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A general reaction—diffusion system modelling glycolysis is investigated. The parameter regions for
the stability and instability of the unique constant steady-state solution is derived, and the existence
of time-periodic orbits and non-constant steady-state solutions are proved by the bifurcation method and
Leray—Schauder degree theory. The effect of various parameters on the existence and non-existence of
spatiotemporal patterns is analysed.

Keywords: reaction—diffusion system; glycolysis model; stability, Hopf bifurcation; steady-state bifurca-
tion; non-constant positive solutions.

1. Introduction

In the early 1950s, the British mathematician Turing (1952) proposed a model that accounts for pattern
formation in morphogenesis. Turing showed mathematically that a system of coupled reaction—diffusion
equations could give rise to spatial concentration patterns of a fixed characteristic length from an arbi-
trary initial configuration due to so-called diffusion-driven instability, that is, diffusion could destabi-
lize an otherwise stable equilibrium of the reaction—diffusion system and lead to non-uniform spatial
patterns.

Turing’s analysis stimulated considerable theoretical research on mathematical models of pattern
formation, and a great deal of research have been devoted to the study of Turing instability in chemical
and biology contexts; see for example, Auchmuty & Nicolis (1975a,b), Brown & Davidson (1995),
Catlla et al. (2012), Ghergu (2008), Ghergu & Radulescu (2010), Kolokolnikov et al. (2006), Peng &
Wang (2005), You (2007) and Zhou & Mu (2010) for Brusselator model; Doelman et al. (1997), Hale
et al. (1999), Mazin et al. (1996), McGough & Riley (2004), Peng & Wang (2009), Wei (2001) and You
(2011a,b, 2012b) for Gray—Scott model; Du & Wang (2010), Jang et al. (2004), Jin et al. (2013), Ni
(2004), Ni & Tang (2005) and Yi et al. (2008, 2009b) for Lengyel-Epstein model; Peng & Sun (2010),
You (2012a) for a Oregonator model and Ghergu & Radulescu (2011), Iron et al. (2004), Schnakenberg
(1979), Ward & Wei (2002) and Wei & Winter (2008, 2012) for Schnakenberg model.

Glycolysis, which occurs in the cytosol, is thought to be the archetype of a universal metabolic
pathway for cellular energy requirement. The wide occurrence of glycolysis indicates that it is one of
the most ancient known metabolic pathways and a common way of providing limited energy for the
organism in living nature. However, its significance lies in that it can supply the energy with a rapid
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speed, but more importantly under oxygen-free conditions such as strenuous exercise and high-altitude
hypoxia. Glycolysis model turns out to be a classic and representative system in biochemical reaction.
All glycolysis models are based on the same reaction scheme. The difference between the model stems
from the difference in the mechanism for key enzyme reaction (see Bhargava, 1980; Guo et al., 2012;
Higgins, 1964; Peng et al., 2008; Sel’Kov, 1968). In Segel (1980), Othmer & Aldridge (1977) and
Tyson & Kauffman (1975), the following dimensionless glycolysis system was proposed:

] 92
—u:dl—u—f—bv—u—i—uzv, xe€(0,0), t>0,
ot 0x2
(1.1)
d 9%y

3—:=d2@+a—bv—u2v, xe(0,0), 1>0.

Here, the reactions occur in an interval (0, £), u(x, r) and v(x, f) represent chemical concentrations, d; and
d, are the diffusion coefficients, a is the dimensionless input flux and b is the dimensionless constant rate
for the low activity state. Concerning this model for a two-cell system, there are some stability results
(see Ashkenazi & Othmer, 1977; Tyson & Kauffman, 1975). For b =0, the model is called Sel’klov
model, which was studied extensively in recent years (see Davidson & Rynne, 2000; Furter & Eilbeck,
1995; Lopez-Goémez et al., 1992; Peng, 2007; Peng et al., 2006; Sel’Kov, 1968; Wang, 2003).

The goal of this paper is to give a comprehensive mathematical study of the general glycolysis
model. In particular, we are interested in the spatiotemporal pattern formation and bifurcations in the
glycolysis model, and the effect of system parameters and diffusion coefficients on the glycolysis model
dynamics. For that purpose, we consider the following system defined in a general bounded domain:

0

8—Z=d1Au+bv—u+f(u)v, x€e N, t>0,

av

— =dAv+a—bv—fuyv, xef2, t>0,

ot (1.2)
du  Jv

— = =0, x€df2, t>0,

v dv

u(x,0) =up(x) =0, v(x,0) =vo(x) 20, xe€42,

where 2 C RY, N > 1, is a bounded domain with a smooth boundary 952, A is the Laplace operator
with respect to the spatial variable x = (xy, ..., xy) and a no-flux boundary condition is assumed so that
the chemical reactions occur in a closed reactor. The parameters a, b, d, and d, are the same as in (1.1),
and a, b, d; and d, positive constants. The function f is always assumed to satisfy

(o) f € C'(0,00) N C[0,00), £(0) =0, f(u) > 0 and f'(u) > O for u € (0, 00).

A typical choice of f'(u) is f (u) = u™ for m > 1 in the context of autocatalytic chemical reactions, and m
is the order of chemical reaction. It is known that the exponent m may have an impact on the stability of
non-constant steady-state solutions of (1.2) (Iron et al., 2004; Wei & Winter, 2014). Here we use a rather
general form of f(u), so it can also be used for non-power function-type reaction rates. For example,
the Hill function f (1) = u™ /(W™ 4+ u™) is often used in chemical kinetics when (1.2) is derived from a
larger system under a quasi-steady-state assumption (Higgins, 1964; Sel’Kov, 1968).
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The existence and uniqueness of a solution u(x, 1), v(x, 1) to the evolution system (1.2) for # € (0, 00),
X € §2 can be obtained by applying a result in Hollis & Pierre (1987) if (fy) is strengthened to

(fi) f € C'[0,00) and there exist constants C > 0 and y > 1 such that |f ()] < C(1 + u)” for any
u=0.

If f only satisfies (fy) and f is assumed to be sublinear, that is,
(f2) foru € (0, 00), the function f (1) /u is non-increasing and lim,,_, o (f () /u) =0,

then the existence of a global solution to (1.2) follows from the proof of Theorem 2.1 in Ghergu &
Rédulescu (2010). In this paper, we focus on the question of existence and stability of steady-state
solutions and periodic orbits of (1.2). The steady-state equation associated with (1.2) is

diAu+bv—u+fuyv=0, xes2,

drAv+a—bv—f(u)yv=0, xef2, (1.3)
ou v

— = =0, X €082,

v dv

It is easy to see that (1.3) possesses a unique positive constant steady-state solution
(u,v) = (a,a/1), (1.4)

where A :=f(a) 4 b. Since f is increasing, then A is a more convenient parameter to use than b, and we
will use A as an equivalent parameter in many places of the paper.
Our main results for (1.2) and (1.3) can be summarized as follows:

(a) The constant steady-state solution (a, a/}) is locally asymptotically stable either when b is large
or a is small (regardless of d; and d,), or when d,/d, is large (regardless of a and b); in a
certain more special choice of parameters and function f (), it is shown that (a, a/)) is globally
asymptotically stable (see Section 2.2).

(b) The constant steady-state solution (a,a/)) is the only steady-state solution of (1.2) either when
a is small (regardless of b, d| and d,), or when d; is large (regardless of a, b and d,) (see
Section 3.2).

(c) Fixing a,d, and d», and using b as the bifurcation parameter, there exist 7y + 1 Hopf bifurcation
points where periodic orbits of (1.2) bifurcating from the constant solution (a,a/X), and there
exist n; steady-state bifurcation points where non-constant steady-state solutions of (1.2) bifur-
cating from the constant solution (a,a/A). Here ny and n; are non-negative integers which are
determined by the domain §2, and parameters a, d; and d; (see Sections 2.3 and 2.4).

(d) When the fixed-point index of the constant steady-state solution (a,a/A) is —1, then there
exists at least a non-constant steady-state solution of (1.2). It is shown that the fixed-point
index of (a,a/A) being —1 can be achieved for a non-empty region in the parameter space of
(a,b,d;,d,). In particular, for fixed a,d; and d,, such region for b is the union of finitely many
non-overlapping intervals; and for fixed a, b, d, satisfying an additional condition, such region
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for d; is the union of infinitely many non-overlapping intervals which converge to d; = 0. All
these intervals can be explicitly calculated (see Section 3.3).

The results in parts (a) and (b) indicate for what parameter ranges, non-constant patterns are not
possible for (1.3); and the results in parts (c) and (d) show that, for other parameter ranges, time-periodic
patterns and non-constant stationary patterns are possible. These patterns have been predicted by Turing
(1952) for a wide class of reaction—diffusion models. The results in part (c) are proved using bifurcation
theory, and the ones in part (d) are proved by using topological degree theory. These results complement
each other nicely: the bifurcation results can show the rough spatial profile of the patterns, but patterns
are only shown for parameters near bifurcation points; on the other hand, the degree theoretical results
hold for a larger parameter region, but there is no information about the pattern profile. By using both
techniques, a better picture of the non-constant patterns is obtained here.

