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ABSTRACT
Verificationof gate-level implementationsof arithmeticcircuits is
challengingdue to a numberof reasons:the existenceof some
hard-to-verify arithmeticoperators(e.g.multiplication),theuseof
differentoperandordering,theincorporationof mergedarithmetic
with cross-operatorimplementations,andthe employmentof cir-
cuit transformationsbasedon arithmeticrelations. It is hencea
peculiarproblemthatdoesnotfit quitewell into theexisting RTL-
to-gateequivalencecheckingmethodology. In this paper, we pro-
posea self-referentialfunctionalverificationapproachwhich uses
the gate-level implementationof the arithmeticcircuit underver-
ification to verify itself. Specifically, the verification task is de-
composedinto a sequenceof equivalencecheckingsubproblems,
eachof which comparecircuit pairsderivedfrom theimplementa-
tion underverificationbasedon theproposedself-referentialfunc-
tional equations.A decomposition-basedheuristicusingstructural
informationis employedto guidetheverificationprocessfor better
efficiency. Experimentalresultson a numberof implementations
of themultiply-addunitsandtheinnerproductunitswith different
architecturesdemonstratetheversatilityof this approach.

Categoriesand SubjectDescriptors
B.5.2[Register-Transfer-Level Implementation]: DesignAids—
verification

GeneralTerms
Algorithm, Verification

Keywords
Arithmetic circuit verification

1. INTRODUCTION
Combinationalequivalencecheckingis a relatively maturefield

after over a decade’s intensive research. Commercialcombina-�
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tional equivalencecheckingtools have advancedgreatly in both
speedand capacity, and have beensuccessfullyemployed in the
full-chip context for RTL functionalvalidationsign-off. The key
idea behindthe solution to this intractableproblemfor complex
industrialcircuits is the effective useof structuralsimilaritiesbe-
tweencircuitsundercomparison.Structurallysimilar circuitshave
an appreciableportion of functionally equivalent internal signal
pairsbetweenthem,andthesesignalpairscouldserve ascutpoints
to facilitate the progressionof equivalencecheckingin the miter
approach[2]. With the aid of a robust RTL-to-gateequivalence
checkingtool, designfunctionalvalidationandverificationcould
be conductedmoreefficiently at the RTL level. A successfulab-
stractionat a higherlevel of descriptioncouldfurtherfacilitatede-
signarchitectureexploration.

Oneclassof circuits thatproved to bedifficult for RTL-to-gate
equivalencecheckingis arithmeticcircuits.Amongthem,themost
familiaroneis themultiplicationoperator. Arithmetic circuitsplay
an importantrole in modernhigh-performanceVLSI datapathde-
sign. The questfor performancein arithmeticcircuits hasstim-
ulatedthe developmentof variousarchitectures.However, these
proliferatedarchitectureshave alsoposednew challengesto their
implementationverification. Existing equivalencecheckingtech-
niquesareoften incapableof handlingsomeof thesecircuits due
to eitherthelackof equivalentinternalsignalpairswhencompared
to a referenceimplementationwith a differentarchitecture,or the
incapabilityof directverification,e.g. BDD memoryexplosionor
exponentialnumberof backtracksfor ATPG or SAT approaches.
Sincearithmeticoperationsarealso the naturalword level prim-
itives in HDL, this issueis even more prevalent in modernRTL
designmethodology. Hence,the verificationof gate-level imple-
mentationsof arithmeticcircuitsis of practicalimportance.In this
paper, we analyzethis problemand proposea new and efficient
solution. We believe that part of this problemhasnot beenprop-
erly addressedbefore,andthe proposedsolutionis the first to be
ableto efficiently performgate-level verificationfor a large class
of arithmeticcircuits.

2. GATE-LEVEL ARITHMETIC CIRCUIT
VERIFICA TION - THE ISSUES

The difficulty of verifying gate-level implementationsof arith-
meticcircuitsis mainlydueto theexistenceof somehard-to-verify
constructs.Theseconstructsinclude individual arithmeticopera-
tors (e.g. multiplication), the useof different operandordering,
mergedarithmeticwith cross-operatorimplementations,andcircuit
transformationsbasedon arithmetic relations. Optimizationsof
arithmeticcircuitsfor performance,whichareoftenbasedonarith-
metic relations,e.g. Booth’s recodingor carry-save adder(CSA)
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Figure1: An n-bit carry-save adder.

makinguseof redundantnumbersystems,inadvertentlyintroduced
someof thesehard-to-verify constructs.In themodernHDL-based
RTL designmethodology, the capability of HDL designsynthe-
sistoolsto performsomeof theseoptimizationsautomaticallyand
transparentlyfurthercomplicatedtheir implementationverification
problem.

