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Near-Field Broadband Beamformer
Design via Multidimensional Semi-Infinite
Linear Programming Technigques

Ka Fai Cedric Yiu, Xiaoqi Yang, Sven Nordholm, and Kok Lay Teo

Abstract—Broadband microphone arrays has important appli-  plied. In [10], the minimax problem is formulated as a quadratic
cations such as hands-free mobile telephony, voice interface to per- programming problem and the SQP method is applied. Another
sonal computers and video conference equipment. This problem method has been explored in [11] where the minimax problem is
can be tackled in different ways. In this paper, a general broadband . - S -
beamformer design problem is considered. The problem is posed formulated as a unco_nstralngd nonlmegr opt|m|zat|on Wlth the
as a Chebyshev minimax pr0b|em_ Using thél -norm measure or use Of a pena|ty funCtIOI’I. Th|S method IS mOdIerd |atel’ N [12]
the real rotation theorem, we show that it can be converted into by replacing the penalty function with a root-catching method.
a semi-infinite linear programming problem. A numerical scheme  However, because of the nonlinearity in these formulations these
using a set of adaptive grids is applied. The scheme is proven to methods are not very computationally effective.

be convergent when a certain grid refinement is used. The method A inted out in 110 dratic t th
can be applied to the design of multidimensional digital finite-im- s pointed out in [10], a quadratic term appears once the

pulse response (FIR) filters with arbitrarily specified amplitude linear phase assumption is dropped. However, the quadratic
and phase. term arises also because thenorm is used as a measure for

the magnitude of a complex number. In order to reduce the
|. INTRODUCTION nonlinearity, the real rotation theorem or alternative norms can

: ; : lied instead. In this paper, we usel{hrorm and the real
ANDS-FREE audio devices are popular for video coAQe app )
ferences, mobile telephony and computer applicatior{gt""t'On theorem [13], [14]. With the use of thenorm or the

Microphone arrays are usually applied to capture speech unﬁeetql rotatlon' th(leortem, th.e. nplr!{m?x problem can b.e transi())lrmed
varying acoustic conditions. Most of these applications a 0 an equivalent semi-infinite inear programming probiem.

near-field applications, which means the aperture of the arr us, _Imear programming techniques can ag_am_be used. A
is about the same size as the distance from a user to the arf fT‘e“C""' scheme using a set of ada_pt|ve grids is proposed.
Efficient design methods for near-field broadband beamform trt1.en ex_tgnd :]he theqry described in [1?] ttoh show t.ha;.thte
are therefore essential. The traditional way is to consider t.gap Ve grid scheme gives convergence 1o the semi-infinite
minimax design of one-dimensional (1-D) or two-dimension iear programming problem. Tp be more spec_:lflc, the theory
(2-D) linear phase digital FIR filters via either a linear pro'> extended here to the case with multidimensional arguments

gramming technique [1]-[4] or an exchange algorithm [5], [6 .nd multiple constraints. Finally, the adaptive grid scheme

These techniques are implemented on a single grid and requ?rémd'.ﬂed further tp allow for the inclusion of near-ac.tlve
linear phase. constraints only, which greatly reduces the number of linear

Recently, more general methods have been considered forqﬂgstralnts as the grid is refined. Numerical results are included

design of near-field multidimensional digital FIR filters for ar-toe':LuOSérate the effectiveness and efficiency of the proposed

bitrary amplitudes and phases. In [7] and [8], the near-field-fall?
field reciprocity relationship is derived and applied to design
near-field beamformers via far-field design techniques. Another [I. FORMULATION

interesting approach is presented in [9] which makes use of E)_et Ga(r, f) andG(r, f) be the specified desired response

signal propagation vector representing an ideal point SOUTCCR the actual response of the broadband beamformer, respec-

acoustic radiation. For situations in which the desired respoqﬁ%ly wherer is the position vector and is the frequency

is known, multidimensional filter design techniques can be aR<sume that the array has elements. Let each microphone

signal be sampled at a rate fif; and let al-tap FIR filter be
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wherec is the sound speed. The array response vector is thereFrom the formulation (9) and (11), the real and imaginary
fore given by parts remain to be linear. Therefore, linear programming tech-
T nigues are possible to tackle these problems. Define
a(r7f) = (Al(r7f)7"'7AN(r7f>)

z = max max{u(r, f)cosf +v(r, f)sinf}

while the filter response vector is written as (r.f)eq ¢
i _jons _j2nfn—0\T the design problem (9) is equivalent to the semi-infinite linear
do(f) = (176 L e s ) () programming problem

