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Traditionally,  linear  equations  in  power  system  applications  are  solved  by direct  methods  based  on  LU
decomposition.  With  the  development  of  advanced  power  system  controls,  the  industrial  and  research
community  is more  interested  in  simulating  larger,  interconnected  power  grids.  Iterative  methods  such
as the  conjugate  gradient  method  have  been  applied  to  power  system  applications  in  the  literature  for  its
parallelism  potential  with  larger  systems.  Preconditioner,  used  for preconditioning  the  linear  system  for
a better  convergence  rate in iterative  computations,  is  an indispensable  part  of iterative  solving  process.
UDA
raphic processing unit (GPU)
hebyshev preconditioner
onjugate gradient method

This  work  implemented  a polynomial  preconditioner  Chebyshev  preconditioner  with  graphic  processing
unit  (GPU),  and integrated  a GPU-based  conjugate  gradient  solver.  Results  show  that  GPU-based  Cheby-
shev  preconditioner  can reach  around  46×  speedup  for the  largest  test  system,  and  conjugate  gradient
can  gain  more  than 4×  speedup.  This  demonstrates  great  potentials  for GPU  application  in power  system
simulation.

©  2014  Published  by  Elsevier  B.V.
. Introduction

Power flow is the fundamental component in power system
nalysis and simulation. It is usually modeled as a nonlinear system.
he Newton–Raphson method converts this nonlinear system to a
roup of linear equations with the introduction of Jacobian matrix
s Eq. (1) shows.
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Each iteration in Newton–Raphson method requires solving a
et of sparse linear equations. We  measured the linear equation
olving time and total run time for large systems in MATPOWER.
he results show that about 40–50% of the total time is spent on
olving linear equations. Therefore improving the efficiency of solv-
ng linear system is of great importance for accelerating power flow
nalysis.
LU factorization, the most commonly used direct method, is
idely deployed in solving power flows. However, LU factoriza-

ion is intrinsically a serial algorithm and difficult to parallelize
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E-mail address: fli6@utk.edu (F. Li).
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due to the tight data dependency during factorization. LU factoriza-
tion will be effective for smaller systems while its performance is
limited for larger systems. Leon and Semlyen have proven that the
iterative solver can provide about 25% performance improvement
over LU direct solver for the systems larger than 3183-bus system
[1].

On one hand, iterative methods have been adapted to power
system computation in various aspects. Pai et al. [2] have imple-
mented the Generalized Minimal Residual (GMRES) method on
a Cray machine for dynamic power system simulation. Pai and
Dag [3] further applied several iterative solvers including conju-
gate gradient and GMRES to dynamic power flow simulation and
state estimation. On the other hand, the graphic processing unit
(GPU) has been widely adopted in high performance computing
recently as a parallel hardware architecture. The GPU was  originally
designed for graphic displaying and processing. It has massive par-
allel computing units on board to perform graphic computations.
Computational unified device architecture (CUDA) [4] provides a
C-like programing interface for users to utilize these computation
resources. GPU as a co-processor helps a commodity server deliver
more computational throughput.

There has been research about GPU implementation of iterative

method in different realms. Helfenstein and Koko implemented
a SSOR preconditioner and conjugate gradient solver on GPU to
solve generalized Poisson equations [5]. Zhang and Zhang pre-
sented a sliced block ELLPACK format to implement a least-square
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Nomenclature

A linear system A
b right hand side of linear equations
x solution of linear equations Ax = b

 ̨ smallest eigenvalue of matrix A
 ̌ largest eigenvalue of matrix A

P precondition matrix
Z transformation matrix to shift A’s spectrum to [˛, ˇ]
ck decay rate
Tk Chebyshev polynomials
r degree of Chebyshev polynomials
ratio artificial condition number
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G approximation of matrix A’s inverse

olynomial preconditioned conjugate gradient method for finite
lement problem [6]. Researches based on high performance com-
uting especially GPU related methods begin to emerge in power
ystem applications too. Garcia implemented a preconditioned
iconjugate gradient method with GPU and CUDA [7]. Li et al.
8] discussed the limitation of using direct solver to solve large
ystems, and introduced GPU-based conjugate gradient normal
esidual with Jacobi preconditioner. Multifrontal method with
UDA library solved AC power flow was adapted as well [9]. Gopal
t al. [10] implemented a DC power flow based contingency analy-
is with GPU. Kamiabad also did a prototype implementation of