The verification of arithmeticcircuits hasbeenaddressedin a
numberof former researches,including backward constructionof
BMD [9], modularverificationusingBMD [6], implicit verification
[16], residueBDD [11], the functionalequationapproach[8, 7],
andthetheorem-proving approach[1]. However, a morethorough
analysisthatacrosstheentirespectrumof issuesis still lacking. In
the following, we list the key issuesthat are the major obstacles
to aneffective verificationof arithmeticcircuits. Thelisting is or-
deredfrom themorelocalandgate-level issuesto theoneswith an
increasinglyglobalandbehavioral nature.

6 Thedifficultyof verifyingindividual arithmeticoperators

It is well-known thattheverificationof multiplicationopera-
tor is ahardonein theBDD-basedverificationparadigmdue
to its exponentialspatialcomplexity in BDD [4, 5]. Thediffi-
culty of multiplicationoperatorverificationis closelyrelated
to the integer factorizationproblem[7]. Thereforeit seems
that this difficulty is quite independentof the verification
paradigm.This difficulty is furthercomplicatedby theexis-
tenceof multiple globally differentarchitecturesand,there-
fore, could not be easily verified at an equivalencecheck-
ing setting. In the architecturalspace,the implementation
of a multiplicationoperatorcouldemploy differentaddition
reductiontreesor different recodingschemes.Commonly
encounteredarchitecturesof additionreductiontreesinclude
additionarrays(AA), carry-save-adderarrays(CS),Wallace
tree(WA), andwith Booth recoding(BR) [13, 6]. The di-
vision operatoris anotherexamplethat is known difficult to
verify.

6 Operandordering

The problemof operandorderingoriginatesfrom the fact
that implementationsof arithmeticoperatorsin generaldo
not reflectthecommutativeandassociativelawsstructurally.
For example,themultiplicationoperatoris in generalimple-
mentedasymmetrically, i.e. in the addition reductiontree
implementation,one operandis decomposedand the other
one is kept intact in forming the partial products. Based
on thecommutative law x 7 y 8 y 7 x, if we usethesecond
operandfor decomposition,theimplementationbasedon the
left handside(decomposingy) andtheonebasedontheright
handside(decomposingx) will be significantlydifferent in
termsof circuit structure.Furtherconsideringtheassociative
law 9 x 7 y:;7 z 8 x 7<9 y 7 z: , thespacefor equivalentimple-
mentationsof the samefunction is even larger. For exam-
ple,x 7 y 7 z couldhave 12 differentimplementationsbased
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Figure 2: Two differ ent multiply-add units implemented in
carry-save-adder tr eearchitecture.

solely on exploring the differentordering/groupingof the3
operands.

6 Mergedarithmeticwith cross-operator implementation

Mergedarithmeticrefersto thedirectimplementationof multi-
operatorarithmeticexpressionswithout breakingdown into
individual operators[17, 10, 18]. This approachoften em-
ploys arithmeticrelationsto achieve a cross-operatorimple-
mentationwith asingleadditionreductiontree[14]. Merged
arithmeticcanachieve higherspeedby reducingthenumber
of carry propagationchain, andoften hasa smallercircuit
sizeandlowerpowerconsumption.However, dueto thelack
of intermediatesignalsrepresentingthe individual operator
decomposition,mergedarithmeticcircuits arean especially
hardclassof circuitsfor functionalverification.

