os pergroupby marking
all nodesin the fair split tree correspondingo dumbbellheadsin the group, making
every leaf of the fair split treea child of its lowestmarked ancestgrandmakingevery
dumbbelinodethe child of the lowestmarked ancestoof oneof its headsLeavesand
dumbbelinodeswithout markedancestorgrechildrenof the headnodeC.

In orderto computegroups G with the above propertieswe first computeO(1)
groupshaving the length-groupingpropertyandthenrefinethesegroupsto ensurethe
separatiorproperty Thelengthgroupingpropertycanbe guaranteetby simulatingthe
algorithm of [6] in externalmemory which takes O(sort(N)) I/Os. In particular we
computea numberof groupsg; j, where0 < j < b, for someconstantb, suchthat
eachgroup gj = U; Gi,j hasthe length groupingpropertyandthe dumbbellsin each
groupg; j differ by afactorof atmosttwo in length.To guarante¢he separatiorprop-
erty, we partitioneachgroup Gj j into O(1) subgroupsj; j k suchthatthe dumbbellsin
eachsubgroupsatisfythe separatiorproperty We memgegroupsg; j x into O(1) groups
glf’k = Ui Gi,j k,» eachhaving the lengthgroupingand separatiorproperties Consider
oneparticulargroup G j, andlet £ bethelengthof the shortesdumbbellin G; ;.

In orderto computegroupsg; j k, we needto modify the dumbbellsin D slightly.
ConsideradumbbellD = {A,B}, andlet D’ = {A’, B} beits parentin the computation
treel ThenA' hasbeensplit into two boxesA; and Ay, whereA is containedin A;.
In the following, we will consider{A,B} to be dumbbell{As,B}. It follows from the
propertiesof afair split treeandits WSPDthatthe shortessideof headA; haslength
atleast?’ = m.

1 See[9] for thedefinition of computatiortrees.intuitively, A is the parentof A in thefair split
tree,{A', B} is notwell-separatedandA’ is largerthanB.



Thecoreof ouralgorithmis the constructiorof a proximitygraph P containingone
vertex perdumbbellin G; j andanedgebetweertwo verticesif thetwo corresponding
dumbbellsaretoo close.We do this asfollows: For everydumbbell{A,B} € G j, puta
box B of sidelength(c+ 8/s+ 4)¢ aroundthe centerof headA. Thenevery dumbbell
{E,F} € G, thatis too closeto {A, B} musthave bothits headswithin this box. Parti-
tion B into O(1) grid cellsof sidelength?’ /2. ThenheadE; mustcontainatleastoneof
thegrid verticeshecausét hassidelengthatleast?’. Thus,if pisagrid pointgenerated
by dumbbell{A,B}, and{E,F} is adumbbellwhoseenlagedheadE; containsp, we
addan edgebetweernthe verticescorrespondingo {A,B} and{E,F} to P. Next we
shav how to find all dumbbellheadsE; containingagrid point p.

The setof dumbbellheadscontaininga point p are storedalonga pathin the fair
splittreeT. Only a constaninumberof themcanbe headsof dumbbellsin G; j, asthe
minimal sidelengthof adumbbellheadin G; j is at most2//s, the minimal sidelength
of the parentof adumbbellheadin G; j is atleast’, andthe sidelengthsof the boxes
alongaroot-to-leafpathin the fair split treedecreaséy a factorof 2/3 every d steps.
For every grid point p, we reportall theseheadsusingstronglylocal binary searchon
T. Thetotal numberof headsreportedfor all grid pointsandall dumbbellsis O(N). It
takessortingandscanningto find thedumbbellsin G; j having thereportedheadsand
to addthe correspondingdgesto P. It follows from standardackingargumentshat
? hasboundeddegree,sothatwe cancomputea vertex coloring of 2 with a constant
numberof colors. Theresultingcolor classesrethe desiredsubgroupss; j k of Gij k.

