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ABSTRACT

Verificationof gate-level implementation®f arithmeticcircuitsis
challengingdue to a numberof reasons:the existenceof some
hard-to-\erify arithmeticoperatorge.g. multiplication), the useof
differentoperandordering,theincorporationof meigedarithmetic
with cross-operatoimplementationsandthe employmentof cir-
cuit transformationsasedon arithmeticrelations. It is hencea
peculiarproblemthatdoesnotfit quite well into the existing RTL-
to-gateequivalencecheckingmethodology In this paper we pro-
posea self-referentiafunctional verificationapproachwhich uses
the gate-leel implementationof the arithmeticcircuit underver-
ification to verify itself. Specifically the verificationtaskis de-
composednto a sequencef equivalencecheckingsubproblems,
eachof which comparecircuit pairsderived from theimplementa-
tion underverificationbasedon the proposedself-referentiafunc-
tional equations A decomposition-basedukeuristicusingstructural
informationis employedto guidetheverificationprocesdgor better
efficieng. Experimentalresultson a numberof implementations
of themultiply-addunitsandtheinner productunitswith different
architectureslemonstrat¢he versatility of this approach.

Categoriesand Subject Descriptors

B.5.2[RegisterTransfer-Level Implementation]: DesignAids—
verification

General Terms
Algorithm, Verification

Keywords
Arithmetic circuit verification

1. INTRODUCTION

Combinationakquivalencecheckingis arelatively maturefield
after over a decades intensve research. Commercialcombina-
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tional equivalencecheckingtools have advancedgreatly in both
speedand capacity and have beensuccessfullyemploed in the
full-chip contet for RTL functionalvalidationsign-of. The key
idea behindthe solution to this intractableproblemfor comple
industrialcircuits is the effective useof structuralsimilarities be-
tweencircuitsundercomparisonStructurallysimilar circuitshave
an appreciableportion of functionally equivalent internal signal
pairshetweerthem,andthesesignalpairscould sene ascutpoints
to facilitate the progressiorof equivalencecheckingin the miter
approach[2]. With the aid of a robust RTL-to-gate equivalence
checkingtool, designfunctional validation and verification could
be conductedmore efficiently at the RTL level. A successfulb-
stractionat a higherlevel of descriptioncouldfurtherfacilitatede-
signarchitecturexploration.

Oneclassof circuitsthat proved to be difficult for RTL-to-gate
equivalencecheckingis arithmeticcircuits. Amongthem,themost
familiar oneis the multiplication operator Arithmetic circuitsplay
animportantrole in modernhigh-performanc&/LS| datapattde-
sign. The questfor performancean arithmetic circuits has stim-
ulatedthe developmentof variousarchitectures.However, these
proliferatedarchitectureshave alsoposednen challengedo their
implementationverification. Existing equivalencecheckingtech-
niguesare often incapableof handlingsomeof thesecircuits due
to eitherthelack of equivalentinternalsignalpairswhencompared
to areferenceamplementatiorwith a differentarchitecturepr the
incapabilityof directverification,e.g. BDD memoryexplosionor
exponentialnumberof backtracksfor ATPG or SAT approaches.
Sincearithmeticoperationsare also the naturalword level prim-
itivesin HDL, this issueis even more prevalentin modernRTL
designmethodology Hence,the verification of gate-leel imple-
mentationof arithmeticcircuitsis of practicalimportance In this
paper we analyzethis problemand proposea new and efficient
solution. We believe that part of this problemhasnot beenprop-
erly addressedbefore,andthe proposedsolutionis the first to be
ableto efficiently performgate-lerel verificationfor a large class
of arithmeticcircuits.

