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Abstract—In this paper, we consider a robust distributed
beamforming design that minimizes total relay transmit power
with signal-to-noise ratio (SNR) constraint for a wireless relay
network in the presence of imperfect channel state information
(CSID) at the relays. We consider a system with a transmit and
a receive node, and a set of relay nodes. We assume there is no
direct link between the transmit and receive nodes. Each node is
equipped with a single antenna. The relay nodes perform amplify-
and-forward (AF) relaying. The distributed beamforming design
based on the assumption of perfect CSI at the relays fails to
guarantee the SNR when the CSI available at the relay nodes
is imperfect. We present a robust design which ensures that the
SNR constraint is satisfied in the presence of imperfect CSI.
We adopt a worst-case design and formulate the problem as a
convex optimization problem that can be solved efficiently. The
robustness of the proposed design to imperfections in CSI is
illustrated through simulations.

I. INTRODUCTION

Wireless communications systems with cooperation among
users have been studied widely [1]-[3]. The major benefit
of the cooperation among users is the availability of spatial
diversity without need for multiple antennas at each user [3].
For user cooperation in relay networks, the non-regenerative
(amplify-and-forward) and regenerative (decode-and-forward)
schemes have been studied widely [1], [2]. In the non-
regenerative relaying, the relay nodes scale the received signal
and transmit it. Whereas, in the regenerative relaying, the relay
nodes decode the received signal, re-encode and then transmit
it to the receive node. The non-regenerative relaying is of
practical interest due to its low complexity and amenability
to implementation.

In this paper, we consider distributed beamforming for non-
regenerative relaying with imperfect channel state information
(CSI) at the relays. The beamformer design is based on the
minimization of the total relay transmit power under a signal-
to-noise ratio (SNR) constraint. Distributed beamforming with
perfect CSI at the relays has been reported in [4]. In practice,
the CSI is usually imperfect due to different factors like
estimation error, feedback delay, quantization etc. Further, the
performance of the designs based on the assumption of perfect
CSI degrades in the presence of CSI imperfections. Hence,
it is of interest to develop distributed beamforming designs
that are robust to errors in CSI. Distributed beamforming with
imperfect CSI has been studied in [5], [6]. In [5], robust
beamformer designs are based on the second-order statistics
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of the CSI. This is a stochastically robust design, and does not
guarantee QoS for all realizations of the CSI. In [6], the robust
designs consider only large-scale fading. Our robust design
differs from those in [5] and [6] in that the QoS constraint
is satisfied for all realizations of CSI errors belonging to
a given uncertainty set, and is based on imperfections in
the instantaneous CSI. This is ensured by adopting a worst-
case design. We show that this worst-case design can be
formulated as convex optimization problem which can be
solved efficiently using interior-point methods [7].

The rest of the paper is organized as follows. The system
model is presented in Section II. The proposed robust beam-
former design are presented in Section III. Simulation results
and comparisons are presented in Section IV. Conclusions are
presented in Section V.

II. SYSTEM MODEL

We consider a wireless relay system with one transmit
(source) node, M relay nodes and one receive (destination)
node. All the nodes are equipped with single antenna. We
assume that there is no direct link between the transmit and the
receive nodes. However, the proposed approach is applicable
to systems with a direct link as well. We consider non-
regenerative relaying scheme with the half-duplex relay mode.
In this mode, during the first time slot, the transmit node
transmits the symbol! z € C with E{|z|*} = 1, where E{-}
denotes the expectation operator. The signal received at the
relay nodes is given by

Yk — akx+ﬂkv 1§k§Ma (l)

where oy, € C is the channel gain between the transmit node
and the kth relay node, and p;, € C is the noise at the kth relay
node. During the second time slot, the relay nodes transmit the
received signal after multiplying it by a complex weight. The
signal received by the destination node is given by

M
=) Bbryr+v )
k=1
M
= > Bebilanr + pi) + v, 3)
k=1

1Vectors are denoted by boldface lowercase letters, and matrices are denoted
by boldface uppercase letters. [.]7, [.], and [.]T, denote transpose, Hermitian,
and pseudo-inverse operations, respectively.|| - || z denotes the Frobenius norm.
A > B implies A — B is positive semi-definite, and A > B implies A — B
is positive definite. ® denotes the (element-wise) Hadamard product. R(-)
and () denote real part and imaginary part of the argument respectively.
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where by, € C is the scaling factor at the kth relay, 8 € C is
the channel gain between the kth relay node and the receive
node, and v € C is the noise at the receive node.

