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1. Introduction

Partial functional-differential equations have been proposed as mathematical models for biological phenomena by many
researchers inrecent years. In the last 15 years especially, the stability/instability and bifurcation of equilibrium solutions for
reaction—diffusion equations/systems with a delay effect have been considered extensively. The theory of partial functional-
differential equations and the related bifurcation theory have been developed for analyzing various mathematical questions
that have arisen from models of population biology, biochemical reactions and other applications [1-4].

For the models with a single population, So and Yang [5] investigated the global attractivity of the equilibrium for the
diffusive Nicholson’s blowflies equation with Dirichlet boundary condition; So, Wu and Yang [6] and Su et al. [7] also
studied the Hopf bifurcation on the diffusive Nicholson’s blowflies equation with Dirichlet boundary condition; Yi and Zou
[8] investigated the global attractivity of the diffusive Nicholson blowflies equation with Neumann boundary condition;
Busenberg and Huang [9], and Su, Wei and Shi [10] investigated the Hopf bifurcation of a reaction-diffusion population
model with delay and Dirichlet boundary condition, which occurs at the spatially inhomogeneous equilibrium; Davidson
and Gourley [11] (and also [10]) studied the dynamics of a diffusive food-limited population model with delay and Dirichlet
boundary condition. For multiple-population models, there are many results on predator-prey systems (see e.g. [12-20]).

In this work we consider the following Lotka-Volterra predator-prey system:
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where u(t, x) and v(t, x) are interpreted as the densities of prey and predator populations. Moreover, t, 11, I, d, a3 are
positive constants and v, aq, a4 are non-negative constants. More biological explanation of the above delayed diffusive
Lotka-Volterra prey-predator system can be found in [12].

In [12], Faria assumed that

asry —apr; > 0, (1.2)

and then system (1.1) has a positive equilibrium

E. = (s, vy) = (

Gyl + Qg asry — a1
, .
104 + G203 104 + 203

Due to the difficulties in the analysis of the characteristic equations, Faria studied the instability of the equilibrium E, and
associated Hopf bifurcations with some assumptions on the coefficients in reaction terms. In [4], Wu studied the Hopf
bifurcation of system (1.1) when v = 0, a5 = 0, and he obtained that under some assumptions on the coefficients, then the
system (1.1) can give rise to a Hopf bifurcation of spatially inhomogeneous periodic solutions.

In this paper we also assume (1.2); hence the system (1.1) possesses a positive equilibrium E,.. In this note, we obtain two
new results for (1.1) which complement the ones in [12]. First we show that a similar instability analysis of E, holds when
the two diffusion coefficients are close to each other but without additional conditions on the coefficients in the reaction
terms. Secondly we prove that in a special case of a = b = 0 and d; = d,, a Hopf bifurcation of spatially inhomogeneous
periodic solutions occurs and the bifurcating periodic solutions are unstable.

The rest of the paper is organized as follows. In Section 2, we analyze the stability of the positive equilibrium E, through
the study of the characteristic equations. We show some results on the distribution of the roots of the characteristic
equations and these results are supplementary to the ones in Faria [12]. We also show that the positive equilibrium E,
can be destabilized through a Hopf bifurcation as t increases when the two diffusion coefficients are close to each other. In
Section 3, we consider a special case whena = b = 0 and d; = d>.

2. Stability analysis and bifurcation

In this section, we will carry out the analysis of stability and Hopf bifurcation of the system (1.1) and give some results
supplementary to those of Faria [12].

In [12], after the time-scaling t — t/t, the change of variables u — asu = U, v — a,u = v, and dropping the bars for
simplification, system (1.1) is transformed into

qu(t, x) J d%u(t, x)
=td;

+ tu(t,x)[r; —au(t,x) —v(t —r,x)], t>0,x¢€(0,m),

ot x>
u(t, x u(t, x
”;t ) = td, 1;(2 )—I—rv(t,x)[—rz—i—u(t— 1,x) —bu(t,x)], t>0,xe€ (0,n), (2.1)
X
Ju(t, x du(t, x
&%) _WEX o i sox=0 .
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wherer = v/t,a = ay/as, b = a4/a,. The positive equilibrium E, = (u,, v,) is now given by
_ o +bn _r—an
T ab+1° T ab+1°

with the assumptions (which we will always assume in the rest of this paper)
r >0, r, > 0, r>0, a>0, b>0, ry—ar, > 0. (2.2)
From [12] (5.6%), we know that the characteristic equations for the equilibrium E, are
Ar(h, T) = 2 + ATh + Byt + Cor2e M k=0,1,2,.. ., (2.3
where
A = dik? + dok? + au,, + bu,, B, = (d1k? + au,)(dak* 4+ bv,), and C, = u,v,.
If iox (o) > 0) is a root of Eq. (2.3;), then we have
{okz — Byt? = Cot? cos o (1 + 1),
01Ar = Cot?sinoy(1+71),
which leads to

p* 4 (A2 — 2By)p? + B2 — C2 =0, (2.4)
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where
A2 — 2By = (d* + d2)k* + 2(dyau, + dybv,)K* + (a®u? 4+ b*v?) > 0,
B — C? = (dik* + au,)*(dak? + bv,)* —u?v?, and p = %.
Soif
ab > 1,
then B — C? > 0, and Egs. (2.3¢), k > 0, have no imaginary roots, and if
ab < 1,

then there is an integer Ky such that Eq. (2.4) has a positive real root

1 1/2
Ok = i |:23k — Al + \/(23,< —A})? — 4B — cf)]