2. GATE-LEVEL ARITHMETIC CIRCUIT
VERIFICA TION - THE ISSUES

The difficulty of verifying gate-lerel implementationof arith-
meticcircuitsis mainly dueto the existenceof somehard-to-\erify
constructs. Theseconstructsanclude individual arithmeticopera-
tors (e.g. multiplication), the use of different operandordering,
memgedarithmeticwith cross-operatdmplementationsandcircuit
transformationshasedon arithmeticrelations. Optimizationsof
arithmeticcircuitsfor performancewhich areoftenbasedn arith-
metic relations,e.g. Booth's recodingor carry-sae adder(CSA)
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Figure 1: An n-bit carry-save adder.

makinguseof redundanhumbersystemsinadwertentlyintroduced
someof thesehard-to-erify constructsin themodernHDL-based
RTL designmethodology the capability of HDL designsynthe-
sistoolsto performsomeof theseoptimizationsautomaticallyand
transparentlyurthercomplicatedheirimplementatiorverification
problem.

The verification of arithmeticcircuits hasbeenaddressedn a
numberof former researchesncluding backward constructionof
BMD [9], modularverificationusingBMD [6], implicit verification
[16], residueBDD [11], the functional equationapproach8, 7],
andthetheorem-praing approact1]. However, amorethorough
analysisthatacrossheentirespectrunof issuess still lacking. In
the following, we list the key issuesthat are the major obstacles
to an effective verificationof arithmeticcircuits. Thelisting is or-
deredfrom the morelocal andgate-level issueso the oneswith an
increasinglyglobalandbehaioral nature.

e Thedifficulty of verifyingindividual arithmeticoperators

It is well-known thatthe verificationof multiplicationopera-
toris ahardonein theBDD-basedserificationparadigmdue
toits exponentiakpatialcompleity in BDD [4, 5]. Thediffi-
culty of multiplicationoperatorverificationis closelyrelated
to the integer factorizationproblem([7]. Thereforeit seems
that this difficulty is quite independenbf the verification
paradigm.This difficulty is further complicatedby the exis-
tenceof multiple globally differentarchitecturesand, there-
fore, could not be easily verified at an equivalencecheck-
ing setting. In the architecturalspace the implementation
of amultiplication operatorcould emplgy differentaddition
reductiontreesor differentrecodingschemes.Commonly
encounteredrchitecturesf additionreductiontreesinclude
additionarrays(AA), carry-s&e-addemrrays(CS), Wallace
tree (WA), andwith Booth recoding(BR) [13, 6]. The di-
vision operatoris anotherexamplethatis known difficult to
verify.

e Operndordering

The problemof operandordering originatesfrom the fact
that implementationof arithmeticoperatorsin generaldo
notreflectthe commutativeandassociativdaws structurally
For example the multiplicationoperatoris in generaimple-
mentedasymmetricallyi.e. in the addition reductiontree
implementation,one operandis decomposeand the other
one is kept intact in forming the partial products. Based
onthecommutatve law x x y = y x X, if we usethe second
operandor decompositiontheimplementatiorbasecn the
left handside(decomposing) andtheonebasedntheright
handside (decomposing) will be significantlydifferentin
termsof circuit structure Furtherconsideringheassociatie
law (x x y) x z=x X (y X z), the spaceor equivalentimple-
mentationsof the samefunction is even larger. For exam-
ple,x x y x z couldhave 12 differentimplementationdased
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Figure 2: Two different multiply-add units implemented in
carry-save-addertr eearchitecture.

solely on exploring the differentordering/groupingf the 3
operands.

e Mergedarithmeticwith cross-opeator implementation

Mergedarithmeticrefersto thedirectimplementatiorof multi-
operatorarithmeticexpressionswithout breakingdown into
individual operatorg17, 10, 18]. This approachoften em-
ploys arithmeticrelationsto achieve a cross-operatoimple-
mentationwith a singleadditionreductiontree[14]. Merged
arithmeticcanachieve higherspeedby reducingthe number
of carry propagationchain, and often hasa smallercircuit
sizeandlower power consumptionHowever, dueto thelack
of intermediatesignalsrepresentinghe individual operator
decompositionmegedarithmeticcircuits arean especially
hardclassof circuitsfor functionalverification.