The organization of the remaining part of the paper is as follows. In Section 2, we analyse the stabil-
ity of the uniform steady state (1, v) = (a,a/A), and we use bifurcation theory to prove the existence of
periodic orbits and non-constant steady-state solutions. Some numerical simulations of periodic orbits
and non-constant steady-state solutions are also shown at the end of Section 2. In Section 3, we prove
the existence and non-existence of positive steady-state solutions by using a priori estimates, energy
estimates, asymptotic analysis and Leray—Schauder degree theory. Throughout this paper, N is the set
of natural numbers and Ny =N U {0}. The eigenvalues of operator —A with homogeneous Neumann
boundary condition in §2 are denoted by 0 =g < pu; < <--- <, <---, and the eigenfunction
corresponding to (i, is ¢, (x).

2. Stability and bifurcation
2.1 Stability with respect to the ODE model
We first consider the ODE model corresponding to (1.2) with f satisfying (fp):

d
d—b:zbv—uan(u)v, >0,

dv
dr

2.1
=a—bv—fwv, t>0.

By (1.4), (a,a/A) is the unique positive equilibrium of (2.1). In the following, we fix the parameter
a> 0 and use A as the main bifurcation parameter. Note that the parameter A is equivalent to b with
b > 0 corresponds to A > f (a). The Jacobian matrix of system (2.1) at (a,a/A) is

Lo(h) = (2&% _)‘A) , 22)

where
af’(a)

AL = -

—1 and B()=-—

af'(a)
)L (2.3)

The characteristic equation of Ly()) is

£2 —T(ME + D) =0, (2.4)
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where

TA) =AM) — A,
D(A) =—=A(AR) + B(A)) =A.

The equilibrium (a,a/A) is locally asymptotically stable if 7T(A) <0 and D(A) > 0. Apparently,
D(}) > 0 holds for any A > f(a), thus (a,a/A) is locally asymptotically stable if A(A) < X. Indeed,

define
. —1+ 1+ 4af'(a)
0-= .
2

(2.5)

Then 2 = Lo is the only root of T(x) =0. The equilibrium (a, a/1) is locally asymptotically stable if
A > Ag, and it is unstable if A < A¢. This bifurcation point A = X is only valid if 1o > f(a). Recall that
a Hopf bifurcation value A satisfies the following conditions:

T(x)=0, DAX)>0 and T (1) #£0.
Since T_’()L) = —af/(a)/k2 —1<—-1<0, then A = ):0 is the unique Hopf bifurcation point for (2.2)_ if

f(a) < Ag. From Poincaré-Bendixson theory, the system (2.1) possesses a periodic orbit when A < A,
but the uniqueness is not known.

2.2 Stability with respect to the PDE model

Next, we consider the stability of the constant equilibrium (a, a/1) with respect to the PDE model (1.2).
Linearizing the system (1.2) about the constant equilibrium (a, a/)), we obtain an eigenvalue problem

diAp +AQG + A = pup, xe 2,

Ay +BAM)Y — Ay =uyr, xe€2, (2.6)
%z%zo, xe€ads2,
av ov

where A(A) and B()) are defined as in (2.3).
Denote
dA+AL) A
L) = . 2.7)
B(A) dr A — A
For each n € Ny, we define a 2 x 2 matrix
—dij, +AL) A
L,(}):= . (2.8)
B()\) _d2/¢Ln —A

Then, the following statements hold true by using Fourier decomposition:

1. If w is an eigenvalue of (2.6), then there exists n € Ny such that p is an eigenvalue of L, (A).

2. The constant equilibrium (a,a/A) is locally asymptotically stable with respect to (1.2) if and
only if, for every n € Ny, all eigenvalues of L,(A) have negative real part.
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3. The constant equilibrium (a, a/A) is unstable with respect to (1.2) if there exists an n € Ny such
that L, (1) has at least one eigenvalue with non-negative real part.

The characteristic equation of L, (}) is

1? = T, + Dy(h) =0, (2.9)

where
T,(A) =A) — A — (dy + dy) uy,, (2.10)
D, (%) = didapiy, + (dih — dyA(W)) ey — AR + B(R)). (2.11)

Then (a,a/A) is locally asymptotically stable if 7,,(A) <0 and D, (1) > O for all n € Ny, and (a,a/A) is
unstable if there exists n € Ny such that 7,,(A) >0 or D,,(1) < 0.
To obtain more precise stability results, we define

TOu) = AG) =% — (dy +dy =LY 15— @ +doype
DG, 1) = dydai® + (d . — dsAG)) i — AAG) + B(L) 2.12)
— i+ D(dapt + 1) — w

and

H :={(x, n) € (0,00) x [0,00) : T(A, n) =0},
S:={(, 1) € (0,00) x [0,00) : D(A, u) =0}.

Then H is the Hopf bifurcation curve and S is the steady-state bifurcation curve (see Wang et al., 2011;
Yi et al., 2009a). Furthermore, the sets H and S are graphs of functions defined as follows:

1
Au(p) = 5[—((d1 +d)p+ 1)+ ((d + d)p + 1) +4af (a)],

| deraf @) (2.13)
a a
As(p) = > <—dzu + \/dzzuz + 75121“ mn 1M> )

We also solve u from D(A, ) = 0:

hAL) —di) £ \/(d2A(k) —d\\)? — 4d dy)
2d,d> ’

p=psr) = (2.14)

We have the following properties of the functions Ay (1) and Ag(w) (see Fig. 1).

LEMMA 2.1 Suppose that a,d;,d, > 0 are fixed. Let A be defined as in (2.5), and let Az (1) and Ag (1)
be the functions defined in (2.13). Then the following conditions are satisfied:

1. The function Ay (u) is strictly decreasing for pe[0,00) such that Ay(0)=2x, and
Ty o Ay (1) = 0.
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— 2=y, (1)
— 2=hy(W)

0

Fig. 1. The graphs of Ay (p) (decreasing curve) and Ag(u) (parabola-like curve). Left: Xo < Ay; middle: Ao = A, and right:
Ay < AQ.

2. Define

_ —Vdidy + Vdidy + 4dyJd dyaf (a)

: 2.15
e 2 aid @1

Then pu = u, is the unique critical point of Ag(u), the function Ag(w) is strictly increasing for
u e (0, ;) and Ag(p) is strictly decreasing for p € (14, 00). Furthermore,

As(0)=0,  As(u) < As(iy) =dida == Ay, Jim 25(u) =0.

Moreover, if f (a) < A, then there exists exactly two positive constants p' < 1, <t < pu? such
that As(u') = As(u?) =f(a), ks(n) € (f(a), 1] if pe (u',u?), and 0 < As(n) <f(a) if pe
(0, ") U (u?, 00). Consequently, for f(a) < A < Ay, n+ (1) are well defined as in (2.14); 4 (1)
is strictly decreasing in (f(a), ), ;_(A) is strictly increasing in (f(a),A.), i (f(a)) = u?,
p—(f (@) =p' and py () = p-(hs) = iy

3. {(A, ) €(0,00) X [0,00): T(A, ) <0} ={A>Aiyg(), w=0} and {(X, n) € (0,00) x [0,00) :
D, ) > 0} = {1 > As(u), n =0}

Proof. We only prove the second conclusion since the first one is obvious by the fact that Ay () is the
inverse function of gy (A) := (1/(d; + d»))(af’(a)/*» — 1 — 1), and the third one follows from the first
one and the second one. Differentiating Ag(1), we get

d 4draf'(a) 2af'(a)
2, = 2 L =L
s VA3 + 4dyaf (@) / (dyu + 1) ( \/ 2 dip+1 P A+ 1)2>

=M (d),d>,a, ) (af (@) + dop(dij + 1)* — dopu(dipn + 1))
=M (dy,dr, a, ) (af (a) — didop*(dijn + 1)*)

=M (d, dz,a, ) (\/af'(a) + V/didop(dipn + 1) (v af'(a) — /didapu(dijp + 1))
=M/(dl,d2’a’ M)(M* - M)»
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where

4dnaf’
M(d,do,a, ) = — 42daf (a) - o
Vi + S (| Ja3pe MLy ) A+ 1)
M'(dy,ds,a, ) =M (dy,da, a, 1) (/af (@) + /drdope(dy o + 1))
X (l/« led2+\/dld2+4d1 didraf’(a) ) 0

2d,\/didy
Furthermore,
lim 25(2) = lim ddoaf @/ (s 1 1)
1= dypi + /B2 + ddoaf @)+ D)
So the second conclusion follows. O

REMARK 2.2 After some calculations, we obtain that

A*=A*(D)=2i)\/1+4\/w<\/1+4\/m_1),

where D = d, /d,. Then it is obvious that limp_,o A, = 0o and limp_, oc A, = 0. Furthermore, by the fact
of A,(D) is a continuous function for D € (0, 00), we can confirm that all cases listed in Fig. 1 are
possible by choosing D properly.

