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Abstract

In this paper we consider a non-autonomous Navier-Stokes-Voigt model, to which a continuous
process can be associated. We study the existence and relationship between minimal pullback
attractors for this process in two different frameworks, namely, for the universe of fixed bounded
sets, and also for another universe given by a tempered condition.

Since the model does not have a regularizing effect, to obtaining asymptotic compactness for
the process is a more involved task. We prove this in a relatively simple way just by using
an energy method. Our results simplify —and in some aspects generalize— some of those obtained
previously for the autonomous and non-autonomous cases, since for example in Section 4, regularity
is not required for the boundary of the domain and the force may take values in V’. Under
additional suitable assumptions, regularity results for these families of attractors are also obtained,
via bootstrapping arguments. Finally, we also conclude some results concerning the attraction in
the D(A) norm.
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1 Introduction and setting of the problem
Let 2 C R3 be a bounded domain with, unless otherwise indicated, smooth enough (e.g., C?) boundary

o9

We consider the following problem for a system of non-autonomous Navier-Stokes-Voigt equations,

% (u—a?Au) —vAu+ (u-V)u+ Vp = f(t) in Q x (7, 00),
dive =01in Q x (7,00), (1.1)

u=0on 9N x (7,00),
u(z, 1) = ur(x), x € Q,

where u = (u1, ug, us) is the unknown velocity field of the fluid and p is the unknown pressure, and we
are given the kinematic viscosity v > 0, a length scale parameter a > 0, characterizing the elasticity
of the fluid (in the sense that the ratio a?/v describes the reaction time that is required for the fluid
to respond to the applied force), an initial velocity field w, at the initial time 7 € R, and an external
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force term f, depending on time.

The Navier-Stokes-Voigt (NSV) model of viscoelastic incompresible fluid was introduced by Os-
kolkov in [20], gives an approximate description of the Kelvin-Voigt fluid (see [21, 14]), and recently
was proposed as a regularization of the 3D-Navier-Stokes equation for the purpose of direct numerical
simulations in [1].

The extra regularizing term —a?Au, changes the parabolic character of the equation, which makes
it so that in 3D the problem is well-posed (forward and backward), but one does not observe any im-
mediate smoothing of the solution, as expected in parabolic PDEs. Moreover, the generated semigroup
is only asymptotically compact, similarly to damped hyperbolic systems.

One of the studied topics about the problem is the inviscid question in some different senses. It is
also worth to observe that when v = 0, the inviscid equation that one recovers is the simplified Bardina
subgrid scale model of turbulence. The relationship between the original and inviscid models was also
addressed in [1]. On other hand, some questions on the inviscid regularization have been recently used
for the study of a 2D surface quasi-geostrophic model (cf. [12]).

The long-time dynamics of the autonomous model was studied by Kalantarov [9] and Kalantarov
and Titi [11]. Namely, the existence of global compact attractor was proved, and estimates on its
fractal and Hausdorff dimensions, and upper bounds on the number of determining modes were given.
Other related results are the Gévrey regularity of the global attractor (again for the autonomous
model) when the force term is analytic of Gévrey type, and the establishment of similar statistical
properties (and invariant measures) as the 3D-Navier-Stokes equations (cf. [10, 15, 22]).

On the other hand, the analysis of data in real applications indicates in general that the force term
in applied fluid mechanic problems might not be autonomous, but non-autonomous. In this sense,
there exist some different approaches in order to study the asymptotic behaviour, as that of uniform
attractors (e.g., cf. [8] and [4, 26] and the references therein for earlier papers); trajectory attractors
(again cf. [4] and the references therein); and more recently cocycle and pullback attractors (e.g., cf.
[24, 25, 6, 13]) for both deterministic and random cases.

Our main goal in this paper is to obtain sufficient conditions such that the minimal pullback at-
tractors for the process associated to (1.1) do exist. This can be done in different universes (see [18]
for a comparison of these concepts, and [17, 19, 7] for some applications), namely, the classical one of
fixed bounded sets, and more recently, in the framework of a general class of families, composed by
time-dependent sets, given by a tempered growth condition at —oco.

As commented before, the difference of this model in comparison with the standard 2D-Navier-
Stokes (NS) model is that there exists a regularizing effect in the Navier-Stokes model (in 2D), while
not here. For NS a continuous energy method can be applied thanks to the extra estimates that holds
in higher norms (e.g., cf. [19]), which does not seem to hold for the Navier-Stokes-Voigt model. Some
of the proofs in the previously cited references about NSV (e.g., cf. [11]) rely on splitting the problem
in two, one with exponential decay, and the other with good asymptotic properties in the domain of a
suitable fractional power of the Stokes operator. However, we will provide a simpler proof, which does
not require the above-mentioned technicalities, but a sharp use of the energy equality, and the energy
method used by Rosa in [23]. Moreover, it is worth to point out that our results in Section 4 do not
use the regularity assumption on 02 at all, and the force term may take values in V' instead of in L?
as appears in [11].

We may also cite in this non-autonomous framework the paper [29], where the existence of uniform
attractor for a Navier-Stokes-Voigt model is studied. However, there appears the same treatment with



the fractional powers of the Stokes operator, and they require more regularity in the non-autonomous
case that we need here.

As a second goal, we analyze some additional properties of the obtained attractor. Namely, extra
regularity is deduced by using a bootstrapping argument, which now does rely on fractional powers
of the Stokes operator, similarly as done in [11] for the autonomous case. Attraction in D(A) norm is
also proved by using the energy method as before and previous results on strong solutions.

The structure of the paper is the following. In Section 2 we recall some definitions of classical
abstract functional spaces, useful for the establishment of our problem in an abstract setting. For
completeness, we include the proof on existence and uniqueness of weak solution for problem (1.1),
and a regularity property. Two continuous dependence results with respect to the initial datum, in the
strong and weak senses, are also provided. In Section 3 we present a brief summary on abstract results
in order to ensure the existence of minimal pullback attractor in a general universe. Moreover, we point
out some relations between two possible families of attractors, each of them associated to the two cited
universes, that of fixed bounded sets, and another one given by a tempered condition. This will be
applied in Section 4. Namely, we prove there that the conditions in order to ensure the existence of
pullback attractors in each suitable universe are fulfilled. To be more precise, both —pullback absorbing
and pullback asymptotic compactness properties— are obtained from a rather general condition on the
V' norm of f, square integrable in (—oo,0) with an exponential weight. As a consequence the two
announced families of pullback attractors, and relations among them, are obtained. In Section 5
regularity results for the obtained attractors will be deduced thanks to splitting the solution in sum
of two for two different problems, using carefully a bootstrapping argument that involves fractional
powers of the Stokes operator. Finally, in Section 6 the problem of attraction in D(A) norm is studied,
and indeed under suitable assumptions, all attractors are proved to coincide.

2 Existence and uniqueness of solution

In this section we analyze existence, uniqueness, and regularity properties of the solutions to problem
(1.1). At least, part of these results may be found in [20], but for convenience of the reader, they
are developed here. In order to proceed, we need initially to pose the problem in an abstract setting,
recalling some definitions of functional spaces, operators, and some of their properties (for the details
see [28]).

To start, we consider the usual spaces in the variational theory of Navier-Stokes equations: H, the
closure of V = {u € (C5°())* : divu = 0} in (L2(€))3 with norm |-|, and inner product (-, ), and V,
the closure of V in (H}(Q2))? with norm |-||, and inner product ((-,)).

We will use |||, for the norm in V’ and (-, -) for the duality (V’, V). We consider every element
h € H as an element of V', given by the equality (h,v) = (h,v) for all v € V. It follows that
V € H C V', where the injections are dense and compact.

Define the linear continuous operator A : V — V' as

(Au,v) = ((u,v)) Vu,v € V.