Denote the filter weights bw, the actual response is given by min 2 (12a)
weR™ zeR
G(r.f) =w"d(r,f), d(r,f)=a(r [)@d(f), weR"

in which @ denotes the Kronecker product amé= N x L.
Consider a regio? = U, €; in the space-frequency do-
main, where eacfy; is a convex setan@; N 2; = 0 fori # j.  To convert (11) into a semi-infinite linear programming, one

subject to

u(r, f)cosf +o(r, f)sinfd < z VO,¥(r,f) € Q. (12b)

The minimax design problem can be formulated as way is to introduce the variable
i ax |wld(r, f) — Ga(r, f)|. 4 —
Join max [w'd(r, f) ~ Ga(r. f) ) 2= max {lu(r, )|+ fo(r. N}
Expanding the complex functions as and the minimax problem can be converted into
d(r7f) :dl(raf) +jd2(r>f)7 Elin RZ (13&)
Ga(r, f) =Ga,(r.f) + Gy (r. f) e
subject to
and denote
ulr, f)+o(r,f) <z V(r,f)eQ 13b
u(r, f) = (W'dy(r, f) - Gy (r. 1) ©) ) bolr f)y <= vl J) (135)
T u(r, f) —v(r, f) <z V(r,f)eQ (13c)
’U(T./ f) = (w dz("',f) _Gd2<r7f>) (6)
—u(r, f) +o(r, f) <z V(r,f)€Q (13d)
the minimax filter design problem can be rewritten as —u(r, f) —v(r, f) <z V(r.f) €Q (13e)
min  max _|u(r, ) + jo(r, f)] . (7)  An alternative and more flexible way to convert (11) into a

weR™ (r,f)eN AP - .
semi-infinite linear programming problem is to control the real

Clearly, if the standard modulus of the complex function is usgghrt and the imaginary part separately by introducing two new

to measure the complex number, i.e., variables as
. 2 2 .
r T, 8 = =
Juin max {ulr, £)? +o(r, £)?} ) 7 (rlf}?gglu(ﬁf)L 2 (3}}§§Q|v(r,.f)|~

a quadratic term arises which increases the nonlinearity of thigus, in matrix notation, the design problem can be formulated
problem [10]-[12]. Note that this corresponds to the use ofz

lo-norm to measure the complex number. Another equivalent -

way to formulate the problem is to make use of the real rotation min b" 2z (14a)

2cRn+2
theorem and the design problem can be written as . ©
subject to

min max max {u(r, f)cosf + v(r, f)sinf}. 9
weR™ (r,f)eQ 0 tu(r. f) ol fsiné}.(9) Ar,f)z—G <0 Y(r,f)eQ (14b)
If only the angled = (0, (/2),, (37/2)) are used, itis just to
measure the complex number by the maximurju¢f, )| and
|v(r, f)|, which is equivalent to the use ofa-norm [16], [17].
Another norm which has a lot of favorable properties is the A(r, f) =
l1-norm. Similar to thé..-norm, it bounds thé&-norm with the
upper and lower bounds as

where

di(r,/)T -1 0
—dy(r, /)T -1 0
doir. /)T 0 -1
—dy(r, /)T 0 -1

: 2 w 0 Gy (r. f)

272 lzfly < lzll2 < [lzll, =R (10) _ b— G- | ~Galr.f)

z= Z1 ’ - ¢1 ’ - Gd (T. f)

Using thel;-norm, the design problem becomes 22 b2 —GZ. (1’,.. f)
min max {|u(r, f)| + |v(r, f)|}. (11) in which ¢; and ¢, are two different weights for the real and

weR”™ (r.fea imaginary parts, respectively.