Lemma 3. GivenapointsetSin RY anda WSPDD for S, it takesO(sortN)) I/Osand
O(N/B) blocks of external memaoryto partition the dumbbellsof D into O(1) groups,
ead havingthe lengthgroupingand sepaation properties.Each group can be repre-
sentedby a dumbbeltree Theconstructionof all dumbbelitreestakesO(sortN)) 1/0s
andO(N/B) blocksof externalmemory

3.2 Spannersof Logarithmic Diameter

Let Ty,..., T, bethe dumbbelltreesconstructedn the previous section.Thenwe con-
structgraphsGy, ..., Gy, eachhaving vertex setS, from thosetrees We memgeall these
graphsGy,...,G; into aspanneiG.

We constructG; asfollows: For every nodev € T, let w(v) = |Ti(v)|. We choose
arepresentatie point r(v), for every nodev € T;. If v is aleaf, thenr(v) is the point
representedly v. OtherwiseJetws, ..., w, bethechildrenof vin T;. Thenr(v) =r(w;),
wherew(wj) = max{w(wy) : 1 < h <k}. Weaddanedge{r(v),r(w)} to G;, for every
edge{v,w} in T; with r(v) # r(w).

For two pointsp,q € S, let {A, B} betheuniquedumbbellsuchthatp € Aandq € B.
Let T; bethedumbbelltreecontainingthe dumbbellnodecorrespondingo {A, B}, and
let v andw bethe two leavesof T; suchthatp =r(v) andg = r(w). Thereis a unique
pathtt= (v = vp,v1,...,Vk = W) from v to w in T;. This path correspondgo a path
1= (p=r(w),r(v1),-..,r(v) = Q) in G;. It is shavn in [6] that Tt haslengthat most
t-dist(p,q) if we chooses= O(d/(t—1)), 6= 1/s, andc = 2/ in the construction
of the dumbbelltrees.Thus,graphG is a t-spannerMoreover, oncewe know treeT;
suchthat G; containsthe spanneipathft asconstructechbove, we caneasilyreport it



by traversingthe pathsfrom v andw to their LCA in T;; but tmaybemuchlongerthan
1 becausemary nodesalong m may have the samerepresentatie. Obsene, however,
thatall nodesin T; with the samerepresentatie r(v) form a pathfrom theleaf £ with

r(¢) = r(v) to someancestoof £ in T;. We constructatreeT, by compressingll non-
leafnodesonsuchapathinto asinglenode.lt followsfrom thechoiceof representaties
in T thattreeT; hasheightatmostlog, N + 1, sothatwe canreportitin O(log, N/(DB))

I/0s [13]. Unfortunately we do not know which of the dumbbelltreescontainsthe
dumbbellnode correspondingo {A,B}. However, asthereare only O(1) dumbbell
trees,we canafford to queryall dumbbelltreesandreportthe shortespathfound.

Theorem 3. It takesO(sortN)) 1/0Os and O(N/B) blocks of externalmemoryto con-
structa t-spannerof spannerdiameterO(log, N) and sizeO(N) for a givensetSof N
pointsin RY, alongwith a datastructure usingO(N/B) blocks of externalmemonythat
allowsreportinga t-spannemathwith O(log, N) edgesbetweeranytwo querypoints
in O(log,N/(DB)) 1/Os.

3.3 Spannersof Nearly Constant Diameter

Next we presentainl/O-efficientalgorithmto reducethe spannediameterof all graphs
Gj to O(a(N)) andto constructadatastructurethatallows spannepathswith O(a(N))
edgedo bereportedata costof O(1) I/Os peredge.The constructioris basedon [16].
Theideais to augmenevery dumbbelltreeT, with additionaledgesetweemodesand
subsetof their ancestorsso that the shortestmonotonepathfrom a nodev to one of
its ancestorgontainsO(a(N)) edgeswherea pathis monotonéf its nodesappeaiin
the sameorderalonga leaf-to-rootpathin Ti. Let T,° be theresultinggraphandG; be
the supegraphof G; containingedges{r(v),r(w)}, {v,w} € T,°. For anodev andan
ancestou of v, let thethepathfrom vtouin T, andm® betheshortesmonotonepath
fromvtouin T°. Let ftandf®® bethecorrespondingpannepathsin G; andG?. Then
T is nolongerthanft, by thetriangleinequality