Oneexampleis themultiply-addunitcommonlyencountered
in the DSPdesign. To reducethe delay of the critical path,
themultiply-addoperationis implementedasonesinglead-
dition reductiontree, i.e. the addition operatoris memged
into the addition reductiontree of the multiplication oper
ator This is often achieved by emplg/ing the CSA array
(Figurel). Implementation®f two typesof 4-bit multiply-
addunits basedon the CSA arrayarchitectureareshavn in
Figure 2. In this figure, we usethe dot notationand their
skeletonadditionreductiontreestructureto representhecir-
cuit implementation. The dots denotethe bits of addenda
in the additionreductiontree. The 3-to-2 and2-to-1 reduc-
tion symbolsrepresenthe CSA andthebinaryfull adderre-
spectvely. In multiply-add units, the addendtypically has
a larger sizeto prevent overflow or to reduceaccumulation
error.  Figure 2 (a) implementsthe multiply-add function
S=ax b+ c directly, andFigure 2(b) implementsanother
type of multiply-add unit with the addendandresultin the
CSA form for fasteraccumulatiorat successie operations,
i,e,S+ S =ax b+cy+cy. Thisfigureshaws two different
multiply-addunitsimplementedisingthe sameCSarchitec-
ture. In general ary additionreductiontreearchitectureuti-
lizedin theimplementatiorof multiplier operatorgouldalso
be usedin meigedarithmetic. Merged arithmetichencein-
troducedanotheratherlargedegreeof freedomin thedesign
implementatiorspace.

Anotherexample,wherethis problemis moreseriousjs the
innerproductunit, e.g. S= ag x by + a1 x by andhigherdi-



Figure 3: Designsof the inner product unit with differ entaddi-
tion reductiontreestructures

mensionabeneralizationsAs shavn in Figure3, whichfol-
lows the corventionin Figure2, theinnerproductunit could
alsohave anumberof differentimplementationgn whichthe
two multiplication operatorsare implementedn onesingle
additionreductiontree. In this case,even the intermediate
productsare missingfrom the implementationandits veri-
ficationdemandsa new approachThe mainissuefor meige
arithmeticis thatoperation®f redundanhumbenrepresenta-
tion, suchasCSA, do nothave a suitableRTL descriptionin
modernHDL. Functionalequivalencecheckingin this con-
text is hencevery difficult.

e Circuit transformatiorby arithmeticrelations

At amoregloballevel, arithmeticcircuitscouldbesimplified
by explicitly usingmorearithmetictransformationssuchas
thedistributivelaw x x (y+ z) = X X y+ x x z. Architectural
changedy exploring commonexpressionfactoringand ex-
pansionoften significantly changethe datapath,e.g. f =
a—b, g=a+b h=a—b? » h= fg. Verification of
circuits emplg/ing suchtransformationsseemsto be more
tractableonly at the RTL level [19]. Comparedto the as-
sociatve and commutatve laws, the circuit transformations
basedon the distributive law is moredifficult to prove, pre-
sumablybecausehe distributive law bridgesbetweentwo
differentarithmeticoperations.

e Floating point units.

The verification of floating point units as a classof arith-
metic circuits is further complicatedby the issueof round-
ing schemesand operandalignment. This classof circuits
seemdo be more suitably addressedvith the assistancef
thetheorem-praing techniqueg$1], whichrequiresmorear-
chitecturalinformation and humanintervening. We do not
considerthis problemin this paperdueto our main inter-
estin themorecommonarithmeticoperatorencounteredh
modernHDL.

The above issuesseriouslyimpair our capability of gate-level
arithmeticcircuit verificationat the commonRTL-to-gateequia-
lencecheckingsetting. In this paper we presenta self-referential
functionalverificationapproachwhich properlyaddressethefirst
threeissues.