Let us denote D(A) = {u € V : Au € H}. Observe that by the regularity of 92, one has that
D(A) = (H?(Q))3* NV, and Au = —PAu for all u € D(A), is the Stokes operator (P is the ortho-
projector from (L2(£2))3 onto H). The set of eigenvalues of A, repeated according to their multiplicities,
is an infinite sequence {A;};>1, with 0 < Ay < Xy < ..., and limj_ A; = co. We will denote by
{w;}j>1 C D(A) the Hilbert basis of H of all the normalized eigenfunctions of the Stokes operator A
(ij = )\jwj, and |wj| = 1)

For the fractional powers of A, we have the following inclusions with continuous injection (cf. [27,



Ch.III, Lem.2.4.2, Lem.2.4.3])

D(AP) ¢ (LY/G=20)(Q))3, V0 <6< 3/4, (2.1)
D(A*) c (LP(Q))%, V1< p < oo, (2.2)

nd
) D(AP) C (L*=())3, V3/4<p<1. (2.3)

Let us define

3
b(u,v,w) = Z /Quigi]:wj dz,

1,j=1

for every functions u,v,w :  — R3 for which the right-hand side is well defined.
In particular, b has sense for all u,v,w € V, and is a continuous trilinear form on V x V x V| i.e.,
there exists a constant C7 > 0 such that

lb(uw, v, w)| < Chlull[lo][w]  Vu,v,w e V. (2.4)
Important properties concerning b are that

blu,v,w) = =b(u,w,v), Yu,v,w €V, (2.5)
b(u,v,v) = 0, VYu,v €V,

and, using Agmon inequality (e.g., cf. [5]), we can assure that there exists a constant Cy > 0 such that
b1, 0,0)| < Gl AulY[ul V2 vl [w], Yu€ D(A),v€V,we H. (2.7)
For any u € V|, we will use B(u) to denote the element of V' given by
(B(u),w) = blu,u,w), YweW.

Thus, by (2.4),
1B, < Cillull®, YueV, (2.8)

and in particular, by (2.7) and the identification of H' with H, if u € D(A), then B(u) € H, with
B)| < ColAul[ul*'2, vu € D(A). (2.9)

In fact, from (2.3), one also deduces that if u € D(AP) with 3/4 < 8 < 1, then B(u) € H, and
more exactly
|B)] < C)|APulllull, Vue D(AP), Vaja<f<l. (2.10)

Analogously, if 0 < 3 < 3/4, from (2.1) one obtains that if u € D(A%) NV, B(u) € D(AP=3/%),
and more exactly

|AP=3AB(u)| < Cpy| APull|ul|, Yu € D(AP)NV, V0<B<3/4. (2.11)

Finally, in the case 8 = 3/4, from (2.2) one can see that if u € D(A%*), then B(u) € D(A™°) for
all § > 0, and more exactly

A7 B()] < Clajae)| A ulllull, Vue DAY, Vs> o.

Before studying (1.1), we treat the autonomous equation u + o Au = g.
From Lax-Milgram lemma, we know that for each g € V' there exists a unique uy € V such that

ug + o Au, = g. (2.12)



The mapping C : u € V — u+ a®Au € V' is linear and bijective, with C~'g = u,. From (2.12), one
has [uy ? + 02y 12 < [lgl.[lugl, and in particular, [Juy|| < a2 |gll, i.c.,

e gl < a?lgll,, VgeV". (2.13)

Observe that by the definition of D(A), we also have that C™1(H) = D(A), and reasoning as for
the obtention of (2.13), we deduce that

|[Aug| = cf2|g—ug|
2a72|g|, Vg€ H. (2.14)

IN

Assume that u, € V and f € LZ (R; V).

loc

Definition 1 [t is said that u is a weak solution to (1.1) if u belongs to L*(t,T; V) for all T > 7, and
satisfies

%(u(t) +a?Au(t)) + vAu(t) + B(u(t)) = f(t), in D'(1,00; V"), (2.15)

and
u(T) = ur. (2.16)
Remark 2 Ifu e L%(7,T;V) for all T > 7 and satisfies (2.15), then the function v defined by

v(t) = u(t) + o?Au(t) t>T, (2.17)

belongs to L*(7,T; V') for all T > 7, and by (2.8), v' = 2—: € LY, T; V') for all T > 7.

Consequently, v € C([r,00); V'), and therefore, by (2.13), u € C([r,00); V). In particular, (2.16)
has a sense.

Moreover, again by (2.8) and (2.15), v’ € L*(7,T; V") for all T > 7, and therefore, as v’ = C~ 10/,
we deduce that v’ € L*(1,T; V) for all T > 7.

From these considerations, it is clear thatu is a weak solution to (1.1) if and only if u € C([1,0); V),
' € L2(r,T;V) for all T > 1, and

t

u(t) 4+ o Au(t) —|—/ (vAu(s) + B(u(s))) ds = u, + o Au, + / f(s)ds (equality in V'),

T

for allt > T.
We have the following energy equality for the solutions to (1.1).
Lemma 3 If u is a weak solution to (1.1), then
5 ([u@® + o [[u@®)]?) + vllu@)|® = (f(t),u(t), ae t>T. (2.18)
Proof. We know from Remark 2 that v € W12(7, T; V) and v € W12(7, T; V') for all T > 7, where
v is given by (2.17). Thus,
4
dt
But observing that C is self-adjoint, and using the fact that v(t) = Cu(t) and v'(t) = Cu/(t), we have
(v(t), ' (¢)) = (V'(t),u(t)). Therefore, by (2.19), we have
4
dt
From this identity, taking into account (2.6) and (2.15), we obtain (2.18). =
With respect to the existence and uniqueness of solution to (1.1), we have the following result.

(o(t),u(t)) = @' #),u(t)) + (v(t),u'(t)), ae t>T. (2.19)

(wt),u(t)) = 2('(t),u(t)), ae. t>rT.



Theorem 4 Let f € L? (R;V') be given. Then, for each 7 € R and u, € V, there exists a unique

loc
weak solution u = u(-;T,u,) of (1.1).
Moreover, if f € L}, (R; H) and u, € D(A), then the weak solution u = u(-;7,u,) of (1.1) satisfies

u € C([r,00); D(A)), ' € L?(1,T;D(A)) for all T > 7, (2.20)

and
%%(Hu(t)”z + 2| Au(t)?) 4+ v|Au(t)|? + (B(u(t)), Au(t)) = (f(t), Au(t)), a.e. t>T. (2.21)

Proof. We divide the proof in four steps, according to the claims of existence, uniqueness, regularity,
and the energy equality (2.21).

Uniqueness.

Let u® and u® be two weak solutions to (1.1), corresponding to the same data f, 7 and u,. Let
us denote & = v — 4@ and ¥ = 4@ + a2 Ad.
We have that 0 € C([r,00); V'), with

o(t) = —u/t Ai(s)ds — /t(B(u(l)(s)) — B(u'?(s)))ds for all t > 7. (2.22)
Observe that by (2.4),
IB(uM(s)) = Bu®(s))].
sup  [b(ul? (s) = u® (), ul) (s),w) = b(u (s),u'? (s) — uM)(5), w)]

weV,|wl=1

Cr(llu ()] + u® () DNt (5) = u (s)]].

IN

Thus, if we fix an arbitrary T > 7, and denote Ry = C1 max,e(-7([[u(s)| + |u® (s)]]), we have
|B(uM (s)) — B(u'®(s))|l, < RrlluV(s) —uP(s)| for all s € [r,T]. (2.23)

Then, as ||Ad(s)||, = ||a(s)|], from (2.22) and (2.23) we deduce that
t
o), < v+ RT)/ lla(s)||ds for all t € [r,T7,
and therefore, by (2.13),
t
la@®)| < o 2(v+ RT)/ la(s)||ds for all t € [r,T].

From this inequality, by Gronwall’s lemma, we deduce that ||a(t)|| = 0 for all ¢ € [7,T], and therefore,
the uniqueness of weak solution to (1.1) holds.

Existence.

We can prove the existence of weak solution to (1.1) reasoning as in [1, pp. 844-846], but then
with this method of proof, we do not know how to obtain the regularity result (2.20). We will proceed
by using a Galerkin scheme.