We needsomedefinitions:Given a function f : Ny — Ny suchthat f(0) = 0 and
f(X) < x for x> 0, we define f(® (x) = x and ) (x) = f(f-Y(x)), for i > 0. Then
*(x) = min{k > 0: f®(x) < 1}. We definea seriesof functions@, wheregy(x) =
[vX| and@(x) = @_;(x), for i > 0. For aforestF anda setW of verticesin F, let
F NW be the forestobtainedby contractingevery maximal subtreewhosenon-root
nodesarenotin W to a singlenode.Let F xW be the setof edgescontainingedges
betweereveryvertex vin W andall its ancestoranddescendantsin F \ W sothatthe
pathfrom u to v doesnot containa vertex in W \ {v}. Denotethe irreflexive transitve
closureof a DAG G by G*. Giventwo parameter® < k < x, let V(x,k) be the setof
verticesin F atlevelsk, k+x,k+ 2x,.... We call V(x,0),...,V(x,x— 1) the x-strided
levelsof F.

The algorithm of [16] consistsof two parts.The top-level procedureSHORTCUT
computeghe 13-stridedlevel W of forestF which hasminimum size, outputsedges
F xW to beaddedto F, andthenrecursvely shortcutsd= "W, calling procedureRec-
SHORTCUT with parametef3 = min{k > 0: @ (h(F)) < 4}, whereh(F) is the max-
imum heightof ary treein F. ProcedureRECSHORTCUT computestwo parameters
x1 = @_1(h(F)) andx; = 3, and the minimum x;-stridedlevel V; of F. If B = 1,



it outputsthe edgesin (FNVi)* U (F xV1) to be addedto F and recursvely calls
RECSHORTCUT(F \V1,1). If B> 1,letF; = FNVy, Vo betheminimumxo-stridedlevel
of F1, andF, = F1NVs; thenRECSHORTCUT returnstheedgesn (F xV;) UFL U, to
beaddedo F andrecursvely shortcuts= \ V4 andF, by invoking RECSHORTCUT(F \
V1,B) andRECSHORTCUT(F, 3 — 1).

It is shawvn in [16] thatthe graphT® producedoy augmentinga rootedtree T with
theoutputof SHORTCUT(T) hassizeO(|T|). Theshortestmonotonepathin T° from a
nodev to ary of its ancestors in T containsO(a(|T|)) edgesA datastructureto find
the shortestmonotonepathin T° betweentwo queryverticesv andu canbe derived
quitenaturallyfrom the computatiorof algorithmSHORTCUT. In particular denotethe
input forestto SHORTCUT by F = F3,4, andconsiderthetree R of recursve callsto
RECSHORTCUT triggeredby SHORTCUT. Thenfor every 3, the recursve invocations
with parametef form a setof pathsin K. For eachsuchpathp, let ; bethetopmost
nodein K. Thenwe definea forestF,g asthe union of the input foreststo all such
top-level invocationsi;. We defineanotherforestF,g_; astheunionof forestsF; in the
descriptionof RECSHORTCUT for invocationswith paramete. If B = 1, thenforest
Fop—1 doesnotexist. Thus,we obtainasequencé&yg., 1,. . -, 2 of forests.

GivenaforestF whichis theinputto invocationI, let %, ..., % bethedescendants
of Iin R thatrepreseninvocationsof RECSHORTCUT with paramete. Thatis, I = %
representfRECSHORTCUT(F, B), % representlRECSHORTCUT(F \ V4, 3), andso on.
Thenevery nodev of F appearsn the setV; for at mostoneinvocation . We give v
priority i. For forestsFyz_1, we give nodesin F1 NV, priority 1. For forestFy. 4, all
nodesin W getpriority 1. All nodeswith no priority labelareassumedo have infinite
priority.