3. SELF-REFERENTIAL FUNCTION AL
VERIFICA TION

Thebasicideaof self-referentiafunctionalverificationis to use
thegate-level implementatiorof the arithmeticcircuit underverifi-
cationto verify itself. More specifically we decomposehe arith-

metic circuit verification probleminto a sequencef mathemati-
cal equationsyvhich entailthe correctnessf the arithmeticcircuit

when established. Thesemathematicakquationsare verified by

checkingthe equivalenceof similar circuit pairsderived from the

circuit underverificationbasedn theseequationsNotice thatthe

difficulty of gate-level arithmeticcircuit verificationis mainly due
to the proliferationof globally differentarchitecturef arithmetic
circuits originatedfrom the existenceof arithmeticrelations while

self-referentialfunctional verification approachexplicitly utilizes

thesearithmeticrelationsto facilitatetheir verificationinstead.

3.1 ¥erification by exploiting functional equa-
ions

Considerthe verification of a circuit F implementinga binary
arithmeticfunction f composedf +,— andx operatorsn anex-
pandedorm, i.e. sum(+,—) of productform asanarithmeticex-
pressionwith distinctl;-bit binary operandsg. The operandsx
of f arecomposeddf Booleanbit variablesx;j suchthat the bi-
nary representatiof x; is (X, _1)X,—2)--Xio)2. Thetotal num-
ber of Booleanbit variablesin f is L, i.e. L = 5;li. An ordering
(Y1,¥2...,yL) of all bit variables{x;;} definesa sequencef sets
(Ag,A1..,AL) with A, composedf the first k elementsn this or-
dering,i.e. Ag =@, andA, = A1 U {y}. Foryx =X, we use
thenotationyy to denotethesetof bit variablescomposeaf all xim
with m# j andall bit variablesof the operandghatarenot within
the sameproducttermwith x; in f, e.g. for f = x1 x X2 + X3 X X4,
the setxi» is composedf all Xym(m# 2), X3y, andxg,. We also
usethe notation f|a—0, to denotethe function f with the valuesof
thebit variablesn A restrictedto zero.We have the following:

THEOREM 1. (Soundnesdjor anyordering(y1,Y»..,y) of all
bits {x;; }, considerthe finite sequencef setsAy...,A_ associated
with this ordering as definedabove Thenthe setof 2L equations
(k=1,2..,L):

Flaci=0 Flac—=0%Flgiua )=o @
Flgiuay=o fl(siuag=o @)

wheee 4 dependson whetherthe term containingyy in f is + or
—, andF|a =0 = f|a =0 impliesF = f.

ProoF. It follows from the definition of binary numberrepre-
sentationthedistributive law, andinductionon thetotal numberof
nonzerabitsin all operands. [

Our self-referentiafunctionalverification of arithmeticcircuits
is basedon this theorem.Notice this theoremis on a specificform
of f ratherthanthefunctionitself. However, evenwith this restric-
tion, aswill beshavn in examplesbelav, Theoreml still includes
a lot of interestingcases. In essencethis theoremusesthe dis-
tributive law to decomposeéhe binary digits inside the arithmetic
producttermsof themathematicaéxpressionf, andhencealsothe
circuit F. For a gate-leel implementatiorF of anarithmeticcir-
cuit f, theequationsn (1) areverifiedby equivalencecheckingthe
circuitsimplementecht both sidesof the equationsandthe equa-
tionsin (2) areverified by invoking Theoreml againon the new
function f{(y, ,p)—0. Notethattheimplementation®f both sides
of theequation(1) arederived from the sameoriginal circuit under
verificationF.

Intuitively, this sequencef equationssuccessiely reduceshe
original verification probleminto the oneswith smallernontrivial
circuit sizesandfewer inputsby bit-decompositionNoticethatthe
specificatiorfunction f only enterdn theform of specifyingXj, +,
andterminalcaseshenceit is a framework of verificationwithout



an implementationstandard. Although seeminglytwo copiesof
differentF’s appeaiin theright handsideof equation(1), aswill
be discussedelow, ajudiciouschoiceof the orderingyp...,y; will
resultin significantisomorphicportion in thesetwo circuits that
could be sharedbetweenthem. Thus, the equivalencechecking
problemsrepresentedly theabove equationsrein factcomparing
two F’swith smalldifferencein peripherakircuitsandconstraints;
hencethe nameself-refeential verification.