Let {w;};>1 C D(A) be the Hilbert basis of H formed by all the normalized eigenfunctions of the
Stokes operator A introduced before.

Let f € L? (R; V'), 7 € R, and u, € V, be given.

loc



For each integer m > 1, let define
m
u (1) =Y Ym(Ow;,
j=1
where the coefficients v,, ; are required to satisfy the system

%(um(t) + a2 Au™(t), w;) = —(wAU™(t) + B(u™ (1)) — f(t),w;), ae t>7, 1<j<m, (2.24)
and the initial condition
u™ (1) = Ppur,

where Pu, = Z;nzl(uT,wj)wj, is the orthogonal (in H and in V') projection of u, onto the space
Vi =spanjwy, ..., Wp].

The above system of ordinary differential equations fulfills the conditions of the Picard theorem for
existence and uniqueness of local solution.

Next, we will deduce a priori estimates that assure that the solutions u™ do exist for all time
t € [r,00).

Multiplying in (2.24) by v ;(t), summing from j = 1 to j = m, and taking into account (2.6), we
obtain that a.e. t > 7,

%(Ium(t)l2 +a?u™()]*) + 2v]lu™ (1)) 2(f(t), u™(t))

vlu™ 1 + v @2,

IN

and in particular,

t
™ @) + o®|[u™ ()7 < [Prur|® + 0| Poue||* + V‘l/ 1F (s)II2 ds,

for all t > 7, and any m > 1.
Observe that as u, € V, one has that |Ppur| < |ur|, ||Pnurl] < ||u-, and lim |lu; — Ppu,| = 0.
m— 00

Thus, the sequence {u™},,>1 is bounded in C([r,T]; V) for all T > .
Now observe that by (2.24), v™ = Cu™ satisfies

d

ﬁ(vm(t)) = P (—vAu™(t) — B(u™(t)) + f(t)), ae. t>T, (2.25)

where

(Ppg,w) = (g, Ppw) YgeV' weV.

Consequently, as HpmHE(V’) < 1 for all m > 1, we deduce that the sequence {dv™/dt},,>1 is
bounded in L?(7,T; V') for all T > 7, and therefore, taking into account that du™ /dt = C~* (dv™/dt) ,
we have that the sequence {du™/dt},,>1 is bounded in L?(7,T; V) for all T > .

Thus, by the compactness of the injection of V' into H and the Ascoli-Arzela theorem, we deduce
that there exist a subsequence {u” },>1 C {u™}m>1 and a function u € Wh2(r, T; V) for all T > T,
such that
u™ 2y weakly-star in L (1, T; V),

u™ — u strongly in C([r,T]; H),

’

u™ —wuae. in Qx (r,T),
(2.26)

du™ du . 1o
7 p weakly in L*(7,T; V),

dv™ _ du™ N du A, o
o —C( 7 ) C(dt) weakly in L*(r, T; V'),




for all T > 7.
As in particular H}(Q) C L*(Q2) with continuous injection, for each 1 < i,j < 3, the product
u™ u™ of the corresponding components of u™ is bounded in L*°(7,T; L?()), for all T > 7, and by

j
(2.26), uf”' u™ — wu; a.e. in Q x (1,T). So, by [16, Ch.1, Lem.1.3], we deduce that uznlu;-”, — Uu,

j
weakly in L?(Q x (r,T)), for all T > 7.

Therefore, taking into account (2.5), if w € L?(r,T; V),

’

[ o ema = - [ v o.0.0m @) d

3 T
_ m’ m’ awj
= — Z /T /Qul (z,t)ui" (z,1) D (x,t)dzdt

i,j=1 !

3 T
3wj
- - Z/T /Qul(;v,t)uj(x,t)%(m,t)d:rdt

ij=1 '

T
_ / (B(u(t)), w(t)) dt.

Hence, B(u™') — B(u) weakly in L2(r,T; V"), for all T > 7.

From all the convergences above, and (2.25), we can take limits and we obtain that u satisfies
(2.15).

Observe that u(7) = lim «™ (7) = lim Ppru, = u,. Thus, u is the weak solution to (1.1).

m’—oo m’—oo

Regularity.

Assume now that u, € D(A) and f € L? (R; H).

loc

Multiplying in (2.24) by Ajvm ;(t), and summing from j =1 to j = m, we obtain that a.e. t > T,

%(Ilum(t)ll2 +a?[Au™ () + 20| Au™ ()] = —2 (B(u™ (1)), Au™ (1)) + 2 (f(t), Au™ (1)) . (2.27)

But by (2.9) and Young inequality,
2| (B(u™(t)), Au™(t))| < Cyllu™ (@)[|° + v|Au™ (1),

where C, = 27C3(16v°%) 7L,
Also,
2| (f(t), Au™ (1)) | < v[Au™ () + v ().

Thus, observing that |AP,u,| < |Au,| and ||Ppu-| < ||ur||, from (2.27) we deduce in particular that

t
a?Au™(t)* < ||uf||2+a2|Aurl2+V_1/ [f(s)P?ds + Cu(t —7) sup [u™(s)|l°

se[r,t]

for all £ > 7, and any m > 1.

Consequently, as {u”};,>1 is bounded in C([r,T];V), we have that {u™},,>1 is bounded in
C([r,T]; D(A)), for all T > 7, and therefore, extracting a subsequence weakly-star convergent in
L>(1,T; D(A)), we see that u € L*>°(1,T; D(A)), for all T > 7.

But then, v = u + o?Au € L>®(1,T; H), with v' = —vAu — B(u) + f € L?(r,T; H), for all T > 7,
and therefore, v € C([r,00); H).

Thus, Au = o 2(v —u) € C([r,00); H), i.e., u € C([r,0); D(A)).

Moreover, as v’ € L?(7,T; H), by (2.14), then ' = C~'' € L*(7,T; D(A)), for all T > T.



Identity (2.21).

If u, € D(A) and f € L? (R;H), we have seen that u € W12(r,T; D(A)) and v = Cu €

loc

Wh2(r,T; H), for all T > 7. Then,

%|v(t)\2 =2(v'(t),v(t)), ae. t>T,
and
d /
Z(u(®),v(t)) = 2(u(t),Cu'(t)
= 2(u(t),v'(t)), ae. t>T.
Thus,

d ,d

7 (Au®),v(®) = a7 o (u(t) — u(t), v(?))

From this equality, we have (2.21). =m

Remark 5 Observe that in the above proof, using the uniqueness of solution for the problem, for
any T > 7 the whole sequence of the Galerkin approximations satisfies that u™ converges to u in
C([r,T); H), and actually, all convergences in (2.26), except the third one, hold for the whole sequence.
Analogously, one also deduces that for any t € [1,T], u™(t) = u(t) weakly in V.

Moreover, if u, € D(A) and f € L} (R; H), then in fact for any T > T the sequence u™ converges
tou in C([1,T]; V), and weakly-star in L>°(1,T; D(A)), for any t € [1,T], u™(t) — u(t) in D(A), and
the sequence du™ /dt converges to du/dt weakly in L?(r,T; D(A)).

Now, we establish a result on the sequential weak continuity of the solutions to (1.1) with respect
to the initial datum u. .

Theorem 6 Let f € L? (R; V') and 7 < t be given. Consider a sequence {u,,} C V weakly converg-

loc
ing to ur in V. Then, the following convergences hold for the sequence of solutions u(-;7,ur) toward

the solution u(-;T,u;).
u( Ty Ur ) — u(e; T, ur) weakly-star in L>®(1,t; V),
u(; Ty Ur ) — w7, ur) strongly in C([7,t]; H),
u(t; T, ur p) = w(t; T, ur) weakly in V.

