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Abstract. We presentI/O-efficient algorithmsto constructplanarSteinerspan-
nersfor point setsandsetsof polygonalobstaclesin theplane,andfor construct-
ing the “dumbbell” spannerof [6] for point setsin higherdimensions.As im-
portantingredientsto ouralgorithms,wepresentI/O-efficientalgorithmsto color
theverticesof agraphof boundeddegree,answerbinarysearchqueriesontopol-
ogy buffer trees,andpreprocessa rootedtreefor answeringprioritizedancestor
queries.

1 Intr oduction

Moti vation: Geometricspannersaresparsesubgraphsof thecompleteEuclideangraph
over a setof points in � d . They play a key role in efficient algorithmicsolutionsfor
several fundamentalgeometricproblems.Severalefficient algorithmsfor constructing
spannersin Euclideanspaceareknown, includingI/O-efficientalgorithms[12], thereby
enablingthe processingof muchbiggerdatasetsthatdo not fit into internalmemory.
With respectto geometricshortestpathproblems,in internalmemory, spannersareuse-
ful becausethey aresparse,so thatapproximateshortestpathquerieson thecomplete
Euclideangraph,whosesizeis Θ � N2 � , canbe answeredby solving the single-source
shortestpath(SSSP)problemon a graphof sizeO � N � . In externalmemory, sparseness
is notsufficientto obtainI/O-efficientalgorithms,asthebestknownsinglesourceshort-
estpathalgorithmtakesO ���V �
	����E � 
 B� log2 �E � � I/Os [14]. Thefocusof this paperis
to constructspannersin sucha way thatspannerpathscanbereportedI/O-efficiently.

Computational Model and PreviousResults: In theParallelDisk Model (PDM) (see
[17]), anexternalmemory(EM) consistingof D disksis attachedto a machinewith an
internalmemoryof sizeM. Eachof theD disksis dividedinto blocksof B consecutive
dataitems.Up to D blocks,at mostoneper disk, canbe transferredbetweeninternal
andexternalmemoryin a singleI/O-operation.Thecomplexity of analgorithmin this
model is the numberof I/O operationsit performs.It hasbeenshown that sortingan
arrayof sizeN takessort� N ��� Θ ��� N 
 DB� log � M � B� � N 
 B��� I/Os in thePDM (see[17]).
Scanninganarrayof sizeN takesscan� N ��� Θ � N 
 DB� I/Os.Dueto thelack of space,
we areforcedto omit a discussionof previous relatedwork, except for the mostrel-
evant results.However, we refer the readerto [15] for geometricspanners,[9] for the
�
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well-separatedpair decomposition(WSPD),and[17] for externalmemorymodelsand
algorithms.

In [12] an algorithm to computethe WSPD and the correspondingspannerof a
point setin � d in O � sort� N ��� I/Os usingO � N 
 B� blocksof externalmemoryhasbeen
proposed.By carefully choosingspanneredges,the diameterof the spannergraphis
shown to beat most2log2N. Reportinga spannerpathin this spannertakesO � 1� I/Os
peredgein thepath.Moreover, a lowerboundof Ω � min � N � sort� N ����� I/Osfor comput-
ing a t-spannerof agivenpoint setis presented.

New Results: In Sec.3, we presentan algorithmto constructthe dumbbellspanner
of [6] for a setof N points in � d in O � sort� N ��� I/Os, show how to computean aug-
mentedspannerof sizeO � N � andspannerdiameterO � log2N � (resp.O � α � N ��� ) andhow
to reportspannerpathsin thesetwo spannersin O � log2N 
�� DB��� (resp.O � α � N ��� ) I/Os.
Thesespannersareinducedby aconstantnumberof rootedtrees,calleddumbbelltrees,
so that reportinga spannerpathreducesto reportinga pathin oneof thesetrees.The
lattercanbedoneI/O-efficiently [13]. To constructdumbbellspanners,wehaveto solve
severalinterestingsubproblems,includingvertex coloringof graphsof boundeddegree,
answeringprioritizedancestorqueries,andansweringquerieson topologybuffer trees
(seeSec.2). In Sec.4,wepresentanexternalversionof thealgorithmof [5] to construct
in O � sort� N ��� I/Osa planarSteinerspannerof sizeO � N � andspanningratio1 	 ε for a
givensetof N points,or polygonalobstacleswith N verticesin theplane.Planarityis
desirable,asplanargraphscanbeblocked[1], andanI/O-efficient singlesourceshort-
estpathalgorithmfor embeddedplanargraphsis known [3]. Also,planargraphscanbe
preprocessedfor fastshortestpathqueries[13].

Preliminaries: A EuclideangraphG � � V � E � is a t-Steinerspannerfor thecomplete
Euclideangraph ��� S� definedon a setS of pointsin � d , if S � V andfor every pair
of verticesp � q � S, distG � p � q�! t " dist2 � p � q� . Theverticesin V # SarecalledSteiner
points. G is at-Steinerspannerfor thevisibility graph $%� P� definedonasetP of polyg-
onalobstacleswith vertex setS, if S � V andno edgein G crossesthe interior of any
obstaclein P, andfor everypair of verticesp � q � S, distG � p � q�& t " dist' � P� � p � q� . We
call graphG a t-spannerif V � S.