Oneexampleis themultiply-addunit commonlyencountered
in the DSPdesign.To reducethe delayof the critical path,
themultiply-addoperationis implementedasonesinglead-
dition reductiontree, i.e. the addition operatoris merged
into the addition reductiontree of the multiplication oper-
ator. This is often achieved by employing the CSA array
(Figure1). Implementationsof two typesof 4-bit multiply-
addunitsbasedon theCSA arrayarchitectureareshown in
Figure 2. In this figure, we usethe dot notationand their
skeletonadditionreductiontreestructureto representthecir-
cuit implementation. The dots denotethe bits of addenda
in theadditionreductiontree. The3-to-2 and2-to-1 reduc-
tion symbolsrepresenttheCSAandthebinaryfull adderre-
spectively. In multiply-addunits, the addendtypically has
a larger sizeto prevent overflow or to reduceaccumulation
error. Figure 2 (a) implementsthe multiply-add function
S 8 a 7 b = c directly, andFigure2(b) implementsanother
type of multiply-addunit with the addendandresult in the
CSA form for fasteraccumulationat successive operations,
i,e,S0 = S1 8 a 7 b = c0 = c1. Thisfigureshows two different
multiply-addunitsimplementedusingthesameCSarchitec-
ture. In general,any additionreductiontreearchitectureuti-
lizedin theimplementationof multiplier operatorscouldalso
be usedin mergedarithmetic. Mergedarithmetichencein-
troducedanotherratherlargedegreeof freedomin thedesign
implementationspace.

Anotherexample,wherethis problemis moreserious,is the
innerproductunit, e.g.S 8 a0 7 b0 = a1 7 b1 andhigherdi-
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Figure3: Designsof the inner product unit with differ ent addi-
tion reduction tr eestructur es

mensionalgeneralizations.As shown in Figure3, which fol-
lows theconventionin Figure2, theinnerproductunit could
alsohaveanumberof differentimplementationsin whichthe
two multiplication operatorsare implementedin onesingle
addition reductiontree. In this case,even the intermediate
productsaremissingfrom the implementation,andits veri-
ficationdemandsa new approach.Themainissuefor merge
arithmeticis thatoperationsof redundantnumberrepresenta-
tion, suchasCSA,do nothave a suitableRTL descriptionin
modernHDL. Functionalequivalencecheckingin this con-
text is hencevery difficult.

6 Circuit transformationbyarithmeticrelations

At amoregloballevel, arithmeticcircuitscouldbesimplified
by explicitly usingmorearithmetictransformations,suchas
thedistributive law x 7<9 y = z:>8 x 7 y = x 7 z. Architectural
changesby exploring commonexpressionfactoringandex-
pansionoften significantly changethe datapath,e.g. f 8
a ? b, g 8 a = b, h 8 a2 ? b2 @ h 8 f g. Verification of
circuits employing suchtransformationsseemsto be more
tractableonly at the RTL level [19]. Comparedto the as-
sociative andcommutative laws, thecircuit transformations
basedon thedistributive law is moredifficult to prove, pre-
sumablybecausethe distributive law bridgesbetweentwo
differentarithmeticoperations.

6 Floatingpoint units.

The verification of floating point units as a classof arith-
metic circuits is further complicatedby the issueof round-
ing schemesandoperandalignment. This classof circuits
seemsto be moresuitablyaddressedwith the assistanceof
thetheorem-proving techniques[1], which requiresmorear-
chitecturalinformationandhumanintervening. We do not
considerthis problemin this paperdue to our main inter-
estin themorecommonarithmeticoperatorsencounteredin
modernHDL.

The above issuesseriouslyimpair our capability of gate-level
arithmeticcircuit verificationat the commonRTL-to-gateequiva-
lencecheckingsetting. In this paper, we presenta self-referential
functionalverificationapproachwhich properlyaddressesthefirst
threeissues.

3. SELF-REFERENTIAL FUNCTION AL
VERIFICA TION

Thebasicideaof self-referentialfunctionalverificationis to use
thegate-level implementationof thearithmeticcircuit underverifi-
cationto verify itself. More specifically, we decomposethearith-

metic circuit verification probleminto a sequenceof mathemati-
cal equations,which entail thecorrectnessof thearithmeticcircuit
when established.Thesemathematicalequationsare verified by
checkingthe equivalenceof similar circuit pairsderived from the
circuit underverificationbasedon theseequations.Noticethatthe
difficulty of gate-level arithmeticcircuit verificationis mainly due
to theproliferationof globally differentarchitecturesof arithmetic
circuitsoriginatedfrom theexistenceof arithmeticrelations,while
self-referentialfunctional verification approachexplicitly utilizes
thesearithmeticrelationsto facilitatetheir verificationinstead.