Moreover, if f € L}, _(R; H) and the sequence {u,,,} C D(A) converges weakly to u, in D(A), then,
in fact,

w(+ Ty Ur ) — u(+; T, ur) weakly-star in L>(1,t; D(A)),
u(e5 7 U ) — ul(s; T, ur) strongly in C([1,t]; V),
u(t; 7, Ur ) — u(t; 7, ur) weakly in D(A).
Proof. The proof can be done analogously to that of Theorem 4, since the a priori estimates follow

exactly the same. The fact that the whole sequence satisfies the above convergences is a consequence
of the uniqueness of solution for the problem (cf. Remark 5). m



Remark 7 Although the above result will be enough for our purposes, let us observe that the solution
also depends continuously of the initial datum in the strong topology of V. Moreover, when f €
L%OC(R; H), the solution depends continuously of the initial datum in the strong topology of D(A).
Indeed, this can be proved similarly to the proof of uniqueness of weak solution to (1.1), considering

the difference of two solutions and using Gronwall’s lemma.

Remark 8 Observe that actually in the existence and uniqueness part of Theorem 4 and also in the
first part of Theorem 6 we do not need any reqularity assumption on the boundary of the domain. This
assumption is only required for the additional regularity results.

3 Abstract results on minimal pullback attractors

In this section we recall some abstract results on pullback attractors theory. We present a resume of
some results on the existence of minimal pullback attractors obtained in [7] (see also [18, 2, 3]).

Consider given a metric space (X,dx), and let us denote RZ = {(¢,7) € R? : 7 < t}.

A process U on X is a mapping RZ x X 3 (¢t,7,z) — U(t,7)z € X such that U(r,7)z = z for any
(ryz) e Rx X, and U(t,r)(U(r,7)x) = U(t,7)x for any 7 <r <t and all z € X.

The process U is said to be continuous if for any pair 7 < ¢, the mapping U(¢,7) : X — X is
continuous. It is said to be closed if for any 7 < ¢, and any sequence {x,} C X, if z, — x € X and
U(t,7)x, — y € X, then U(t,7)x = y. It is clear that every continuous process is closed.

Let us denote by P(X) the family of all nonempty subsets of X, and consider a family of nonempty
sets Dy = {Dy(t) : t € R} C P(X).

The process U is pullback ﬁo—asymptotically compact if for any ¢ € R and any sequences {7,} C
(—o0,t] and {z,} C X satisfying 7, — —o0 and z,, € Do(7,) for all n, the sequence {U(t, 7,)xn} is
relatively compact in X.

We have the following result.

Proposition 9 Let U be a closed process on X, and assume that is pullback ﬁo-asymptotically com-

~ X
pact. Then, for any t € R, the set Ax(Do,t) = (Noey U, < U(t,7)Do(T)  is a nonempty compact
subset of X that satisfies: B B

(a) U(t,7)Ax (Do, ) = Ax (Do, t) for all T <t (invariance),

(b) lim distX(U(t,T)DO(T),AX(ﬁo,t) =0 for allt € R (pullback attraction),

where distx (-, -) denotes the Hausdorff semi-distance in X .

Let be given D a nonempty class of families parameterized in time D = {D(t) : t € R} C P(X).
The class D will be called a universe in P(X).

Definition 10 A process U on X is said to be pullback D—asymptotically compact if it is B—asymp—
totically compact for any D € D.

It is said that Do = {Dy(t) : t € R} C P(X) is pullback D—absorbing for the process U on X if for
any t € R and any D € D, there exists a 7o (%, ﬁ) <t such that

U(t,7)D(7) C Do(t) for all 7 < 7o(t, D).
We have the following result (cf. [7]) on existence of minimal pullback attractors.

Theorem 11 Consider a closed process U : IRZ x X — X, a universe D in P(X), and a family
Dy = {Dy(t) : t € R} C P(X) which is pullback D—absorbing for U, and assume also that U is
pullback Dy—asymptotically compact.

———X
Then, the family Ap = {Ap(t) : t € R} defined by Ap(t) = Upep Ax(D,t) , has the following
properties:

10



(a) for any t € R, the set Ap(t) is a nonempty compact subset of X, and Ap(t) C Ax(ﬁo,t),

(b) Ap is pullback D—attracting, i.e., lim,_._ o distx (U(t,7)D(7), Ap(t)) =0 for all D € D, and
any t € R,

(c) Ap is invariant, i.e., U(t,7)Ap(T) = Ap(t) for all T <t,

(d) if Do € D, then Ap(t) = Ax (Do, t) € Do(t) for all t € R.

The family Ap is minimal in the sense that if C = {C(t) : t € R} C P(X) is a family of closed sets
such that for any D = {D(t) : t € R} € D, lim,_,_ distx (U(t,7)D(7),C(t)) = 0, then Ap(t) C C(t).

Remark 12 Under the assumptions of Theorem 11, the family Ap is called the minimal pullback
D—attractor for the process U.

If Ap € D, then it is the unique family of closed subsets in D that satisfies (b)—(c).

A sufficient condition for Ap € D is to have that Dy € D, the set Dy(t) is closed for allt € R, and
the family D is inclusion-closed (i.e., if D € D, and D' = {D'(t) : t € R} C P(X) with D'(t) C D(t)
for all t, then D' € D).

We will denote D the universe of fixed nonempty bounded subsets of X, i.e., the class of all
families D of the form D = {D(t) = D : t € R} with D a fixed nonempty bounded subset of X.
Now, it is easy to conclude the following result.

Corollary 13 Under the assumptions of Theorem 11, if the universe D contains the universe fo,
then both attractors, AD)F( and Ap, ezist, and the following relation holds:

Apx(t) C Ap(t) forallt €R.

Remark 14 [t can be proved (cf. [18]) that, under the assumptions of the preceding corollary, if for
some T € R, the set Us<pDy(t) is a bounded subset of X, then

Apx(t) = Ap(t) forallt <T.

4 Existence of minimal pullback attractors in V' norm

Now, by the previous results, we are able to define a process U on V associated to (1.1), and under
suitable assumptions on f, we can obtain the existence of minimal pullback attractors. As pointed out
in the Introduction, in the results of this section we do not require any regularity assumption on 9f2,
and the force term may take values in V' instead of in L? as appears in [11].

Proposition 15 Assume that f € L} _(R;V') is given. Then, the bi-parametric family of maps
U(t,7):V =V, with 7 <t, given by

Ut, T)ur = u(t; 7,ur), (4.1)
where u = u(-; 7, u;) is the unique weak solution to (1.1), defines a closed process on V.
Proof. It is a consequence of Theorem 4 and Theorem 6. =
Remark 16 Observe that, by Remark 7, U is in fact a continuous process on V.

For the obtention of a pullback absorbing family for the process U, we have the following result.

11



Lemma 17 Assume that f € L? (R; V') and u, € V. Then, for any

loc
0<o<2v(A\t+a?)™ (4.2)

the solution uw = u(-;7,ur) of (1.1) satisfies

t
Ju®* + 2> [ e Jus)|? ds

t

< (1+a*2AI1)e"(T*t)HuTIIQ+072€*1/ 7D f(s)II2 ds (4.3)

T

for all t > 7, where
e=v— g()\fl +a?). (4.4)

Proof. By (2.18), for all € > 0,

%(6(”IU(15)I2 +ae[ut)’) = oe”u®)? + a’oe u(®)|® — 2ve” lu(t)l|* + 2e7 (1), u(t))

A

{oOT! +a®) —2v 4 ey Ju®) | + e eI F ()],

ae t>T.
Thus, if o satisfies (4.2), then e given by (4.4) is positive, and for this ¢ we have

d g g g - [on
(@) + o’ u®)|?) + ee” Ju(®)|| < 7 e F@),

a.e. t>T.
From this inequality we obtain (4.3). ®
Taking into account the estimate (4.3), we define the following universe.

Definition 18 For any o > 0, we will denote by DY the class of all families of nonempty subsets
D ={D(t):t € R} C P(V) such that lim, . (e”" sup,ecp(r [[v[*) = 0.

Accordingly to the notation introduced in the previous section, D} will denote the class of families
D ={D(t) =D :t e R} with D a fixed nonempty bounded subset of V.

Remark 19 Observe that for any o > 0, Dy C DY and that both are inclusion-closed.
As an evident consequence of Lemma 17, we have the following result.