Givenanaxes-parallelbox R anda point setScontainedin R, a fair split of R is a
partitionof R into two boxesR1 andR2, eachcontainingat leastonepoint in S, usingan
axes-parallelhyperplaneH; thedistanceof H from thetwo sidesof Rparallelto H has
to beat least ()
 3, where ( is theshortestsideof theboundingbox of S. Givena point
setS, let R� S� be its boundingbox, andR̂� S� be the smallestaxes-parallelhypercube
containingS and centeredat the centerof R� S� . The following recursive procedure
definesa fair split treeT � S� for S: If �S� � 1, thenT � S� consistsof the singlenodeS.
Otherwise,wesplit R̂� S� into two non-emptyboxesR*+� S1

� andR*+� S2
� , usingafair split.

R̂� Si
� is definedasan axes-parallelbox of aspect-ratioat most3 which is contained

in R*+� Si
� , containsSi, canbe partitionedusinga fair split, andsuchthat every sidee

of R̂� Si
� eithercoincideswith the correspondingsidee* of R*,� Si

� or is at distanceat
leastl *-
 3 from e* , wherel * is the lengthof thesideof R*+� Si

� perpendicularto e* . Now
recursively computetreesT � S1

� andT � S2
� andmaketheirrootschildrenof S. Notethat

everynodein T � S� correspondsto auniquesubsetof S. Weidentify thissubsetwith the
node.



A well-separatedpair decomposition(WSPD)of Sconsistsof a fair split treeT � S�
andasetof pairs �.� A1 � B1

� ��� A2 � B2
� ��/�/�/��
� Am � Bm

�.� suchthatAi � Bi arenodesin T � S� ,
for 1  i  m, for every pair of pointsp � q � S, thereis a uniquepair � Ai � Bi

� suchthat
p � Ai andq � Bi , andfor all 1  i  m, dist2 � p � q��0 s " dist2 � x � y� , for all p � Ai , q � Bi ,
andeitherx � y � Ai or x � y � Bi . Therealnumbers 1 0 is calledtheseparationconstant.

2 Techniques

Coloring Graphs of BoundedDegree: GivenagraphG with N verticesandmaximal
degreeboundedby someconstant∆, the following algorithmcolorsthe verticesof G
with ∆ 	 1 colorssothatany two adjacentverticesin G have differentcolors:Number
theverticesof G in theirorderof appearancein thegivenvertex list, anddirecttheedges
of G from the verticeswith smallernumbersto thosewith larger numbers.We now
processthe verticesby increasingnumbers,oneat a time. Whenprocessinga vertex
we color it with the smallestcolor different from the colorsof its in-neighbors.This
techniquecaneasilyberealizedin O � sort� N ��� I/Os usingthetime-forwardprocessing
technique[10,2].

Prioritized Ancestor Queries: Givena rootedtreeT andanassignmentof priorities
priority � v� �2� 0 � 1 ��/�/�/�� k � to theverticesof T, we want to build a datastructure3 that
allows answeringqueriesof the following type in O � 1� I/Os: Givena vertex v andan
ancestoru of v in T, find the highestvertex priority h on the pathπ from v to u, and
report the first vertex first � v� u� andthe last vertex last� v� u� on π with priority h. We
call thesequeriesprioritizedancestorqueries. We show how to find first � v� u� . A slight
modificationof this procedurefinds last� v� u� . We augmentT with an artificial root r
with priority � r �4� k 	 1, andmake r theparentof theoriginal root of T. Let Wi

� � v �
T : priority � v�&� i � . Thenevery nodev � Wi , i  k, hasanancestorof higherpriority.
For every nodev, let p*,� v� be the lowestancestoru of v in T suchthat priority � u� 1
priority � v� . Thenwe definea treeT * by makingv thechild of p*5� v� .
Lemma 1. Givena nodev � T andan ancestoru of v in T, first � v� u��� u or first � v� u�
is a child of thelowestcommonancestorof u andv in T * , denotedbyLCAT 6 � v� u� .
We computea binary tree 78* with � 79*5� � O ���T � � from T * as follows: Replaceevery
nodev with childrenw1 ��/�/�/�� wt by a pathv1 ��/�/�/�� vt of new nodes,suchthatvi : 1 is the
right child of vi , for 1  i ; t. Wecall v1 therepresentativerep� v� of v andvt its anchor
anchor� v� . Let the children w1 ��/�/�/�� wt be sortedby decreasingdepthin T. Then we
make rep� wi

� the left child of vi , for 1  i  t andgive nodevi a label left � vi
�!� wi .

Thefollowing resultfollows from Lemma1 andgivesanO � 1� I/O procedureto report
first � v� u� .
Lemma 2. Givena nodev andan ancestoru of v in T, first � v� u� �<� u � z� , where z �
left � LCA = 6 � anchor� v� � anchor� u����� .
Wecomputetheparentsof thenodesin T * for everysetWi separately. Let T0

� T. Then
we mark every vertex w � T0 with priority � w� 1 0. For every node,we computeits
lowestmarkedancestorin T0. This producesall parentsp*+� v� , v � W0. We remove all



verticesin W0 from T0 andmakeeveryvertex w >� W0 thechild of its lowestmarkedan-
cestorin T0. Let T1 denotetheresultingtree.Wenow recursivelyapplythisprocedureto
T1 to obtainall parentsp* � v� , for v >� W0. Usingtime-forwardprocessing,eachrecursive
steptakesO � sort���Ti � ��� I/Os. OnceT * hasbeencomputed,it takesO � sort���T *5� ��� I/Os
to compute78* from T * andto preprocess7?* for answeringLCA-queriesin O � 1� I/Os.
If �Wi �  c �Wi @ 1 � , for someconstant0 ; c ; 1 and1  i  k, we obtainthe following
result.