Now, we can give a stability result regarding the constant equilibrium (a, a/A) by the analysis above
and the restriction A > f'(a). To this end, we define

M = max s () < e (2.16)
ne

THEOREM 2.3 Assume a, d;, d, are fixed. Let g, A, and A; be the constants defined in (2.5), (2.15) and
(2.16), respectively. Then the constant equilibrium (a, a/A) is locally asymptotically stable with respect
to (1.2) if A satisfies

A > max{f (a), ko, A1}. (2.17)

In particular (2.17) holds if & > max{f(a), ):0, Ayt

The result in Theorem 2.3 implies that the constant equilibrium (a,a/1) is locally asymptotically
stable when the parameter b satisfies b > max{iy — f(a), L. — f(a)}. Note that 1y only depends on a
while A, depends on D =d;/d,. Hence a diffusion-induced instability can be achieved if D =d,/d, is
small.
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In general, it is hard to determine whether (a,a/A) is globally asymptotically stable with respect to
all initial conditions. In the remaining part of this section, we prove the global stability of (a,a/A) with
respect to (1.2) for the special case f(s) = s™ withm =1 or 2:

d

B—L::dlAu+bv—u+umv, xe, t>0,

av

— =dr,Av+a—bv—u"v, xef2,t>0,

ot (2.18)
B B

M_T_y, xed, 1>0,

Jdv v

u(x,0) =up(x) =0, v(x,0) =vp(x) >0, xe.

For the special system (2.18), we have the following global convergence result.

THEOREM 2.4 Let (u(x,1),v(x,t)) be a solution of (2.18) with (uy(x),vo(x)) > (£)(0,0). Then
lim;_ oo (u(x, 1), v(x, 1)) = (a,a/Ar) if

(1) m=1and b > a; or

(2) m=2,b>4a> and b > (max, g up(x))>.

The proof of Theorem 2.4 is given in Appendix. The convergence result in Theorem 2.4 for m =2
also holds when

m—1
b> — and b >am (max uo(x)) . (2.19)
xe2

The convergence result for m = 1 is global for any initial conditions, and the one for m > 2 is not global
as the initial value ug has to be small. If d; = d, = d > 0, we can remove the condition on initial data in
(2.19) and get a global stability result as the m =1 case. In fact, by letting w(x, 1) = u(x, 1) + v(x, 1), it
follows from (2.18) that w satisfies w, =dAw+a—u<dAw+a+a/b+ & —w for t > T} for some
T} since v(x,t) <a/b+ ¢. Thus limsup,_, .  max,.s w(x, 1) <a+ a/b+ ¢. Then there exists 75 > T7
such that u(x, 1) <w(x, 1) <a+a/b+ 2e for t > T5. So, lim,_, o (u(x, 1), v(x, 1)) = (a,a/A) if b is large
enough such that

" a

m—1
b>———— and b>am(a+z> .

m —mm

2.3 Hopf bifurcations

In this subsection, we analyse the Hopf bifurcations from the constant equilibrium (a, a/X) for (1.2), and
we will show the existence of spatially homogeneous and spatially inhomogeneous periodic orbits of
system (1.2). In this subsection and also Section 2.4, we assume that all eigenvalues p; of —A in H L(§2)
are simple, and denote the corresponding eigenfunction by ¢;(x) where i € Ny. Note that this assumption
always holds when N = 1 for domain £2 = (0, £1), as fori € Ny, u; = i?/£% and ¢;(x) = cos(ix/£), where
£ is a positive constant; and it also holds for a generic class of domains in higher dimensions.
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Recall that b =X — f(a); then (1.2) is equivalent to

ad

%:dlAu—i—(k—f(a))v—u+f(u)v, xef2, t>0,

d

Y AV a— O —f@)yw—fay, xef, >0,

at (2.20)
du v

— = =0, xX€d82, t>0,

v  Jv

u(x, 0) = up(x), v(x,0) =vo(x), x€ Q.

Again (2.20) has a unique positive constant equilibrium (a,a/A), and we use A as the main bifurca-
tion parameter. To identify possible Hopf bifurcation value A", we recall the following necessary and
sufficient condition from (Hassard et al., 1981; Yi et al., 2009a).

(Ag) There exists i € Ny such that
T;\")=0, D;A")>0 and T;(A")#0, D;")#0 forallj#i,

where T;(A) and D;()\) are defined in (2.10) and (2.11), respectively; and for the unique pair
of complex eigenvalues «(A) £ iw(A) near the imaginary axis,

/A £0 and o) >0.

For i € Ny, we define

M=o (), 2.21)

where the function Ay () is defined in (2.13). Then T;(A) = 0 and T;(A/") # 0 for j # i. By Lemma 2.1,
it is easy to see that A is strictly decreasing in i and

max AIH =)on =i and lim Xf’ =0,
iENo I—00

where A is defined in (2.5). Since we require f(a) < %o, then there exists an ny € Ny such that
)J,Z) n<flo< )LnHO . Then we have ny + 1 possible Hopf bifurcation points at A = )Lf] (0 <j < ngp) defined
by (2.21), and these points satisfy

f(a)<)»fl{) <AZ)_1 << A<l
Next, we show that under some additional conditions, Dj(AIH ) >0 for 0 <i<ng and j € Ny; then
in this case we must have D,-(AIH) >0 and Dj()\iH) #0 for 0 <i<ng and j € Ny, as required in the
condition (Ag).
If

dif*(a) + dof (@) — daraf'(a) > 0, (2.22)
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then
1
D) = didapi} + 7 (1O + dodi| — doaf (@) + 1> 0.
On the other hand, if (2.22) does not hold, then we still have

draf'(a)
fla)

D) > dvdyps + (2 didy, — ) i+ X

_ ddido) = 2\/dids — dyaf (@)[f @) _ ddidaf (@) = 2\/didz — doaf @ /f @)” _

0,
4d1 d2 4d1 d2

given that

draf'(a) ) :
f(a) '

Finally, let the eigenvalues close to the pure imaginary one near A = A#, 0 <i<np be a(X) £io(A).
Then

4d,dof (a) > (2 didy — (2.23)

, 708 1 af'(a 1
o W = 5 =2(—];H -1 <_E<O’

o) =/D;) > 0.

Now, by using the Hopf bifurcation theorem in Yi et al. (2009a), we have the following theorem.

THEOREM 2.5 Suppose that a,d, d, > 0 are fixed such that f(a) < Xo and either (2.22) or (2.23) holds,
where 1 is defined in (2.5). Let £2 be a bounded smooth domain so that the spectral set S = {;};en,
satisfies that:

(S1) all eigenvalues p; are simple for i € Ny.

Then there exists an ng € Ny such that )»,’1'{) a<fl< )»f;) and for (2.20), there exist ny + 1 Hopf bifur-
cation points k;’,j =0,1,2,...,np, defined by (2.21), satisfying

f(a)<)xllf0 <)»f:)71 <--~<)\111 <Ag=)_»0.
At each A = )\;’ , the system (2.20) undergos a Hopf bifurcation, and the bifurcation periodic orbits
near (A, u,v) = (A, a, a/)»jH) can be parameterized as (A(s), u(s), v(s)), so that A(s) € C*° in the form of
A(s) = A]" + o(s) for s € (0, 8) for some small § > 0, and
u(s)(x,t) =a+ sa; cos(w()\j’»i)t)@(x) + o(s),
v(s)(x, 1) = a/Al" + sb;cos(w (L)1) g(x) + o(s),

where a)(AJH )=+/D;j (Af’ ) is the corresponding time frequency, ¢;(x) is the corresponding spatial eigen-
function and (a;, b;) is the corresponding eigenvector, i.e.

(L) — i WD (@, b)) "¢ (x)]1=(0,0)7,
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where L()) is defined in (2.7) and [ is the identity map. Moreover, the following conditions are
satisfied:

1. The bifurcating periodic orbits from A = A = Lo are spatially homogeneous, which coincide
with the periodic orbits of the corresponding ODE system.

2. The bifurcating periodic orbits from A = )L]H , 1 <j < ny, are spatially non-homogeneous.

REMARK 2.6 1) Iff(a) > Lo does not hold, then (a, a /A) is locally asymptotic stable for every b > 0

or A > f(a). This occurs for f(u) = u for which f(a) =a > (—1 + \/1 + 4a2)/2 = A for any
a>0.

(ii) If f(u) =u™ with m > 1, then the assumptions f (a) < X0, and (2.22) or (2.23) are all satisfied if

[dym —1) [ @Va — mJd)?
d><d,, and min{ { 2(”; )\/ ( ‘4dm D vmt e
1 1

When m = 2, then (2.24) becomes

) dy d>
d, <dy, and min —, 11—/ =7, <a<l. (2.25)
d, d

(iii) The condition (2.22) or (2.23) is sufficient but not necessary, and Hopf bifurcations indeed occur
for a much wider range of parameters (a, d,, d») described by (2.22) or (2.23).