Corollary 20 Assume that f € L? (R; V') satisfies that

loc
0 2
[ el ds < o, (45)
for some 0 < o < 2v(A{* +a?)7L.
Then, the family D, = {D,(t) : t € R} defined by
D, (t) = EV (07 R<17/2 (t))v (46)

the closed ball in V' of center zero and radius R,l,/2 (t), where

t

Ro(t) = 1+a—28—1e—0t/ 7|1 £(s)])? ds, @7)

with & given by (4.4), is pullback DY —absorbing for the process U : R2 x V. — V given by (4.1) (and
therefore DY —absorbing too), and D, € DY .

12



In order to prove that the process U is pullback ﬁgfasymptotically compact, we will apply an
energy method used by Rosa (cf. [23], see also [17]), which does not require any additional estimate
on the solutions in higher norms in contrast with the energy continuous method (e.g., cf. [19]), or the
method used in [11] with the fractional powers of the operator A. Our proof here relies on a sharp use
of the differential equality that lead to the existence of an absorbing family, the use of weak limits in
V in a diagonal argument, and the fact that the process is sequentially weakly continuous.

Lemma 21 Assume that f € L2 (R;V') satisfies (4.5). Then, the process U defined by (4.1) is

loc

pullback Dy— asymptotically compact, where D, = {D,(t) : t € R} is defined in Corollary 20.

Proof. Let t € R, and 7, — —oo with 7, < t and u,, € D,(7,) for all n, be given. We must prove
that the sequence {U(t,T,)ur, } is relatively compact in V. By Corollary 20, for each integer k > 0,
there exists 75 (k) <t —k such that U(t — k,7)Dy(7) C D,s(t — k) for all 7 < 75 (k). Recall that
each D, (t), defined in (4.6), is a bounded set of V. From this and a diagonal argument, we can extract
a subsequence {u ,} C {ur,} such that

U(t =k, Tn )urr — wy  weakly in V, Vk >0, (4.8)

where wy, € D, (t — k).
Now, applying Theorem 6 on each fixed interval [t — k, ] we obtain that

wo = V —weak lim U(t, 7 )u,,,

n’—oo

= V —weak lim U(t,t —k)U(t -k, 7o )ur,,

U(t,t—k) |V — weak lim Ut —k, T )ur,,
= U(t,t - k)wk.

In particular, observe that ||wo|| < liminf, . [|[U(t, 7y )ur, ,||. We will prove now that it also holds
that

lim sup [U (£, 7 ), || < o], (4.9)

n’—oo
which combined with (4.8) for k = 0, will imply the convergence in the strong topology of V, and the
asymptotic compactness.
Observe that, as we already used in Lemma 17, for any pair (7,u,) with u, € V, the solution
u(+; 7, u,), for short denoted u(-), satisfies the differential equality

d
(€7 u®F + e u@®)]?)

= e u(t)]? + aPoe”|lu®)||? — 2vet|lu(t)||? + 27 (f (), u(t)), a.e.t > T. (4.10)

Since we have chosen o satisfying (4.2), observe that [], with [v]?> = (2v — a?0)||v||? — o|v|?, defines
an equivalent norm to || - || in V.
We integrate the above expression in the interval [t — k,t] for the solutions U(-, 7, )u, , with

T <t — k, which yields

Ut Yur,, |* + U, T s, |2

\U(t,t — k) Ut —k, T )u, ,|* + ?|Utt—K)U(t — k7 )ur, |I?
= e % (|U(t —k, 0 )ur,, |2 + OZQHU(t —k, Tn)ur,, ||2)

t
42 / 7D (5), Uls, t — KUt — k7 )y, )ds
t—k

t
- / 70U (s,t — KUt — ky 7 Yy, |2ds. (4.11)
t—k

13



On other hand, by (4.8) and Theorem 6, we deduce that
U(,t—k)U(t —k,To)ur,, = U(-,t —k)wy, weakly in L*(t — k, t; V).
From this, as e”C=8) f(-) € L2(t — k,t; V'), it yields

t

lim [ e (s), U (s, t = R)U(t =k, T ), )ds

n'—oo Jy_k
= /t e"GTf(s),U(s, t — k)wy)ds. (4.12)
t—k

Since [', e?(=8[p(s)]2ds defines an equivalent norm in L2(t — k,t; V), we also deduce from above
t—k
that

t t
/ e?CD[U (s, t — k)wy]?ds < lim inf/ e?ETIU (s, t — K)U(t — ky T )ur |2 ds. (4.13)
t t

—k n'—oo Jy
From (4.11)—(4.13), taking into account (4.8) with k£ = 0, the compactness of the injection of V into
H, and (4.6), we conclude that
lwo|? + o limsup ||U (¢, 7 )ur, ||?

n’—oo

t
< e PO+ oA R,(t— k) + 2/ e?CD(f(s), U(s, t — k)wy)ds
t—k

¢
- / e?COU (s, t — k)wy)?ds.
t—k

Now, taking into account that wog = U(t,t — k)wg, integrating again in (4.10), we obtain

t
wol? + @?[lwoll® = e (Jurl® + o ||wkl*) + 2/ "G (f(s),Uls, t = kywy)ds
t—k

¢
7/ e?CIU (s, t — k)wy)?ds.
t—k

Comparing the above two expressions, we conclude that in particular

lwo|* + o lirza sup ||U(t, Tnr )ur, , | < e“’k()\fl + ®) Ry (t — k) + |wo|* + o ||wo ).

n-—oo

But from (4.7) and (4.5), we have that klim e "*R,(t—k) = 0, so (4.9) holds, and the proof is finished.

—00
]
As a consequence of the above results, we obtain the existence of minimal pullback attractors for
the process U : RZ x V — V defined by (4.1).

Theorem 22 Assume that f € L? (R; V') satisfies (4.5). Then, there exist the minimal pullback DY, -

loc

attractor Apy = {Apy (t) : t € R} and the minimal pullback DY -attractor Apy = {Apy (t) : t € R},
for the process U defined by (4.1), Apy belongs to DY, and the following relation holds,

Apy (t) C Apy (t) C By (0, RY*(t)) Vt€R, (4.14)

where R, is given by (4.7).
Finally, if f satisfies the stronger requirement

sup <e_” /T e"s|f(s)||zds> < o0, (4.15)

r<0 — 00

then
AD; (t) = .AD;/ (t) VvteR. (4.16)
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Proof. The existence of Apv and ‘ADX is a direct consequence of Theorem 11, Corollary 13, Propo-
sition 15, Corollary 20, and Lemma 21.

The inclusions in (4.14) are a consequence of Theorem 11 and Corollary 13.

Finally, the equality (4.16) is a consequence of Remark 14, and the fact that (4.15) is equivalent to
have that sup,«p R, (t) is bounded for any T € R. m

Remark 23 Observe that, as it can be easily proved, in general, if g € L%OC(R; X), with X a Banach
space with norm || - ||x, the three following conditions are equivalent:

(1) sup <e”/ e"s||g(s)§(ds) < 00, for some o > 0.
r<0

— 00

(2) sup / lg(s)|I% ds < oo,
r<0 Jr—1

T
(3) sup (e_[”/ e‘%s||g(s)§(ds) < 00, for all & > 0.

r<0 —oco

Remark 24 Observe that if f € L? _(R; V') satisfies (4.5), then it also satisfies

loc

0
/ % f(s)||2ds < o0, for all & € (0,20 A7 + )7 1).

— 00
So, there exists the corresponding minimal pullback D[‘}/— attractor, Apv.
In fact, since DY C D}T/, for any such &, then

Apy (t) C Apv(t) forallt € R, and any o <& < 20\ +a?)7h
Moreover, if (4.15) holds, then we conclude by (4.16) and Remark 23 that
Apy (t) = Apy (t) = Apy (t) for allt € R, and any 0 <6 < 20\ +a?)7h

Thus, Apg is the minimal pullback DY, .- attractor, where
% v
Dmaw = U D& .