Note that this problem cannot be replicated by any chanée of Assume the optimal is achieved at and the acoustic of
in (9). the room has changed slightly. The transfer function becomes
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fi(r./ f) while the optimal is now achieved at*. Assume the  Let the matrixA(r, f) be partitioned by its rows denoted by

perturbation is small so that= d + éd, w* = w* + sw*. We  (ay(r, £)T, -, am(r, /)T)T, wherem = 4 for the I;-norm

therefore have formulation andm > 4 in the real rotation formulation de-
pending on how many discrefés are used. Let

max "&;*T;i(n - Gd(ﬁf)‘

(r.f)eQ (T f) = ( H;ax (a;(r./)'2-G;), i=1,---.m
rf)EQNM
< Tdr,f) -G
< (rr_fjlf)tgglw (r,f) = Ga(r, f)]

in which z € R**1 for the real rotation formulation ang €
+ max ’ﬂ;*Téd(r./ f)+ 5'&)*Td(r7f)‘ . (15) R"*2 for thel;-norm formulation under (14). Define

(r.f)e0
Of = {(r, f) e QulA(r, f)z — G
Z (QS}\[(T, f)/ ) ¢§\n[(r/ f))T - (/[317 e 7/[3m)T}

wheres! > ¢i,(r, f) + ¢,i = 1,---,m. We consider a modi-

so that any perturbations to the design conditions are rfied problem
magnified by the weights significantly. This will also constrain .
dw within bounds. Furthermore, the magnitudes of the weights mzmb Z (17a)
should be controlled to avoid the problem of overflow or other .
filter realization problems. Subject to

The complexity of the linear programming technique is rather /i(r. Hz—G< —¢ Y(r f)e qu (17b)
high, especially for very long filter [18]. Therefore, the method ’ -
should be applied for off-line design. However, for small per- The number of constraints in the modified problem is much
turbations to the acoustic, a real-time implementation is pdsss than that of the original problem. The scheme proposed in
sible. This can be achieved by exploring the simplex algorithrf15] is extended here to tackle problem (17). The final algorithm
If the perturbations are small, a careful sensitivity analysis witlan be summarized as follows.

improve the rate of re-convergence to the new optimal solu- i) Choosez = zq, ¢, M andM;, wherel/ is several times

It is advantageous to restrict the size of the weights

-1 S w; S 1 Vi (16)

tion significantly. In this way, it is possible to track, e.g., small larger thani/.
movements of the speaker, in real-time after the initial solution jj) Choose g3 such thaf3’ > ¢§m (r,f)+ei=1,---,m.
sought. iii) Solve the linear programming problem (17) to gize
iv) If e is small enough, stop.
[ll. ALGORITHM Otherwisee = €¢/10, M = 2M, z = 2, go to ii).

For a fixed set ofr, f), the design problem (14) is simply
a linear programming problem. Similarly,fis chosen to be a
fixed set, the design problem (12) is also another linear program4n the following examples, the weighis and¢- are set to
ming problem. Therefore, a discretization solution method wittne for thel;-norm formulation (14). For the real rotation for-
adaptive schemes such as [15], [19] and [20] can be used. Apdlation (12) 6 is chosen to have the following eight values
proximating(2 with a uniform grid containing/ mesh points in 9
each dimension results in a multi-dimensional grid, denoted by 0=-7+(—-1)x— i=1,---,8.
QM. In order that the discretization problem obtained is a good 7
approximation of the original problem, the integkf needs In the near-active constraints algorithfhwas chosen such that
to be large. In order to determine a suitalle to solve the £ > max(3',---, ™). MATLAB version 6 is used and the
problem, a sequence of adaptive meshes can be applied solthgary functionLP using the simplex method is applied here.
the mesh is refined gradua”y_ For convergence, an appropriaté—he desired response functionis chosen as aregion that would
refinement scheme is to include all the previous coarse gfilinto @ multimedia or hands-free mobile phone application.
points in the finer meshes. As a result, the solution of solvinghis will include the frequency range of human voice, and a
the discrete linear programming problem can be proven to cdange of positions that the microphones intend to receive. To
verge to the original semi-infinite linear programming problerallow for the delay of the speech to reach the microphones, the
as the mesh becomes finer and finer. The proof is given in tHesired response function in the passband region is chosen as
Appendix. . ||T _r || L_1

Since a simple replacement@fby (2, leads to a linear pro- ~ Ga(r, f) = exp <—z‘27rf < =+ 5 T>> (18)
gramming problem with a large number of constraints as the ¢
mesh becomes finer and finer, it is possible to eliminate soménere r. is the coordinate for the centre element,
unnecessary constraints and to consider only those near-active- 340.9 m/s and the sample incremeflt = 125 pus.
constraints. Although it is not easy to prove this scheme to kds possible to optimize on the delay, but the choice here will
convergent, experiences have shown that this scheme workslexvery close to the best possible choice. In the stopband region,
tremely well in practice. We shall describe and use this scher@g(r, f) = 0 in order to filter out the noise. A equispaced
in the following. linear array with five elements and a seven-tap FIR filter