Theorem1. Givena rootedtreeT with vertex priorities priority � v� �2� 0 � 1 ��/�/�/�� k � , let
Wi

� � v � T : priority � v��� i � , 0  i  k. If �Wi �  c �Wi @ 1 � , for someconstant0 ; c ; 1
and 1  i  k, it takes O � sort� N ��� I/Os and O � N 
 B� blocks of external memoryto
constructa datastructure 3 that allowsansweringprioritized ancestorquerieson T
in O � 1� I/Os.

Querying Topology Buffer Trees: Given a binary tree T whosenodesstoreO � 1�
informationeach,wecall abinarysearchqueryq stronglylocal onT if theinformation
storedat a nodew andan ancestorv of w is sufficient to decidewhetherall, none,or
someof theanswersto q in T � v� arestoredin T � w� , andwe arerequiredto reportall
answersto q storedin T. Wecall q weaklylocal onT if theinformationstoredatanode
v is sufficient to decidewhetherT � v� containsan answerto q, andwe have to report
oneanswerto q.

A topologytree 7 [11] is abalancedrepresentationof apossiblyunbalancedbinary
tree T. 7 hasheight O � log2 N � , whereN is the numberof nodesin T, and allows
answeringweakly local binary searchquerieson T in O � log2 N � time. To construct
7 , onestartswith a treeT0

� T, andrecursively constructsa sequenceT0 � T1 ��/�/�/�� Tk

of binary trees,whereTi : 1 is obtainedfrom Ti by contractinga carefully chosenset
of edgesin Ti . The vertex set of 7 is the disjoint union of the vertex setsof trees
T0 � T1 ��/�/�/�� Tk. A vertex v in Ti : 1 is the parentof a vertex w in Ti if v is the result of
contractinganedge� u � w � , or v is acopy of w in Ti : 1 andnoedge� u � w � in Ti hasbeen
contracted.

If T is static,we canextend the ideaof [7] to obtaina topologybuffer tree.We
constructa topologytree 7 for T andcut it into layersof heightlog2 � M 
 B� . Eachlayer
is acollectionof rootedtrees.Wecontracteachsuchtreeinto asinglenode.Theresult-
ing tree A is thetopologybuffer treecorrespondingto T. A hasheightO � log � M � B� N � ;
eachnodeof A representsa subtreeof 7 of sizeO � M 
 B� andhasat mostM 
 B chil-
dren.Thus,everynodeof A fits into internalmemory. Combiningtheideasof topology
B-trees[7] andbuffer trees[2], weobtainthefollowing result.

Theorem2. Givena topologybuffer tree A representingan N nodebinary treeT and
O � N � (weaklyor strongly) local binary search queries,it takesO � sort� N 	 K ��� I/Os
andO ��� N 	 K � 
 B� blocksof externalmemoryto answerall queries,whereK is thesize
of theoutput,providedthatM 0 B2.

3 Spannersof Low Diameter

Givena point setS in � d , we want to constructlinear sizespannergraphsof spanner
diametersO � log2N � andO � α � N ��� that canberepresentedby datastructuresto report
spannerpathsin O � log2N 
�� DB��� andO � α � N ��� I/Os,respectively.



3.1 Dumbbell Trees

Givena WSPD 3 for S, let T � S� bethefair split treeof 3 , andC � R̂� S� . We referto
thewell-separatedpairsof 3 asdumbbells(asthey look like dumbbellsif we connect
the two centersof the boundingboxesof eachwell-separatedpair by a straightline
segment).We definethe length of a dumbbellto be the length of this line segment.
Referto thetwo boundingboxesastheheadsof thedumbbell.Also, refertoC asahead
(whichdoesnotbelongto any dumbbell).Wewantto partitionthesetof dumbbellsinto
a constantnumberof groupssuchthatthelengthsof two dumbbellsin thesamegroup
differ by a factorof at most2 or by a factorof at least1
 δ, for some0 ; δ ; 1

2 to be
definedlater; theheadsof two dumbbellsin thesamegroupwhoselengthsdiffer by a
factorof at mosttwo arerequiredto have distanceat leastc( from eachother, wherec
is a constantto be specifiedlater, and ( is the lengthof theshorterdumbbell.We call
theformerthe lengthgroupingproperty;thelattertheseparationproperty.

For every suchgroup B of dumbbellswe definea dumbbelltreeTC asfollows: TC
containsonedumbbellnodeperdumbbellin B , oneheadnodeper dumbbellheadof
thedumbbellsin B , andonenodeperpoint in S. Thepointsin Sarethe leavesof TC .
Theheadnodecorrespondingto thespecialheadC is therootof TC . For everydumbbell
� A � B � , headsA andB arethechildrenof � A � B � . Theparentof dumbbell � A � B � is the
smallestheadnodecontainingoneof its heads.Thus,everynode,exceptC, hasawell-
definedparent.Sucha treecanbecomputedin O � sort� N ��� I/Os pergroupby marking
all nodesin the fair split treecorrespondingto dumbbellheadsin the group,making
every leaf of thefair split treea child of its lowestmarkedancestor, andmakingevery
dumbbellnodethechild of thelowestmarkedancestorof oneof its heads.Leavesand
dumbbellnodeswithoutmarkedancestorsarechildrenof theheadnodeC.

