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Distributed Maximum Likelihood for Simultaneous
Self-Localization and Tracking in Sensor Networks

Nikolas Kantas, Sumeetpal S. Singh, and Arnaud Doucet

Abstract—We show that the sensor self-localization problem
can be cast as a static parameter estimation problem for Hidden
Markov Models and we implement fully decentralized versions of
the Recursive Maximum Likelihood and on-line Expectation-Max-
imization algorithms to localize the sensor network simultaneously
with target tracking. For linear Gaussian models, our algorithms
can be implemented exactly using a distributed version of the
Kalman filter and a novel message passing algorithm. The latter
allows each node to compute the local derivatives of the likelihood
or the sufficient statistics needed for Expectation-Maximization.
In the non-linear case, a solution based on local linearization in
the spirit of the Extended Kalman Filter is proposed. In numerical
examples we demonstrate that the developed algorithms are able
to learn the localization parameters.

Index Terms—Collaborative tracking, sensor localization, target
tracking, maximum likelihood, sensor networks.

I. INTRODUCTION

HIS paper is concerned with sensor networks that are

deployed to perform target tracking. A network is com-
prised of synchronous sensor-trackers where each node in the
network has the processing ability to perform the computations
needed for target tracking. A moving target will be simultane-
ously observed by more than one sensor. If the target is within
the field-of-view of a sensor, then that sensor will collect mea-
surements of the target. Traditionally in tracking a centralized
architecture is used whereby all the sensors transmit their mea-
surements to a central fusion node, which then combines them
and computes the estimate of the target’s trajectory. However,
here we are interested in performing collaborative tracking, but
without the need for a central fusion node. Loosely speaking,
we are interested in developing distributed tracking algorithms
for networks whose nodes collaborate by exchanging appro-
priate messages between neighboring nodes to achieve the
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same effect as they would by communicating with a central
fusion node.

A necessary condition for distributed collaborative tracking
is that each node is able to accurately determine the position of
its neighboring nodes in its local frame of reference. (More de-
tails in Section II.) This is essentially an instance of the self-lo-
calization problem. In this work we solve the self-localization
problem in an on-line manner. By on-line we mean that self-lo-
calization is performed on-the-fly as the nodes collect measure-
ments of the moving target. In addition, given the absence of a
central fusion node collaborative tracking and self-localization
have to be performed in a fully decentralized manner, which
makes necessary the use of message passing between neigh-
boring nodes.

There is a sizable literature on the self-localization problem.
The topic has been independently pursued by researchers
working in different application areas, most notably wireless
communications [1]-[5]. Although all these works tend to be
targeted for the application at hand and differ in implementation
specifics, they may however be broadly summarized into two
categories. Firstly, there are works that rely on direct measure-
ments of distances between neighboring nodes [2]-[5]. The
latter is usually estimated from the Received Signal Strength
(RSS) when each node is equipped with a wireless trans-
ceiver. Given such measurements, it is then possible to solve
for the geometry of the sensor network but with ambiguities
in translation and rotation of the entire network remaining.
These ambiguities can be removed if the absolute position of
certain nodes, referred to as anchor nodes, are known. Another
approach to self-localization utilizes beacon nodes which
have either been manually placed at precise locations, or their
locations are known using a Global Positioning System (GPS).
The un-localized nodes will use the signal broadcast by these
beacon nodes to self-localize [1], [6]-[8]. We emphasize that
in the aforementioned papers self-localization is performed
off-line. The exception is [8], where they authors use Max-
imum Likelihood (ML) and Sequential Monte Carlo (SMC) in
a centralized manner.

In this paper we aim to solve the localization problem without
the need of a GPS or direct measurements of the distance be-
tween neighboring nodes. The method we propose is signifi-
cantly different. Initially, the nodes do not know the relative
locations of other nodes, so they can only behave as indepen-
dent trackers. As the tracking task is performed on objects that
traverse the field of view of the sensors, information is shared
between nodes in a way that allows them to self-localize. Even
though the target’s true trajectory is not known to the sensors,
localization can be achieved in this manner because the same
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target is being simultaneously measured by the sensors. This
simple fact, which with the exception of [9]-[11] seems to have
been overlooked in the localization literature, is the basis of our
solution. However, our work differs from [9], [10] in the appli-
cation studied as well as the inference scheme. Both [9], [10]
formulate the localization as a Bayesian inference problem and
approximate the posterior distributions of interest with Gaus-
sians. Reference [10] uses a moment matching method and ap-
pears to be centralized in nature. The method in [9] uses in-
stead linearization, is distributed and on-line, but its implemen-
tation relies on communication via a junction tree (see [12] for
details) and requires an anchor node as pointed out in ([13,
Sect. 6.2.3]). In this paper we formulate the sensor localization
problem as a static parameter estimation problem for Hidden
Markov Models (HMMs) [14], [15] and we estimate these static
parameters using a ML approach, which has not been previously
developed for the self-localization problem. We implement fully
decentralized versions of the two most common on-line ML
inference techniques, namely Recursive Maximum Likelihood
(RML) [16]-[18] and on-line Expectation-Maximization (EM)
[19]-[21]. A clear advantage of this approach compared to pre-
vious alternatives is that it makes an on-line implementation
feasible. Finally, [11] is based on the principle shared by our ap-
proach and [9], [10]. In [11] the authors exploit the correlation
of the measurements made by the various sensors of a hidden
spatial process to perform self-localization. However for rea-
sons concerned with the applications being addressed, which is
not distributed target tracking, their method is not on-line and is
centralized in nature.