(2.5)

(2.6)

if k < Ky and has no positive real roots if k > K. So Egs. (2.3;), k > Ko, have no imaginary roots and each of Egs. (2.3;),

k < Ky, has only a couple of imaginary roots j:ia,f at r,f where

2
pr—B,
arccos “— + 2nx
*

gr’:z , n=0,1,2,...,k=0,1,...,Kp,
1+r
k_arl: _ _
T, =—, n=0,1,2,..., k=0,1,..., Ko,
Pk

ifab < 1and a® + b > 0.
Ifa=b=0,then

2(n+ Dm
af:g, n=0,1,2,...,
1+r
0
o
=" n=0,12,...,
Lo
and o, T (k > 1) are the same as those above.

Ifd; = d, = d, then
A = 2my + p, B = mj + mp +q,
where
me =dk*,  p=au, + bv,, q = abu,v,,
and
2B, — A2 = —2m} — 2myp — (a*u? + b*v?),
By — C2 = (my + mp + q)* — C2.

Hence we have the following lemma.

Lemma 2.1. Assume that d; = d, = d.

1. If ab < 1and a® + b? > 0 are satisfied, then
stk 0<k<Ky, n=0,1,....

2. If a = b = 0 is satisfied, then

k+1 k

T, >1,, 1<k<Ky,n=0,1,....

Proof. When d; = d,, we have

1
=3 [\/ (p? — 4q)(4m} + 4myp + p?) + 4C2 — 2m — 2myp + 2q — pz] ,

1
P = Bi=7 [\/(pz — 4q)(4mj + 4myp + p?) + 4C2 — 4my — dmyp — pz} :

If p?> — 4q = 0, it is obvious that T > ¥, so we assume that p? — 4q > 0 since p> — 4q > 0.
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Suppose that

X = \/(pz — 4q)(4m} + 4myp + p?) + 4C%;
then

x >,/ (p? — 4q)p? + 4CZ,

x2—ac2
arccos <X2p§*4"> + 2nw
h = ; L.
v (x = 2q)
It is easy to verify that ify > z > p? — 4q and y, z are in the domain of g, then g(y) > g(2).

So we can obtain that if ab < 1and a®* + b* > 0 are satisfied, then

sk 0<k<Ky,n=0,1,...,

and

and if a = b = 0 is satisfied, then

sk 1<k<Ky,n=0,1,.... O
It is obvious thatr > ‘L’k so we have ro = min{f Yo<k<ko,n=o0,1,... if dy = dy = d,ab < 1, and a* + b*> > 0. From

Lemma 2.1 and the continuous dependence of =¥ on d; and d, we have the following proposition.

Proposition 2.2. Assume that (2.2) holds, ab < 1, and a®> + b?> > 0; then there exists an €(d, a, b, r;, r) such that for any
di,dy € (d—€,d+€), 70 = min{t}}o<k<ip.n=0.1,...-

Suppose that Ax(t) = k() + iog () is the root of Eq. (2.3y) satisfying
Mk(frl,() =0, Gk(rrlf) = :I:an";
then using the same method as in [12, Theorem 3.2] we have the following transversality result.

Lemma 2.3. Assume that (2.2) holds, ab < 1, and a* + b* > 0; then pj(tf) > 0for 0 <k <Koandn=0,1,2,....

From Lemma 2.3, Proposition 2.2, [12, Theorem 3.3] and [3, Theorem 3.3.2], we have the following conclusions on the
distribution of the roots of Eqs. (2.3;), k > 0.

Lemma 2.4. Assume that (2.2) holds.
1. When ab > 1, then all of the roots of Egs. (2.3;) (k > 0) have negative real parts for T € [0, c0).
2. Whenab < 1 and a + b? > 0, then forany d > 0 there exists an €(d, a, b, r;, ) defined in Proposition 2.2 such that for any
di,dy € (d— €):
(iYIfre [O To) rhen all of the roots of Egs. (2.3;) (k > 0) have negative real parts.
(i) If t = ro, then all of the roots of Eq. (2.3,) except :I:IO’O and Eq. (2.3;) (k > 1) have negative real parts.
(iii) If T € (rg, min(r?, rol)), Eq. (2.3¢) has only one pair of roots with positive real parts, and all of the roots of Egs. (2.3)
(k > 1) have negative real parts.
(ivyIf t > min(r]‘), rO‘), then Egs. (2.3) (k > 0) have at least two pair of roots with positive real parts.