In order to computegroups B with the above properties,we first computeO � 1�
groupshaving the length-groupingpropertyandthenrefinethesegroupsto ensurethe
separationproperty. Thelengthgroupingpropertycanbeguaranteedby simulatingthe
algorithm of [6] in externalmemory, which takesO � sort� N ��� I/Os. In particular, we
computea numberof groups B i � j , where0  j  b, for someconstantb, suchthat
eachgroup BD*j �FE

i B i � j hasthe lengthgroupingpropertyandthe dumbbellsin each
group B i � j differ by a factorof atmosttwo in length.To guaranteetheseparationprop-
erty, wepartitioneachgroup B i � j into O � 1� subgroupsB i � j � k suchthatthedumbbellsin
eachsubgroupsatisfytheseparationproperty. WemergegroupsB i � j � k into O � 1� groups
BD*j � k �FE

i B i � j � k, eachhaving the lengthgroupingandseparationproperties.Consider
oneparticulargroup B i � j , andlet ( bethelengthof theshortestdumbbellin B i � j .

In orderto computegroups B i � j � k, we needto modify thedumbbellsin 3 slightly.
Considera dumbbellD � � A � B � , andlet D * � � A*-� B � beits parentin thecomputation
tree.1 ThenA* hasbeensplit into two boxesA1 andA2, whereA is containedin A1.
In the following, we will consider� A � B � to be dumbbell � A1 � B � . It follows from the
propertiesof a fair split treeandits WSPDthattheshortestsideof headA1 haslength
at least(G* � H� 3s: 12�-I d

.

1 See[9] for thedefinitionof computationtrees.Intuitively, AJ is theparentof A in thefair split
tree,

�
AJLK B � is not well-separated,andAJ is largerthanB.



Thecoreof ouralgorithmis theconstructionof aproximitygraph M containingone
vertex perdumbbellin B i � j andanedgebetweentwo verticesif thetwo corresponding
dumbbellsaretooclose.We do thisasfollows:For everydumbbell � A � B � ��B i � j , puta
box A of sidelength � c 	 8 
 s 	 4� ( aroundthecenterof headA. Thenevery dumbbell
� E � F � �2B i � j thatis toocloseto � A � B � musthavebothits headswithin this box.Parti-
tion A into O � 1� grid cellsof sidelength(G*N
 2.ThenheadE1 mustcontainat leastoneof
thegrid verticesbecauseit hassidelengthat least(G* . Thus,if p is agrid pointgenerated
by dumbbell � A � B � , and � E � F � is a dumbbellwhoseenlargedheadE1 containsp, we
addan edgebetweenthe verticescorrespondingto � A � B � and � E � F � to M . Next we
show how to find all dumbbellheadsE1 containingagrid point p.

Thesetof dumbbellheadscontaininga point p arestoredalonga pathin the fair
split treeT. Only a constantnumberof themcanbeheadsof dumbbellsin B i � j , asthe
minimal sidelengthof a dumbbellheadin B i � j is at most2()
 s, theminimal sidelength
of theparentof a dumbbellheadin B i � j is at least ( * , andthesidelengthsof theboxes
alonga root-to-leafpathin thefair split treedecreaseby a factorof 2
 3 every d steps.
For every grid point p, we reportall theseheadsusingstronglylocal binarysearchon
T. Thetotal numberof headsreportedfor all grid pointsandall dumbbellsis O � N � . It
takessortingandscanningto find thedumbbellsin B i � j having thereportedheadsand
to addthecorrespondingedgesto M . It follows from standardpackingargumentsthat
M hasboundeddegree,sothatwe cancomputea vertex coloringof M with a constant
numberof colors.TheresultingcolorclassesarethedesiredsubgroupsB i � j � k of B j � k.
Lemma 3. Givena pointsetSin � d anda WSPD3 for S, it takesO � sort� N ��� I/Osand
O � N 
 B� blocksof externalmemoryto partition thedumbbellsof 3 into O � 1� groups,
each havingthe lengthgroupingandseparation properties.Each groupcanberepre-
sentedbya dumbbelltree. Theconstructionof all dumbbelltreestakesO � sort� N ��� I/Os
andO � N 
 B� blocksof externalmemory.

3.2 Spannersof Logarithmic Diameter

Let T1 ��/�/�/�� Tr bethedumbbelltreesconstructedin theprevioussection.Thenwe con-
structgraphsG1 ��/�/�/�� Gr , eachhaving vertex setS, from thosetrees.We mergeall these
graphsG1 ��/�/�/�� Gr into a spannerG.