The structure of the paper is as follows. We begin with the
specification of the statistical model for the localization and
tracking problem in Section II. In Section III we show how mes-
sage passing may be utilized to perform distributed filtering. In
Section IV we derive the distributed RML and on-line EM algo-
rithms. Section V presents several numerical examples on small
and medium sized networks. In Sections VI we provide a dis-
cussion and a few concluding remarks. The Appendix contains
more detailed derivations of the distributed versions of RML
and EM.

II. PROBLEM FORMULATION

We consider the sensor network (V, £) where V denotes the
set of nodes of the network and £ is the set of edges (or commu-
nication links between nodes). We will assume that the sensor
network is connected, i.e., for any pair of nodes ¢, j € V there
is at least one path from ¢ to 7. Nodes ¢, j € )V are adjacent or
neighbors provided the edge (i,j) € £ exists. Also, we will
assume that if (i,7) € &, then (j.4) € & as well. This im-
plies is that communication between nodes is bidirectional. The
nodes observe the same physical target at discrete time inter-
vals n € N. We will assume that all sensor-trackers are syn-
chronized with a common clock and that the edges joining the
different nodes in the network correspond to reliable commu-
nication links. These links define a neighborhood structure for
each node and we will also assume that each sensor can only
communicate with its neighboring nodes.

5039

The hidden state, as is standard in target tracking, is defined
to comprise of the position and velocity of the target, X; =
[XI(1), X7 (2), X7 (3), X (4)]T, where X (1) and X[ (3) is
the target’s « and y position while X7, (2) and X7 (4) is the ve-
locity in the x and y direction. Subscript n denotes time while
superscript r denotes the coordinate system w.r.t. which these
quantities are defined. For generality we assume that each node
maintains a local coordinate system (or frame of reference) and
regards itself as the origin (or center of) its coordinate system.

As a specific example, consider the following linear Gaussian
model:

X! = A X0 b0+ V,, n>1 (1)

where V,, is zero mean Gaussian additive noise with variance
(), and b}, are deterministic inputs. The measurement Y, made
by node r is also defined relative to the local coordinate system
atnode r. For a linear Gaussian observation model the measure-
ment is generated as follows:

Y =C X, +d, + W,

T

n>1 2)

where W is zero mean Gaussian additive noise with variance
12}, and d;, is deterministic. Note that the time varying obser-
vation model {(C7 . d7,, Ry )},,>1 is different for each node. A
time-varying state and observation model is retained for an Ex-
tended Kalman Filter (EKF) implementation in the non-linear
setting to be defined below. It is in this setting that the need
for sequences {b7, },,>1 and {d] },,>1 arises. Also, the dimen-
sion of the observation vector ¥, need not be the same for dif-
ferent nodes since each node may be equipped with a different
sensor type. For example, node » may obtain measurements of
the target’s position while node v measures bearing. Alterna-
tively, the state-space model in (1)—(2) can be expressed in the
form of a Hidden Markov Model (HMM):

X, ‘XT,A =Zp 1~ fn (|~L:71) )
Yo X, =y ~ g, (|ay)

(€))
“

where f,, denotes the transition density of the target and g, the
density of the likelihood of the observations at node 7.

Fig. 1(a) illustrates a three node setting where a target is being
jointly observed and tracked by three sensors. (Only the position
of the target is shown.) At node 1, X} is defined relative to the
local coordinate system of node 1 which regards itself as the
origin. Similarly for nodes 2 and 3. We define 87 to be the
position of node ¢ in the local coordinate system of node j. This
means that the vector X! relates to the local coordinate system
of node j as follows (see Fig. 1):

X] =X, +07.

The localization parameters {67 }; j)ce are static as the nodes
are not mobile. We note the following obvious but important
relationship: if nodes ¢ and 7 are connected through intermediate
nodes 71, j2, . - ., Jm then

gid = gidr 4 givde 4 gizds 4L g gImmtdm 4 gined - (5)

This relationship is exploited to derive the distributed filtering
and localization algorithms in the next section. We define 857 so
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Fig. 1. Left: a three node network tracking a target traversing its field of view.

The trajectory of the target is shown with the solid line. Each node regards it-
self as the center of its local coordinate system. At time n a measurement is
registered by all three nodes. The ellipses show the support of the observa-
tion densmes for the three nodes, i.e., the support of g% (Y} |-) is defined as
all 1, such that g% (¥, | z%) > 0; similarly for the rest. The filtering update
step at node 1 will clearly beneﬁt from the observations made by nodes 2 and
3. The localization parameters §2+2, 813 are the coordinates of node 1 in the
local coordinate systems of node 2 and 3 respectively. While X was defined
to be the state of the target, which includes its velocity, for this illustration only,
X" is to be understood as the position of the target at time » w.r.t. the co-
ordinate system of node r. Right: Average absolute tracking error is plotted
against the number of nodes to illustrate the benefit of collaborative tracking.
The results are obtained using a centralized implementation with 50 indepen-
dent runs, 10 time steps for a chain sensor network of different length and
A,=B,=Q,=C! =D =R =1, =di = 0. (a) Three node

» Yn

joint tracking example. (b) J oint trackmg error vs number of nodes.

that the dimensions are the same as the target state vector. When
the state vector is comprised of the position and Veloc1ty of the
target, only the first and third components of 8, are relevant
while the other two are redundant and set to 927 ( ) = 0 and
0:7(4) = 0. Let

b= {029} jyee, 6 =0 (©)
where 62 for all i € V is defined to be the zero vector.