 Chebyshev polynomial preconditioner and conjugate gradient
ethod with CUBLAS [11]. However, the speedup for their Cheby-

hev preconditioner is limited to up to 8×.
In this work, a polynomial preconditioner Chebyshev precon-

itioner with graphic processing unit (GPU) will be implemented
nd integrated with a GPU-based conjugate gradient solver for
inearized DC power flows. Results show that our GPU-based
hebyshev preconditioner can reach around 46× speedup and the
onjugate gradient can gain more than 4× speedup compared
ith corresponding CPU implementation. This demonstrates great
otentials for GPU applications in power systems.

The rest of this paper is organized as follows. Section 2 takes a
loser look at iterative solutions and the polynomial preconditioner
hebyshev preconditioner. Section 3 introduces GPU and CUDA
echnology in detail. Section 4 presents the algorithm that this work
ses and the corresponding GPU-based implementation. Comput-

ng experiments are shown in Section 5. A further discussion is
xtended in Section 6. Section 7 closes the whole paper.

. Iterative solver and preconditioner

.1. Conjugate gradient

The linear system Ax = b can be solved either directly by using
U decomposition, or indirectly by finding out the minimum value
or a quadratic form as Eq. (2) shows:

 (x) = 1
2

x′Ax − b′x + c (2)

In Eq. (2), A is a symmetric positive definite matrix and b is a
ector. The derivative of Eq. (2) is f ′(x) = Ax − b. Therefore the x
hich provides minimum value of Eq. (2) satisfies Ax − b = 0. Thus,

t is the solution of Ax = b as well.
An intuitive way to find out the minimum value of Eq. (2) is to use
he steepest descent method. The method will choose the direction
hat has the greatest change in a small range as the update direc-
ion. Steepest descent is straightforward and easy to implement.
owever, since it picks this direction leading to a local minimum
Research 116 (2014) 87–93

instead of a global minimum in each iteration, there is no guarantee
on the convergence rate.

Conjugate gradient, instead, guarantees that the method will
converge within n (the size of the system) steps. It is an orthogonal
method. Each residual and each newly generated direction vector
is A-orthogonal to all the previous selected direction vectors. The
A-orthogonality guarantees that the update of current direction is
only related to the last step information. A detailed algorithm is
showed in Section 4.

2.2. Chebyshev preconditioner

To improve the convergence rate of iterative solver, precondi-
tioner is commonly deployed. A left preconditioner is a matrix that
can be left-multiplied to matrix A, and also to vector b correspond-
ingly to reduce the condition number of A. The condition number
of symmetric positive definite matrix is defined as the ratio of the
largest eigenvalue and the smallest eigenvalue. The larger the con-
dition number is, the more iterations the solver requires. Ideally,
the preconditioning matrix P would be the precise inverse of matrix
A. However, the cost of computing the inverse of A is usually very
high. The goal of a preconditioner is two folds: close approximation
of A inverse; and easiness to obtain.

Chebyshev preconditioner is a polynomial based precondi-
tioner. The inverse of matrix A is shown by Eq. (3) in Chebyshev
polynomial pattern. Assume  ̨ is the smallest eigenvalue of A, and

 ̌ is the largest eigenvalue, then matrix A has the spectrum of [˛,ˇ].
Z transforms A’s spectrum from [˛,ˇ] to [−1,1], defined as Eq. (4).
Tk is Chebyshev polynomial, defined as Eq. (5). These polynomials
are orthogonal. ck and constant q are defined as Eqs. (6) and (7),
respectively. ck is the decay rate for the entries of A−1 decaying
away from main diagonal of the matrix A. This decay rate can be
estimated using constant number q, which is a function of the con-
dition number of A. Detailed discussions of these parameters can
be found in Dag’s work [12].