Leta = [ajas - am]’, B=1% B - Bul’. b=
[by by -+ bu]", T = diag(B), and p = [pa po -+ puna]”
where the diag(-) operator constructs a diagonal matrix with
the components of the argument vector as the diagonal entries.
Based on these definitions, we can represent the received
signal as

z = blhz+b'Tu+v, 4)

where h = a ® 8. We consider CSI uncertainties that can be
modeled as

a = a-+te,, (5)
B = B+es, 6)

where « and (3 are the true CSI, & and ,@ are the imperfect
CSI available at the relay nodes, and e, and eg represent the
additive error in the CSI. Further, we assume that ||e,|| < 04,
and |leg|| < dg. Equivalently, c belongs to the uncertainty set
R, and B belongs to the uncertainty set R 3, where

Ra = {¢|¢ = a + ea, lleall < da}, )
and
Rs ={¢|¢ =B +eg,|lesll <5} (8)
III. PROPOSED ROBUST BEAMFORMER DESIGN WITH SNR
CONSTRAINT

In this section, we propose a design of the distributed
beamforming vector, b, that minimizes the total relay transmit
power with constraints on the SNR at the receive node, when
the CSI (both a and 3) available at the relay nodes is
imperfect.

i) Case of Perfect CSI: When perfect CSI is available at the
relay nodes, the power minimization problem can be written
as

min P
b

subject to SNR > 7, )

where P is the total relay transmit power, and 7 is the
minimum SNR required at the receive node. Based on (4),
the total signal power received at the receive node is given by

P, = E{bThz?}
bThl|2. (10)
The noise power at the receive node is given by
B M
Pn = > E{|bBeml’} + E{|v*} (11
k=1
M
= Z|bkﬁk|203+03 (12)
k=1
= [ITb|*o} + a7, (13)

where we have assumed that p,, 1 < k < M, are independent
and identically distributed, and are independent of v. The total
relay transmit power can be expressed as

M
P o= > E{|beykl*|on}
k=1

M M
= Db+ > bulo
k=1 k=1

= |ADb|? + |[b|?0, (14)

where A = diag(gz).l%ased on the above development, and
defining SNR = P,/P,,, we can express the problem in (9)
as follows:

|AB]* + |[b]|*oy;

bTh?
ITb?02 + 02 ="

(152)

min
b

subject to (15b)
The problem as given in (15) is not a convex optimization
program. But, it can be transformed to a convex optimization
program as follows. The constraint in (15b) can be written as

ITb| 0, + o, \loTh|2 (16a)
2

= ||ITb||® + ; < |bTh|2 (16b)
o a

=[] < mprm o

where, in (16¢), we have assumed §R(bTh) > 0, and
S(bTh) = 0. We can restrict our search to those b which
satisfy these conditions, as an arbitrary phase rotation of b
does not change the objective or the constraint in (15).

In the rest of this paper, we will consider the optimization
problem in (15) in terms of real variables>. We will use
the same names for the real variables also in order to avoid
notational complexity. The optimization problem in (15) can
be reformulated as the following convex optimization problem

: 2
pin T+ 0,2 17
subject to  bTATAb < r; (18)
[b]|? < 7y (19)

| < e o

where r; and 7o are slack variables. The Ob]eCthC function,
and the first and second constraints in the above problem
are obviously convex. The third constraint is a second order
cone constraint, and hence convex. Hence, the robust power

2Any complex matrix Z is mapped into the corresponding real matrix as

R(Z)  3(Z)
[—S(Z) R(Z)
corresponding real vector as [J¥(h) S(h)]T. Any other complex vector z is
mapped into the corresponding real vector as [R(x) — I(x)]T