Let Y,, denote all the measurements received by the network
at time n, i.e., Y,, = {Y,*},cy. We also denote the sequence
(Y1,....Y,) by Y1.,,. In the collaborative or joint filtering
problem, each node » computes the local filtering density:

Py (3| Y1) o pp, (Yo [23)pp_ (2, [ Yim—1) (D)

where pj, (2], | Y1.,—1) is the predicted density and is related to
the filtering density of the previous time through the following
prediction step:

Dy, (zy | Yin-1)

(lm ’171:,71)1)& (35:1,71 | Yl:nfl) dry, 1. (8)
The likelihood term is

po. (Vo lap) = [T 0o (Y0 | 2, + 627) )

veY
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where the superscript on the densities indicate the coordinate
system they are defined w.r.t. (and the node the density belongs
to) while the subscript makes explicit the dependence on the lo-
calization parameters. Let also ;. In—1 and p!, denote the pre-
dlcted and filtered mean of the densities pj (7, | Y1.n—1) and

Py (@}, | Y1.n), respectively, where the dependence on 8, is sup-
pressed in the notation. The prediction step in (8) can be imple-
mented locally at each node without exchange of information,
but the update step in (7) incorporates all the measurements of
the network. Fig. 1(a) shows the support of the three observa-
tion densities as ellipses where the support of g (V! |-) is de-
fined to be all z! such that gL (Y,!|-) > 0; similarly for the
rest. The filtering update step at node 1 can only include the
observations made by nodes 2 and 3 provided the localization
parameters 6% and A1 are known locally to node 1, since the
likelihood pg (¥, | 2;,) defined in (9) is

gn (Yo [ 2) gn (V7 | 2 +62%) g (Y| 2 +6,7)
The term joint filtering is used since each sensor benefits from
the observation made by all the other sensors. An illustration of
the benefit w.r.t. the tracking error is in Fig. 1(b). We will show
in Section III that it is possible to implement joint filtering in
a truly distributed manner, i.e., each node executes a message
passing algorithm (with communication limited only to neigh-
boring nodes) that is scalable with the size of the network. How-
ever joint filtering hinges on knowledge of the localization pa-
rameters #,. which are unknown a priori. In Section IV we will
propose distributed estimation algorithms to learn the localiza-
tion parameters, which refine the parameter estimates as new
data arrive. These proposed algorithms in this context are to the
best of our knowledge novel.

A. Nonlinear Model

Most tracking problems of practical interest are essentially
nonlinear non-Gaussian filtering problems. SMC methods, also
known as Particle Filters, provide very good approximations
to the filtering densities [22]. While it is possible to develop
SMC methods for the problem presented here, the resulting al-
gorithms require significantly higher computational cost. We
refer the interested reader to ([13, Ch. 9]) for more details. In the
interest of execution speed and simplicity, we employ the lin-
earization procedure of the Extended Kalman filter (EKF) when
dealing with a non-linear system. Specifically, let the distributed
tracking system be given by the following model:

= ¢y ( n— 1) + Vo, Yr: = Q/};L(

where ¢, : R* — R* and ¥7 : R* — R% are smooth con-
tinuous functions. At time n, each node will linearize its state
and observation model about the filtered and predicted mean,
respectively. Specifically, a given node » will implement:

:1 = ¢ (/1':;—1)

X))+ Wy

+ Ve (py 1) (X0 oy — 1)+ Ve (10)
YI - n </’Ln|n 1>
+an (:unln l) (X:l _/L;;IIL—1> +Wr,1 (11)
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where for a mapping f : R* — R4, Vf = [Vf,.... VT
Note that after linearization extra additive terms appear as seen
in the setting described by (1)—(2).

B. Message Passing

Assume at time 7, the estimate of the localization parameters
is 0, = {057 }i jyee, with 627 known to node j only. To per-
form the prediction and update steps in (7)—(8) locally at each
node a naive approach might require each node to access to all
localization parameters #,, and all the different model param-
eters {(C},d},, R},)}n>1,rev. A scheme that requires all this
information to be passed at every node would be inefficient due
to excessive communication and redundant computations. The
core idea in this paper is to avoid this by storing the parame-
ters in #,, across the network and perform required computations
only at the nodes where the parameters are stored. The results
of these computations are then propagated in the network using
an efficient message passing scheme.

Algorithm 1: Generic message passing at time 7

Atk = 1, compute:

Ty, 1 = Fy, (12)
= FLe (13)
for k = 2,.... K compute:
mid o =Fl+ > mbi, (14)
pene(i)\{j}
o =m0 Y k. (15)
pene(i)\{j}
end for
Message passing is an iterative procedure with k =1, ..., K

iterations for each time n and is steered towards the develop-
ment of a distributed Kalman filter, whose presentation is post-
poned for the next section. In Algorithm 1 we define a recur-
sion of messages which are to be communicated between all
pairs of neighboring nodes in both directions. Here ne(z) de-
note the neighbors of node 7 excluding node : itself. At iteration
k the computed messages from node ¢ to j are matrix and Vector
quantltles of appropriate dimensions and are denoted as m k

and 1,7, respectively. The source node is indicated by the first
letter of the superscript. Note that during the execution of Al-
gorithm 1 time n remains fixed and iteration % should not be
confused with time n. Clearly we assume that the sensors have
the ability to communicate much faster than collecting measure-
ments. We proceed with a simple (but key) lemma concerning
the aggregations of sufficient statistics locally at each node.