The spatially non-homogeneous periodic orbits bifurcating from A = A, 1 <j < ny, are all unstable
as L(AJH ) possesses at least one pair of eigenvalues with positive real part. The stability of the spatially
homogeneous periodic orbits bifurcating from A = AJQ can be determined via calculation of normal form.
In the next result, we consider the bifurcation direction and stability of the bifurcating periodic orbits
bifurcating from A = A for the case of f(s) = s> according to Yi et al. (2009a).

THEOREM 2.7 Let Agl be defined as in Theorem 2.5. Then, for the system (2.20) with f (1) = u?,

1. If a > +/2/4 (or equivalently AH > 1/2), then the Hopf bifurcation at A =AY is supercritical.
That is, for small € > 0 and A € (A, Al + €), there is a small amplitude spatially homogeneous
periodic orbit, and this periodic orbit is locally asymptotically stable.

2. If a < +/2/4 (or equivalently A <1/2), then the Hopf bifurcation at A = A{ is subcritical. That
is, for small & > 0 and A € (A — &, AH), there is a small amplitude spatially homogeneous peri-
odic orbit, and this periodic orbit is unstable.

The proof of Theorem 2.7 is given in Appendix. Note that in the case of a subcritical Hopf bifur-
cation, there must be another large amplitude spatially homogeneous limit cycle for A € (AF — &, AH)
from the Poincaré—Bendixson theory.
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2.4 Steady-state bifurcation

In this part, we analyse the properties of steady-state solution bifurcations for (1.3). Similarly to (2.20),
we make the transformation A = f (a) + b > f (a), then (1.3) becomes

didu+ O —f@))yv—u+fuwy=0, xes,

hAV+a— A —fl@)yw—fwyv=0, xe, (2.26)
0

u__,, xedn.

Jdv  dv

We identify steady-state bifurcation value A% of (2.26), which satisfies the following steady-state
bifurcation condition (Yi et al., 2009a):

(Ag) there exists n € Ny such that
D,(0%) =0, T,A%)#0, D;(x*)#0v and T;(1%)#0 forany ;e Nyandj#n,
and
D) #0,

where T, (1) and D,,(A) are defined in (2.10) and (2.11), respectively.

Apparently, Dy(L) = A > f(a), hence we only consider n € N. In the following, we fix an arbitrary
a > 0, and determine A-values satisfying condition (Ag). We note that D, (1) =0 is equivalent to A =
As(n), where Ag(p) is defined in (2.13). Here, we make the following additional assumption on the
spectral set S = {4;}ien, according to Lemma 2.1:

(S2) There exist p,q € N, p < g such that p, | <p' < p, <py < p? < pigi1, where n! and p? are
defined in Lemma 2.1.

In the following, for p, g € N, we denote
[p.ql NN, ifp<g;
P.q) = .
{r}, ifp=gq, (2.27)
A3 = As(u,) forne (p,q).
The points A3 defined above are potential steady-state bifurcation points. It follows from Lemma 2.1

that, for each n € (p, g), there exists only one point A = )»g such that D,, (Aﬁ ) = 0. On the other hand, it is
possible that, for some A € (f(a), A,) and some i,j € (p, q), i <j such that

pi=p-(d) and p;=pi(A), (2.28)

where 1+ (1) is defined in (2.14). Then for this A, 0 is not a simple eigenvalue of L()), which is defined
in (2.7), and we shall not consider bifurcations at such points. On the other hand, it is also possible that

A,-S = AJH (a Hopf bifurcation point) for some i,j € (p, g). (2.29)
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However, from an argument in Yi et al. (2009a), for N =1 and §2 = (0, €x), there are only countably
many ¢, such that (2.28) or (2.29) occurs for some i # j. For general bounded domains in RY, one can
also show that (2.28) or (2.29) does not occur for generic domains (Wang et al., 2011).

To satisfy the bifurcation condition (As), we only need to verify whether D), ()Lf ) # 0, which is
proved in the following lemma.

LemMA 2.8 Let A5 and A, be defined in (2.27) and Lemma 2.1, respectively. If A3 # A, then D, (A5) # 0.

Proof. By differentiating D(Ag(1t), n) =0 with respect to u, where D(X, i) is defined in (2.12), we

have
oDdrg 0D —0

odn Tom

If, to the contrary, we assume that D), ()v: ) =0, then
oD
— 5w =0.
a (X tn)
From )Lﬁ # Ay, it follows from Lemma 2.1 that (dAg/dw)(u,) # 0. Hence, we have
oD ¢
(A, ) =0.
e

Then, we can deduce Aﬁ = A, from above relation, which is a contradiction. O

Summarizing the above discussion and using a general bifurcation theorem (Shi & Wang, 2009;
Wang et al., 2011), we obtain the main result of this part on bifurcation of steady-state solutions.

THEOREM 2.9 Suppose that a,d;,d, >0 are fixed such that f(a) <A, where A, is defined in
Lemma 2.1. Let £2 be a bounded smooth domain so that the spectral set S = {u;}i=en, satisfy that
(S1) and (S3). Then for any n € (p, g), which is defined in (2.27), there exists a unique Aﬁ € (f(a), 1s]
such that D, (A3) = 0. If in addition, we assume A3 = A, and

)»ﬁ #* AJ-S for any j € (p,q) and n #j, and )»5 #* Af for any j € (p, q), (2.30)
where A" is defined in (2.21), then

1. there is a smooth curve I}, of positive solutions of (2.26) bifurcating from (X, u,v)=
(Ag, a,a/ Ag), with [, contained in a global branch X, of positive non-trivial solutions of (2.26);

2. near (A, u,v) = (A5, a,a/A3), Iy = {Au(5), uy(5), vu(s) : s € (—€, €)}, where

uy (S) =a-+ San¢n(x) + Sllfl,n(s),
Va($) = a/Ay + sbudn(x) + sY2,0(5),

for some C* smooth functions A,, ¥ ,, Y2, such that A,(0) = )»ﬁ and ¥1,(0) = v,,(0) =0.
Here (a,, b,) satisfies

L) [(an, by) T ()] = (0,0) T,
where L()) is defined in (2.7).
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Proof. Since f(a) < Ay, then f(a) < A5 < A,. Thus the condition (As) has been proved in the previous
paragraphs, and the bifurcation of solutions to (2.26) occur at A = Aﬁ. Note that we assume (2.30) holds,
so A = A3 is always a bifurcation from simple eigenvalue point. From the global bifurcation theorem in
Shi & Wang (2009), I, is contained in a global branch X, of solutions. Hence the results stated here are
all proved except proving that X, only consists of positive solutions to (2.26). This is true for solutions
on I}, as a > 0 and a/A5 > 0. Suppose that there is a solution on X, which is not positive. Then by the
continuity of X, there exists a point A, 1, V) € X, such that reR, a(x) >0, 9(x) >0 forall x € 2, and
there exists xo € §2 such that 7(xp) = 0 or P(xp) = 0. We discuss the following possible cases:

(a) xp € £2 and V(xp) = 0. By the second equation of (2.26), we have 0 > —d, AV(xg) = a > 0, which
is a contradiction to the fact that x¢ is the minimum of v.

(b) xo € £2, u(xyp) =0 and v(xp) > 0. By the first equation of (2.26), we have 0 > —d; Au(xy) =
(A —f(a))v(xp) > 0, which is again a contradiction to the fact that xg is the minimum of 7.

(¢) xo0 €082, and ¥(xp) = 0. Since drb AV — bV — f(1)v = —a < 0 in £2, and ¥ reaches its minimum at
X € 082, it follows that by the Hopf boundary lemma, either v =0 or 9v(xy)/dv < 0. However,
a > 0; then ¥ = 0 is not possible for a solution (i, ) of (2.26), and the other alternative contradicts
with the Neumann boundary condition in (2.26).

(d) xo €982, and u(xp) =0. Since dj A — = —bv — f(1)v <0 in £2, it follows that we can get a
similar contradiction as (c).

Therefore any solution of (2.26) on X, is positive. This completes the proof. (]

2.5 Numerical simulations

To visualize the cascade of Hopf bifurcations and steady-state bifurcations described in Theorems 2.5
and 2.9, we consider two numerical examples. In both examples, we assume the spatial dimension
N=1, 2 =(0,37) and f (u) = u®. Then p; =i*/9, i € Ny.

ExaMPLE 2.10 We choose a = 0.5, d; = 1 and d, = 0.8. Then the conditions in Theorem 2.5 (especially
(2.22)) are satisfied; then steady-state bifurcations cannot occur and Hopf bifurcation points are

M~ 0.366 > A ~0.3274 > f(a) = 0.25 > A5 ~0.2446.

The curves I'y = {(a,b) : » =b + a* = ko} and several I} = {(a,b) : . = b + a* = 1} (i € N) are shown
in Fig. 2. The region below the curve Iy is the parameter set (a,b) so that the equilibrium (a,a/A)
is unstable for the ODE dynamics and a spatially homogeneous periodic orbit exists for such (a, b).
The parameter region below I is where D;(1) < 0, but these regions are all below Iy, hence non-
homogeneous steady-state solutions may be unstable or do not exist (in case a = 0.5. Figure 3 shows
a numerical simulation for (a, b) = (0.5,0.1) so that (a, b) in the region {b < Ay — a?}, and the solution
converges to a spatially homogeneous periodic orbit.