Giventhis labeling,a shortesmonotonepathfrom anodev = v, 4 to its ancestor
U = Uy, 1 canbe found asfollows: SinceF = Fy. 1, we startby examining Fpg, 1.
Giventwo nodesv, anduy whoseshortesimonotonepathin F, UR U - -- U F, we want
to find, we find theminimum priority i suchthatthereis a vertex onthe pathfrom vy to
uy in K, with priority i, andreportthelowestandhighestsuchverticesv,_1 anduy_1 on
this path. Therehave to be edges{w, w-_1} and{uy_1,u,} in T°. If y= 2, thereis also
anedge{w_1,uy_1} in T°. Otherwisewe recursvely find the shortesimonotonepath
fromvy_1 to uy—1 in RURU---UF._1. If thereis no vertex with finite priority onthe
pathfrom vy to uy in F, this pathmustbe short.We reportthis pathby traversingF, and
donotrecurse.

Findingverticesw,_1 anduy_; in forestF, for two queryverticesvy anduy is a pri-
oritizedancestoquery;we justreportminimumpriority ancestorinsteadof maximum
priority ancestorsThus, given datastructuresfyg. 1, - .-, #2 to answerprioritized an-
cestorquerieson Fpg4,. . ., F2, the above shortesipathproceduretakes O(1) I/0s per
stepalongtheshortespathfrom vtouin T°, O(a(N)) I/Osin total. It remainsto shaw
thatthesedatastructuresanbebuilt I/O-efficiently. Thefollowing lemmais crucialfor
this.

Lemma 4. Givenaforestr, 2 <y< 2B+ 1, andapartitioningof theverticesof F, into
subsetdM, ..., W sud thatW containsall verticesin F, havingpriority i, 1 <i <Kk,
W < 34|, for 1<i <k



ForestsFyg, 1,. .., 2 areeasilyobtainedby simulatingthe computatiorof procedures
SHORTCUT andRECSHORTCUT. By Theoreml andLemmad, it takesO(sortN)) 1/0Os
to computedatastructuresfop. 1, . .., F2 from forestsFp. 4,.. . ,F2, asthetotal sizeof
theforestsFyp, 1,...,F2is O(N) [16].

Theorem4. It takesO(sortN)) 1/0Os and O(N/B) blocks of externalmemoryto con-
structa t-spannerof spannerdiameterO(a(N)) andsizeO(N) for a givensetSof N
pointsin RY, alongwith a datastructure usingO(N/B) blocks of externalmemonythat
allowsreportinga t-spannempath with O(a(N)) edgesbetweerany two query points
in O(a(N)) 1/Os.

4 Planar Steiner Spanners

Given a setP of simple polygonalobstacleswith vertex setSin the plane,we want
to constructa planarSteinerspannelG of sizeO(|S|) andspanningratio 1+ € for the
visibility graph?/(P) of P. Our algorithmfollows the frameawork of [5]. It constructs
a planarsubdvision basedon the positionof the verticesin S andthencombinesthis
subdiision with the subdvision definedby the obstacleedgedso obtainanL-Steiner
spannerA planarEuclideanSteinerspanneis computeddy superimposing constant
numberof planarlLi-Steinerspanners.

4.1 Planar L;-Steiner Spannersfor Point Sets

We male frequentuseof a procedurenterval(s,r) that partitionsthe sggments into
subsgmentsof lengthr eachby adding Steinerverticeson s. The following planar
subdiiision D' of aminimal axes-parallekquareC containingall pointsof Sis thebasis
for our spannerconstruction.The cells of D’ are of two types.Let a box be an axes-
parallelrectangleof aspectatio atmost3. A boxcell is abox andcontainsexactly one
pointof S. A donutcell is the set-theoretidifferenceof two boxesB andB', doesnot
containary pointof S, andfor every sidee of B, the distanceto the correspondingide
€ of B' is eitherzeroor atleast||€||/6.

Given sucha subdvision D’, constructa planarL;-SteinerspanneD” for S as
follows: Performinterval(e, y¢), for every edgee of D', where/ is the length of the
shortesiedgeof the box to which e belongs,and0 < y < 1 is anappropriatelychosen
constantto be definedlater For every cell R and every boundaryedgee of R shoot
raysorthogonalo e from the endpointsof e andfrom the Steinerverticeson e toward
theinterior of R until they meetanotheredge.For every box cell R containinga point
p € S, we alsoshootraysfrom p in all four axes-paralleldirectionsuntil they meet
the boundaryof R. To presere the planarity of the resultinggraph,we introduceall
intersectionpoints betweensuchrays as Steinervertices.The following lemmanow
follows from [5] and[13].