IV. NUMERCIAL RESULTS
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Fig. 1. Configuration of the beamformer.

TABLE |
SUMMARY OF CONVERGENCE FOR THH-NORM METHOD
8 € M NC A 21 + 29
2 0.01 20 1600 | 0.12219 | 0.25113 . 3 - ’

01 0001 |40 2230 | 0. |0.30199 e x (m)

0.01 0.0001 | 40 146 0. 0.30379 Fig. 2. Optimal design witlvV = 5, L = 7 andy = 1 m.
behind each element is used. The element spacing is 5 ¢ P e
to avoid spatial aliasing for the frequency of interest. In the .| e |
examplesr = (z,y) and the beamformer is specified on an * . . 1
z-axis parallel with, andy meters in front of, the array. Thisis  ao0p o 4
depicted in Fig. 1. The passband region is defined as T

2500 F * et . ++
{(z,f): =04m <z <04m,05kHz< f<15kHz} z
“ 2000 .
while the stopband regions are defined as
1500} 4 * 3 *3
{(z,f): =04m <z <04m, 25kHz< f<4kHz},
{(z,f):1.5m < |z| <25m, 05kHz< f < 1.5kHz}, 1000} * * ¥ ]
{(,f):1.5m<x<25m,25kHz< f<4kHz}. N s ¥ . #
500 .
Note that this is a union of several convex regions, and more 25 -2 -5 -1 05 x(‘:ﬂ) s 1 15 2 25
mesh points are allocated to larger regions. A 2020 grid
was used to check for the convergence oflthaorm formula- Fig. 3. Set of active points for the first example.
tion. The following function
TABLE I

I= IE%;X (|'wTd(r, f)—Ga(r, f) |) T 21T 22 (19) SUMMARY OF CONVERGENCE FOR THEREAL ROTATION METHOD
is used to monitor the convergence. For the real rotation formu- 8 € M NC z 2
lation, the following function 2 0.01 | 20 3200 | 0.09883 | 0.13056

_ 0.1 0001 |40 4688 | 0.05468 | 0.16020
7 = maxmax (u(r, f) cosf +o(r, f)sinf) 2 (20) 0.01 0.0001 | 40 192 | 0.05378 | 0.16110

is used instead to monitor the convergence, where sixfeen

values are used. Whep = 1 m, the l;-norm calculation is the set off is held fixed during the adaptive refinement of the
given in Table | and the amplitude response is shown in Fig. gid. To refine the) at the same time will significantly increase

In the table NV C stands for number of constraints. The near-athe number of constraints and hence the size of the linear pro-
tive constraints scheme works quite well in reducing the numbgramming problem. The final response is very similar to the one
of constraints from 6400 to 2230 on a 4040 mesh. The con- usingl;-norm is not reproduced here. The absolute maximum
vergence monitoring functiofi has indicated that the solutionand minimum of the weights is 1 and 0.085 52, respectively.

has converged to the solution of the semi-infinite linear pro- The comparison between different approaches is given in
gramming problem up to the machine precision on the referentable Ill. From the table, both thé-norm approach and
grid 120 x 120. The absolute maximum and minimum of théhe real rotation approach perform quite well relative to the
weights is 1 and 0.029 83, respectively. By looking at the Lateast-squares approach in terms of the passband gain. Moreover,
grange multiplier of the linear programming problem, thef) the real rotation has the smallest passband ripple among these
coordinates correspond to the set of active linear constraints eguproaches. However, from comparing Table | and I, the real
be sought and is shown in Fig. 3. The real rotation calculatioatation approach requires at least twice as many constraints
is given in Table Il. Note that from the table, the convergenas thel,-norm approach, and is therefore many times more
monitoring function does not converge to zero. It is becaus&pensive to solve.
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TABLE Il

COMPARISONSBETWEEN THE!; -NORM METHOD, THE REAL ROTATION
METHOD AND THE LEAST-SQUARESMETHOD

729

N =5L=7&y=1m | passband gain | passbandripple | stopband ripple
{1-norm 1.01902 0.17508 -14.8244
real rotation 1.0178 0.15724 -13.8018
least-squares 0.93835 0.18308 -12.3667

f Hz)

X ()

Fig. 6. Optimal design withv = 5, L = 21 andy = 0.2 m.