EXAMPLE 2.11 We choose a = 3.5, d, =0.01 and d, = 1. Then 1, ', % in Lemma 2.1 can be calcu-
lated as

Uy 236312, f(a)=1225<13.186 ~didopu?, w'=~17.417, u*>~70.333.
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F1G. 3. Numerical simulation of the system (2.20) with f (1) = u2, di=1,d,=0.8,a=0.5b=0.1 (A =0.35) and initial values
up(x) = 0.5 4+ 0.1 sin(x), vo(x) = 1.429 + 0.1 sin(x). The solution converges to a spatially homogeneous periodic orbit.

We can easily find that

pn=16<pu' <ui3~187718 < s < -+ < p1s
=36 < s < 1940111 < g < -+ - < U5 %69.444<;L2 < 3o ~75.111,

hence the interval (u', 1?) contains the eigenvalues p; (13 <i < 25). This gives possible steady-state
bifurcation points

Mg A 13,185 > Ay & 13.165 > A, &~ 13.155 > A5, ~ 13.100 > Aj¢ ~ 13.069
> A3, A 12,996 > Ajs ~ 12.921 > A5, ~ 12.858 > A}, ~ 12.706
> 135~ 12,690 > A3, ~ 12.498 > A%, ~ 12.417 > A55 ~ 12.286,
while the largest Hopf bifurcation point Al = & ~ 4.4749 which is much smaller. Hence, for this param-

eter set (a,d;,d) =(3.5,0.01,1), when b or A decreases, the first bifurcation point encountered is
Mg & 13.185, and a steady-state bifurcation (Turing bifurcation) occurs there. Figure 4 shows the curves
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FI1G. 5. Numerical simulation of the system (2.20) with f (u) = u?, d; =0.01 and dy = 1, a = 3.5, b=0.25 (A = 12.5) and initial
values up(x) =3.5 + 0.1 sin(x), vo(x) = 0.28 + 0.1 sin(x). The solution converges to a spatially non-homogeneous steady-state
solution.

I; and Iy in the case. At any parameter value (a, b) satisfying Ao — a®> < b < A7 — a® for some i, such
Turing bifurcation can occur. In the (a, b)-plane shown in Fig. 4, this corresponds to the region above
the curve Iy but below some I;. A numerical simulation for (a, b) = (3.5,0.25) is shown in Fig. 5,
where a non-homogeneous steady-state solution can be observed for large time ¢.

3. A further analysis of the steady-state solutions

In Section 2.4, we obtain the existence of non-constant solutions of (1.3) by using bifurcation methods.
Since the global structure of the set of positive solutions to (1.3) is still not clear despite the results in
Theorem 2.9, the bifurcation result is most useful near the bifurcation points. In this section, we obtain
some further existence/non-existence results for the steady-state system (1.3) by using energy estimates
and topological methods. The section is divided into three parts. In the first part, we give some a priori
estimates of the solution of (1.3), which are useful in the later discussions. In Part 2, we study the
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non-existence of non-constant solutions of (1.3), while in Part 3 we study the existence of non-constant
solutions via Leray—Schauder degree.

3.1 A priori estimates

First, we recall the following maximum principle (see Lou & Ni, 1996, Proposition 2.2 or Lou & Ni,
1999, Lemma 2.1).

LEmMMA 3.1 Let g€ C(£2 x R) and bi(x) € C(2),j=1,2,...,N. Then the following conditions are
satisfied.

(1) Ifwe C*(2) N C'(R2) satisfies

N
Aw+ > biwy, + g w(x) =0 in £2,

j=1
ow
<0 on 952,
av

and w(xp) = max .5 w(x), then g(xp, w(xp)) = 0.
(i) If we C*(£2) N C'(£2) satisfies
N
Aw + Z bi(x)wy; + g(x,w(x)) <0 in £2,
J=1

aw
—_— onds2,
av

and w(xp) = min,.s w(x), then g(xo, w(xg)) < 0.

A key result in our further analysis is the next lemma which establishes basic a priori estimates for
the solutions of (1.3).

LeEmMA 3.2 Any solution (u, v) of (1.3) satisfies

ab <u <a+® 7 G.1)
b+f(a+ad/(bdyy) =S pa TN '
a <v(x)<g, xe . (3.2)

b1/ (a+ady/(bdy)) b

Proof. Let xp € £ be a maximum point of v. Then it folloyvs from Lemma 3.1(i) that a — bv(xy) —
f(u(xo))v(xo) = 0, which implies v(x) < v(xg) < a/b for x € 2. Let w =dju + dpv. Adding the first two
equations in (1.3), we have

0
—Aw=a—u, xe€s2, 8—W=O, xeos2.
v
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Let x; € £2 be a maximum point of w; then it follows from Lemma 3.1(i) that u(x;) < a. Hence we have

d
dyu(x) <w(x) < wxy) = diuxy) + dav(xy) < ady + % xef.

This yields the upper bound of « in (3.1).
Let x, € 2 be a minimum point of v; then it follows from Lemma 3.1(ii) that a — bv(x,) —
f(u(xp))v(xy) <0, thus it follows from the upper bound of u in (3.1) that

a< (b+fu(x2))v(x) < (b +f(a+ ady/(bdy)))v(x2),

which provides the lower bound of v in (3.2). Finally, let x3 € £2 be a minimum point of u, then it follows
from Lemma 3.1(ii) that 0 > bv(x3) — u(x3) + f (u(x3))v(x3) = bv(xsz) — u(x3). Then it follows from the
lower bound of v in (3.2) that

ab _

u(x) = u(x3) = bv(xz) > bt 7@t ady/od))’

]
Furthermore by standard elliptic regularity theory and Lemma 3.2, we obtain the following
proposition.
ProposITION 3.3 Lete, A, b, Dy, Dy, ® > 0 be fixed. Then we have the following conditions:

(i) there exist two positive constants C; and C; depending only on ¢, A, b, © such that any solution
(u,v) of (1.3) satisfies C; < u(x),v(x) < C, forxe L ife<a<Aand0<d,/d, < O;

(i1) for any « € (0, 1), there exist a positive constant C depending on A, b, Dy,D;,,®,«, N, §2 such
that, forall 0 <a <A, d; > Diy,dr, > D; and 0 < d,/d; < ©, any solution (u, v) of (1.3) satisfies
lull c2rezy + VI c2te(zy < C.

Proof. (i) It follows from Lemma 3.2 that, for all ¢ <a <A, d; > D, and 0 < d, < D», any solution
(u,v) of (1.3) satisfies

eb AB -
<M(.x)<A+7, er,
b+ f(A+AG/b) b a3
e A _ ’
< <79 Q-
bifAtAop) SVWS, xE

Then the conclusion of (i) follows. For (ii), we first rewrite (1.3) as follows:
1

—Au= d—(bv —u+fwyv), xes,
1

1
—Av=—(@@—bv—f(uyv), xe€8,
dy

ou_ v _
v v

0, xean.
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Define

A S (2A +A® +é (A@)) A S <2A+A (A@)) ;
1-— Dl bf s 2 .= Dz bf 5

by (3.3), it holds

< Ao

H L bv—utfam)
d, L®(R2)

<A; and Hl(a —bv —f(wv)
d>

Le(£2)

Then, the conclusion can be obtained by a bootstrap argument. 0

For any solution (u, v) of (1.3), we denote by u and v the average over §2 of u and v, respectively,

ie.
_ 1 _ 1
u:—/udx, v:—/vdx,
2] Jo 1£2] Jo

where |§2| denotes the Lebesgue measure of §2. Integrating (1.3) over §2, we obtain that
u=a and /(b+f(u))vdx:a|[2|. 3.4
Q

Let ¢ =u — it and = v — v. The next result provides a priori L>-estimates for ¢, 1 and their gradients.
ProposITION 3.4 Let (u,v) be a non-constant solution of (1.3). Then

®

dzz,u% < ”V(ﬁ”%z(g) < (d2)2
27t +2dvpr +1 7 VYD, \di)
(1)
B _ VOl + 16170 _ <1+1) (@)2
(1 + D@t +2dip + 1) VYo + 1V 1720 i) \di)
Proof. Letw=d ¢ + dr; then it follows from (1.3) and (3.4) that
aw
Aw=¢, xe€2, 8—:0, x€eo082. 3.5
Vv

Multiplying the equation in (3.5) by ¢ and integrating over £2, we have

/Vw-V¢dx:—/¢2dx,
2 2

which yields
dz/ V¢-V1ﬂdx=—/¢2dx—d1/ Vo) dx. (3.6)
2 2 2
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By using (3.6), we obtain that
0</ |Vw|2dx=d12/ |V¢|2dx+2d1d2/ V¢-V1//dx+d22/ [V |* dx
2 2 2 2
=—d12/ |V¢|2dx—2d1/¢2dx+d22/ |V > dx
2 2 2
<é [[wupa-a [ vora
2 2

which implies the upper bound in (i).
Next, by multiplying the equation in (3.5) by w and integrating over §2, we obtain

/|Vw|2dx=—/w¢dx,
2 2

which can be expanded as

d?/ |V¢|2dx+2d1dz/ V¢-V1/fdx+d22/ |v¢|2dx=—d,/¢2dx—d2/¢¢dx.
2 2 2 2 2

By using (3.6), it follows that
& [ 1vorac=d; [ vorarra [ prar-a [ gyax
2 Q Q 2
On the other hand, by using Young’s inequality, we have

b [ pvar<s - [ ga dZ“l/de.