Lemma 1: Attime n, let {F},cy be a collection of matrices
where F) is known to node v only, and consider the task of
computing > ., F}Y and > ., F}/0]" at each node r of a
network with a tree topology. Using Algorithm 1 and if K is at
least as large as the number of edges connecting the two farthest
nodes in the network, then 37, .y, Fit = Fi + 37 o) M0 ¢
and Z@GV F;{H; V= Z]‘Eno (r) mn,K‘

(The proof, which uses (5), is omitted.) An additional advan-
tage here is that if the network is very large, in the interest of
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speed one might be interested in settling with computing the pre-
sented sums only for a subset of nodes and thus use a smaller
K. This also applies when a target traverses the field of view
of the sensors swiftly and is visible only by few nodes at each
time. Finally, a lower value for K is also useful when cycles are
present in order to avoid summing each £/ more than once, al-
beit summing only over a subset of V.

III. DISTRIBUTED JOINT FILTERING

For a linear Gaussian system, the joint filter pj(x, | ¥1.,)
at node r is a Gaussian distribution with a spemﬁc mean
vector 4, and covariance matrix X} . The derivation of the
Kalman filter to implement pj(z), \Yl n) is standard upon
noting that the measurement model at node r can be written
as Y, = C, X, + d, + W, where the ith block of Y,
Y}, satisfies V! = C%L(X! 4+ §"%) + di, + W,.. However,
there will be “non-local” steps due to the requirement that
quantities 3,y (C3)T(F8) "l X0, (C)T () 1Y
and 3,0, (CL)T(RL)"ICLE™ be available locally at
node r. To solve this problem, we may use Lemma 1
with F{ = (C)T(R:)"'C! and in order to compute
> iev(COT(RL) 7Y we w111 define mn .. that is an addi-
tional message similar to m’ k

Recall that V%, d?, are known local variables that arose due
to linearization. Also to aid the development of the distributed
on-line localization algorithms in Section IV, we assume that for
the time being the localization parameter estimates {6,, },,>1 are
time-varying and known to the relevant nodes they belong. For
the case where that b’,,d’, = 0, we summarize the resulting
distributed Kalman filter in Algorithm 2, which is to be im-
plemented at every node of the network. Note that messages
(16)—(18) are matrix and vector valued quantities and require
a fixed amount of memory regardless of the number of nodes
in the network. Also, the same rule for generating and com-
bining messages are implemented at each node. The distributed
Kalman filter presented here bears a similar structure to the one
found in [23].

In the case %, d", # 0 modifications to Algorithm 2 are as
follows: in (19), to the right hand side of 1], In—1> the term b,
should be added and all instances of Y, should be replaced with
Y" — dr. Therefore the assuming b’ d’, = 0 does not com-
promise the generality of the approach. A direct application of
this modification is the distributed EKF, which is obtained by
adding the term ¢, (!, 1) — Vn (el 1 )7 1 to the right hand
side of p. o1 in (19), and replacing all instances of Y] with
Yo =y, 1) + Venuy, , my, - In addition, one
needs to replace A4,, with Vi, (uh_1).

IV. DISTRIBUTED COLLABORATIVE LOCALIZATION

Following the discussion in Section I we will treat the sensor
localization problem as a static parameter estimation problem
for HMMs. The purpose of this section is to develop a fully
decentralized implementation of popular Maximum Likelihood
(ML) techniques for parameter estimation in HMMs. We
will focus on two on-line ML estimation methods: Recursive
Maximum Likelihood (RML) and Expectation-Maximization
(EM).
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Algorithm 2: Distributed Filtering

1: forn > 1:
2: Let the localization parameter be #,, and the set of
collected measurements be Y,, = {Y,’}..cy. Initialize
messages (m,", 1, 1, ) and (ma, a1 )
for all neighboring nodes (i, j) € & as: l 1
mi=(Ch)" (1) 6

“ns

i = (G (RL) Y

e

IOV B Y
mn,l =1y, an -

3: for £ = 2,..., K exchange the messages
UF RN B R R
(mn,k7 mn,k’ mn,k) and (mn,,k7 mn,k’ mn,k) defined

below between all neighboring nodes (7, j) € £:

mid = ()T (RO Y mli L (16)
pene(i\ {4}
= () (R i Y . an)
penc(i)\{s}
ffr'LjL'{k = miIgit 4 Z mﬁfk_r (18)
pene(i\{i}

4: end for
5: Update the local filtering densities at each node r € V:

M2,|n71 = Anpin_1, E;\nq = A1 An + Qu. (19)
(o) e
n nlin—1 n n ‘1

2.7
+ E m, .,

i€ne(r)

(20)

(k" — i) 1)
i€ne(r)
o= (M), =2 (22)

6: end for

The core idea in our distributed ML formulation is to store the
parameter 6, = {637} (; jyer across the network. Each node
will use the available data Y7.,, from every node to estimate 85,
which is the component of 8, corresponding to edge (r, 5). This
can be achieved computing at each node r the ML estimate:

07 = arg max logpj(Y1m)- (23)
#rJ eR1

Note that each node maximizes its “local” likelihood function

although all the data across the network is being used.