Lemma5. Givena setSof N pointsin the planeand a linear sizesubdivisionD’ as
above it takesO(sortN) + scarfN/y?)) I/Os to constructa planar L;-Steinerspanner
of sizeO(N/y?) andwith spanningratio 1+ 6y for S.



Subdiision D’ is quite naturallyderived from a fair split tree T for S. The rectangles
R(v) associateavith theleavesof T aretheboxcellsof D'. Theseboxcellscoveralmost
all thesquareC containingall pointsin S. Theuncoveredpartsof C canbe coveredby

regionsR (v) \ R(v), whereR/ (v) wasshrunkto R(v) beforesplitting R(v). We include

theseregionsasthe donutcellsof D’. Usingthefair split treeconstructiorof [12], and

choosingy = /6, we obtainthefollowing result.

Theorem5. Givena setS of N pointsin the plane and a constante > 0, it takes
O(sortN) + scar{N/?)) I/Osto constructa planar L3 -Steinerspanneiof sizeO(N/€?)
andwith spanningratio 1+ €.

4.2 Planar Steiner SpannersamongPolygonal Obstacles

First we constructa planarL-Steinerspannefor a givensetP of polygonalobstacles
with vertex setSin the plane.We constructhe subdiision D' w.r.t. setSandcombine
it in an appropriatemannerwith the graphdefinedby the obstaclesn P to obtaina
subdvision D,. The spanneiis thenconstructedrom D in a mannersimilar to the
constructionof D”. Our algorithmto constructD, is basedon [5]. However, we use
only one (a,b)-tree to representhe sweepline statusinsteadof usingtwo balanced
binary trees.This simplificationis crucial to allow an I/O-efficient implementatiorof
this procedure.

Let D1 bethe superimpositiorof subdisision D' = (S,E’), viewed asa graph,and
the graphD = (S E) definedby the setof obstaclesn P. Thatis, the vertex setof D1
containsall verticesin SU S andall intersectiompointsbetweeredgesn E’ andE. The
edgesetof D; is obtainedby splitting the edgesin E’ U E at their intersectionpoints
with otheredgesD; may have size Q(N?). Thatis why we basethe constructionof
an Li-spanneifor P on a linear size subgraphD, of D1, which we constructwithout
constructingD1 first.

We divide theregionsof D; into two classesA redregionis aquadrilaterahoneof
whoseverticesis in SUS. Theremainingregionsareblueregions.Let theredgraphof
D; bethesubgraptof thedualof D; containinga vertex for everyredregion of D; and
anedgebetweertwo verticesif thetwo correspondingegionsshareanedgethatis part
of theboundaryof a box or donutcell. The connectedcomponent®f theredgraphare
paths.Theredregionsalongsucha pathareboundedby the sametwo obstacleedges
anda setof edgesin E’. We call sucha setof redregionsa ladder. The two obstacle
edgeson their boundariesarethe sidesof the ladder;the edgesfrom E’ areits rungs
Call the topmosthorizontalrung of a ladderits top rung; we defineleft, right, and
bottomrungsin a similar mannerAll of thesefour typesof rungsarecalled extremal
rungs We call aladdertrivial if it consistsonly of a singleredregion. Otherwiseijt is
non-trivial. Subdvision D» is obtainedfrom D1 by replacingevery ladderin D1 by a
singleregion. It is shavn in [5] thatD, hassizeO(N). Usingargumentdrom [5] anda
constructiorsimilar to thatof Sec.4.1,we obtainthefollowing result.

Lemma 6. Givena subdivisiorD; asdefinedabove it takesO(sortN) + scarfN/y?))
I/Osto constructa planar L;-Steinerspanneof sizeO(N/y?) andspanningatio 1+ 6y
for a givensetP of polygonalobstaclesvith N vertices.