. The complex vector h = o ® 3 is mapped into the
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minimization problem formulated as above is a convex opti-
mization program which can be solved efficiently by interior
point methods [7].

ii) Case of Imperfect CSI: When the CSI available at
the relay nodes is imperfect, we adopt a worst-case design
approach. The beamforming vector is designed so as to meet
the SNR target for all channel vectors in the CSI uncertainty
region of given size. Mathematically, this robust beamforming
design can be expressed as

min r1+ O'i’l”g (21a)

b,Tl,T’Q
subject to bT"ATAb < ri,Va € Ro, (21b)
Ib]l* < 7y Qlc)

I=1=7

LetT = T+Er, where T’ = diag(ﬁ), and Er = diag(eg), and
let A = A + E,, where A = diag(& x), and E; = diag(eq).
ThenBERgﬁFERF—{X I‘+EF“|EF||F<55}
and @ € Ry = A € Ry = {X = A+ E, | |[Eallr <64}
Further,

h =

b h,V8 € Rg. (21d)

(@+ed)® (B+ep)

B+aves+e,0B+e,0es

ao
= h+tep, (22)

~ o~

where h = a ® 3, and e;, = a®eﬂ+ea®f‘3+ea®eg.
Then,

a€RBER; = heR,={x=h+e,||en <},

where 0;, = dg||a|| + 048] + dadps.

The optimization problem in (21) is a semi-infinite opti-
mization problem, and hence intractable [8]. We apply some
results from robust convex optimization theory in order to
transform the above problem into a mathematically tractable
problem.

Lemma 1 [8]: Consider the uncertain quadratically con-
strained convex quadratic program (QCQP)

min  c’x (23)

subject to  xT ATAx —2pTx <« (24)

V(A,p,v) €U, (25)

where U = {(A,b,7) = (Ap,bo,v0) +

Ziv:l up(Ag, br,ve)|lul < 1}. The robust counterpart
of this uncertain QCQP is equivalent to the following SDP
problem:

min cT'x (26)
yo + 2xT po -A N AxxT
subject to NT A MT | =0,027)
A()X M I
where M = [Aix -+ Ayx], and N =
[fyl/2+pr1 7N/2+prN]. [ ]

Lemma 2 [8]: Consider the uncertain SOCP

min cI'x (28)
subject to |[Ax +p|| <d"x+7~ (29)
Y(A,p) eU,V(d,y) eV (30)

where U = {[A;b] = [Ag;bo] + Zk 1 Uk [Ag; by H|u|| <

1}V = {(d,7) = (do,70) + 330, wn(de ) | lu] < 1}
The robust counterpart of this uncertain SOCP is equivalent
to the following SDP:

min c’'x (3D
X, by A
A—pu 0 Apx+p”
subject to 0 ul MT >0 (32)
Apx+p M Al
ng + 9 — A N
—

NT (dFx +~ — NI| = 0,(33)
where M = [Ajx+p; - Ayx+py], and N =
[lex+71 d%x—&—vN] .

[ ]

First, consider the first constraint (21b)

b'ATAb < r,VaeR,. (34)
We can represent the uncertainty in A by
A = A+ d,diag(u), |lull < 1. (35)

Application of Lemma 1 to (21b) leads to the following linear
matrix inequality (LMI):

rnm—C¢ 0 AbT
R=| 0 (I 4,b7| =o0. (36)
Ab &b I

Next, consider the constralnt (21d). We can represent the
uncertainty in T' by T’ = I‘ + dpdiag(u), ||ull < 1, and the
uncertainty in h by h = h + d,u, |lul| < 1. Application of
Lemma 2 to (21d) leads to the following LMIs:

b
A—p 0 [UV
S=| 0o u  [o5p7 0] =0, (37)
[I‘Ub [%b] e
2 0
hTb — \ —1_5b
T= 7o . 7 f 0. (38)
N e )1

Based on the above development, the robust design of the
relay weight vector b for minimizing total relay transmit
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Fig. 1. Cumulative distribution of achieved SNR. Target SNR n = 10 dB,  Fig. 2. Cumulative distribution of achieved SNR. Target SNR n = 8 dB,
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60 =05 =0.1,0.2, M = 20.