TABLE IV
COMPARISONS BETWEEN THE /;-NORM METHOD AND THE
LEAST-SQUARES METHOD

N =5,L=21&y=0.2m | passband gain | passband ripple | stopband ripple
: . l1-norm 1.01993 0.28823 -9.8975
t HZ) 3 X (M) least-squares 0.95602 0.41464 -11.4242

Fig. 4. Off-design performance for weights designed with= 1 m and
perturbed toy = 0.5 m.

20 logfG ()

il

]

x (m)

Fig. 7. Off-design performance for weights designed with= 0.2 m and
perturbed tay = 0.3 m.

x (m)

Fig. 5. Off-design performance for weights designed with= 1 m and
perturbed toy = 1.5 m.

transition region is also shorter so that the stopband regions now
become

. . f):=04m<zx<04m, 1.8kHz< f<4kH:z},
In order to study the off-design performance of the design for{(x f), meTs " 54 2}
. o ; ) {(z,f):1.5m <|z|<25m, 0.5 kHz< f <15kHz},
source moving, the filter is first designed wigh= 1 m and the .
. . . oA, f):1bm<x<25m, 1.8kHz< f <4kHz}.
source is subsequently displaced to calculate the final amplitud
response. Here, the source location is perturbegd00.5 m  Thel;-norm approach is applied and the amplitude response is
andy = 1.5 m and the results are depicted in Fig. 4 and Fig. Shown in Fig. 6. The absolute maximum and minimum of the
respectively. The amplitude responses show that the desigmezights is 1 and 0.006 51, respectively. The minimax design
weights are not sensitive to small perturbations to the souiisecompared with the least-squares design and the comparison
location. is summarized in Table IV. The off-design performance of the
Finally, the source is placed very near to the beamformer ( design is studied by varying the source location back and fore
0.2 m) and the number of taps are increased.te= 21. The 0.1m. The amplitude responses are shownin Fig. 7 and 8. In this
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where X is a closed subset &™, f : R — R is a locally
Lipschitz function,g, : R* x R® — R(p = 1,---,P)is a
locally Lipschitz function and? is a compact set iR".

o Assume thaf] - || is a norm inR*. Let the feasible set be
-0
g F={reX:g(wz)<0, YweQ, p=1,---,P}
ﬁ' .
g J and the interior ofF be defined by
g 34

..... s i : int(F)={x € F: gp(w,2)<0, YweQ, p=1,---,P}

o8 & 8 B
I::r/

andx* an optimal solution of (SIP) that is assumed to exist.

s Lete > 0 and the following condition hold:

|9p (w1, ) = gp(wa, 2)| < Kpllwr—w2ll, p=1,---, P. (21)

g For suche and K,,,p = 1,---, P, assume that a grid a2,
t Hz) X () e.g.,Qy (M > 1) has been obtained such that the following

condition is satisfied:
Fig. 8. Off-design performance for weights designed with= 0.2 m and
perturbed toy = 0.1 m.

. _ . €
Sac, IV 0lS B0 @2
example, the design performs rather well under small perturbghen, consider the following discretized probl¢siP. q,, )):
tions to the source location. Moreover, since the beamformer is
design over a region of passband, super-directivity would not be" f(z) st gp(w, 2) < —e,
incurred despite of the closeness of the element spacing and|the
source position.

Yw e QN Qyy, p=1,---, P.

‘7:6,91\1 = {LL' € X: gp(w,x) < —¢,
V. CONCLUSIONS YweQNQy, p=1,---,P}.

In this paper, a general broadband beamformer minimax delemma 1:Lete > 0 be given andk, satisfy (21). If there
Sign prob]em has been considered. '[he]orm measure and isa gridQM such that (22) holds, then any feasible solution for
the real rotation theorem have been applied to reduce the nfialP«,«,,) is feasible for (SIP).
imax problem to a semi-infinite linear programming problem. A~ Proof: Letx be feasible fo(SIP. o, ). Then
numerical algorithm using a set of adaptive grids has been pro-
posed. The convergence of this kind of discretization methods
for a general semi-infinite problem with multiple constraints andlor «» € Q, from (22), there exists @ € QN Q,, such that
multidimensional arguments has been proven. The scheme is
then extended to include only the near-active constraints in the ||lw — || < —
linear programming problem as the mesh is refined. Since the
linear programming is used instead of the quadratic prograBy (21), we have
ming or penalty functions, the nonlinearity of the problem has
been reduced and the method can make use of newly developed gp(w,z) = gp(w, x) < Kpllw —wl|, p=1,---, P.
linear programming solvers. It would certainly be of interest tgy, o
look at random perturbations to the filter responses as an exten-

gp(W,z) < —e, YO EeQNQy,p=1---,P.