3.1 Verification by exploiting functional equa-
tions

Considerthe verificationof a circuit F implementinga binary
arithmeticfunction f composedof =BAC? and 7 operatorsin anex-
pandedform, i.e. sum( =BA�? ) of productform asanarithmeticex-
pression,with distinct l i-bit binary operandsxi . The operandsxi
of f arecomposedof Booleanbit variablesxi j suchthat the bi-
nary representationof xi is 9 xi D l i E 1F xi D l i E 2F'GHG xi0 : 2. The total num-
ber of Booleanbit variablesin f is L, i.e. L 8 ∑i l i . An ordering9 y1 A y2 GIGHG A yL : of all bit variables J xi j K definesa sequenceof sets9 A0 A A1 GIG A AL : with Ak composedof the first k elementsin this or-
dering, i.e. A0 8 φ, andAk 8 Ak E 1 L J yk K . For yk 8 xi j , we use
thenotationỹk to denotethesetof bit variablescomposedof all xim
with m M8 j andall bit variablesof theoperandsthatarenot within
thesameproducttermwith xi in f , e.g. for f 8 x1 7 x2 = x3 7 x4,
the set ˜x12 is composedof all x1m 9 m M8 2: , x3n, andx4n. We also
usethenotation f N AO 0, to denotethefunction f with thevaluesof
thebit variablesin A restrictedto zero.We have thefollowing:

THEOREM 1. (Soundness)For anyordering 9 y1 A y2 GHG A yL : of all
bits J xi j K , considerthefinite sequenceof setsA0 GIGHG A AL associated
with this ordering as definedabove. Thenthesetof 2L equations9 k 8 1 A 2 GIG A L : :

F N Ak P 1 O 0 8 F N Ak O 0 Q F N D ỹk R Ak P 1 FSO 0 (1)

F N D ỹk R Ak FTO 0 8 f N D ỹk R Ak FTO 0 (2)

where Q dependson whetherthe term containingỹk in f is = or? , andF N AL O 0 8 f N AL O 0 impliesF 8 f .

PROOF. It follows from the definition of binary numberrepre-
sentation,thedistributive law, andinductiononthetotalnumberof
nonzerobits in all operands.

Our self-referentialfunctionalverificationof arithmeticcircuits
is basedon this theorem.Noticethis theoremis on a specificform
of f ratherthanthefunctionitself. However, evenwith this restric-
tion, aswill beshown in examplesbelow, Theorem1 still includes
a lot of interestingcases. In essence,this theoremusesthe dis-
tributive law to decomposethe binary digits insidethe arithmetic
producttermsof themathematicalexpressionf , andhencealsothe
circuit F . For a gate-level implementationF of anarithmeticcir-
cuit f , theequationsin (1) areverifiedby equivalencecheckingthe
circuits implementedat bothsidesof theequations,andtheequa-
tions in (2) areverified by invoking Theorem1 againon the new
function f N D yk R Ak FTO 0. Note that the implementationsof both sides
of theequation(1) arederivedfrom thesameoriginal circuit under
verificationF .

Intuitively, this sequenceof equationssuccessively reducesthe
original verificationprobleminto theoneswith smallernontrivial
circuit sizesandfewer inputsby bit-decomposition.Noticethatthe
specificationfunction f only entersin theform of specifyingx̃i j , Q ,
andterminalcases,henceit is a framework of verificationwithout



an implementationstandard. Although seeminglytwo copiesof
differentU F ’s appearin the right handsideof equation(1), aswill
bediscussedbelow, a judiciouschoiceof theorderingy0 GHGIG A yl will
result in significantisomorphicportion in thesetwo circuits that
could be sharedbetweenthem. Thus, the equivalencechecking
problemsrepresentedby theabove equationsarein factcomparing
two F ’swith smalldifferencein peripheralcircuitsandconstraints;
hencethenameself-referentialverification.