On-line parameter estimation techniques like the RML and
on-line EM are suitable for sensor localization in surveillance
applications because we expect a practically indefinite length
of observations to arrive sequentially. For example, objects will
persistently traverse the field of view of these sensors, i.e., the
departure of old objects would be replenished by the arrival of
new ones. A recursive procedure is essential to give a quick
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up-to-date parameter estimate every time a new set of obser-
vations is collected by the network. This is done by allowing
every node r to update the estimate of the parameter along edge
(r,7), 877, according to a rule like

i1 =G0 Ya), n2>1 (24)
where G;’_{_l is an appropriate function to be defined. Similarly
each neighbor j of + will perform a similar update along the
same edge only this time it will update 69"

A. Distributed RML
For distributed RML, each node r updates the parameter of
edge (r,7) using

071y = 077 + oy, Vs log / 2 (Yo |20 ol

X (.’I':l‘ }71:7171) (]’T;l (25)

0=86,,

where v/, ; is a step-size that should satisfy 3 +;, = oc and
¥, () < oc. |

The gradient in (25) is w.r.t. §77. The local joint predicted
density pp (7, | Y1.,-1) at node r was defined in (8) and is a
function of § = {#7}(; - e, and likelihood term is given in
(9). Also, the gradient is evaluated at 6, = {0;,” }; j)ee while
only ;7 is available locally at node r. The remaining values 8,,
are stored across the network. All nodes of the network will im-
plement such a local gradient algorithm with respect to the pa-
rameter associated to its adjacent edge. We note that (25) in the
present form is not an on-line parameter update like (24) as it re-
quires browsing through the entire history of observations. This
limitation is removed by defining certain intermediate quantities
that facilitate the online evaluation of this gradient in the spirit
of [17], [18] (see in the Appendix for more details).

Algorithm 3: Distributed RML

for n > 1: let the current parameter estimate be ¢,,. Upon
obtaining measurements Y;, = {¥,’ }, ¢y the following filtering
and parameter update steps are to be performed.

Filtering step: Perform steps (2-5) in Algorithm 2.

Parameter update: Each node » € V of the network will
update the following quantities for every edge (r, 7) € &:

'[L:fnfl = A"rﬂ:z'ilv (26)
. -1 i .
7‘.’;,,] = (Ez | 77,71) /”‘T;{ n—1 Tn;’v,/,l('r (27)
o ry—1 srj
/l’ny‘l = (Mn) zn/J' (28)

Upon doing so the localization parameter is updated:
r.j r.q T c T I -1 T
Hn:Jrl = enJ + Tnt1 |: (HHT\ nfl) (Z” ‘ "71) Pon|n—1

+ (zfﬂ) B (]W;)—l zh 4+ 7'nif?K — mT’,'K] :

end for
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The distributed RML implementation for self-localization
and tracking is presented in Algorithm 3, while the derivation
of the algorithm is presented in the Appendix. The intermediate
quantities (26)—(28) take values in R**? and may be initialized
to zero matrices. For the non-linear model, when an EKF
implementation is used for Algorithm 2, then Algorithm 3
remains the same.

B. Distributed On-Line EM

We begin with a brief description of distributed EM in an oft-
line context and then present its on-line implementation. Given
a batch of T" observations, let p be the (off-line) iteration index
and 0, = {07} jyee be the current estimate of 0, after p —
1 distributed EM iterations on the batch of observations Y7.7.
Each edge controlling node r will execute the following E and
M steps to update the estimate of the localization parameter for
its edge. For iterationp = 1,2, ...

(B) Q" (0.0) = [ 1080 (L Vi) o, (i | Vo) dir,
O 05y =argmax Q" (0, (077.6,0) )

where 9;(“‘7) = {0 feee\(rg)-
To show how the E-step can be computed we write
JACH S ORE

p;’ (TiT)pé) (YliT ‘T’lT)
=11 fa (o 20) s (Y | 27,)

where pg(V), | 7,) was defined in (9). Note that py (7. | Y1.1)
is a function of §, = {Hé’i/ }iinyee (and not just H;J) and the
f-dependence of pj (7., Y1.7) arises through the likelihood
term only as pj;(«7.1) is #-independent. This means that in order
to compute the E-step, it is sufficient to maintain the smoothed
marginals: py (w7, | Yir) o [ pj(27.p, Yir) daf gy .y » Where
1 < n < Tand d:L"{:T\ {n} means integration w.r.t. all vari-
ables except «;, . For linear Gaussian models this smoothed den-
sity is also Gaussian, with its mean and covariance denoted by
Hy, | 7 xr T respectively.

The M-step is solved by setting the derivative of
Q" (0,, (677, 9;“””)) wrt. ™9 to zero. The details are
presented in the Appendix and the main result is:

T T v r
VG’"'J' /logpé) (Y’L |'I;71, )pé)p ('I‘n | YliT) da’n,
jor jor e\
— o = ds , r
- Ynn,K - Yn’n,K - (777,,”:1() Mo | T

where (" im?" il ), defined in (16)~(18), are propa-
gated with localizétio_n pérameter 8, for all observations from
time 1 to 7. Only 7#)" is a function of 6™/. To perform the
M-step, the following equation is solved for 67+

T .
(Z mg}s) o

n=1

£l T
_ 2 3T J.r v = 3T = 3T
- (mn,K - (mn,K) lun\T - My K + mn,,l) - (29
n=1
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Note that §™7 is a function of quantities available locally to node
r only. The M-step can also be written as the following function:

S NTL -
A (s sihes5h) = () (87 - i)

where S71, Sy, Sy are three summary statistics of the form:

T
i 1 f i . . X
Spy = T/ (Z%JJ (%»Yn)> pe, (x| Yir) day,.
n=1
1=1,2.3,
with ,s:LJl being defined as follows:

, S N\T . ,
sy (@l Y = (mfl}(> al s (2, Y,) = md

1 ny Sn2 n, K
(30)
sih (Vo) = 1 — il A il G1)

Note that for this problem s,% and s,"; are state independent.
An on-line implementation of EM follows by computing re-
cursively running averages for each of the three summary sta-
tistics, which we will denote as S,7, 8,7%, 8, %. At each time n
these will be used at every node r to update 6™ using 11 =
A8}, 8,5, 8,%3). Note that A is the same function for every
node. The on-line implementation of distributed EM is found in
Algorithm 4. All the steps are performed with quantities avail-
able locally at node r using the exchange of messages as detailed
in Algorithm 2. Here v;, is a step-size satisfying the same con-
ditions as in RML and # can be initialized arbitrarily, e.g., the
zero vector. Finally, it has been reported in [24] that it is usually
beneficial for the first few epochs not to perform the M step in
(32) and allow a burn-in period for the running averages of the

summary statistics to converge.

Algorithm 4: Distributed on-line EM

for n > 1: let the current parameter estimate be 6,,. Upon
obtaining measurements Y;, = {¥,’ }, ¢y the following filtering
and parameter update steps are to be performed.

Filtering step: Perform steps (2-5) in Algorithm 2. Also
compute X" = (¥, + ATQ1A,)7L.

n

Parameter update: Each node r € V of the network will
update the following quantities for every edge (r, j) € &:

9 =y (mine) (- (Sn) ATy,
== (B2 (21) ) i)
Spq = Hyun, + b,

S:LJQ = ’Y;mi’,rK + (1 —) Srrlezs

S =y (il — il 4l ) + (L= ) Si s
Upon doing so the localization parameter is updated:

only = A (Sil.sihosid). (32)

end for
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(@) (b) (c)

Fig. 2. Various sensor networks of different size and topology. (a) 11 node
sensor network, (b) 44 node sensor network, (¢) 11 node sensor network with
cycles.

V. NUMERICAL EXAMPLES

The performance of the distributed RML and EM algorithms
are studied using a Linear Gaussian and a non-linear model. For
both cases the hidden target is given in (1) with V,, = BV,
where f/n is zero mean Gaussian additive noise with variance

Qna and

1 = 0 0
01 0 0
001 7
0 0 0 1 0

An

S 3
Ao o

and I is the identity matrix. For the linear model the observa-
tions are given by (2) with

» _ |1 0 0 0 9
Cl =« {0 0 1 0}" R, =0,

where o” are constants different for each node and are assigned
randomly from the interval [0.75, 1.25]. For the non-linear
model we will use the bearings-only measurement model. In
this model at each node r, the observation Y, is

¥ = tan ! (X7 (1)/X5(3)) + W,

with W}, NN (0,0.352). For the remaining parameters we set
7 =0.01,0, = Land )7 = 0 forall (r,j) € €. In Fig. 2 we
show three different sensor networks for which we will perform
numerical experiments.

In Fig. 3 we present various convergence plots for each of
these networks for o, = 0.5. We plot both dimensions of the
errors A7 — 477 for three cases:

e in (a) and (d) we use distributed RML and on-line EM
respectively for the network of Fig. 2(a) and the linear
Gaussian model.

* in (b) and (e) we use distributed RML for the bearings
only tracking model and the networks of Fig. 2(a) and
(b), respectively. Local linearization as discussed in
Sections II-A, III, and IV-A was used to implement the
distributed RML algorithm. We remark that we do not
apply the online EM to problems where the solution to the
M-step cannot be expressed analytically as some function
A of summary statistics.

e in (c) and (f) we use distributed RML and on-line EM
for respectively for the network of Fig. 2(c) and the linear
Gaussian model. In this case we used K = 2

All errors converge to zero. Although both methods are theo-
retically locally optimal when performing the simulations we
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Fig. 3. The convergence of the localization parameters’ estimates to 677 is
demonstrated using appropriate error plots for various sensor networks. Left:
Parameter error after each iteration for each edge of the medium sensor network
of Fig. 2(a). In each subfigure left and right columns show the errors in the x- and
y- coordinates respectively; (a) is for RML and (d) is for EM. Middle: Same er-
rors when using RML for the nonlinear bearings-only observation model; (b) is
for medium sized network of Fig. 2(a) and (e) for the large network of Fig. 2(b).
Right: Same errors for network with cycles seen in Fig. 2(c); (c) for RML and
(f) for EM. (a) RML for tree network. (b) Nonlinear RML for tree network. (c)
RML for network with cycles. (d) EM for tree network. (e) Nonlinear RML for
large network. (f) EM for network with cycles.

did not observe significant discrepancies in the errors for dif-
ferent initializations. For both RML and on-line EM we used
for n < 10 a constant but small step-size, 7/, = v = 4 x 1073
and 0.025 respectively. For the subsequent iterations we set
v = v(n — 10%)~%% Note that if the step-size decreases too
quickly in the first time steps, these algorithms might converge
too slowly. In the plots of Fig. 3 one can notice that the dis-
tributed RML and EM algorithms require comparable amount
of time to converge with the RML being usually faster, with the
converge rate depending on the network, the value of K and the
simulation parameters.