0<6<2v( A +a2)~1

5 Regularity of the pullback attractors

The main goal of this paragraph is to provide some extra regularity for the attractors obtained in the
previous section. This will be obtained by a bootstrapping argument, and making the most of a repre-
sentation of the solutions to the problem splitting it in two parts, the linear part with an exponential
decay, and the nonlinear part with good enough estimates. In order to achieve these results, we will
use the fractional powers of the Stokes operator, introduced in Section 2.

Observe that for every 7 € R, any u, € V, and f € L? (R; V"), by Theorem 4, there exists a unique
weak solution u to problem (1.1). Moreover, let us point out that the following representation of the
solution holds:

u(t) =Ut,T)ur =Y (t, Tur + Z(t, T)u, Vit 2>,
where y = Y (-, 7)u, and z = Z(-, 7)u,, are solutions of

y € C([r,00); V),
%(y(t) Fa2Ay(t) + vAy(t) = 0, in D'(,00; V"), (5.1)
y(T) = Ur,
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and
z € C([r,00); V),

%(z(t) + a?Az(t)) + vAz(t) = f(t) — B(u(t)), in D'(r,00;V’), (5:2)

z(r) =0,
respectively.
The existence and uniqueness of weak solution to (5.1) and to (5.2) can be obtained reasoning as
in the proof of Theorem 4.
For the problem (5.1) we have the following result.

Lemma 25 For any 7 € R, u, € V and o fulfilling the assumption (4.2), the solution y =Y (-, 7)u,
of (5.1) satisfies
1Y (t, T)ur|? < (14 a2A7He? T |ug | for all t > 7. (5.3)
Proof. It is analogous to the proof of (4.3), and we omit it. m
For the study of the problem (5.2), we will make use of the following lemma.

Lemma 26 Assume that g € L} (R; D(A™P)) with 0 < 3 < 1/2. Then, for each 7 € R and o

loc
satisfying the assumption (4.2), the unique solution z of the problem
z € C([r,00); V),
%(z(t) +a2A2(t)) + vAx(t) = g(t), in D'(r,00; V"), (5.4)
z(1) =0,
satisfies
z € O([r,00); D(A'7)), (5.5)
and .
|AT=P2(1))? < 04_25_1/ e"(s_t)|A_Bg(s)|2 ds  forallt>T, (5.6)

where € is given by (4.4).

Proof. We give a formal proof, the rigorous one should be made using the Galerkin approximations
constructed with the basis {w;};>1 of eigenfunctions of the Stokes operator A.
Multiplying in (5.4) by A'=252(t), we obtain
1d
s (\A(1*25)/2z(t)\2 + 042|A1’Bz(t)|2) F AP (0)2 = (A Pg(t), AV P2(t)), ae.t > 7.
Thus,
d
= {emt (140290722002 + 02| A1P2(0)?) | + 2wt A1 2(1) 2
= ot (|A<1—2ﬂ>/2z(t)|2 + a2|A1—ﬁz(t)|2) 27 (AP g(1), A1), aet > T, (5.7)

Now, using that 2e7*[(A™Pg(t), A'P2(t))| < ee”t|A'=P2(t)|? + e~ et AP g(t)|?, and

AT = A4/ )2
> A 40297212,

from (5.7) and the fact that z(7) = 0, we obtain (5.6).
Now, from (5.6) we have that v = z + a?Az and its derivative v’ belong to L?(r,T; D(A~?)) for
any T > 7. So, it holds that v € C([r, 00); D(A™?)), whence using the mapping C, (5.5) follows. m
Now we can prove the following regularity result for the pullback attractors in V' norm.
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Theorem 27 Assume that f € L? (R; D(A™P)) for some 0 < 8 < 1/2, and that

s / 1£(s)2ds < ox. (5.8)
Then:
(1) If f also satisfies
/ D e A0 f(s) s < oo, (5.9)

for some 0 < o < 2v(A\7 4+ a?)~t, and

sup/ |ATVA=P f(5)2ds < 00, if 0 < B < 1/4,
=0t (5.10)

sup/ |A=0 f(s)]?ds < oo for some 0 < § < 1/4, if 3 =0,

r<0 Jr—1

then the pullback attractor Apy = ADK fulfills that

U Apy (t)= U Apy (t) is a bounded subset of D(AY™P), for any t; < ts.  (5.11)

t1<t<to t1<t<to

(2) If [ also satisfies
sup/ |A=P f(s)|?ds < oo, (5.12)

r<0Jr—1

then for any 0 < o < 2v(A\[' 4+ a?)~1,

U Apy (t U Apy (1) is a bounded subset of D(A'=P), for any ty € R. (5.13)

t<to t<tg
Proof. Let us fix t € R and v € Apy (t) = Apy (t). By (4.14), (5.8) and Remark 23, we see that

U Apy () € By (0, RY?(t)), (5.14)

r<t
where R, (t) =1+ a 27! sup,.< (7" [7__e7*||f(s)||2ds), with £ given by (4.4).
Let {7n}n>1 C (—00,t] be a sequence with 7, — —00 as n — oo. By the invariance of Apy, for
each n > 1 there exists u,, € Apy (7n) such that v = U(t, 7,)ur, , and therefore,
v =Yt n)ur, + Z(t,)ur, .
From (5.3) and (5.14) we deduce that ||Y (¢, 7, )ur, || — 0 as n — oco. Thus,
nh_}rrgo |Z(t, 7)ur, —v|| = 0. (5.15)
Let us denote uy(r) = U(r, 7)us, for r > 7, and n > 1. By (5.14) and the invariance of Apv,
un(r) € Apy (r) C By (0, RY*(t)), Vr, <r<t, VYn>L1. (5.16)

Now we distinguish three cases.
Case 1. If 1/4 < <1/2.
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In this case, from (2.11), the continuous injection of V in D(A%/4~#) and (5.16), we deduce that

|A™PB(un(r))| < C(3/4_5)|A3/47ﬁun(r)\Hun(r)H
< Ciaja—pllua(r)]?
= 5(3/4—5)§U(t)7 Vr, <r <t Vn>1.

Thus, if we assume (5.9), from Lemma 26 we obtain that
|AliﬂZ(ta Tn)u'rn‘2 < Ma,ﬁ(t)v (517)

where .
M, 5(t) = 202! ( / SV f(s)\2d5+a*15(23 /4_5)1"%%,(75)) .

From (5.15), (5.17) and the weak lower semi-continuity of the norm, we deduce that v belongs to
Bp(ar-5(0, M;/;(t)), and therefore (5.11) holds.
Moreover, if f satisfies (5.12), then (5.13) holds, and more exactly,

U Aoy () € Bpar-m (0, M,/3 (1)), for all t5 € R, (5.18)
t<to

where .
]’\\/[/J,g(tg) =2a %! (sup/ eU(S*t)|A*Bf(s)|2ds + 016’(23/4_@]?23(152)) .

t<to

Case 2. If 0 < B < 1/4.
In this case, if f satisfies (5.10), as 1/4 < 1/4+ 8 < 1/2, from (5.18) we have that

U Apy (r) € Bpassa-ay(0, M7, 5(1)-

r<t
Thus, by (2.11) and (5.16), we obtain that
[ AT B(un(r))] < Clgpa—pl A un (r)]|Jun(r)]
< Cpa-p My sORYA(1), Vr <r<t, Vn>1.
Thus, if we assume (5.9), from Lemma 26 we deduce that
(AP Z(t, 70 )ur, [ < Rop(t), (5.19)

where
—2 .- ! o(s— — 2 — = =~
Ry p(t) = 2a~ %1 (/ VAP (s)| ds + o 10(23/4_6)M071/4+5(t)R0(t)>.