For example, to verify whetherF 9 xn E 1 GIG A x0 A yn E 1 GIG A y0 : imple-
ments f 8 x 7 y 8V9 xn E 1xn E 2 GIGIG x0 : 2 7<9 yn E 1yn E 2 GIGIG y0 : 2, it suffices
to prove thefollowing equations9 k 8 0 A 1 A GIG n ? 1: :

F 9 0 GIG 0 A xn E 1 E k A GIG A x0 A yn E 1 GIG A y0 :
8 F 9 0 GIG 0 A xn E 2 E k GIG A x0 A yn E 1 GIG A y0 :

= F 9 0 GIG 0 A xn E 1 E k A 0 GIG A 0 A yn E 1 GIG A y0 :
F 9 0 GIG 0 A yn E 1 E k GIG A y0 :

8 F 9 0 GIG 0 A yn E 2 E k GIG A y0 :
= F 9 0 GIG 0 A yn E 1 E k A 0 GIG 0:
F 9 0 GIG 0 A xn E 1 E k A 0 GIG A 0 A yn E 1 GIG A y0 :

8 f 9 0 GIG 0 A xn E 1 E k A 0 GIG A 0 A yn E 1 GIG A y0 :
F 9 0 GIG 0 A yn E 1 E k A 0 GIG 0:

8 f 9 0 GIG 0 A yn E 1 E k A 0 GIG 0:

andF 9 0 GHG A 0:
8 f 9 0 GIG A 0: on F . Notice that in this specialcasethe
oneswith bit variablesin oneoperandall equalto zeroareoften
trivial to prove dueto the fact that0 7 y 8 0. To put it in a more
familiar form, this sequenceof equationsessentiallyverifies the
following equationfor differentk onF :

9 0 GIG 0xn E 1 E kxn E 2 E k GIG x0 : 2 7W9 yn E 1 GIG y0 : 2
8X9 0 GIG 0xn E 2 E kxn E 3 E k GIG x0 : 2 7W9 yn E 1 GIG y0 : 2

=B9 0 GIG 0xn E 1 E k0 GHG 0: 2 7W9 yn E 1 GIG y0 : 2
Theverificationof arithmeticcircuitsposedasequivalencecheck-

ing problemsalsohasthebenefitof gracefullyhandlingdesigner-
ror. A numberof previousapproacheswereincapableof handling
designerror. In particular, word-level decisiondiagrambasedtech-
niques[6, 9] sharethis problemdueto theexplicit word-level fea-
ture, which makes themincapableof representingbit-level errors
appearingin agate-level netlist.However, whenposedin theequiv-
alencecheckingsetting,modernequivalencecheckingmethodol-
ogy is oftencapableof findinga counterexamplefor inequivalence
quickly, andthusproviding a convenientsolutionto this designer-
ror problem.

This proposedapproachcould not be easily appliedto the di-
vision operatordue to the fact that the decompositionfunctional
equationfor thedivisionoperatorrequirestheinformationof there-
mainders,i.e. 9 x = y:�Y z 8 xY z = yY z =Z9 x%z = y%z:�Y z, whichmight
not beexplicitly availablein thecircuit implementationunderver-
ification. Although it would still bedesirableto beableto handle
thesecases,thedivision andremainderoperationsarenot asoften
usedin modernHDL designastheotheroperationshandledby our
approach.

3.2 Expeditingequivalencecheckingproblems
Efficientexecutionof theseequivalencecheckingproblemscould

in generalbeachievedby judiciouslychoosingtheordering9 y1 GIGIG A yL :
for bit-decompositionusingstructuralinformation:

OBSERVATION 1. (EffectivenessI) In verifyingthesequenceof
equationsin Theorem1, choosingthebit with thesmallestfanout
conesizefor decompositionfirst will result in easierequivalence
checking problems.

The fanoutconesizeof a signaldenotesthe numberof signals
within thefanoutconeof thatsignalin thecircuit. With thischoice
of bit-decomposition,the resultingequivalencecheckingproblem
will havealot moreequivalentinternalsignalpairsbetweenthetwo
circuits underequivalencechecking.In fact, the resultingequiva-
lencecheckingproblemcouldbeperformedby first sharingcom-
moncircuit portionsbetweenF N Ai [ 1 andF N ỹi R Ai , andthenmerging
the isomorphicportionsbetweenboth sidesof theequationin the
miter approach.The equivalencecheckingproblemis theneffec-
tively reducedto verifying theequivalenceof smallportionsof the
two circuits underthe constraintthat theseportionsaredriven by
themergedisomorphicportion.