A−1 = c0

2
I  +

k=∞∑
k=1

ckTk(Z) (3)

Z = 2
 ̌ − ˛

[
A −  ̌ + ˛

2
I

]
(4)

⎧⎪⎨
⎪⎩

T0 = I

T1 = z

Tk = 2zTk−1(z) − Tk−2(z)

(5)

ck = 1√
˛ˇ

(−q)k (6)

q = 1 −
√

(˛/ˇ)

1 +
√

(˛/ˇ)
(7)

The definitions of the parameters above show that the calcu-
lation of the preconditioner requires mostly matrix and vector
multiplications, which fits characteristics of parallel computation
platforms.

3. GPU and SPARSE MATRIX STORAGE

3.1. GPU and CUDA
GPU for general purpose computations has been widely
deployed nowadays. GPU was  originally designed for graphic
processing, which requires intensive floating point computations.
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efore the release of CUDA, there were only a few general pur-
ose computations that could run on GPU. However they have to be
one through graphic application programming interface (API). The
igher learning cost for using graphic API limits the development
f general purpose computation on GPU. CUDA introduces a C-like
rogramming interface for users. The C-like programming interface
ignificantly reduces the learning cost of conducting general com-
utations like matrix operations on GPU. With such software devel-
pments, more computing units have been added to GPU chip to
ccommodate the needs for large scale general purpose computa-
ions. The evolution of software and hardware on GPU together has
opularized the GPU for general purpose computation. Different
PU architecture has different hardware and software designs. The
iscussions in this work will use Fermi architecture as an example.

GPU and CPU play different roles in computations. The Fermi
PU architecture from NVIDIA has 448–512 CUDA cores, while the
ainstream CPU has 12–16 cores on chip due to the power and

ooling limitations. GPU inherits the parallel computing advan-
age it has as a graphic processor, and CPU is designed to be more
ersatile and flexible. These differences together make the mod-
rn hybrid system architecture: parallelized computation work is
ffloaded to GPU, and CPU processes the rest computations, usually
he code parts with heavily data dependence or intensive logi-
al operations. After 2010 when CUDA was more widely accepted,
he fastest supercomputers around the world equipped with Intel
PU all chose NVIDIA GPU as co-processor to boost computational
hroughput [13]. This trend of adopting GPU in the computa-
ion system shows great acceptance of this hybrid architecture in
cademia and industry.

CUDA cores on GPU are organized as Streaming Multiproces-
ors (SM). Each SM has 32 CUDA cores and 4 special function units
or sin, cos, square root, etc. operations [14]. Each CUDA core has
ne floating point processing unit, and one integer processing unit.
hreads on GPU are grouped together as a warp. The Fermi architec-
ure has 32 threads as a warp. A warp is the minimum scheduling
nit on GPU. All the threads in one warp will perform exactly
he same work, which is named as Single Instruction Multithread
SIMT) technology. There are two warps executing concurrently on
ach SM,  and up to 48 warps can be kept active to do fast con-
ext switching to compensate for the latency brought by memory
elated operations.

The SIMT brings massive parallelism in a GPU system. However,
he other side of the story is that, since the hardware executes the
xact same instruction for all the 32 threads, a conditional state-
ent may  happen, and the whole warp may  have to run multiple

imes to finish all the branches. Such situation may  harm the overall
erformance severely. Therefore, parallelization of programs with

 large number of conditional statements may  not be a good choice.
These give us the design consideration of a promising paral-

elized implementation or algorithm: it should have a large portion
f parallelized code; less logical statements; and plenty of data to
ully drive the GPU’s computation ability and hide the memory
atency.

.2. CUBLAS and CUSPARSE

Basic Linear Algebra Subroutine (BLAS) [15] is a commonly
sed linear algebra library. CUDA Basic Linear Algebra Subroutines
CUBLAS) [16] is a CUDA implementation of BLAS. CUBLAS can
rovide single, double floating precisions, and complex numbers
ased dense matrix computations. CUBLAS makes calling alge-
ra functions based on GPU implementation as easy as calling a

LAS function from CPU. CUBLAS hides implementation details of
hreads, blocks and grids inside each computation kernel.