For example, to verify whetherF (x,_1..,X0,Yn—1..,Yo) imple-
mentsf = XXy = (Xn_1Xn—2.--X0)2 X (Yn—1Yn—2---Yo)2, it sufices
to prove thefollowing equationgk =0,1,..n—1):

F(0..0,X0_1 Ky -» X0, Yn—1--, Y0)

= F(0..0,Xn—2—k--, X0, Yn—1--, Y0)
+F(0..0,%1-1_k;0..,0,Yn—1..,Y0)
F(0..0,Yn-1-k-- Yo)

= F(0..0,¥n_2 k--,Yo)
+F(0..0,Yn_1_k,0..0)
F(0..0,X1-1—k,0..,0,¥Yn—1..,Y0)

= f(0.0,% 1 k0-.-,0,Yn_1--,Y0)
F(0..0,¥n_1_k,0..0)

= £(0..0,yn_1_k,0..0)

andF(0..,0) = f(0..,0) on F. Noticethatin this specialcasethe
oneswith bit variablesin one operandall equalto zeroare often
trivial to prove dueto thefactthatO x y = 0. To putit in a more
familiar form, this sequenceof equationsessentiallyverifies the
following equationfor differentk onF:

(0..0%0_1—kXn—2—k--X0)2 X (Yn—1.-Y0)2
= (0..0X1—2—kXn—3—k--X0)2 X (Yn—1--Yo)2
+(0..0%1-1-k0..0)2 X (Yn-1.-Y0)2

Theverificationof arithmeticcircuitsposedasequialencecheck-
ing problemsalsohasthe benefitof gracefullyhandlingdesigner-
ror. A numberof previous approachesvereincapableof handling
designrerror In particular word-level decisiondiagrambasedech-
niques[6, 9] sharethis problemdueto the explicit word-level fea-
ture, which makesthemincapableof representingit-level errors
appearingn agate-lerel netlist. However, whenposedn theequi-
alencecheckingsetting, modernequivalencecheckingmethodol-
ogy is often capableof finding a countergamplefor inequivalence
quickly, andthusproviding a corvenientsolutionto this designer-
ror problem.

This proposedapproachcould not be easily appliedto the di-
vision operatordue to the fact that the decompositiorfunctional
equatiorfor thedivision operatorequiregheinformationof there-
maindersi.e. (X+Y)/z=X/z+Yy/z+ (x%z+ y%z) /z, whichmight
not be explicitly availablein thecircuit implementatiorunderver
ification. Althoughit would still be desirableto be ableto handle
thesecasesthe division andremaindetoperationsare not asoften
usedin modernHDL designasthe otheroperationshandledby our
approach.

3.2 Expediting equivalencecheckingproblems

Efficientexecutionof theseequivalencecheckingoroblemscould
in generabeachievedby judiciouslychoosingheordering(y; ..., y.)
for bit-decompositiorusingstructuralinformation:

OBSERVATION 1. (Effectivenes$) In verifyingthesequencef
equationsin Theoem1, choosingthe bit with the smallestfanout
conesizefor decompositiorfirst will resultin easierequivalence
cheding problems.

The fanoutconesize of a signaldenoteshe numberof signals
within thefanoutconeof thatsignalin thecircuit. With this choice
of bit-decompositionthe resultingequivalencecheckingproblem
will have alot moreequivalentinternalsignalpairsbetweerthetwo
circuits underequialencechecking. In fact, the resultingequiva-
lencecheckingproblemcould be performedby first sharingcom-
moncircuit portionsbetweerF |5, , andF |yua , andthenmeming
the isomorphicportionsbetweerboth sidesof the equationin the
miter approach.The equivalencecheckingproblemis theneffec-
tively reducedo verifying the equivalenceof smallportionsof the
two circuits underthe constraintthat theseportionsare driven by
thememgedisomorphicportion.