Choosingthe bit for decompositionfrom the oneswith small
fanoutconesizescould alsohelp the designerror diagnosis.For
example, if the largest i for which the equationin Theorem1 is
not satisfiedis α, then thereis an error in the fanoutconeof yα
within circuit F N Aα P 1 O 0. Notice that theoperandorderingproblem
andtheissueof mergedarithmeticareautomaticallyaddressedby
this decompositionstrategy.

Although the applicationof theorem1 could involve recursive
invocationdue to the requirementof verifying equation(2), it is
often possibleto reuseformer equivalencecheckingresults. For
example, to verify whetherF 9 xn E 1 GIG A x0 A yn E 1 GIG A y0 A zn E 1 GIG A z0 : im-
plements f 8 x 7 y 7 z 8\9 xn E 1xn E 2 GIGIG x0 : 2 7]9 yn E 1yn E 2 GIGIG y0 : 2 79 zn E 1zn E 2 GHGIG z0 : 2 with ordering 9 xn E 1 GIG A x0 A yn E 1 GHG A y0 A zn E 1 GIG A z0 : , it
requiresto prove thefollowing equations9 k 8 0 A 1 A GHG n ? 1: :

F 9 0 GIG 0 A xn E 1 E k A GIG A x0 A yn E 1 GHG A y0 A zn E 1 GIG A z0 :
8 F 9 0 GIG 0 A xn E 2 E k GHG A x0 A yn E 1 GIG A y0 A zn E 1 GIG A z0 :

= F 9 0 GIG 0 A xn E 1 E k A 0 GIG A 0 A yn E 1 GIG A y0 A zn E 1 GIG A z0 :
F 9 0 GIG 0 A yn E 1 E k GHG A y0 A zn E 1 GIG A z0 :

8 F 9 0 GIG 0 A yn E 2 E k GHG A y0 A zn E 1 GIG A z0 :
= F 9 0 GIG 0 A yn E 1 E k A 0 GIG 0 A zn E 1 GIG A z0 :
F 9 0 GIG 0 A zn E 1 E k GHG A z0 :

8 F 9 0 GIG 0 A zn E 2 E k GHG A z0 :
= F 9 0 GIG 0 A zn E 1 E k A 0 GHG 0:

andthefollowing recursive invocationof Theorem1:

F 9 0 GIG 0 A xn E 1 E k A 0 GHG A 0 A yn E 1 GIG A y0 A zn E 1 GHG A z0 :
8 f 9 0 GIG 0 A xn E 1 E k A 0 GIG A 0 A yn E 1 GIG A y0 A zn E 1 GIG A z0 :

F 9 0 GIG 0 A yn E 1 E k GIG A y0 A zn E 1 GIG A z0 :
8 f 9 0 GIG 0 A yn E 1 E k GHG A y0 A zn E 1 GIG A z0 :

F 9 0 GIG 0 A zn E 1 E k A 0 GHG 0:
8 f 9 0 GIG 0 A zn E 1 E k A 0 GIG 0:

Theseequationscouldbesimplifiedby theequations:

F 9 0 GHG 0 A xn E 1 E k A 0 GIG A 0 A yn E 1 GIG A y0 A zn E 1 GIG A z0 :�N xn P 1 P k O xn P 1 P k P l

8 F 9 0 GHG 0 A xn E 1 E k E l A 0 GIG A 0 A yn E 1 GIG A y0 A zn E 1 GIG A z0 :^7 2l



which will often result in moreefficient equivalencecheckingin
mostimplementations,andreduceto only onerecursive invocation
of theorem1 in thiscase.

The appearanceof possiblefalsenegatives in the direct appli-
cationof the previous prescriptionshouldbe properlyaddressed.
It was pointedout in [7] that cutpointsinside a full adderis an
intrinsic sourceof falsenegative. It could be avoided using the
fanoutconeof theadjacentbit in theorderingto move thesupport
backward.Careshouldbetakento handlethesefalsenegative sys-
tematicallyto avoid excessivebackwardsubstitutionin BDD-based
equivalencechecking.