., P.

sion to the present study. gp(w, ) < Kpllw — 0| + gp(w, z)
< Kpllw —w|| — e
€
APPENDIX <K,— —¢
pr
<0.

VI. DISCRETIZATION METHODS FORSIP

) ) ) ) Thereforer € F, and hence the conclusion holds.
In this section, the method reported in [15] will be extended Remark 1: Let. for example,Q be contained in a box

for semi-infinite problems with multiple constraints and multi a1,b1] X [as, bs] X -+ [ax, bx] and the norm is chosen as the
dimensional arguments to prove that the adaptive grid schepgoe’norm i-e-’HwHoo _

. s e maxi<i<k |w;].
is a convergent method for the semi-infinite problems.

Assume that we partition the interval;, b;] into M seg-

Consider the semi-infinite program (SIP) ments. Letw = (w!,w?,---,w*) € R* be one grid point in
Q. Itsith componen{: = 1,.-- -, k) can be given as
min /(@) i J(bi — ai)

st. zeX, gp(w,z)<0, YweQ,p=1,---,P w =a; + M
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wherej € {0,1,---, M}. If Chooseas = («w1/2). Then it is clear that:,, € int(F).

Thus there exists & > 0 such thaty(z,,,w) < —é, for all

M > Ky max |b; —a;|l, p=1,---,P
€ 1<i<k
then the relation (22) is satisfied.
In order that the relation (22) holds, the grid needs to be
chosen to be fine enough, i.e., the number of poinf? jpmay
be very large. Hence the number of constraintsSitP. (,,, ) is

very large. So it would be inefficient to compute the subproblem‘us

(SIP. q,, ). An adaptive scheme is introduced in [15] and the
references cited therein. For a givere R, define

Q) ={we Ny gp(w,y) > —-2¢,p=1,---,P}.

We also assume tha, p = 1,-- -, Pis Lipschitzinz : 3L, >
0 such that

€ Y€
Tas € Forro 0B () 1) € F25 01 B (ule),

w € . If we chooses = 6 and),; according to (22), then
it follows from Lemma 1 that:,,, € F. q,,. Choosey(e) such
that||y(e) — z4,]|| < €¢/L. So, we have

i)

By Lemma 2

7 (#%550) < f (). (27)
flar) < £ (+755) - (28)

By [(26)—(28)], we have

Yw € Q,z,z € F,Vp.
(23)
Eacht;, € Q5,(y) is called ane-active point (with respect
to y). In general, the points i, (y) would be significantly
smaller than that if2,.Consider the following problem:

|9p(w, ) = gp(w, 2)| < Lyl = 2|I,

(SIPZQM) : min  f(x) [1]
y € [2]
st. zeF yNB (y, L)
whereL = min;<,<p L, and 3]
Flu={zeX:g(w,z) < —¢ "
€ € [5]
— = n : — < — .
B(yz)={reRr":|z—yl<+}
Following the proof of Lemma 4.1, it is not difficult to show  [€]
the next Lemma.
Lemma 2: Assume that (21), (22) and (23) hold. Then 7
y £
FunB(n1)cF @) g

The following is a conceptual convergence which generalizes
the result in [15] to semi-infinite problems with multiple con- [°]
straints and multidimensional arguments.

Theorem 1: Suppose thaf is continuous, and (21), (22), (23) [10]
and the following nonempty interior condition are satisfied:

1z € Fsuchthat aZ+(1—a)z™ € int(F),a € (0,1). (25)

[11]

Then, for eacle > 0, there existg(¢) such that the sequence
formed by the solutionsjfgz of (SIPZ((;)M) satisfies

(250 = £,

Proof: Itfollows from (25) that there exists ane int(F)
such that

[12]

lim

13
e—0t [13]

[14]
[15]

To = aZ+(1—-a)z* = 2" +a(T—2%) € int(F), o€ (0,1).

?

(16]
By the continuity off, foranyé; > 0, there existsan; € (0, 1]

such that [17]

f($a) < f(l’*) + 617 o€ (0,0(1). (26)

P < (a205)) < fa) + 6.

Let §; — 0, the proof is complete.
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