Again, from (5.15), (5.19) and the weak lower semi-continuity of the norm, we deduce that v belongs
to ED(AI—B)(O,R}T{;(t)), and therefore (5.11) holds.
Moreover, if f satisfies (5.12), then (5.13) holds, and more exactly,

| Apy (1) € Bpar-m (0, By (t2)), for all t; € R, (5.20)

t<to

where

D — — ! o(s— —_ 2 — r ~
R, p(ts) = 20727} <sup/ AP f(s) ds + o 10(23/4_5)M071/4+5(tQ)Ra(t2)>.

t<ts J—oo

18



Case 3. If 5 =0.
In this case, if f satisfies (5.10), as 0 < § < 1/4, from (5.20) we see that

| Apy (r) € Bpar-5)(0, RY3 (1))

r<t
So, by (2.10) and (5.16), we deduce that
Bun(r)l < Cama)| A" (r)[[un ()]
< Ca-soRYZRY?(t), VYro<r<t, Vn>1.
Thus, if we assume (5.9), from Lemma 26 we deduce that
|AZ(t, T)ur,|* < Ros0(t), (5.21)
where .
Ros0(t) = 207271 ( / . "0 f(s)ds + a—lcflg)éa,g(t)ﬁg(t)) .

Again, from (5.15), (5.21) and the weak lower semi-continuity of the norm, we deduce that

v € Bow (0, R;/5o(1)),
and therefore (5.11) holds.
Moreover, if f satisfies (5.12), then (5.13) holds, and more exactly,
U Apy (1) € Bpay(0, RY3o(t2)), for all ta € R,

t<to

where

t
Ry 50(ta) = 2021 <sup/ e f(s)Pds + 0_10(21_5)]%075(7?2)1%0(152)) .

t<ts J —c0

6 Attraction in D(A) norm

By the previous results, when f € L? (R; H), the restriction to D(A) of the process U defined by

loc
(4.1) is a process on D(A). Now, we will prove that under suitable assumptions on f, we can obtain

the existence of minimal pullback attractors for U on D(A).

Proposition 28 Assume that f € L} _(R;H) is given. Then, the restriction to D(A) of the bi-

loc

parametric family of maps U(t, ), with 7 < t, given by (4.1), is a closed process on D(A).
Proof. It is a consequence of Theorem 4 and Theorem 6. m
Remark 29 Observe that, by Remark 7, U restricted to D(A) is in fact a continuous process on D(A).

For the obtention of a pullback absorbing family for the process U restricted to D(A), we first have
the following result.

Lemma 30 Assume that f € L? (R; H) satisfies (5.8). Then, for any 7 € R, u, € D(A),

loc

0<o<2v(\'+a®)™l, and 0<a<a/3, (6.1)
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the solution u = u(-;7,u;) of (1.1) satisfies

t
@2 + 2 Au@®)]? < "D (ur]? + a?|Aug [2) + 267 / (=0 f(s)*ds

T

HAC.Ci(o = 30) ™ (7 g ||° + M, ) (6.2)

for allt > 7, where ¢ > 0 is given by (4.4),

C. =27C3(2e%) 71, (6.3)
-1
C, = a_Qmax{(a2 FATY, (1/— %(A;l +a2)) } (6.4)
and .
Mg =sup [ = ()]s (6:5)

Proof. Let 7 € R, u, € D(A), o and ¢ satisfying (6.1) be fixed. From Lemma 17 we deduce in
particular that u = u(-; 7, u,) satisfies

lu()lI? < Co (27 ur | + Mg ), V7 <5 <L, (6.6)
On the other hand, by (2.21),

%(e”tHu(t)HQ + a2t Au(t)?) + 2ve” | Au(t)[* + 27 (B(u(t)), Au(t))
= e u(t)|? + aPoe”t | Au(t)* + 2e7H(f(t), Au(t)), ae. t>T.
Thus, taking into account that ||u(t)]|? < A7 *|Au(t)[?,
2| (B(u(t), Au(t)) | < 2C|lu(t)]|*?|Au(t)[*/?
< Cellu®)]® + Sl Au()]?,

and
2 (£(6), Au®) | < SlAu(O) + 217 (O,

we deduce that

t
lu(®)]* + a®lAu(®)* < BJ(T_t)(IluTIIQ+0z2|Aurl2)+2E‘1/ 770 (s)["ds

T

t
+C. / e?C=u(s)||%ds

for all ¢t > 7.
From this inequality and (6.6), we easily obtain (6.2). m

Definition 31 For any o, g > 0, we will consider the universe DE(A) N DX formed by the class of all
families of nonempty subsets D = {D(t) : t € R} C P(D(A)) such that

lim <e” sup |Av|2> = lim (e” sup ||v||2>0.
ToTeo veD(T) TToTee veD(T)

Accordingly to the notation introduced in Section 3, D?(A) will denote the class of families D =
{D(t) =D :t € R} with D a fixed nonempty bounded subset of D(A).
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Remark 32 Observe that for any o, ¢ > 0 , D?(A) C D(?(A) N D}; and that both universes are
inclusion-closed.

As a consequence of Lemma 30, we have the following result.

Corollary 33 Assume that f € L} (R; H) satisfies (5.8) and

0
/ e”*|f(s))? ds < oo, (6.7)
for some 0 < o < 2v(A\[! 4 a?)~!

Then, for any 0 < g < /3, the family Dy, ={D,(t) : t € R} defined by

Dy (t) = Bp(ay(0, RY2(1)), (6.8)

the closed ball in D(A) of center zero and radius R}T,/;(t), where

t
Ryq(t) = a2 (1 + 271 / eI f(s)Pds + 4C.C3 (0 — 30)1ij0> , (6.9)

with €, Ce, Cy and My, given by (4.4), (6.3), (6.4) and (6.5), respectively, is pullback DPM) A

Dgfabsorbing for the restriction to D(A) of the process U given by (4.1) (and therefore Dy D) _

absorbing too).
Now, we prove that the process U is pullback D 4) ﬂDX—asymptotically compact. We will apply,
with obvious necessary changes, the same energy method used in the proof of Lemma 21.

Lemma 34 Assume that f € L} (R; H) satisfies (5.8) and (6.7) for some 0 < 0 < 2v(A\[' 4+ a?)~!
Then, for any 0 < o < o/3, the restriction to D(A) of the process U defined by (4.1) is pullback

D— asymptotically compact for any D e Dk bA) n DV

Proof. Let us fix 0 < ¢ < 0/3. Let D € DP@ DY t€R, 7, — —oco0 with 7,, <t and u,, € D(7,)
for all n, be given. We must prove that the sequence {U (t, Tn)ur, } is relatively compact in D(A). By
Corollary 33, for each integer k& > 0, there exists 75 (k) < ¢ — k such that

Ut —k,7)D(1) C Dyo(t —k), V7 <75(k). (6.10)
From this and a diagonal argument, we can extract a subsequence {u, ,} C {ur,} such that
Ut —k, T )ur;r — wy,  weakly in D(A), Vk >0, (6.11)

where wy, € Dy o (t — k).
Now, applying Theorem 6 on each fixed interval [t — k,t] we obtain that

wo = D(A)—weak lim U(t,7n)ur,

n’—oo

= D(A) —weak lim U(t,t —k)U(t -k, 70 )ur,,
= U(t,t—k) {D(A) — weak lim U(t— k,Tn,)u,ﬂ,}
= U(t, t— k)’LUk

In particular, observe that |Awg| < liminf, . |AU(t, 70 )u,, ,|. We will prove now that it also holds
that
limsup AU (t, Tp )ur, , | < |Awg, (6.12)

n’/—oo
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which combined with (6.11) for k = 0, will imply the convergence in the strong topology of D(A), and
the asymptotic compactness.
Observe that, as we already used in Lemma 30, for any pair (7,u,) with u, € D(A), the solution
u(+; 7, ur), for short denoted u(-), satisfies the differential equality (2.21).
Since 0 < o < 2v(A\;* 4 a?)~1, we observe that [[-]], with [[v]]? = (2v — a?0)|Av|? — o|jv||?, defines
an equivalent norm to |- |p(a) in D(A).
We integrate (2.21) in the interval [t — k, ] for the solutions U(:, 7,/ )u, ,, which yields
Ut 7 )ur,, |I? + 02| AU (L, 7 ), |
= [[U{t,t=KU{t—k,)u.,|*+ P AUt — K)U(t — k, 7 )ur |
= ek (HU(t —k, 1 )ur,, ||2 + ?|AU(t — k, Tpt )Ur,, |2)

t
+2/ e?CV(f(s), AU (s,t — k)U(t — k, T Jr,, )dS
t—k

t
—2/ e CT(B(U(s,t — k)U(t — ky T )ur,, ), AU (s,t — R)U (t — K, T Jur, , )ds
t—k