To investigate this further we varied K and 7= and recorded
the root mean squared error (RMSE) for 6, obtalned for the net-
work of Fig. 2(b) using 50 independent runs. For the RMSE at

\/50|é| ZeEa Zm 1 H@L’ -
a7 7,7, denotes the estimated parameter at epoch n obtained from
the mth run. The results are plotted in Fig. 4 for different cases:

* in (a) and (b) for Z= = 2 we show the RMSE for K =
2,4,8,12. We observe that in every case the RMSE keeps
reducing as n increases. Both algorithms behave similarly
with the RML performing better and showing quicker con-
vergence. One expects that observations beyond your near

C":

time n we will use 0213, where



KANTAS et al.: SIMULTANEOUS SELF-LOCALIZATION AND TRACKING IN SENSOR NETWORKS

o 5000 10000 15000 o 5000 10000 15000
n n

o = 2
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 o
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Fig. 4. Comparison of distributed RML and on-line EM. (a) (and (b)
resp.): RMSE for RML (and on-line EM resp.) against n for &° =
2 (0),4 (¢),8 (0),12 (x). (¢) (and (d) resp.): RMSE for RML (and
on-line EM resp.) for :“ = 10 (0),1 (¢),0.5 (0),0.1 (x). (a) RML for
different K. (b) EM f0r7d1fferent K. (¢) RML for dlfferent Zz  (d) EM for
different 2=

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

immediate neighbors are not necessary to localize adjacent
nodes and hence the good performance for small values
of K.
* in(b)and (c) we show the RMSE for RML and on-line EM
respectively when 2= = 10,1,0.5,0.1. We observe that
EM seems to be shghtly more accurate for lower values of
%= with the reverse holding for higher values of the ratio.
In eacﬁ run the same step-size was used as before except for
RML and Z= = 10, where we had to reduce the step size by a
factor of 10

VI. CONCLUSION

We have presented two distributed ML methods to perform
collaborative tracking and self-localization. We exploited the
fact that different nodes collect measurements of a common
target. The methods rely on a message passing scheme, which
provides the appropriate summary statistics for computing the
filtering density and performing parameter updates. There is
good empirical evidence that the distributed implementations
of ML proposed in this paper are stable and do seem to settle
at reasonably accurate estimates. A theoretical investigation of
the properties of the schemes would be an interesting but chal-
lenging extension. Finally, as pointed out by one referee, another
interesting extension would be to develop consensus versions of
Algorithm 1 in the spirit of gossip algorithms in [25] or the ag-
gregation algorithm of [26] which might be particularly relevant
for networks with cycles, which are dealt with here by using an
appropriate value for K.

APPENDIX A
DISTRIBUTED RML DERIVATION

Let 6, {857} i jyee be the estimate of the true pa-
rameter 6, given the available data Y7, ;. Consider an
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arbitrary node 7 and assume it controls edge (r,j). At
time n, we assume the following quantities are avail-
able: (f,27 = Versnp_ilo=o, kn_1le=s,, X5 _1). The
first of these quantities is the derivative of the conditional
mean of the hidden state at node r given Yi.,_1, i.e.,
ver'j / nflpe( 7771 |Y1 m—1 )dxz,fﬂ@:ﬂw . ThlS quantity
is a function of the localization parameter #,. X7 _; is the
variance of the distribution pj(z},_;|Y1.m—1)|s=s, and is
independent of the localization parameter. The log-likelihood
in (25) evaluates to

1ng£)(yn | Yl:nfl)

= - G R (v - G

ey
L. T [ .
- il’én |n—1 (En | nfl) o in—1
1 . i\ — oy
+ 5 (2" (M) 2 4 const

where all ¢ independent terms have been lumped together in
the term ‘const’. (Refer to Algorithm 2 for the definition of
the quantities in this expression.) Differentiating this expression
w.r.t. 877 yields

Vgr,g logpg(yﬂ |Y1:n7 )

7(v9r’jM2|n71) ( n|n— 1) M:L|n71

+ (Vgrszl) ' (MT) Zp

+ 3 (Verst™) " (C2)" (RE) (Y] — Cigry.
ey

(25) requires Vyrjlogp(Yy | Yim—1) to be evaluated at
6 = 0,. Using the (19)-(22) and the assumed knowledge of
(o 1, pr 1 le=a, , Xr _1) we can evaluate the derivatives on
the right-hand side of this expression:

T

'u'n\'n.—l = Vp, "“n\n 1‘9_9 - A’L:“n 13 (33)
A -1
59 = Voridlyey, = (Shia) i
T iN—1
=S (E)T(RY) O Vb, (34)
eV
crq r rN—1 .4
:unhl = VG"’junL‘):b‘n = (Mn) Zn’J' (35)

Using (5) we note that for the set of vertices + for which the
path from r to i includes edge (7, j), Vg-;6™% = I (the identity
matrix) whereas for the rest Vg..;6"* = 0. For all the nodes
i for which V. ;6™ = I, let them form a sub tree (V,;, /)
branching out from node j away from node r. Then the last sum
in the expression for Vg log py(Y,, | ¥Y1.n—1)|9=s, evaluates

to
> (@) (=)

s I
zGV”.

g7

R AN X
- Cnen ) - m’n,K mn K

where messages (mn Ko mr7 'x) were defined in Algorithm 2.
Similarly, we can write the sum in the expression for 27 as
m?" (again refer to Algorithms 2) to obtain

. -1 . ,
g — (v 7 o d
FAGEES (Zn ‘ n,fl) Py o1 = My k- 36)
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To conclude, the approximations to (7
Vorifinlo=6,,1:tnlo=6,,,,>y)  for  the  subsequent
RML iteration, i.e., (25) at time n = n + 1, are given by
i = (M)t 2y

while (1, |9=s,,,,X;,) are given by (19)~(22). The approxi-
mation to Vgr;p,|g—g, ., follows from differentiating (22).
(£, i |le=6,..,) are only approximations because they are
computed using the previous values of the parameters, i.e., 81, .