Combining the last two relations, we obtain that

dz/ IVl dx<d2/ Vo dx+<d1+)/¢ dx+d2“1/w2dx.
2

By Poincaré’s inequality we have

¢dx<—/|vwldx /w dx<—/|vw|dx

Therefore, from (3.7) and (3.8) we obtain

2d? 2d 1
d%/lvw|2dx< i 2t + /|V¢>|2dx,
2 2

ui

which completes the proof of (i).

1723

(3.7)

(3.8)
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The proof of (ii) follows directly from (i) together with the following estimate, which is a direct
consequence of Poincaré’s inequality:

wlVolEe) V8l +19lE@ _ 1+ DIVSlig)
Wi+ DIV gy IV 2 + W2 VIR,

3.2 Non-existence of non-constant steady-state solutions

Here, we first prove that (1.3) has no non-constant solutions if the first non-zero eigenvalue u, is large.

THEOREM 3.5 Let a,b,d;,d, > 0 be fixed. Then there exists a positive constant L depending only on
a,b,d; and d, such that (1.3) has no non-constant solutions if (&; > L.

Proof. Let¢ =u — uand y =v — v, where (u, v) is any solution of (1.3). Multiplying the first equation

of (1.3) with ¢ and integrating over £2. By Lemma 3.2, Young’s inequality and Poincaré’s inequality,
we obtain

dl/ |V¢>|2dx=b/ v¢dx—/¢2dx+/f(u)v¢dx
2 2 2 2

:b/ ¢wdx—/ ¢2dx+/f(u>¢wdx+/ S 0) — f ) dx
2 2 2 2

1
<C3/|¢W|dx+\7/ (/ f/(9u+(1—9)ﬁ)d9>¢2dx
2 2 0

<C4/(I¢W|+¢2)dx<2C4/(¢2+w2)dx
2C
4/(|V¢| VY P) dr,

where C3, C4 depend only on a, b, d, and d,. Similarly, we get

2C
dz/ |vw|2dx<—5/(w¢|2+|vw)dx,
Q M1 Jo

where Cs depends only on a, b, d; and d,. Adding the above two inequalities, we find
. 2 2 Co 2 2
mm{dl,dZ}(||v¢”L2(Q) + ”le”U(g)) < ;(”V(b”y(g) + ”Vl/f”LZ(_Q))’ (3.9)
1

where Cg depends only on a, b, d, and d,. Then it follows from (3.9) that ||V¢||iz(9) = ||V1p||,2_2(9) =0,
that is, u# and v are constant functions if u; > Cg/ min{d, d,}. O

Next, we prove the non-existence of non-constant solutions of (1.3) when d, is large or a is small.
To achieve that, we first prove the following lemma.

GTOZ ‘0OF JoquenoN uo AN pue wel||Ipn o 8|00 e /610°s[euno [piojxo ewew i//:dny woly papeojumod


http://imamat.oxfordjournals.org/

PATTERN FORMATION IN A GENERAL GLYCOLYSIS REACTION-DIFFUSION SYSTEM 1725

LEMMA 3.6 (1) Let a,b,d; > 0 be fixed and let {0,} C (0, 00) be such that o, — 0o as n — oo. If
(u,,vy) is a solution of (1.3) with d; = o, then
=0.
()

(i) Let b,d;,d, > 0 be fixed and let {a,} C (0,00) be such that @, — 0 as n — oo. If (u,,v,) is a
solution of (1.3) with a = a,, then

_a
fla)+b

Vp —

llm (”Mn — Cl”cZ(Q) +
n—oo

lim ([lunllc2¢z) + Hvallc2(2)) = 0.
n—0o0

Proof. 'We only give the proof of (i) since the proof is similar for the second one. By Proposition 3.3,
the sequence {(u,,v,)} is bounded in CHe(Q2) x C2+°‘(S_2) for any « € (0, 1). Hence, by passing to a
subsequence if necessary, {(u,,v,)} converges in C2(£2) x C2(£2) to some (u,v) € C>(2) x C*(£2).
Dividing the first equation of (1.3) by d; and then passing to the limit with n — oo, we obtain that (u, v)
satisfies the following relations in view of (3.4):

—Au=0, x €2,

—drAv=a —bv — f(u)v, xe s,

S=2=, xedg, G109
/Q u(x)dx =alf2| = /Q(b + f(u(x)))v(x) dx.

From the first, third and fourth relations in (3.10), we know that u = a. Thus v satisfies

—dybAv=a— (b+f(a)v, xef2,

9 (3.11)
Lo, xedg,
av

which has the unique non-negative solution v(x) =a/(b + f (a)). O

Now we can prove the non-existence of non-constant solutions of (1.3) when d; is large or a is
small.

THEOREM 3.7 (i) Leta,b,d> > 0 be fixed. Then there exists a positive constant D depending only
on a, b and d, such that (1.3) has no non-constant solutions if d; > D.

(i1) Let b,d,,d, > 0 be fixed. Then there exists a positive constant A depending only on b, d; and d,
such that (1.3) has no non-constant solutions if 0 < a < A.

Proof. Denote

HU(Q)z{weW”(Q):E;V;=00nag} and Lé(Q):{weLz(Q):/wdxzo}.
2
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Letw=u — a and 0 = 1/d,; then by (3.4), the weak formulation of (1.3) is equivalent to

—Aw=ocbv—a—w+f(w+a)y), xecf,
—drbAv=a—bv—f(w+a), xe 82, (3.12)
weH,(£2)N L(Z)(.Q), veH,($2).

Define F: R x (H,(£2) N L%(.Q)) x H,(§2) — L%(.Q) x L*(2) by

__(Aw+oPBY—w+f(w+a)v)
F("’W’V)'—( bAv+a—bv—f(w+ay )

where P : L?(£2) — L3(£2) is the projection operator form L*(£2) into L3(£2), i.e.

1
Pp=¢ — — [ @dx forany g eL*(£2).
12| Ja

We claim that (3.12) is equivalent to F(o,w,v) = (0,0) . Indeed, if (o, w, v) is a solution of (3.12), it
is obvious that F(o,w,v) = (0,0)". On the other hand, if F(o,w,v) = (0,0)7, then

AV+a—bv—fw+a)v=0in 2, veH, ().

By integration, it is easy to see that the above equation implies bv —a + f(w + a)v € L%(.Q). Since
we L(Z,(.Q), this yields by —a —w+f(w+a)v e L%([Z), so we have

Pbv—w+fw+awv)=bv—a—w+f(w+a)v.

Therefore, (o, w,v) satisfies (3.12).

The proof of Lemma 3.6 implies that the equation F(0,w,v) = (0,0)" has a unique non-negative
solution (w,v) = (0,a/(f (a) + b)). Furthermore, the Frechét derivative of F at (0,0,a/(f(a) + b)) is
given by

Dy F(0,0,a/(f (@) + b)) := (A 0"y (_“335,)) :

It is easy to see that Dy, yF'(0,0,a/(f (a) + b)) is invertible, so it follows from the Implicit Func-
tion Theorem that there exist positive constants oy and r such that (0,0, a/(f (a) 4+ b)) is the unique
solution of F(o,w,v) =(0,0)" if (o, w,v) €[0,00] x B.(0,a/(f(a) + b)), where B,(0,a/(f(a) + b))
denotes the open ball in (H, (£2) N LS(.Q)) x H,(§2) centred at (0,a/(f (a) + b)) with radius r.

Now, let {0,,} be a sequence of positive numbers such that o, — 0o as n — oo and let (u,,v,) be a
solution of (1.3) for a,b,d, fixed and d| = o,,. Letting w, = u,, — a, it follows that F(1/0,, w,,v,) =
(0,0)". According to Lemma 3.6(i), we have (w,,v,) — (0,a/(f(a) + b)) in C>(£2) as n— oo.
This means that, for n > 1 large enough, (1/0,,w,,v,) €[0,00] x B,(0,a/(f (a) + b)) which yields
Wnsvn) = (0,a/(f (@) + b)). Hence, for d; = o,, large enough, the only non-negative solution of (1.3) is
the constant solution (a, a/(f (a) + b)), which is part (i).