Other than the support of dense matrix operations, NVIDIA
lso introduces CUDA Sparse Matrix Library (CUSPARSE) for sparse
Research 116 (2014) 87–93 89

matrix operations. Sparse matrix functions are different from dense
matrix operations: the storage of matrices and sparsity of two
operands have to be considered. The matrix computations involved
in power system application are usually very sparse. With sup-
port from CUSPARSE, users do not have to worry about special
operations for sparse matrix. CUSPARSE has provided a set of func-
tions like matrix format conversion, sparse matrix and dense vector
operations, sparse matrix and sparse matrix operations. Same as
CUBLAS, CUSPARSE has encapsulated the implementation details,
so that users can call CUSPARSE functions directly without the effort
of optimizing details like threads, block, and grid allocation. The
standard interface such as CUBLAS and CUSPARSE further reduces
the learning cost and development cost.

3.3. Sparse matrix storage

Computations based on sparse matrix usually utilize the sparse
matrix storage format. Different storage formats will yield different
memory access pattern and hence influence the performance.

Coordinate format (COO) is a commonly used storage format.
Each non-zero element in sparse matrix will be represented by
three entries: the row number, the column number, and the non-
zero element value. Each entry itself forms an array with the
number of non-zero elements as the length. Compressed sparse
row format (CSR) compresses the row indices array compared with
COO. Blocked compressed sparse row (BSR) [17] is another storage
format. It stores non-zero blocks of elements with their row and
column indices. Assume the block dimension is blockDim, the orig-
inal matrix will be split into (m/blockDim) + 1 by (n/blockDim) + 1
subblocks. The indices of these sub-blocks will be stored in row-
majored order. The advantage of BSR is that it provides a chance
for reusing the vector data while performing matrix-vector mul-
tiplication. One vector data can be reused for blockDim times for
the multiplication between the corresponding sub-blocks and the
vector. The disadvantage of BSR is that it introduces more fill-ins.
Not every element inside a non-zero block is actually non-zero,
and then zero elements inside this block now are considered as
non-zero elements and participate in the computations.

CUSPARSE has a better support for CSR based operations since
it is more widely used. Matrix-vector multiplication has been sup-
ported in both CSR and BSR. However, sparse matrix-dense matrix
multiplication, sparse matrix-sparse matrix multiplication are sup-
ported in CSR only for now.

4. Implementation

4.1. Chebyshev preconditioner algorithm

Chebyshev preconditioner algorithm is presented in Fig. 1. ˇ
is the largest eigenvalue of matrix A.  ̨ is the smallest eigenvalue
of matrix A. ratio is used to estimate the value of ˛. Z transforms
A’s spectrum to [−1,1]. The decay rate ck is related to  ̨ and ˇ. r
is the degree of Chebyshev preconditioner. Dag and Semlyen [12]
discussed how to choose ratio and r in detail. Matrix G is the approx-
imation of A’s inverse. The output of Chebyshev preconditioner
algorithm is matrix G. Bolded lines are implemented by either
CUBLAS or CUSPARSE on GPU, since they are all matrix related
computations.

Left multiplying G to A will generate the preconditioned matrix
A with smaller condition numbers so that the system can converge
faster in the iterative solver step.
4.2. Conjugate gradient algorithm

Fig. 2 shows the algorithm of the conjugate gradient method.
x0 is the initial value of the solution of Ax = b. If there is no
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Fig. 1. Algorithm of Chebyshev preconditioner.

re-knowledge of x0, it can be set to all 0’s. If there is, a cultivated x0
an help conjugate gradient method converge in less iterations. r is
he residual, which measures the error between b and Axk. If r is less
han user-defined error tolerance, or the iteration has exceeded the
llowed maximum iterations, the algorithm will stop.

Same as above, bolded lines are implemented either by CUBLAS
r CUSPARSE on GPU. It can be seen that a majority of the compu-
ations can be ported on GPU for computation.

.3. Hardware platform

The experiments are carried out on a server equipped with the
VIDIA GPU Tesla M2070, which is a Fermi architecture prod-
ct. It has 14 stream multiprocessors and each processor has 32
UDA cores, which makes the total CUDA cores on the chip be
48. The CUDA driver version is 5.0. The server has an 8-core Intel
eon E5607 2.27 GHz CPU and 24 GB memory. Operation system is
buntu 11.10 with Linux Kernel version 3.0.0.