3.3 Implicit verification of arithmetic circuit
One particularly seriousproblemfor Wallacetree architecture

usingBDD-basedequivalencecheckingin thisapproachis thelarge
supportvariablesize, which will result in excessive variablere-
ordering. We found that the implicit verificationapproach[16] is
capableof reducingthesupportvariablesize.

Implicit verificationof arithmeticcircuits is basedon the fanin-
basedpartitioningoverall primaryoutputsof thearithmeticcircuit
[16]. It was observed that, underthe settingof the equivalence
checkingof arithmeticcircuits,theequivalenceof lowersignificant
bits could be usedasa preconditionto facilitate the equivalence
checkingof thenext higherbit. More specifically, giventwo arith-
metic circuits with binary value outputsc 8_9 cl E 1cl E 2 GIG c0 : 2 and
c̀�8a9 c̀l E 1c̀l E 2 GIG c̀0 : 2, theequivalencecheckingof thesetwo circuits
startsfrom the leastsignificantbits (LSB) c0 andc̀0. Theequiva-
lencecheckingof themoresignificantbitsck andc̀k areconducted
by checkingwhethertheexpression

9 ck b c̀k : 9 ck E 1 b c̀k E 1 : GIGIG 9 ck E bk b c̀k E bk
:

equalsto zero for eachk, wherethe parameterbh increasessuc-
cessively for an individual k if theequivalenceis not proved until
theLSB is reached.In proving this propositionusinglocal BDD-
basedapproach,ck andc̀k arebuilt usingsignalsat the fanincone
boundaryof ck E 1 and c̀k E 1 assupportvariables,and the expres-
sionsabove involving differentcontiguousbits areevaluatedusing
composition. This prescriptionof local BDD constructioncould
potentiallyavoid theintermediateexplosionof BDDs correspond-
ing to theaboveexpression,andit turnsouttobecrucialin handling
Wallacetreearchitecture.

4. EXPERIMENT AL RESULTS
Experimentalresultsfor differentimplementationsof thefollow-

ing threearithmeticfunctionsareshown in Table1:

I : S 8 a 7 b = c

I I : S 8 a0 7 b0 = a1 7 b1

I I I : S 8 a 7 b 7 c

wherea’s andb’s areof sizen bits, andc’s areof size3n bits in I
andn bits in I I I . Someimplementationsof thesearithmeticfunc-
tions with different architecturesare verified using the proposed
approachwith no a priori architecturalinformation given to the
verification program. The architecturesare denotedin the sub-
scriptsusing the abbreviations introducedin section2. Function
III essentiallyhastwo additionreductiontreeandwe denotetheir
architecturesin thesubscriptsequentially. Theexperimentsareper-
formedon a PentiumIII 733MHz machinewith 256MB memory
runningLinux OS.Theresultsareshown with theupperfield rep-

n 16 32 48 64 80
IAA 0.96 16.7 86 258 617

0.61 0.92 1.54 1.60 2.21
ICS 1.59 17.7 87 259 619

0.65 0.95 1.60 1.65 2.01
IWA 1.72 42 251 1720

0.61 0.65 0.87 0.91
IBR 3.61 47 261 780 2476

0.58 0.75 3.98 4.06 4.58
I IAA 1.87 33 161 503 1192

0.41 0.71 1.02 1.23 1.61
I ICS 2.21 35 171 502 1196

0.43 0.70 1.05 1.40 1.68
I I IAAcAA 1.89 33 183 502 1215

0.42 0.72 0.97 1.34 1.63
I I ICScCS 2.30 35 174 513 1237

0.45 0.75 1.12 1.42 1.69

Table 1: Experimental results. Within eachentry, the upper
number is the verification time in secondsand the lower oneis
the memory usagein MB. (abbreviations: Addition array(AA),
Wallace tr ee(WA), Carry-save-adder array (CS), Booth’s re-
coded(BR))