power under SNR constraint can be written as

min r1 + O'IZLTQ (39a)
b,r1,r2,(,\, 1

subject to R*>0 (39b)

S=0 (39¢)

T > 0. (39d)

The convex optimization problem (39) with the LMI con-
straints is a semi-definite program (SDP), and it can be solved
efficiently by the interior point methods [7], [9]. We note
that, we can convert the LMI T > 0 to a second order cone
(SOC) constraint. Consider a symmetric matrix Q, which is

A B

partitioned as
Q = |:BT C:| )

where C is symmetric, and A, B, and C are of appropriate
dimensions. We can show that, if C > 0, then Q > 0 if and
only if A—~BC~!B7T = 0[7], [10]. The matrix A—-BC~'B”
is called the Schur complement of C in Q.

Applying this result to (39d), we can reformulate the LMI
as the equivalent SOC constraint

(40)

~ 1
Sulbl < h'"b———A\ (41)
17

Tu/M
Second order cone constraint given above results in a reduced
computational complexity compared to LMI.

IV. SIMULATION RESULTS

In this section, we illustrate the performance of the proposed
robust distributed beamforming design, evaluated through
simulations. We compare the performance of the proposed
robust design with the nonrobust design. The channel fading
is modeled as Rayleigh, with the channel gain coefficients
ag, B, 1 < k < M, comprising of independent and identi-
cally distributed (i.i.d) samples of a complex Gaussian process
with zero mean and unit variance. The noise at each node is

25
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Fig. 4. Total relay transmit power versus CSI error bound 6 = do = d3.
SNR=4 dB, 6 dB, 10 dB, M = 10.

assumed to be zero-mean complex Gaussian random variable.
In all the simulations, we have assumed 6, = dg.
First, we compare the performance of the proposed robust
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design with the nonrobust design in terms of the cumulative
distribution of achieved SNR in the presence of CSI errors.
In this experiment, we consider a system with one transmit
node, one receive node, and M = 10 relay nodes. The target
SNR is 10 dB. The results are shown in Fig. 1. The nonrobust
design fails to achieve the SNR target with higher probabilities
for larger values of the CSI error bounds. The robust design
is found to achieve the target SNR in the presence of CSI
errors. Results for the same experiment with different system
parameters are shown in Fig. 2. Here, we consider a system
with M = 30, and target SNR n = 8 dB. We can observe
that the proposed robust design guarantee the achieved SNR
is greater than the target SNR, whereas the nonrobust design
fails to meet the target SNR.

Next, we study the performance of the proposed design in
terms of total relay transmit power versus SNR target for
different values of CSI error bounds. For this purpose, we
consider a system with M = 20 relay nodes. Total relay
transmit power required to achieve different SNR targets with
perfect CSI (i.e., 6, = dg = 0), and in the presence of CSI
errors is estimated through simulations. The results are shown
in Fig. 3. It is found that the total relay transmit power required
to achieve the SNR target increases with increase in the CSI
error norm bound. The robust beamformer design problem
becomes infeasible for target SNR beyond a threshold. From
the results, we can observe that this threshold decreases with
increase in the error norm bound. Similarly, the performance
of the proposed design in terms of total relay transmit power
versus CSI error norm bound for different values of SNR
targets is studied. For this experiment, we consider a system
with M = 10 relay nodes. Total relay transmit power required
to achieve a particular SIN target in the presence CSI error of
various norm bounds are shown in Fig. 4. In this case also, we
can observe that the robust design problem becomes infeasible
for larger values of the norm error bound.

V. CONCLUSIONS

We presented a robust distributed beamforming design with
SNR constraint for wireless relay networks in the presence of
imperfect CSI at the relays. The proposed robust beamformer
design was based on total relay transmit power minimization
under SNR constraint. We showed that the proposed robust
design can be formulated as a convex optimization problem
that can be solved efficiently. Through simulation results, we
illustrated the superior performance of the proposed robust
design compared to the non-robust design in the presence of
CSI imperfections.
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