.4. Software implementation

The test cases are power system examples from Matrix Mar-

et [18] and MATPOWER [19], and a sample case from UCTE [20].
est matrices from Matrix Market are 494-bus, 662-bus, 685-bus,
138-bus. Test matrices from MATPOWER are case2383wp and
ase2736sp. The sample case from UCTE in summer 2002 has 1253

 

;

0 1;
′

Initialization  

′

while( 1 and )

if (k>1) 

; 

 
endif 

endwhile 

Fig. 2. Algorithm of the conjugate gradient method.
Research 116 (2014) 87–93

buses. The maximum allowed error is 1 × 10−3. The upper limit for
iteration is 1000 iterations. Double precision floating point format
is applied for both GPU and Matlab implementation.

The bolded lines in Figs 1 and 2 are implemented either with
CUSPARSE or CUBLAS. If there is sparse matrix in the computa-
tion, corresponding functions from CUSPARSE will be called. If the
linear computation involves only two dense vectors, CUBLAS func-
tions will be called for speedup purpose. We implement Chebyshev
preconditioner based on the algorithm in Fig. 1, and integrate the
conjugate gradient implementation adapted from NVIDIA CUDA
computing SDK 5.0 Samples. Artificial condition number ratio used
in the Chebyshev preconditioning is 5 for all the experiments based
on Dag’s discussion [12].

5. Computational experiment

This section will present computational experiment results
beginning with selecting the degree for the Chebyshev Precon-
ditioner, and then the performance comparison between Matlab
implementation and our GPU implementation. Finally further per-
formance improvement is discussed. Since Matlab’s default floating
point processing precision is double precision, our GPU implemen-
tations are all based on double precision floating point numbers for
fair comparison purpose.

Note, throughout the computational experiments, the linearized
DC power flow results are always verified with commercial soft-
ware so the accuracy is ensured. The performance comparison is
solely on the computational performance.

5.1. Degree of Chebyshev preconditioner

Chebyshev preconditioner can effectively reduce condition
number. Condition number is generally considered as an indicator
of matrix attribute. The smaller the condition number is, the less
iterations the matrix needs to converge. A deeper degree of Cheby-
shev preconditioning can further reduce the condition number.
The IEEE 30-bus and IEEE 118-bus systems from the standard IEEE
test cases, the 494-bus and 662-bus systems from MatrixMarket,
and the 1138-bus system from MatrixMarket, are selected as com-
putation examples in small scale, medium scale, and large scale,
respectively. Table 1 shows the condition number of these systems
with different degrees of Chebyshev preconditioner. Degree 0 is the
condition number of the original system without any precondition-
ing. Clearly, the condition number drops when the larger degree is
set to Chebyshev preconditioner as indicated in Table 1.

Fig. 3 shows the conjugate gradient iteration comparison using
Chebyshev preconditioner of different degrees. The first bar of each
system, marked as Degree = 0 in the figure, is the iteration num-
ber that is needed for the original system to be solved by the
conjugate gradient method without the plugin of Chebyshev pre-
conditioner. The rest of the bars in each group are the iteration

number needed for solving the system by the conjugate gradient
method with Chebyshev preconditioner, and the degree is set to dif-
ferent numbers for comparison. The original systems without any
precondition require many more iterations for most cases. Fig. 3

Table 1
Condition number comparison of various systems.

Degree IEEE 30-bus IEEE 118-bus 494-bus 662-bus 1138-bus

0 961.534 4.85E + 03 3.89E + 06 8.27E + 05 1.23E + 07
2  168.637 941.108 6.49E + 05 1.82E + 05 2.07E + 06
3  114.248 708.869 4.75E + 05 1.39E + 05 1.43E + 06
5  78.962 483.311 3.25E + 05 1.01E + 05 9.69E + 05
8  53.999 334.441 2.21E + 05 7.02E + 04 7.22E + 05

10  44.773 277.241 1.87E + 05 5.84E + 04 6.11E + 05
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ig. 3. Iteration comparison of Chebyshev preconditioner with various degrees.

hows that deeper degrees can always lead to a significant iteration
umber reduction in iterative solving.