This lemma gives the spectral properties when d; and d, are close to each other, which is complementary to Theorem
5.1 of Faria [12]. Remarkably in this theorem rg equals tp of [12], and créJ equals oy of [12]. Here we do not assume

ab(au, + bv,)? < u,v, as in [12] but we have the additional assumption on the diffusion coefficients d; and d,. Spectral
properties in Lemma 2.4 immediately lead to the following results on the dynamics of system (1.1) (or equivalently (2.1)).

Theorem 2.5. Consider system (1.1), and assume that (2.2) holds.

1. If ab > 1, then E, is locally asymptotically stable.
2. If ab < 1and a® + b?> > 0, then for any d > O there exists an €(d, a, b, r;, ) defined in Proposition 2.2 such that for any

d],dze(d—é d+€)

E, is locally asymptotically stable when t € [0, 1:0) and is unstable when t > ro Furthermore, the system undergoes a Hopf

bifurcation of spatially homogeneous periodic orbits at E, when t = rg.

From this theorem we know that when the diffusion coefficients for the prey and predator are very close to each other in
the delayed diffusive Lotka-Volterra prey-predator system, the diffusion terms have no impact on the local stability of the
positive equilibrium E,.. Here we also do not assume ab(au,, + bv,)? < u,v, as in [12] but we have an additional assumption
on the diffusion coefficients d; and d,.
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3. A special case

In this section we will analyze system (1.1) (or equivalently (2.1)) in the special case whena = b =0and d; = d; = d.
It can be easily verified that

2,4
arccos (1 - 2‘2—") + 2nmw
*

k
T = , 1<k<Ky, and n=0,1,2,...,
(1+71)y/C, — d?k*
2(n+ Dm
r,?:u, n=0,1,2,....
(14 1)4/Cs

From [12, Theorem 3.4] and Lemma 2.1, we obtain:

Theorem 3.1. Assume that (2.2) holds,a =b =0,anddy = d, = d.

1. When d?> — C, > 0, then all of the roots of Egs. (2.3;) (k > 1) have negative real parts for T € [0, 00).
2. Whend? — C, < O:

(i) If

2d?
: arccos <1 -= > 1
T,

T d+nvC—@  (+nC

then all of the roots of Egs. (2.3x) (k > 1) have negative real parts for T € [0, rg].

(i) If

- (3.1)

242
) arccos < — a) 27T

" : ~ (Ve

0

_ =10, (3.2)
 a+nyc —d °

then a Hopf bifurcation of spatially inhomogeneous periodic solutions occurs at E, for system (1.1) and these spatially
inhomogeneous periodic solutions are unstable when t is near r(}.

Proof. Whena = b = 0,d; = d, = d, the characteristic equations of system (1.1) are

A2+ Ath + Bet? 4+ Crle M) =0, (k=0,1,2,...),
where

A =2d2, By=d*k*, and C, =u,v,.
Then Eq. (2.4) becomes

p* +2mip* + d*k* — C2 = 0. (3.3)
If d?> — C, > 0, then Eq. (3.3) has no positive roots for k > 1, so all of the roots of Eqs. (2.3) (k > 1) have negative real parts
for t € [0, 00).

Ifd® — C, < 0, then Eq. (3.3) has a positive root for k = 1. So if

2d%
arccos ( — ﬁ) 277

(1+1)/C, — & T A+nVC,
we have rg < 1:0] and ‘L'O] < r(’)‘, 1 < k < Ko, from Lemma 2.1. Then all of the roots of Egs. (2.3) (k > 1) have negative real
parts for T € [0, 7] If
arccos ( — %) I
(1+1)/C, — & S a+nYe,

we have 1:8 > 101, and whent = rol, Eqgs. (2.3k) (k > 0) have no pure imaginary roots except k = 1. From [12, Theorem 3.4],
we know that (2.3;) has at least two roots with positive real parts when t > 0. So when t = t01, Egs. (2.3¢) (k > 0) have
only one pair of simple imaginary roots and at least two roots with positive real parts. Then a Hopf bifurcation of spatially
inhomogeneous periodic solutions occurs at E, for system (1.1) when 7 = r(}, and these spatially inhomogeneous periodic
solutions are unstable. 0O

Remark 3.2. InTheorem 5.2 of [ 12], Faria gave a sufficient condition for all of the roots of Egs. (2.3) (k > 1) to have negative
real parts for t € [0, rg] when a = b = 0. In this theorem we give a sufficient and necessary condition for all of the roots of
Egs. (2.3) (k > 1) to have negative real parts for t € [0, r(?] with the assumption d; = d, = d. We also obtain a sufficient
condition for the occurrence of Hopf bifurcation of spatially inhomogeneous periodic solutions.
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