We constructGi asfollows: For every nodev � Ti , let ω � v�O� �Ti � v� � . We choose
a representative point r � v� , for every nodev � Ti . If v is a leaf, then r � v� is the point
representedby v. Otherwise,let w1 ��/�/�/�� wk bethechildrenof v in Ti . Thenr � v�P� r � wj

� ,
whereω � wj

��� max� ω � wh
� : 1  h  k � . We addanedge� r � v� � r � w�Q� to Gi , for every

edge� v� w � in Ti with r � v� >� r � w� .
For two pointsp � q � S, let � A � B � betheuniquedumbbellsuchthatp � A andq � B.

Let Ti bethedumbbelltreecontainingthedumbbellnodecorrespondingto � A � B � , and
let v andw bethe two leavesof Ti suchthat p � r � v� andq � r � w� . Thereis a unique
path π � � v � v0 � v1 ��/�/�/�� vk

� w� from v to w in Ti . This pathcorrespondsto a path
π̃ � � p � r � v0

� � r � v1
� ��/�/�/�� r � vk

�4� q� in Gi . It is shown in [6] that π̃ haslengthat most
t " dist2 � p � q� if we chooses � O � d 
R� t S 1��� , δ � 1 
 s, andc � 2
 δ in theconstruction
of the dumbbelltrees.Thus,graphG is a t-spanner. Moreover, oncewe know treeTi

suchthatGi containsthe spannerpathπ̃ asconstructedabove, we caneasilyreportπ̃



by traversingthepathsfrom v andw to theirLCA in Ti ; but π maybemuchlongerthan
π̃ becausemany nodesalongπ may have the samerepresentative. Observe, however,
thatall nodesin Ti with the samerepresentative r � v� form a pathfrom the leaf ( with
r �,( ��� r � v� to someancestorof ( in Ti . We constructa treeT *i by compressingall non-
leafnodesonsuchapathinto asinglenode.It followsfrom thechoiceof representatives
in Ti thattreeT *i hasheightatmostlog2N 	 1,sothatwecanreportπ̃ in O � log2N 
�� DB���
I/Os [13]. Unfortunately, we do not know which of the dumbbell treescontainsthe
dumbbellnodecorrespondingto � A � B � . However, as thereare only O � 1� dumbbell
trees,we canafford to queryall dumbbelltreesandreporttheshortestpathfound.

Theorem3. It takesO � sort� N ��� I/Os andO � N 
 B� blocksof externalmemoryto con-
structa t-spannerof spannerdiameterO � log2 N � andsizeO � N � for a givensetSof N
pointsin � d , alongwith a datastructureusingO � N 
 B� blocksof externalmemorythat
allowsreportinga t-spannerpathwith O � log2N � edgesbetweenanytwo querypoints
in O � log2N 
�� DB��� I/Os.

3.3 Spannersof Nearly Constant Diameter

Next wepresentanI/O-efficientalgorithmto reducethespannerdiameterof all graphs
Gi to O � α � N ��� andto constructadatastructurethatallowsspannerpathswith O � α � N ���
edgesto bereportedat a costof O � 1� I/Os peredge.Theconstructionis basedon [16].
Theideais to augmenteverydumbbelltreeT *i with additionaledgesbetweennodesand
subsetsof their ancestors,so that the shortestmonotonepathfrom a nodev to oneof
its ancestorscontainsO � α � N ��� edges,wherea pathis monotoneif its nodesappearin
thesameorderalonga leaf-to-rootpathin Ti . Let T Ti betheresultinggraphandGTi be
the supergraphof Gi containingedges� r � v� � r � w��� , � v� w � � T Ti . For a nodev andan
ancestoru of v, let π bethepathfrom v to u in T *i , andπ T betheshortestmonotonepath
from v to u in T Ti . Let π̃ andπ̃ T bethecorrespondingspannerpathsin Gi andGTi . Then
π̃ T is no longerthanπ̃, by thetriangleinequality.

We needsomedefinitions:Given a function f : U 0 V U 0 suchthat f � 0�O� 0 and
f � x� ; x, for x 1 0, we define f

� 0� � x�&� x and f
� i � � x�!� f � f � i @ 1� � x��� , for i 1 0. Then

f W�� x�!� min � k 0 0 : f
� k� � x�X 1 � . We definea seriesof functionsφi , whereφ0 � x�!�Y5Z

x[ andφi � x�O� φ Wi @ 1 � x� , for i 1 0. For a forestF anda setW of verticesin F , let
F \ W be the forest obtainedby contractingevery maximal subtreewhosenon-root
nodesarenot in W to a singlenode.Let F ] W be the setof edgescontainingedges
betweeneveryvertex v in W andall its ancestorsanddescendantsu in F # W sothatthe
pathfrom u to v doesnot containa vertex in W #^� v � . Denotethe irreflexive transitive
closureof a DAG G by G: . Given two parameters0  k ; x, let V � x � k� be the setof
verticesin F at levelsk � k 	 x � k 	 2x ��/�/�/ . We call V � x � 0� ��/�/�/�� V � x � x S 1� the x-strided
levelsof F .