Fig. 4 compares the performance of Chebyshev preconditioner
mplementation with GPU and with Matlab on CPU with differ-
nt degrees. The IEEE 30-bus and the IEEE 118-bus systems are
he smallest test cases. The GPU implementation is less efficient
han the Matlab computations for the IEEE 30-bus system, no mat-
er what degree of Chebyshev preconditioner is. The reason is that
ata involved in computations with small scale cannot fully drive
he computational ability of the GPU card. The speedup gained in
mall systems can hardly offset the data copy overhead inherited
n GPU computing. For the IEEE 118-bus system, as the degree
ncreases, more data and computations will emerge and advan-
age of GPU’s massive parallel computation ability begin to benefit
he computation efficiency. For the medium scale systems, 494-bus
nd 662-bus, and the large scale system 1138-bus, speedup can be
chieved for all degrees. The maximum speedup is 12.54, reached
y the 1138-bus system when the degree is 2 for these five example
ystems.

Table 1 shows that a larger degree can lead to a better pre-
onditioning in terms of condition number. However, it comes
ith the price that the number of non-zero elements will increase.

ig. 5 shows the exponential increase of nonzero elements when
he degree is deeper. An increase of non-zero elements will affect

ot only the efficiency of Chebyshev preconditioner, but also the
onjugate gradient method solving process. From the five example
ases, choosing degree as 2 offers best performance improvement.
herefore 2 is selected as the Chebyshev preconditioner degree for

ig. 4. Speedup comparison of Chebyshev preconditioner on GPU over Matlab with
arious degrees.
Fig. 5. Non-zero elements increase with deeper degree.

the rest experiments based on the consideration of the trade-off
between the condition number reduction and the non-zero ele-
ment increase.

5.2. Chebyshev preconditioner and conjugate gradient method

This section presents the performance result of the conju-
gate gradient method with Chebyshev preconditioner. The test
matrices are from IEEE standard bus systems (IEEE30, IEEE57,
IEEE 118, and IEEE300), MatrixMarket (494-bus, 662-bus, 685-bus,
and 1138-bus), UCTE (1253 buses), and MATPOWER sample cases
(Case2383wp and Case2736sp). The stop criterion for conjugate
gradient method is 1 × 10−3.

Table 2 shows the runtime of Matlab implementation on
CPU and our GPU implementation of Chebyshev preconditioner.
Speedup of GPU implementation over Matlab implementation is
shown in the third column. The runtime of Chebyshev precon-
ditioner on Matlab increases significantly while the size of test
matrices grows. However, the runtime of Chebyshev precondi-
tioner on GPU is in a stable range due to GPU’s capability of handling
large scale data.

GPU implementation of Chebyshev preconditioner begins to
gain performance speedup when the system is larger than the
standard IEEE 300-bus system. When the system scale is larger
than 1000 by 1000, the performance improvement is significant.
GPU implementation can gain about 46× speedup and almost
200 ms  absolute runtime saving for the largest system case2736sp.

Table 2 shows consistent results as Fig. 4. Chebyshev precondi-
tioner on GPU can hardly improve computation performance for
smaller systems, but it is able to gain runtime saving when the
test systems are larger. The reason is that there is enough data

Table 2
Chebyshev preconditioner performance comparison between Matlab and GPU
implementation.

System Size CPU(ms) GPU(ms) Speedup

IEEE30 29 by 29 0.737 1.537 0.48
IEEE57 56 by 56 0.530 1.538 0.34
IEEE188 117 by 177 0.914 1.579 0.58
IEEE300 299 by 299 3.472 3.254 1.07
494-bus 494 by 494 8.273 3.338 2.48
662-bus 662 by 662 15.328 3.407 4.50
685-bus 685 by 685 16.652 3.350 4.97
1138-bus 1138 by 1138 42.885 3.419 12.54
UCTE 1253 by 1253 52.565 3.389 15.51
Case2383wp 2382 by 2382 152.813 4.117 37.12
Case2736sp 2735 by 2735 199.502 4.263 46.80
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Table  3
Conjugate gradient performance comparison between Matlab and GPU
implementation.

System Size CPU(ms) GPU(ms) Speedup

IEEE30 29 by 29 1.259 1.781 0.71
IEEE57 56 by 56 2.100 2.966 0.71
IEEE188 117 by 177 6.058 7.844 0.77
IEEE300 299 by 299 12.522 13.075 0.96
494-bus 494 by 494 52.705 47.757 1.10
662-bus 662 by 662 36.449 28.106 1.30
685-bus 685 by 685 35.601 24.925 1.43
1138-bus 1138 by 1138 128.215 75.054 1.71
UCTE 1253 by 1253 8.554 4.600 1.86
Case2383wp 2382 by 2382 202.052 71.539 2.82
Case2736sp 2735 by 2735 124.189 25.727 4.83

Table 4
Conjugate gradient with Chebyshev preconditioner performance comparison
between Matlab and GPU implementation.