¢
_ / DU (s, t — KU (t — ky Yy, s, (6.13)
t—k
From (6.11) and Theorem 6, we have that
Ut =k)U(t =k, o )ur, — U(-,t = k)wy,  strongly in C([t — k,t]; V),
and also
Ut — kUt —k, 7o )ur, = U(-,t —k)wy, weakly in L*(t — k, t; D(A)).
Then, it is not difficult to see that

t

lim "EN(BU (s, t — k)U(t — k, Tp Uz, , ), AU (s, = k)U(t — k, T/ )ur, )ds

n'—oo Jy_

= /t e?CT(B(U (s, t — k)wy), AU (s, t — k)wy,)ds. (6.14)
t—k

Also, as e?C=O f(\) € L2(t — k,t; H), it yields
t

lim "GO (f(s), AU (s, t — k)U(t — k, T YUz, , )ds

n'—0oo Jy_k
t

_ / 7= (f(s), AU (s, — K)wy)ds. (6.15)
t—k

Finally, as ftt_k e?=[[u(s)]]?ds defines an equivalent norm in L?(t — k, t; D(A)), we also deduce from
above that

t t
/ D[ (5, ¢ — k)wy][2ds < lim inf / DU (st — YUt — by )ur, s (6.16)
t t—k

—k n’—oo

From (6.10), (6.11) with k& = 0, the compactness of the injection of D(A) into V, and (6.13), (6.14)—
(6.16), we conclude that
|wol|* + a® lim sup [AU (¢, T/ )u,, |2

n’—oo

t
< PO+ 0 Ryt — k) +2 / e?CTI(f(s), AU (s, t — k)wy)ds
t—k

t t
9 / =D (B(U (5.t — k)wy), AU(s, £ — k)wy)ds — / DU (s, — Kyw]]2ds.
t—k t—k

22



Now, taking into account that wg = U(t,t — k)wg, integrating again in (2.21), we obtain
t
wol? + a?|Awo|? = e 7 (Jlwg]? + a?|Awg[?) +2/ e? D (f(s), AU (s, t — k)wy)ds
t—k
t
_2/ e?CT(B(U(s,t — k)wy), AU (s, t — k)wy)ds
t—k

- /H e?TIU (s, t — k)wy]]ds.

Comparing the above two expressions, we conclude that
|wol|® + o limsup |[AU (¢, 7/ Jur, |?

n’—oo

< TP+ 0 Rog(t = k) + woll + o] Awol* — e (JJwr]|* + | Awg|?) .

But from (6.9), we have that lim e "*R, ,(t — k) = 0, so (6.12) holds. m

k—oo
In general, the pullback absorbing family lA)mg defined by (6.8) does not belong to DPA D};,
and we do not know if U is pullback ﬁg,g—asymptotically compact. Thus, we cannot apply Theorem

11 to the family ZA)U,Q. Nevertheless we can prove the following result.

Theorem 35 Assume that f € L} (R; H) satisfies (5.8) and (6.7) for some 0 < o < 2v(A\'+a?)7 L.

loc

Then, for any 0 < g < /3, the family of sets

—D(A)
Xeo®)=|J  Apw(D,1) teR, (6.17)

bep?™npYy

has the following properties:

(a) lim distpa)(U(t, 7)D(7),Xoe(t)) = 0 for all t € R and any D e DP™n DY (pullback

attraction).

(b) It is minimal in the sense that if C = {C(t) : t € R} C P(D(A)) is a family of closed subsets of
D(A) such that lim_distp(a)(U(t,7)D(r),C(t)) = 0 for all t € R and any D € DY n DY,
then Xq () C C(t) for allt € R.

(c) Ut,7)Xoo(T) = Xo.5(t) for all T <t (invariance).

Proof. The assertion (a) is an easy consequence of Proposition 9 and Lemma 34.
For the proof of (b), assume that C' = {C(t) : t € R} € P(D(A)) is a family of closed subsets of
D(A) such that lim _distpay(U(t, 7)D(7),C(t)) = 0 for all t € R and any D € D7) N DY. Now,

let us fix ¢t € R. In this case, it is easy to see that, for any u € AD(A)(ZA), t), with D e pP™W ﬂD‘g/, one

has that distp(a)(z,C(t)) = 0. Thus, as C(t) is closed in D(A), we deduce that AD(A)(E,t) C C(v),
and therefore, X, ,(t) C C(t).
Finally, let 7 < ¢ be fixed. In order to prove (c) we observe that by Proposition 9, we also have
that
U(t, T)AD(A)(B,T) = AD(A)(IA),t) for any D € D2 n DX' (6.18)

If y € X, ,(t), there exist two sequences {D,} c pPW n DY and {y,} C D(A), such that y, €
Ap(ay(Dp,t) and y = D(A) — lim y,. But by (6.18), y, = U(t,7)z,, with ,, € Ap(ay(Dn,7) C
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Xo,0(7). By Corollary 33, we can also deduce that X, ,(7) C Bpa)(0, R}/QQ(T)), and therefore, by the
compactness of the injection of D(A) into V', X, ,(7) is a compact subset of V. Thus, there exists a
subsequence {z, } C {z,} such that z,, — x € X, ,(7) in V. But then, as U is a closed process on
V,y="U(t, )z, and this proves that X, ,(t) C U(t,7)Xs (7). The reverse inclusion can be proved
analogously. m

Under the additional assumption

sup /T |£(s)]? ds < o0, (6.19)

r<0Jr—1

the pullback absorbing family ﬁgg defined by (6.8) does belong to D? (4 A Dg7 whence we can apply
Theorem 11, and actually we have the following result.

Theorem 36 Assume that f € L? (R;H) satisfies (6.19). Then, for any 0 < o < 2v(A\{* +a?)~!
and 0 < g < /3, we have that:

(a) The family of sets X, ,(t) defined by (6.17) is the minimal pullback PP n DY -attractor, and
in fact is a family of compact subsets of D(A).

(b) Xoo(t) = Apy (t) for all t € R.

(¢) Indeed, Apy s the unique family of closed subsets for the norm of D(A) in any universe of the

form ’DE(A) DDX that is invariant for U and attracts any De Dg)(A) ﬂD}; in the pullback sense.

Proof. Let us fix 0 < o0 < 2v(A\7' 4+ a?) ' and 0 < o < 0/3.

Observe that under the above assumptions on f, the family Dy, = {Ds(t) : t € R} defined by
(6.8)—(6.9) belongs to DEW DY.

Therefore, the assertion (a) is a direct consequence of Theorem 11, Proposition 28, Corollary 33,
and Lemma 34.

Now, let us fix t € R. It is evident that by (6.19),
——D(4) —V

DeDYy DeDY

On the other hand, again by (6.19), from Theorem 27 we have that U Apy (r) is a bounded subset
r<t

of D(A), and therefore,
dista (U (6 7) | Apy (1), X0 (1)) < distia (U ) | Apy (7 Apeay (| Ay (0, 1))
r<t r<t r<t

From this inequality, Proposition 9, Lemma 34, and the invariance of AD¥7 we deduce that
diStD(A) (ADX (t), Xa,g(t)) =0,

and therefore Apy (t) C Xo4(t). Thus, (b) is proved.
Finally, (c) is a direct consequence of Remark 12. m

Remark 37 Observe that in particular, if f € L?, (R; H) satisfies (6.19), by Remark 14 the minimal

loc
attractor Apca) does exist, and it also coincides with the family Ang. Moreover, this last family
F

attracts in the pullback sense in the norm of D(A) to all the families of the universe

DOV = U DY DY

max

0<a<2u(>\f1 +a?)71
0<o<o/3
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