For part (ii), we consider a solution sequence {(u,, v,)};>, of (1.3) with a = a,, such that a, — 0 as
n— oo. In view of Lemma 3.6(ii), we obtain (u,,v,) — (0,0) in C?(£2) x C*(£2). Obviously, (0,0)
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is the unique solution of (1.3) with a = 0. Furthermore, by Theorem 2.3, (0, 0) is locally asymptoti-
cally stable for (1.2) with a=0. Since (1.3) is a regular perturbation problem for a — 0, it follows
from the regular perturbation theory of linear operators (Kato, 1976) that the solution (u,,v,) is also
linearly stable if # is large enough. Consequently, the well-known implicit function theorem shows that
(a,a/(f (a) + b)) is the unique positive solution to (1.3) if a is sufficiently small. O

3.3 Existence of non-constant steady-state solutions

In this section, we use degree theory to prove the existence of non-constant solutions of (1.3) for a
certain parameter range. For that purpose, we define

X:= {w: (u,v) € [CH(2) N C2(2))*: 2—:)’ = g—z =0on asz} , (3.13)

and let
Xt :={u,v)eX:ukx) >0, v(x) >0, xe 2}.

We rewrite (2.26) (or equivalently (1.3)) in the following form:
—DAW=G(w), weXH, (3.14)

where

_(di O (A =f(a)y—u+fwv
b= (o dz) , G = (a — (o~ fl@)w —f(u)v)

For the calculation of degree, it is more convenient to write (3.14) as
Hw)=0, weX",

where

HW) =w— (—A+D'(D'Gw)+w), weX". (3.15)
Let wo = (a, a/A) be the positive constant equilibrium of (1.2); then we have
DyH(wo) =1~ (=A+1D)~"(I + D 'Ly(1)),

where Ly(}) is defined in (2.2). If Dy H (Wy) is invertible, by Nirenberg (2001, Theorem 2.8.1), the index
of H at wy is given by

index(H, wo) = (—1)7, (3.16)

where y is the number of negative eigenvalues of Dy H (wy). On the other hand, using the decomposition

X:@Xk, 3.17)

k>0
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where X} is the eigenspace corresponding to uy, k € Ny. Since X} is an invariant subspace of the linear
compact operator Dy, H(Wy), then £ € R is an eigenvalue of DyH (wp) in X; if and only if £ is an
eigenvalue of (u; + 1)~ (il — D~'Ly(L)). Therefore, Dy H (W) is invertible if, and only if for any
i € Ny, the matrix p;I — D~'Ly()) is invertible. Define

O(a, A, dy, da, 1) := det(ul — D' Lo(L)). (3.18)

Hence, if u;l — D~ 'Ly(}) is invertible for any i € Ny, then it is well known (see, for example Peng et al.,
2008) that

y = > (i), (3.19)

ieNo, Q(a,r.dy,dp, 1) <0

where e(yt;) is the algebraic multiplicity of p;. A straightforward computation yields that

1
Q(a’ )\" d]7d25 M) = 7D()\" M)a (3'20)
did,

where D(A, n) is defined in (2.12). Here, we emphasize the dependence of Q on a,d;,d, as well. If
A < Ay (Which is defined in Lemma 2.1), i.e.

af'(@) > A(1 + \/dir/d>)?, (3.21)

then, from Lemma 2.1, the equation Q(a, 1, d,,d>,-) = 0 has two positive roots ,ui (a, ), dy,d>) which
are defined as in (2.14). Now, by using the same method as in Peng et al. (2008) (see also Ghergu, 2008;
Pang & Wang, 2004; Peng & Wang, 2005; Zhou & Mu, 2010), we have the following result.

THEOREM 3.8 Assume that a,A,d|, d; satisfy (3.21), and there exist i, j € Ny such that
() 0<py<p (a,rdy,dy) < g1 < i < ut(a, r,dy, da) < pig and
(i) >jisy e(ui) is odd.

Then (2.26) (or equivalently (1.3)) possesses at least one non-constant solution.

Proof. We prove the result by using a degree theory via a homotopy argument in the parameter d;.
Suppose that (a, A,d,,d>) = (a, X, Jl, Jz) are given and satisfy (3.21). From Theorem 3.7, for the given
(a, ), dr) = (&,X,Jz), there exists D; > 0 such that when d; > D,, system (2.26) has no non-constant
solutions. From Lemma 2.1 and Remark 2.2, one can choose D, > 0 such that, for the given (a, A, d>) =
(@, r, JZ), when d; > D5, then the corresponding A.(a, rdi, J2) < A (where A is defined in Lemma 2.1).
Hence we have

Q(@a, A, dy,dy, ) >0, ifpu>0,d>D,. (3.22)
Furthermore, by Proposition 3.3, for the given (a, A, d») = (a, )_»,d_z), there exist positive D3 > 0 and

two constants Cy and C; depending only on Dj such that any solution (,v) of (2.26) with (a, A,d>) =
(a, M, d) and d, > D3 satisfies C; < u(x), v(x) < C, for x € 2. We define D = max{D;, D,, D3}.
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Consider a mapping F : M x [0, 1] — C(£2) x C(£2) by

1 —1

u -+ (D + dt) [()_L _f(a))v —u +f(u)v]
Fw,n=(-A+D"" 1 ’

1 _
v+ =la— & —f@)y—fvl
d»

where

M={w=(u,v)eC(2) x C(2):Ci; <u,v<C,in 2}.

It is easy to see that solving (2.26) is equivalent to finding a fixed point of F(-, 1) in M. According to
the choice of D, we have that wy = (a, a/A) is the only fixed point of F'(-, 0). Furthermore, by (3.22) we
have

deg(I — F(-,0), M, (0,0)) =index(I — F(-,0), wo) = 1. (3.23)

Since I — I:"(-, 1) = H, and if (2.26) has no other solutions except the constant one wy, then, by (3.16)
and (3.19), we have

deg(I — F(-, 1)) = index(H, wo) = (— )X kw1 €) — 1. (3.24)
On the other hand, from the homotopy invariance of the Leray—Schauder degree, we have

1 =deg(I — F(-,0), M, (0,0)) =deg(I — F(-,1)) = —1,
which is a contradiction. Therefore, there exists a non-constant solution of (2.26). O

The conditions (i) and (ii) in Theorem 3.8 defines a region in the parameter space {(a, A, d,;,d,)} for
which a non-constant solution of (1.3) exists. Because of the binary nature of the index, this parameter
region is usually a union of smaller connected components. When fixing all other parameters but freeing
one, the parameter set is usually a union of non-overlapping intervals. This can be seen in the following
corollary.

COROLLARY 3.9 Suppose that all eigenvalues u; (i € Ny) have odd algebraic multiplicity.

(i) Leta,d,,d, > 0be fixed, and let ;' u? be defined as in Lemma 2.1. Suppose that the condition
(8,) in Section 2.4 is satisfied, and A are defined as in (2.27). Assume that the set {A> : n € (p, q)}

can be relabelled to {Af :1<i<g—p+ 1} such that

— —

fl@ <id o <--<Aly <A <o A3 <A <A

Then (2.26) (or equivalently (1.3)) has at least one non-constant solution for

re U OS5 A9). (3.25)
1<i<g—p+1,iis odd
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(i) Leta, A,d> > 0 be fixed so that a, A satisfy
af'(a) > A > f(a). (3.26)

Define

g dan(af @) —3) — 12
! MnA(dapiy + A)

forn e {neN:dyju,(af'(a) — 1) — A* > 0}. Assume that the set {d} : n € N, do,(af (@) — 1) —

22 > 0} can be relabelled to {d} : n € N} such that

, (3.27)

d11>d12>~~>d{>di+l>-~-, lim di =0.

i—00

Then (2.26) (or equivalently (1.3)) has at least one non-constant solution for

dye| Ja@t.ai . (3.28)
ieN

Proof. For (i), it is easy to see that y defined in (3.19) is odd if X satisfies (3.25); and for (ii), it is easy
to see that y is odd when d; satisfies (3.28). ]

‘We remark that one can indeed show that A = kf and d; = d} defined in Corollary 3.9 are bifurcation
points where non-constant solutions stem out from the branch of constant solution, by using the global
bifurcation theorem in Rabinowitz (1971). This would partially generalize the result in Theorem 2.9
where the eigenvalues u; are assumed to be simple. However, the result in Corollary 3.9 shows the
existence of non-constant solutions in some more specific parameter regions, which cannot be achieved
in bifurcation results.
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Appendix
A.1  Proof of Theorem 2.4

We first consider the following scalar problem:

0

a—v::dAw—i-{(w), xef, t>0,

0

o, x€d82, 1>0, (A1)
ov

wx,0) =wo(x) 20,0, xe£2,

where d > 0 is a constant. Then we have the following result for (A.1).
LEMmA A.1 Assume ¢ € C[0,00] N C 1(0, 00) satisfies that there exists a constant £ > 0 such that ¢

has only one root C,, € (0, max,cg wo(x) + €] and ¢’'(Cy) <0. Then w(x, 1) exists for all > 0, and
lim;_, oo w(x, t) = C,, uniformly in £2.