The algorithmof [16] consistsof two parts.The top-level procedureSHORTCUT

computesthe 13-stridedlevel W of forestF which hasminimum size,outputsedges
F ] W to beaddedto F , andthenrecursively shortcutsF \ W, calling procedureREC-
SHORTCUT with parameterβ � min � k 0 0 : φk � h � F ���X 4 � , whereh � F � is the max-
imum height of any tree in F . ProcedureRECSHORTCUT computestwo parameters
x1

� φβ @ 1 � h � F ��� and x2
� 3, and the minimum x1-strided level V1 of F . If β � 1,



it outputsthe edgesin � F \ V1
��:`_ � F ] V1

� to be addedto F and recursively calls
RECSHORTCUT � F # V1 � 1� . If β 1 1, let F1

� F \ V1, V2 betheminimumx2-stridedlevel
of F1, andF2

� F1 \ V2; thenRECSHORTCUT returnstheedgesin � F ] V1
�a_ F1

_ F2 to
beaddedto F andrecursively shortcutsF # V1 andF2 by invoking RECSHORTCUT � F #
V1 � β � andRECSHORTCUT � F2 � β S 1� .

It is shown in [16] that thegraphT T producedby augmentinga rootedtreeT with
theoutputof SHORTCUT � T � hassizeO ���T � � . Theshortestmonotonepathin T T from a
nodev to any of its ancestorsu in T containsO � α ���T � ��� edges.A datastructureto find
the shortestmonotonepathin T T betweentwo queryverticesv andu canbe derived
quitenaturallyfrom thecomputationof algorithmSHORTCUT. In particular, denotethe
input forestto SHORTCUT by F � F2β : 1, andconsiderthetree b of recursive calls to
RECSHORTCUT triggeredby SHORTCUT. Thenfor every β, the recursive invocations
with parameterβ form a setof pathsin b . For eachsuchpathpi , let c i bethetopmost
nodein b . Thenwe definea forestF2β as the union of the input foreststo all such
top-level invocationsc i . WedefineanotherforestF2β @ 1 astheunionof forestsF1 in the
descriptionof RECSHORTCUT for invocationswith parameterβ. If β � 1, thenforest
F2β @ 1 doesnot exist. Thus,weobtainasequenceF2β : 1 ��/�/�/�� F2 of forests.

Givena forestF which is theinput to invocation c , let d 1 ��/�/�/��ed k bethedescendants
of c in b thatrepresentinvocationsof RECSHORTCUT with parameterβ. Thatis, c � d 1

representsRECSHORTCUT � F � β � , d 2 representsRECSHORTCUT � F # V1 � β � , andso on.
Thenevery nodev of F appearsin thesetV1 for at mostoneinvocationd i . We give v
priority i. For forestsF2β @ 1, we give nodesin F1 \ V2 priority 1. For forestF2β : 1, all
nodesin W getpriority 1. All nodeswith no priority labelareassumedto have infinite
priority.

Giventhis labeling,a shortestmonotonepathfrom a nodev � v2β : 1 to its ancestor
u � u2β : 1 can be found as follows: SinceF � F2β : 1, we start by examining F2β : 1.
Giventwo nodesvγ anduγ whoseshortestmonotonepathin F2

_ F3
_ "�"�" _ Fγ we want

to find, wefind theminimumpriority i suchthatthereis a vertex on thepathfrom vγ to
uγ in Fγ with priority i, andreportthelowestandhighestsuchverticesvγ @ 1 anduγ @ 1 on
this path.Therehave to beedges� vγ � vγ @ 1

� and � uγ @ 1 � uγ
� in T T . If γ � 2, thereis also

anedge � vγ @ 1 � uγ @ 1
� in T T . Otherwise,we recursively find theshortestmonotonepath

from vγ @ 1 to uγ @ 1 in F2
_ F3

_ "�"�" _ Fγ @ 1. If thereis no vertex with finite priority on the
pathfrom vγ to uγ in Fγ, thispathmustbeshort.Wereportthispathby traversingFγ and
do not recurse.

Findingverticesvγ @ 1 anduγ @ 1 in forestFγ for two queryverticesvγ anduγ is a pri-
oritizedancestorquery;wejustreportminimumpriority ancestorsinsteadof maximum
priority ancestors.Thus,given datastructuresf 2β : 1 ��/�/�/��,f 2 to answerprioritized an-
cestorquerieson F2β : 1 ��/�/�/�� F2, theabove shortestpathproceduretakesO � 1� I/Os per
stepalongtheshortestpathfrom v to u in T T , O � α � N ��� I/Os in total. It remainsto show
thatthesedatastructurescanbebuilt I/O-efficiently. Thefollowing lemmais crucialfor
this.

Lemma 4. Givena forestFγ, 2  γ  2β 	 1, anda partitioningof theverticesof Fγ into
subsetsW1 ��/�/�/�� Wk such thatWi containsall verticesin Fγ havingpriority i, 1  i  k,
�Wi �  1

2 �Wi : 1 � , for 1  i ; k.



ForestsF2β : 1 ��/�/�/�� F2 areeasilyobtainedby simulatingthecomputationof procedures
SHORTCUT andRECSHORTCUT. By Theorem1 andLemma4, it takesO � sort� N ��� I/Os
to computedatastructuresf 2β : 1 ��/�/�/��,f 2 from forestsF2β : 1 ��/�/�/�� F2, asthetotal sizeof
theforestsF2β : 1 ��/�/�/�� F2 is O � N � [16].

Theorem4. It takesO � sort� N ��� I/Os andO � N 
 B� blocksof externalmemoryto con-
structa t-spannerof spannerdiameterO � α � N ��� andsizeO � N � for a givensetS of N
pointsin � d , alongwith a datastructureusingO � N 
 B� blocksof externalmemorythat
allows reportinga t-spannerpathwith O � α � N ��� edgesbetweenany two querypoints
in O � α � N ��� I/Os.