APPENDIX B
DISTRIBUTED EM DERIVATION

For the off-line EM approach, once a batch of 7" observations
have been obtained, each node r of the network that controls an
edge will execute the following E and M step iteration n,

QT(HPT 9) = /logpg ("I‘:I:T'/ Yl:T)Pz,, ("I’JIA:T | YliT) dﬂ;;:TT
o1y = arg max Q"(6,, (677,{6%, ¢ € E\(r,/)}))

[ARER<IC)

where it is assumed that node r controls edge (7, 7). The quantity
Py, (21,7 | Yor) is the joint distribution of the hidden states at
node r given all the observations of the network from time 1 to
T and is given up to a proportionality constant

T

{:T)pgp (YLT |‘(l‘:71}:T):H fn (:l;;;

n=1

ve, (@ | @i 1) ph, (Yo ln)

where pj; (Y, | =) was defined in (9). Note that P, (% Y1)
(and hence py (21,7 | Y1.r))is a function of 6, = {007 Y inee
and not just 677, Also, the f-dependence of pj (7., Yi.7)

arises through the likelihood term only as pj(x7.;) is # inde-
pendent. Note that

Z log gl (Y| a), +6™")
veY
=3y S - )T (T (v - o)
veY UGV
()T SO (R Y - G
veV
: n v vy v -
- 5 (mn)T Z (Cn)T (R‘n) 1 On
veY

where ¢}, is a constant independent of . Taking the expectation
w.rt. py (], | Yi.7) gives

/ log g (Y |57, 95, (a7 | Yir) da,

= *% Sy cneryT (ry) T - o)
veV
~(r) (O (B O 4 const

veY
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where all terms independent of #7 have been lumped together
as ‘const’ and p, |T is the mean of x!, under Pe (x| Yi.7).

Taking the gradient w.r.t. "/ and followmg the steps in the
derivation of the distributed RML we obtain

- T T LT r
A\ /logpg (Yo [27,) pg, (27, | Yiur) das,
jir jir ir \"
— T MY S S T
= iy g — 1 e — (mm B) t | T

where (m?" ! ") is defined in (16)-(18). Only
mflrk is a function of §™7. It is trivial then to show that the
M-step is given by (29), whereby 6”7 can be recovered by stan-
dard linear algebra using quantities available locally to node
r and 7. One can use the fact that ‘ene(GI\{r }mnllk L=
mh'e — 1 to show that the M-step can be performed
w1th quantities available locally to node r only. Recall that
EZ L T = [(ZZ 1 Z)Pg (217 | Yir) dofr. Therefore
the summary statistics should be defined using functions s, 1
S 2 and s "3 as shown in (30)—(31) and are given by

rg’r
7,1

1 T T
- T / (Z (7”57,’,1‘1() ‘/l'.;,) pgp ("LE:T| Yl:T) d‘/LJl‘:T'/

n=

9 1 T
rjr 3.
ST72 =7 E M, ks

n=1
1 T
rgr _ - IR TE AT X oo JsT
ST,& =7 E (mn’K mn’K—l—mn,l)
n=1

B r -0 r 5.0
and the M-step function becomes A(S77 Sl LLSEET)
(S5 ) HSEE = s,

We will now proceed to the on-line implementation. Let at
time n the estimate of the localization parameter be 4,,. For
everyr € Vand (r,j) € &, let S, 1 S%. 874 be the running

P
averages (w.r.t. n) for S}’l S'TJ2 and STT’3

, respectively.

The recursions for S, %, S,

3 are trivial:

+ (1 - ’Vn) Sw 1,2:
. I\ + ”L o ) + (1 - ry:;,) 82’11,37

rJ o_
Sn 2 T ’Yn
T,
5 3 ’Yn (”Ln K

oo and
=0

where {v;}n>1 needs to satisfy > -7,
Y1) < oo, For 8;F we first set Vi («f)
and define the recursion

Vi J (z3,) =1, (’”n K)T

/ ‘/n l( Ly l)pgl:,,,, (3’{171‘ Yl:nfl'/a;z,) dm;;,fl' (37)

wp + (1= ;)

Using standard manipulations with Gaussians we can derive that
P, (@51 | Yim-1,27,) is itself a Gaussian density with mean

and variance denoted by /i, (x,, ), &%, respectively, where
-1
= ( n—1 +AT ilA’n) 9
/l (T") S (( - 1)7 b — 1+A n n)~



KANTAS et al.: SIMULTANEOUS SELF-LOCALIZATION AND TRACKING IN SENSOR NETWORKS 5047

It is then evident that (37) becomes V,"7 (") = HI“x" + h7:
with:

. N\ T 1
Hr’l‘] = "}/Z (77727}‘) + (1 — ’y:t) H;’il (E;,) AEE ;17

. . . —1 - )
hfi] = (1 — ’Y,r;) <H2_71 (E:L) (E:ﬁt—l) 1 /l/:;_l n h:;il>

where Hj»' = 0 and hy = 0. Finally, the recursive calculation
of 8,7} is achieved by computing

Syl = / Vird () phy. (@ | You) dafy, = HIY i + byl

Again all the steps are performed locally at node r, which can
update parameter 67/ using 8,1, = A(S)7,85,%,8,3).
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