In orderto constructD,, we usefour planesweepgo computepotentialtop, bottom,
left, andright rungs.Theresultingsubdvision D3 maystill containnon-trivial ladders.
But its sizeis O(N), so that we canafford to constructD3 explicitly andremove all
non-extremalrungsto obtainD,. We describehe constructiorof potentialtop rungs.

Let E/, bethesetof horizontaledgesn E’. We usea bottom-upsweepto compute
all potentialtop rungs.During the sweep,we maintaina set of intervals definedby
intersectiondetweenthe sweepline £ and obstacleedges.In particular let ey,. .., ex
be the edgesin E intersectedy the sweepline from left to right. Thenthe intervals
currentlystoredfor £ are(e1, €2), (€2,€3),. .., (&-1,&). Aninterval | = (I,r) in thislist
is aladderinterval if thereis aladderbetween andr, andwe have alreadyfound at
leastonehorizontalrung of thatladder Otherwiseijt is a non-ladderinterval.

We startthe sweepwith a single non-ladderinterval definedby the left andright
boundarie®f thesquareC containingthewholevertex setS. Eventpointsof the sweep
arethey-coordinatesf edgesin E/, andendpointsof obstacleedges We performthe
following updatesdependingnthetypeof eventpoint.Letl,,..., Ik bethecurrentset
of intervalsdefinedby the sweegdine. Whenwe encountera horizontaledgee € E, we
find intervalsl; andl, containingtheleft andright endpointof e. Intervalsl;1,...,l,—1
now becomeladderintervals with their currenttop rungssetto e. Intervals |, andl,
becomenon-laddeintervals.If || or I, wasclassifiedasaladderinterval beforel passed
e, we outputthe top rungfor |, or I;, respectiely. Similar proceduresare appliedto
updatetheinterval list whenthe sweepine passesnobstaclevertex.

We usea buffer tree[2] to representhe sweegine statusin particular we storethe
currentsetof intervals sortedfrom left to right in this tree? Every nodein the buffer
treestoresatime-stampedagclassifyingall intervalsstoredin this subtreeasladderor
non-laddeiintervalsanddescribingthe top rungin the caseof aladderinterval. These
tagsarechosersothatfor everyinterval, atary time,themostrecenttagalongthepath
from theroot of thetreeto theleaf storingtheinterval representshetype andtop rung
of theinterval correctly

Whenthe sweeppasses horizontaledgee, we searchfor the leaves|; andl, of
T storingl; andl,. Denotethe pathsfrom the LCA of |} andl, in T to |, andl; by p
andpy. For all right siblingsof nodeson p;, we storethattheir descendantstoreladder
intervalswith top runge. We do the samefor theleft siblingsof nodeson p;. As thisis
the mostrecentinformationaddedto T, all intervalsbetween; andl, arenow tagged
asladderintervals with top rung e. Intervals|; andl, arebeingtaggedasnon-ladder
intervals. It is easyto find the mostrecenttagsfor I, andl, ontheway down p; andpy,
sothatthetop rungsfor I} andl,; areoutputif necessaryThe procedureso updatethe
treewhenthe sweepline passesn endpointof anobstacleedgearesimilar.

Theorem 6. Givena setof polygonalobstaclesn the planewith N verticesin total, a
planar L;-Steinerspannerof spanningratio 1+ € and sizeO(N/€?) canbe computed
in O(sortN) + scar{N/&?)) I/0s usingO(N/(¢2B)) blocks of externalmemory

Combiningthe final stepof the algorithm of [5] with the red-blueline intersection
algorithmof [4], we obtainthefollowing corollary.

2 As huffer treescanonly beusedto represensetsdravn from atotal order we have to augment
thepartialleft-to-rightorderof the obstaclesggmentgo atotal order We shaw in thefull paper
how to dothis.



Corollary 1. Givena setof polygonalobstaclesn the planewith N verticesin total,
a planar EuclideanSteinerspannerof spanningratio 1+ ¢ and sizeO(N/&*) canbe
computedn O(sori(N/3) + scar{N/&*)) 1/0s using O(N/(¢*B)) blocks of external
memory
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