System Size CPU(ms) GPU(ms) Speedup

IEEE30 29 by 29 1.996 3.318 0.60
IEEE57 56 by 56 2.630 4.504 0.58
IEEE188 117 by 177 6.972 9.423 0.74
IEEE300 299 by 299 15.994 16.329 0.98
494-bus 494 by 494 60.978 51.095 1.19
662-bus 662 by 662 51.777 31.513 1.64
685-bus 685 by 685 52.253 28.275 1.85
1138-bus 1138 by 1138 171.100 78.473 2.18
UCTE 1253 by 1253 61.119 7.989 7.65
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The block size we  choose based on empirical experience is 3.
The BSR-based conjugate gradient implementation shows greater

T
C

Case2383wp 2382 by 2382 354.865 75.656 4.69
Case2736sp 2735 by 2735 323.690 29.990 10.79

o better utilize the computation capability of the GPU and offset
omputation overhead like data copy.

Table 3 shows the runtime of Matlab implementation and GPU
mplementation of the conjugate gradient method. Corresponding
peedup in the third column shows GPU’s advantages in a large sys-
em. The runtime of conjugate gradient is related to the data of each
ystem. System size, matrix condition number and sparsity, have
heir influences on the performance of conjugate gradient method.
he runtime is no longer monotonically increasing when the sys-
em size is larger. The conditioner number of 662-bus is less than
94-bus as Table 1 indicates. In Table 3, it is shown that the runtime
f 662-bus is shorter than 494-bus. The maximum GPU implemen-
ation speedup of conjugate gradient is 4.83× for case2736sp in our
xperiments. The absolute runtime saving is around 100 ms  for one
olving in the same case.

Table 4 shows the total runtime, including Chebyshev precon-

itioner and conjugate gradient method, and the corresponding
peedup of GPU implementation over Matlab implementation.
PU implementation begins to improve performance at 494-bus,

able 5
onjugate gradient performance comparison between Matlab, CSR and BSR based GPU im

System Size CPU(ms) GPU-CSR (ms) GPU-BSR(ms) C

G

IEEE30 29 by 29 1.259 1.781 1.567 0
IEEE57 56 by 56 2.100 2.966 2.536 0
IEEE188 117 by 177 6.058 7.844 6.681 0
IEEE300 299 by 299 12.522 13.075 11.429 0
494-bus 494 by 494 52.705 47.757 41.116 1
662-bus 662 by 662 36.449 28.106 26.026 1
685-bus 685 by 685 35.601 24.925 21.331 1
1138-bus 1138 by 1138 128.215 75.054 68.201 1
UCTE 1253 by 1253 8.554 4.600 4.411 1
Case2383wp 2382 by 2382 202.052 71.539 73.438 2
Case2736sp 2735 by 2735 124.189 25.727 26.774 4
Fig. 6. Runtime breakdown of conjugate gradient method with Chebyshev precon-
ditioner.

because of the performance improvement in the Chebyshev
preconditioner part. The total time speedup is better than the con-
jugate gradient only results. The fastest speedup reaches 10.79×.
The absolute runtime saving is about 300 ms for case2736sp for
one solution.

5.3. Improvement on Chebyshev preconditioner and conjugate
gradient method

The runtime breakdown of Chebyshev preconditioner and con-
jugate gradient is shown in Fig. 6. Chebyshev preconditioner can
help to reduce the iterations needed in the conjugate gradient
method. However, for most cases, it consumes less than 20% of the
total runtime; for some other cases it only reaches 50% of the total
runtime. The Chebyshev preconditioner computation time never
occupied more than 50% of the total execution time. Therefore, in
order to further improve the overall performance, the performance
of conjugate gradient computation needs to be enhanced.