4 Planar SteinerSpanners

Given a setP of simplepolygonalobstacleswith vertex setS in the plane,we want
to constructa planarSteinerspannerG of sizeO ���S� � andspanningratio 1 	 ε for the
visibility graph $<� P� of P. Our algorithmfollows the framework of [5]. It constructs
a planarsubdivision basedon the positionof the verticesin S andthencombinesthis
subdivision with thesubdivision definedby theobstacleedgesto obtainanL1-Steiner
spanner. A planarEuclideanSteinerspanneris computedby superimposinga constant
numberof planarL1-Steinerspanners.

4.1 Planar L1-SteinerSpannersfor Point Sets

We make frequentuseof a procedureinterval � s� r � that partitionsthe segments into
subsegmentsof length r eachby addingSteinerverticeson s. The following planar
subdivisionD * of aminimalaxes-parallelsquareC containingall pointsof S is thebasis
for our spannerconstruction.The cells of D * areof two types.Let a box be an axes-
parallelrectangleof aspectratioat most3. A boxcell is aboxandcontainsexactlyone
point of S. A donutcell is theset-theoreticdifferenceof two boxesB andB* , doesnot
containany point of S, andfor everysidee of B, thedistanceto thecorrespondingside
e* of B* is eitherzeroor at least g e*5g)
 6.

Given sucha subdivision D * , constructa planarL1-SteinerspannerD * * for S as
follows: Performinterval � e� γ ( � , for every edgee of D * , where ( is the lengthof the
shortestedgeof thebox to which e belongs,and0 ; γ ; 1 is anappropriatelychosen
constantto be definedlater. For every cell R andevery boundaryedgee of R shoot
raysorthogonalto e from theendpointsof e andfrom theSteinerverticeson e toward
the interior of R until they meetanotheredge.For every box cell R containinga point
p � S, we also shootrays from p in all four axes-paralleldirectionsuntil they meet
the boundaryof R. To preserve the planarityof the resultinggraph,we introduceall
intersectionpointsbetweensuchraysasSteinervertices.The following lemmanow
follows from [5] and[13].

Lemma 5. Givena setS of N pointsin the planeanda linear sizesubdivisionD * as
above, it takesO � sort� N � 	 scan� N 
 γ2 ��� I/Os to constructa planar L1-Steinerspanner
of sizeO � N 
 γ2 � andwith spanningratio 1 	 6γ for S.



Subdivision D * is quite naturallyderivedfrom a fair split treeT for S. The rectangles
R̂� v� associatedwith theleavesof T aretheboxcellsof D * . Theseboxcellscoveralmost
all thesquareC containingall pointsin S. Theuncoveredpartsof C canbecoveredby
regionsR*+� v� # R̂� v� , whereR*+� v� wasshrunkto R̂� v� beforesplitting R̂� v� . We include
theseregionsasthedonutcellsof D * . Usingthefair split treeconstructionof [12], and
choosingγ � ε 
 6, we obtainthefollowing result.

Theorem5. Given a set S of N points in the plane and a constantε 1 0, it takes
O � sort� N � 	 scan� N 
 ε2 ��� I/Osto constructa planarL1-Steinerspannerof sizeO � N 
 ε2 �
andwith spanningratio 1 	 ε.

4.2 Planar Steiner SpannersamongPolygonal Obstacles

First we constructa planarL1-Steinerspannerfor a givensetP of polygonalobstacles
with vertex setS in theplane.We constructthesubdivision D * w.r.t. setSandcombine
it in an appropriatemannerwith the graphdefinedby the obstaclesin P to obtaina
subdivision D2. The spanneris thenconstructedfrom D2 in a mannersimilar to the
constructionof D * * . Our algorithmto constructD2 is basedon [5]. However, we use
only one � a � b� -tree to representthe sweepline statusinsteadof using two balanced
binary trees.This simplificationis crucial to allow an I/O-efficient implementationof
this procedure.

Let D1 bethesuperimpositionof subdivision D * � � S*,� E * � , viewedasa graph,and
thegraphD � � S� E � definedby thesetof obstaclesin P. That is, thevertex setof D1

containsall verticesin S _ S* andall intersectionpointsbetweenedgesin E * andE. The
edgesetof D1 is obtainedby splitting the edgesin E * _ E at their intersectionpoints
with otheredges.D1 may have sizeΩ � N2 � . That is why we basethe constructionof
an L1-spannerfor P on a linear sizesubgraphD2 of D1, which we constructwithout
constructingD1 first.