Choosingthe bit for decompositiorfrom the oneswith small
fanoutconesizescould also help the designerror diagnosis. For
example,if the largesti for which the equationin Theorem1 is
not satisfiedis a, thenthereis an error in the fanoutcone of yq
within circuit F|a,_,=0. Noticethatthe operandorderingproblem
andthe issueof memgedarithmeticareautomaticallyaddressedy
this decompositiorstrateyy.

Although the applicationof theoreml could involve recursve
invocationdue to the requirementf verifying equation(2), it is
often possibleto reuseformer equivalencecheckingresults. For
example, to verify whetherF (X,—1..,X0, Yn—1--,Y0; Zn—1.-,20) im-
plementsf = X x y x Z= (Xn_1%n—2---X0)2 X (Yn-1Yn—2---Y0)2 X
(Zn-12Z0—2...20)2 with ordering (Xn_1..,X0,Yn—1.-,Y0,Z0—1.+,20), it
requiresto prove thefollowing equationgk = 0,1,..n—1):

F(0..0,X0—1—k» s X0, Yn—1:+Y0s Zn—1.-,20)

= F(0..0,Xh_2 -+, X0, ¥n—1-+, Y0, Zn—1-+, 20)
+F(0..0,X-1-k0.-,0,Yn_1.-,Y0, Zn—1--, Z0)
F(0..0,Yn-1-k-+»Y0,Zn—1-+20)

= F(0.0,Yn_2_k-,Y0,Z1-1--,20)
+F(0..0,¥n-1-k,0..0,Z_1.., 29)
F(0..0,z7_1_k--,20)

= F(0..0,zp—2_k--,2)
+F(0..0,Z1_1¢,0..0)

andthefollowing recursve invocationof Theoreml.:

(0..0,%-1-k,0-,0,Yn1--,¥0,Z01--,20)
(0.0,%-1-k,0-,0,Yn-1--,¥0, Zn1--,20)
(0..0,Yn-1-k--,Y0, Zn-1--20)
(0..0,Yn-1-k-+»Y0,Zn-1--,20)
(0..0,Z0_1_4,0..0)

(0..0,Zy_1_4,0..0)

-~ T — T — Tl

Theseequationgouldbe simplified by the equations:

F (007 Xn—l—k7 O-'7 07 yl"lfl'wyO: anl'-a ZO) |Xn—1—k:Xn717k7|
= F(OO, Xn—1—k—I aO--aann—l--yyOa Zn—l--,ZO) X 2|



which will often resultin more efficient equivalencecheckingin
mostimplementationsandreduceto only onerecursve invocation
of theoreml in this case.

The appearancef possiblefalse negativesin the direct appli-

cation of the previous prescriptionshouldbe properly addressed.

It was pointedout in [7] that cutpointsinside a full adderis an
intrinsic sourceof falsenegative. It could be avoided using the
fanoutconeof the adjacenbit in the orderingto move the support
backward. Careshouldbetakento handlethesefalsenegative sys-
tematicallyto avoid excessie backwardsubstitutiorin BDD-based
equivalencechecking.

3.3 Implicit verification of arithmetic circuit

One particularly seriousproblemfor Wallacetree architecture
usingBDD-basecdequivalencecheckingn thisapproachs thelarge
supportvariable size, which will resultin excessie variablere-
ordering. We found thatthe implicit verificationapproacH16] is
capableof reducingthe supportvariablesize.