Computations involved in conjugate gradient contain a lot of
matrix vector multiplications. Blocked compressed sparse row
(BSR) provides data reuse for matrix vector multiplication. Our
improved conjugate gradient implementation uses BSR based GPU
matrix-vector multiplication. The result is shown in Table 5.
improvement when system is relatively small. It makes GPU imple-
mentation run faster than the CPU version when the system is only
around a 300 by 300 scale.

plementation.

G Speedup Total Speedup

PU-CSR vs. CPU GPU-BSR vs. CPU GPU-CSR vs. CPU GPU-BSR vs. CPU

.71 0.80 0.60 0.64

.71 0.83 0.58 0.64

.77 0.91 0.74 0.84

.96 1.10 0.98 1.09

.10 1.28 1.19 1.37

.30 1.40 1.64 1.76

.43 1.67 1.85 2.12

.71 1.88 2.18 2.39

.86 1.94 7.65 7.82

.82 2.75 4.69 4.57

.83 4.64 10.79 10.45
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. Discussion

Our work discusses the GPU-based implementation of an
terative solver: conjugate gradient solver, and a polynomial pre-
onditioner: the Chebyshev preconditioner. Because of its potential
n parallelism and scalability, iterative linear solvers have been
dapted to power system applications [3,12,21]. Preconditioner
lays an important role in the iterative solver. Previously, pre-
onditioner like ILU was widely used to precondition the matrix.
owever, they suffer a tight data dependency issue and hence are
ifficult to parallelize. The Chebyshev preconditioner, a polynomial
reconditioner, is a parallelizable method. The conjugate gradient
ethod is one of the iterative solvers. It has been introduced to

ower system applications for its potential parallelism [7].
The limitation of the conjugate gradient method is that it

equires a symmetric positive definite linear system. This fits the
odel of linearized DC power flow as used in this paper. For lin-

ar systems that are not symmetric, a transition can be used to
ccommodate the computational needs: left multiply the matrix’s
ranspose to both of left hand side and right hand side to elimi-
ate the undesired matrix characteristics while guaranteeing that
o extra work is required for solving the system. Solving Ax = b can
e alternatively turned into solving AT Ax = AT b.

Chebyshev preconditioner can provide a major condition num-
er reduction with deeper preconditioner degree. However, a
eeper degree will lead to significant increase of non-zero ele-
ents. Such increase of non-zero elements will cause severe

erformance degradation in the conjugate gradient step. The
egree for Chebyshev preconditioner should not be chosen without
he consideration of iterative solver step. The proper degree should
e chose based on a trade-off between reducing condition number
nd inhibiting the growth of non-zero elements.

. Conclusion

Power system applications such as power system optimization,
ontrol and analysis require intensive computational ability [22].
olving sparse linear systems is a critical computation element
nvolved in these applications. Our work presents a GPU-based
hebyshev preconditioner, and integrates the iterative conjugate
radient solver for a whole iterative solving chain. Our implemen-
ation uses native functions from CUSPARSE and CUBLAS libraries
hich are already optimized. Implementations based CUSPARSE

nd CUBLAS libraries require minimum modifications when there
re updates for either GPU, the hardware platform, or CUDA, the
oftware platform. It will be NVIDIA who considers the com-
atibility of their previous functions and libraries, not the end
rogrammers. In addition, the functions will be further optimized
ased on newer software environments.

Our work targets at solving the fundamental computation of
ower system and sparse linear systems. Table 5 shows that the
aximum overall speedup can reach 10.79 with the case2736sp

ystem; Table 2 shows that the maximum Chebyshev precondi-
ioner speedup can reach 46.80 with the same system. This work
ill be not only for solving DC power flow in power system, but also

or any sparse linear systems that are symmetric positive definite.
Our work considers Chebyshev preconditioner and conjugate

radient method together to choose the proper degree for Cheby-
hev preconditioner. Fig. 5 shows the runtime breakdown of the
terative solver and the preconditioner. The iterative solver actually
onsumes more runtime. Thus, we can conclude that to improve

he overall linear equations solving capability, besides improving
he performance of Chebyshev preconditioner, one must take the
erformance improvement of iterative solver into consideration as
ell. Further improvement on the iterative solver implementation
Research 116 (2014) 87–93 93

is critical for the overall performance improvement of iterative
solutions of linear systems.
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