Wedividetheregionsof D1 into two classes:A redregionis aquadrilateralnoneof
whoseverticesis in S _ S* . Theremainingregionsareblueregions.Let theredgraphof
D1 bethesubgraphof thedualof D1 containingavertex for everyredregionof D1 and
anedgebetweentwo verticesif thetwo correspondingregionsshareanedgethatis part
of theboundaryof a boxor donutcell. Theconnectedcomponentsof theredgraphare
paths.The redregionsalongsucha pathareboundedby thesametwo obstacleedges
anda setof edgesin E * . We call sucha setof red regionsa ladder. The two obstacle
edgeson their boundariesarethe sidesof the ladder;the edgesfrom E * areits rungs.
Call the topmosthorizontal rung of a ladderits top rung; we define left, right, and
bottomrungs in a similar manner. All of thesefour typesof rungsarecalledextremal
rungs. We call a laddertrivial if it consistsonly of a singleredregion.Otherwise,it is
non-trivial. Subdivision D2 is obtainedfrom D1 by replacingevery ladderin D1 by a
singleregion.It is shown in [5] thatD2 hassizeO � N � . Usingargumentsfrom [5] anda
constructionsimilar to thatof Sec.4.1,weobtainthefollowing result.

Lemma 6. Givena subdivisionD2 asdefinedabove, it takesO � sort� N � 	 scan� N 
 γ2 ���
I/Osto constructa planarL1-Steinerspannerof sizeO � N 
 γ2 � andspanningratio 1 	 6γ
for a givensetP of polygonalobstacleswith N vertices.



In orderto constructD2, we usefour planesweepsto computepotentialtop, bottom,
left, andright rungs.TheresultingsubdivisionD3 maystill containnon-trivial ladders.
But its size is O � N � , so that we canafford to constructD3 explicitly andremove all
non-extremalrungsto obtainD2. We describetheconstructionof potentialtop rungs.

Let E *h bethesetof horizontaledgesin E * . We usea bottom-upsweepto compute
all potential top rungs.During the sweep,we maintaina set of intervals definedby
intersectionsbetweenthe sweepline ( andobstacleedges.In particular, let e1 ��/�/�/�� ek

be the edgesin E intersectedby the sweepline from left to right. Thenthe intervals
currentlystoredfor ( are � e1 � e2

� ��� e2 � e3
� ��/�/�/���� ek @ 1 � ek

� . An interval I � � l � r � in this list
is a ladder interval if thereis a ladderbetweenl andr, andwe have alreadyfoundat
leastonehorizontalrungof thatladder. Otherwise,it is a non-ladderinterval.

We start the sweepwith a singlenon-ladderinterval definedby the left andright
boundariesof thesquareC containingthewholevertex setS. Eventpointsof thesweep
arethey-coordinatesof edgesin E *h andendpointsof obstacleedges.We performthe
following updates,dependingon thetypeof eventpoint.Let I1 ��/�/�/�� Ik bethecurrentset
of intervalsdefinedby thesweepline. Whenweencounterahorizontaledgee � E *h, we
find intervalsIl andIr containingtheleft andright endpointsof e. IntervalsIl : 1 ��/�/�/�� Ir @ 1

now becomeladderintervals with their currenttop rungsset to e. Intervals Il and Ir
becomenon-ladderintervals.If Il or Ir wasclassifiedasaladderintervalbefore( passed
e, we output the top rung for Il or Ir , respectively. Similar proceduresareappliedto
updatetheinterval list whenthesweepline passesanobstaclevertex.

Weuseabuffer tree[2] to representthesweepline status.In particular, westorethe
currentsetof intervalssortedfrom left to right in this tree.2 Every nodein the buffer
treestoresa time-stampedtagclassifyingall intervalsstoredin thissubtreeasladderor
non-ladderintervalsanddescribingthetop rungin thecaseof a ladderinterval. These
tagsarechosensothatfor every interval,atany time,themostrecenttagalongthepath
from theroot of thetreeto theleaf storingtheinterval representsthetypeandtop rung
of theinterval correctly.

Whenthe sweeppassesa horizontaledgee, we searchfor the leaves l l and lr of
T storingIl andIr . Denotethepathsfrom the LCA of l l and lr in T to l l and lr by pl

andpr . For all right siblingsof nodeson pl , westorethattheirdescendantsstoreladder
intervalswith top runge. We do thesamefor theleft siblingsof nodeson pr . As this is
themostrecentinformationaddedto T, all intervalsbetweenIl andIr arenow tagged
asladderintervals with top rung e. Intervals Il and Ir arebeingtaggedasnon-ladder
intervals.It is easyto find themostrecenttagsfor Il andIr on thewaydown pl andpr ,
sothat thetop rungsfor Il andIr areoutputif necessary. Theproceduresto updatethe
treewhenthesweepline passesanendpointof anobstacleedgearesimilar.

Theorem6. Givena setof polygonalobstaclesin theplanewith N verticesin total, a
planar L1-Steinerspannerof spanningratio 1 	 ε andsizeO � N 
 ε2 � canbecomputed
in O � sort� N � 	 scan� N 
 ε2 ��� I/OsusingO � N 
�� ε2B��� blocksof externalmemory.

Combining the final stepof the algorithm of [5] with the red-blueline intersection
algorithmof [4], weobtainthefollowing corollary.
2 As buffer treescanonly beusedto representsetsdrawn from atotalorder, wehave to augment

thepartialleft-to-rightorderof theobstaclesegmentsto atotalorder. Weshow in thefull paper
how to do this.



Corollary 1. Givena setof polygonalobstaclesin theplanewith N verticesin total,
a planar EuclideanSteinerspannerof spanningratio 1 	 ε andsizeO � N 
 ε4 � can be
computedin O � sort� N 
 ε3 � 	 scan� N 
 ε4 ��� I/Os using O � N 
�� ε4B��� blocks of external
memory.
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