Proof. Let z(t, zo) be the solution of the following equation:

dz @. 10
e <
dr ¢42), ’
2(0) = zo,

where 0 <zp <max, g wo(x) + ¢. It follows from the assumption on ¢ and theory of ODE_ that
lim z(t, z9) = C,,. By the strong maximum of parabolic equation, we know that w(x,7) > 0 in §2 for
11— 00

t > 0. Then we can take § > 0 small enough so that

wo i=maxw(x,r+§) € (O, max wo(x) + 8:| ,
xXe2 xe

Wy i=minw(x,t 4 §) € (0, max wy(x) + 8:| .
xe2

xef2

Then z(t, wy) < w(x,t 4 §) < z(2, wp) by the comparison principle. Then the conclusion follows by the
fact that lim,_, o z(t, wy)) = C,, = lim,_, » 2(¢, Wo). U

Proof of Theorem 2.4. We only give the proof of case m =2 since the proof of m =1 is easier by
using similar methods. It follows from the second equation of (2.18) that v, — d, Av < a — bv; then, by
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Lemma A.1 and the comparison principle, we get

lim sup max v(x, 1) <
t—oo XxES

I=1_)1.

SR

Since b > 4a?, we can choose € > 0 small enough so that 1 — 4b(v, + €)? > 0. Then there exists a
constant_Tf > 1 such that v(x,7) <V + € forx € £2 and ¢ > T;. By the first equation of (2.18) we have,
forxe 2 andt>1t>T7y,

u —di Au< ¥y + Ou? —u+ b + €) =1 (u).

It is easy to verify that ¢; (u) has two roots u!, u? and ¢{(u!) <0, where

1=V dbmite? L, 1+ VIt g

I/t == 9’ € —_
¢ 2(vi +€) 2(vi +€)

Since max, g up(x) < /b, there exists a positive constant & such that ¢;(«) has only one root ui €
(0, max, . uo(x) + €], by Lemma A.1, the comparison principle and letting € — 0, we have

| —\/1—4b7 b— o' —4a®b a2
= =Uup. .

lim sup max u(x, 1) < =
t—00 xeL A 2a

Then, for € > 0 small enough, there exists a constant 75 > 1 such that u(x, ) <u; + € forx e £ and
t > T5. Then, by the second equation of (2.18), Lemma A.1 and letting € — 0, we get

liminf min v(x, t) > —
>0 e “ b + u%

=y, <. (A3)
Since y; < vy, we can choose 0 <€ <y, such that 1 —4b(v, — €)% > 0. Then there exists a constant
T5 > 1 such that v(x, 1) > v; — € for x € £2 and t > T5. By similar analysis as (A.2), we get

L—/1—dbi

lim inf min u(x, t) > =uy; <Uj.

>0 e 2!1

Then, for any 0 < € < u, there exists a constant 7 > 1 such that u(x, 1) > u, — € forxe Qandt> T;.
By similar analysis as (A.3), we get

lim sup max v(x, 1) < =V
t—>00 XER b + E%

Furthermore, one can show v; < v, < vy by direct calculation. Similarly, we have

. 1—+/1— 4b17§
limsup max u(x, ) < —————= =
t—oo Xxef2 2\12

andgl gl/_tz <Ijl1.
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Let
a
@(s) = m, s> 0,
1 — 1 —4bs? 1
Y(s) = , <s<—.
2s 2Vb

Then ¢ is decreasing and v is increasing. The constants u;, v;, u4;, v;, i = 1, 2, constructed above satisfy

_ _ _ a
=) K@) =<y = b

u =y ) <KYO) =u <u =y (),

Lliminfminv(x, ) < lim supmax v(x, ) < vy,
=00 xeQ oo XER

(A.4)

L liminfminu(x, 1) < limsup max u(x, 1) <
=00 xe t—>00 XER

By induction, we can construct four sequences {v;}°,, {u;}72,, {v;}72, and {1;}?°, by
_a  _ _ _ _
=, = v, vi=e), w=v), Vi =e0)), (A.5)

such that

< liminf min v(x, ) < lim sup max v(x, 1) < v;,
=00 xe t—oo xeR

< liminf min u(x, f) < lim sup max u(x, 1) <
=00 xe2 00 XER

In view of (A.4), (A.5) and the monotonicity of ¢ and v, it follows

Vi <V = o) <o) =Vipr <,
<

<
Ui = Iﬂ(yi-i,-l) SY Vi) =Uip < U;

by induction. From the monotonicity of the sequences, we may assume

limu,=u, limu=u, limy=y, limvy,=v.
i—00 i—00 i—00 i—00

Itisobviousthat 0 <u <u,0<v<vandu, v satisfy

u=y®), v=ew, u=y), v=9¢W. (A.6)

With some elementary calculations, one can show that (A.6) is equivalent to

0
0
(A7)
0
0
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It follows from the first and fourth equations of (A.7) that
viu+uw)(@w—u) +a—u=0. (A.8)
By the second and third equations of (A.7), we have
vut+uww—u +u—a=0. (A.9)
Then it follows from (A.8) and (A.9) that
U+ w@+v)—u =0,

i.e. it =u =a. Then, by (A.7), we obtain ¥ =y =a/(a*> + b). O

A.2  Proof of Theorem 2.7

Proof of Theorem 2.71. Here we follow the notations and calculations in Yi ef al. (2009a). When A =
Ag’_: *o= (=14 /14 8a%)/2, (2.9) has a pair of purely imaginary eigenvalues 1 = 4i\/A¢. Let g =
v/ Ag; then for Jacobin matrix

_(AG0) o Ao M\ B* B2
Loy = (B(?_no) —5»0) N (—1 — %o —5»0) B (—1 - p? —ﬂz) ' (A.10)

and eigenvector g of eigenvalue i satisfying

Log=iBq
can be chosen as ¢ := (ag, bo) " = (=B, B — i)". Define the inner product in X¢ := X PiX ={x +ixy:
X1,Xp € X} by
(W1, wa) =/ (ityus + virp) dx,
2
where w; = (4;,v;) T € X¢, i =1,2. We choose an associated eigenvector g* for the eigenvalue u = —if8
satisfying
Lyg" =—iBq*, (¢".q)=1, (¢".q) =

Then ¢* = (a, b)) " = ((—1 —iB)/2B182],—i/2|2])".
Let A(u,v) = bv — u + u?v and g(u, v) = a — bv — u?v, by calculation, at

(+7)=(FVT+7 V7).

we have
uu = _huu’ 8wy = _huva uuwy = _huuv’

hvv = hvvv = huvv = huuu = uuu = 8w = uw = vw = 0’

huLl:fV1+,32a huv:ﬁﬁvl+ﬁ2’ huuv=2~

(A.11)
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By direct calculation, it follows that

Co = M + 2huyaoby + hob? = (V2 — 23287 BV/1 + B2 + 2v/287\/1 + B2,

do = guuag + 28uaobo + gwb = —co.

€0 = hudlao|® + huy(aoho + @obo) + hywlbol®> = (V2 — 2281 8/1 + B2,

fo = guulaol* + gu(@obo + aobo) + gwlbo|* = —eo,

80 = a0 @0 + huu 2lao*bo + @ybo) + hun (21bo a0 + bdo) + huwlbol*bo
=2p*Gp — D),

ho = gualaol*a@o + guw (1o *bo + agho) + guw 2lbolao + biao) + g lbolby = —

Denote
Ci (4 g
Qpq= ((;;) OV ES (f(?) v Coga= (hz> . (A.12)
Then
*« _ -1 + 1,3 ld()
(@ Q4a) _/Q ( 2807 2671) dr=
* R -1 + lIB lfO _
<q,Qq,q>—/Q( e M) e —
N N —1+iB ihg
9" Caqa) _/Q ( 2807 50 2@;1) dr=
", Oga) = / (—feo+ (B + i)d())dx——;i,
B
(@, Qua) /( ,3€0+(,3+l)f0)dx——78
<q s Qq,q) = (q > Qq,q>’ (q > Cq,q,é) = <q > Qq,?]>~
Hence,

Hy = (co,do) " +ﬁ(a0,bo) +ﬁ(ao,bo) =co(l, =) +co(—=1,1)"

Hy = (eo. fo) | + Tg(ao,bo)T + 73(00,790) =eo(1,—=1)" +eo(—1,1)"

which implies that wyy = w;; =0, then

(q*’ an,q) = <q*9 szo,[]) = O (A13)
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Thus,

j 1
Re(e1 (1)) =Re {2;0@*, Qua) - (4" Qug) + 5" Cq,q,zn}

=(ﬂ2—;> <1+ﬁ2+?\/1+ﬂ2>, (A.14)

where wy = . From (A.14), we know that if 0 < 8 < «/5/2, then Re(cl(kg)) <0, and if B > \/5/2,
then Re(c; (M) > 0. From the proof of Theorem 2.5, we know that y’(Af) < 0. Hence we obtain the
direction of bifurcation according to Jin ef al. (2013, Lemma 5.1). ]
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