Implicit verificationof arithmeticcircuitsis basedon the fanin-
basedpartitioningover all primary outputsof thearithmeticcircuit
[16]. It wasobsered that, underthe setting of the equivalence
checkingof arithmeticcircuits,the equivalenceof lower significant
bits could be usedas a preconditionto facilitate the equivalence
checkingof the next higherbit. More specifically giventwo arith-
metic circuits with binary value outputsc = (¢;_1¢_»..cp)2 and
¢ =(q_19_,--Cp)2, theequialencecheckingof thesetwo circuits
startsfrom the leastsignificantbits (LSB) ¢p andcy,. Theequiva-
lencecheckingof themoresignificantbits ¢, andc, areconducted
by checkingwhetherthe expression

(k@ 6io) (Ck-1 B G_y)-+-(Ckb, DG, )

equalsto zerofor eachk, wherethe parametety, increasesuc-
cessvely for anindividual k if the equivalenceis not proved until
the LSB is reached.In proving this propositionusinglocal BDD-
basedapproachgy andc, arebuilt usingsignalsat the fanincone
boundaryof cy_; andc,_; assupportvariables,andthe expres-
sionsabove involving differentcontiguousbits areevaluatedusing
composition. This prescriptionof local BDD constructioncould
potentiallyavoid the intermediatesxplosionof BDDs correspond-
ing to theabore expressionandit turnsoutto becrucialin handling
Wallacetreearchitecture.

4. EXPERIMENT AL RESULTS

Experimentatesultsfor differentimplementationsf thefollow-
ing threearithmeticfunctionsareshavn in Tablel:

l: S=axb+c
I S=agxbp+a xby
I S=axbxc

wherea’s andb'’s areof sizen bits, andc’s areof size3n bitsin |
andn bitsin I11. Someimplementation®f thesearithmeticfunc-
tions with different architecturesare verified using the proposed
approachwith no a priori architecturalinformation given to the
verification program. The architecturesare denotedin the sub-
scriptsusing the abbreiationsintroducedin section2. Function
Il essentiallyhastwo additionreductiontreeandwe denotetheir
architecturesn thesubscripsequentially Theexperimentsareper
formedon a Pentiumlll 733MHz machinewith 256MB memory
runningLinux OS. Theresultsareshavn with the upperfield rep-

n 16 32 | 48 64 80
laa 0.96| 16.7| 86 | 258 | 617
0.61]092|154| 160 | 2.21
Ics 159 17.7| 87 | 259 | 619
0.65]0.95|1.60| 1.65| 2.01
Iwa 1.72| 42 | 251 | 1720
0.61] 0.65| 0.87| 0.91
IBR 3.61| 47 | 261 | 780 | 2476
0.58] 0.75] 3.98| 4.06 | 4.58
Iaa 1.87| 33 | 161 | 503 | 1192
041]0.71]1.02| 1.23 ] 1.61
llcs 221| 35 | 171 | 502 | 1196
0.43] 0.70| 1.05| 1.40 | 1.68
laaaa | 1.89| 33 | 183 | 502 | 1215
0421 0.72| 0.97| 1.34 | 1.63
Illcscs | 230 35 | 174 | 513 | 1237
0.45]0.75| 1.12| 142 | 1.69

Table 1: Experimental results. Within eachentry, the upper
number is the verification time in secondsand the lower oneis
the memory usagein MB. (abbreviations: Addition array(AA),
Wallace tree (WA), Carry-save-adder array (CS), Booth’s re-
coded(BR))

resentingthe verificationtime in secondsandthe lower field rep-
resentingnemoryusagen MB. The numberappearingn thefirst

row denoteghesizeparameten within thecorrespondingolumn.
Theresultsfor circuit sizeup to n = 80 is shavn. A BDD-based
equivalencecheckingprocedureusing CUDD package[15] with

sifting reorderingis used.We usedimplicit verification[16] to ef-

fectively reducethesupportvariablesize. Theresultsshawv thatour

approachs capableof verifying theseexampleswith differentar

chitecturesTheonly onethatwe couldnotfinishis lya for n= 80,

whichstill suffersfrom excessie variablereorderingevenwith the
implicit verificationtechnique Notice thatno prior work couldbe
comparedo our resultdueto the minimal assumptionsnadeon

the circuitsin our approach.However, our resultsdo shav better
or comparableperformancedo otherformer approachegsven with

wealer assumption®n the circuits. The low memoryusagealso
suggestdhat structuralsimilaritiesin eachequialencechecking
problemareeffectively utilized. Our resultssupportthe following

obsenration:

OBSERVATION 2. (Effectivenesdl) Commonarchitectuies of
arithmetic circuits have a bit-decompositiorordering that could
resultin effectiveexecutionof the equivalencechedking problems
in Theoem1.

This obsenationis areflectionof the underlyingadditionreduc-
tion treestructure. Theoreml by itself is merelya mathematical
statementOnly theevidencefrom Obsenations1 and2 couldjus-
tify the effectivenesf the proposedapproach.

5. RELATED WORK

Verificationof arithmeticcircuitsusingfunctionalequationsvas
first introducedin [8], wherethe equationx x (y+ 1) = xy+ X is
usedfor the verification of multipliers. The verification problem
of onemultiplier is then posedas one single functional equation,
but it is executedasa sequenc®f equivalencecheckingproblems
to breakthe carry-propagatiorchainin the (y+ 1) termby cases.
However, the circuitsunderequivalencecheckingcould have quite



few equialentinternalsignalpairsdueto the large fanoutconeof
thedifferencecircuit, andtheresultingequivalencecheckingprob-
lemscouldbequite hard.

Functionalequationhasalsobeenusedto verify multipliersin
[7] with a similar proceduredescribedin this paper The solu-
tion proposedin the currentpaperoffers a more generalframe-
work thatcouldhandlea larger classof arithmeticcircuitsthrough
a structural-basedit-decompositiorstrat@y. Theinclusionof the
implicit verificationtechniqudurther extendsthe capabilityof this
frameawork to handleWallacetreearchitecturewhich could notbe
handledeffectively in [7].

Implicit verification [16] is the first techniquethat could han-
dle equivalencecheckingover structurallydissimilararithmeticcir-
cuits. In our contet, the circuitsundercomparisorarestructurally
similar, but implicit verificationtechniquestill introducedthe ben-
efit of reducingthesupportvariablesize,whichis essentiain some
casese.g. Wallacetreearchitecture.

Self-referentialerificationis anovel ideathatutilizesfunctional
equationsto usea circuit implementatiorto verify itself without
referencingo a standardHowever, similarideahasbeenproposed
in quitedifferentcontets thatrepresensomeevenmoresurprising
andelegantsolution[12].

6. CONCLUSIONS AND FUTURE DIREC-
TIONS

We present systemati@nalysisof the gate-level arithmeticcir-
cuit verificationproblemandproposea self-referentiabpproactio
solwe this problem. Experimentakesultsshav thatthis approach
is capableof handlinga numberof arithmetic circuits with dif-
ferentarchitectureghat cannotbe verified effectively by existing
approachesncludingthe multiply-addunitsandtheinnerproduct
units. This framework is capableof handlingmostarithmeticcir-
cuitscomposeaf operatorst, —, and x with differentoperancdbr-
deringandevenwith megedarithmeticimplementationslt would
beusefulto integratethisapproactinto agenericequivalencecheck-
ing engine.

This framevork seemgo be incapableof handlingcircuits de-
rivedby employing transformationsisingarithmeticrelationsother
thanthecommutatie andassociatie laws, especiallyfactorization
andexpansionassociatedvith the distributive law. We believe this
problemshouldbe bestsolved at the RTL level with the integra-
tion of a computeralgebraicsystem[3]. Only atight integration
of an equialencechecler, a gate-level arithmeticcircuit verifier
anda computeralgebrasystemcould completelysolve all thechal-
lengingissuesof arithmeticcircuit verificationproblemin modern
HDL-basedVLSI design.
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