resentingthe verificationtime in secondsandthe lower field rep-
resentingmemoryusagein MB. Thenumberappearingin thefirst
row denotesthesizeparametern within thecorrespondingcolumn.
The resultsfor circuit sizeup to n 8 80 is shown. A BDD-based
equivalencecheckingprocedureusing CUDD package[15] with
sifting reorderingis used.We usedimplicit verification[16] to ef-
fectively reducethesupportvariablesize.Theresultsshow thatour
approachis capableof verifying theseexampleswith differentar-
chitectures.Theonly onethatwecouldnotfinishis IWA for n 8 80,
whichstill suffersfrom excessive variablereorderingevenwith the
implicit verificationtechnique.Noticethatno prior work couldbe
comparedto our resultdue to the minimal assumptionsmadeon
the circuits in our approach.However, our resultsdo show better
or comparableperformanceto otherformerapproacheseven with
weaker assumptionson the circuits. The low memoryusagealso
suggeststhat structuralsimilarities in eachequivalencechecking
problemareeffectively utilized. Our resultssupportthe following
observation:

OBSERVATION 2. (EffectivenessII) Commonarchitectures of
arithmetic circuits havea bit-decompositionordering that could
result in effectiveexecutionof the equivalencechecking problems
in Theorem1.

Thisobservationis a reflectionof theunderlyingadditionreduc-
tion treestructure.Theorem1 by itself is merelya mathematical
statement.Only theevidencefrom Observations1 and2 couldjus-
tify theeffectivenessof theproposedapproach.

5. RELATED WORK
Verificationof arithmeticcircuitsusingfunctionalequationswas

first introducedin [8], wherethe equationx 7d9 y = 1:e8 xy = x is
usedfor the verificationof multipliers. The verificationproblem
of onemultiplier is thenposedasonesinglefunctionalequation,
but it is executedasa sequenceof equivalencecheckingproblems
to breakthecarry-propagationchainin the 9 y = 1: term by cases.
However, thecircuitsunderequivalencecheckingcouldhave quite



few equivalentinternalsignalpairsdueto thelargefanoutconeof
thediff ferencecircuit, andtheresultingequivalencecheckingprob-
lemscouldbequitehard.

Functionalequationhasalsobeenusedto verify multipliers in
[7] with a similar proceduredescribedin this paper. The solu-
tion proposedin the currentpaperoffers a more generalframe-
work thatcouldhandlea largerclassof arithmeticcircuitsthrough
a structural-basedbit-decompositionstrategy. Theinclusionof the
implicit verificationtechniquefurtherextendsthecapabilityof this
framework to handleWallacetreearchitecture,which couldnotbe
handledeffectively in [7].

Implicit verification [16] is the first techniquethat could han-
dleequivalencecheckingoverstructurallydissimilararithmeticcir-
cuits. In ourcontext, thecircuitsundercomparisonarestructurally
similar, but implicit verificationtechniquestill introducedtheben-
efit of reducingthesupportvariablesize,whichis essentialin some
cases,e.g.Wallacetreearchitecture.

Self-referentialverificationis anovel ideathatutilizesfunctional
equationsto usea circuit implementationto verify itself without
referencingto astandard.However, similar ideahasbeenproposed
in quitedifferentcontexts thatrepresentsomeevenmoresurprising
andelegantsolution[12].

6. CONCLUSIONS AND FUTURE DIREC-
TIONS

Wepresenta systematicanalysisof thegate-level arithmeticcir-
cuit verificationproblemandproposeaself-referentialapproachto
solve this problem. Experimentalresultsshow that this approach
is capableof handlinga numberof arithmeticcircuits with dif-
ferentarchitecturesthat cannotbe verified effectively by existing
approaches,includingthemultiply-addunitsandtheinnerproduct
units. This framework is capableof handlingmostarithmeticcir-
cuitscomposedof operators=gA�? , and 7 with differentoperandor-
deringandevenwith mergedarithmeticimplementations.It would
beusefulto integratethisapproachintoagenericequivalencecheck-
ing engine.

This framework seemsto be incapableof handlingcircuits de-
rivedbyemploying transformationsusingarithmeticrelationsother
thanthecommutative andassociative laws,especiallyfactorization
andexpansionassociatedwith thedistributive law. We believe this
problemshouldbe bestsolved at the RTL level with the integra-
tion of a computeralgebraicsystem[3]. Only a tight integration
of an equivalencechecker, a gate-level arithmeticcircuit verifier
andacomputeralgebrasystemcouldcompletelysolveall thechal-
lengingissuesof arithmeticcircuit verificationproblemin modern
HDL-basedVLSI design.
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