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Optimal Source and Relay Design for Multiuser
MIMO AF Relay Communication Systems with
Direct Links and Imperfect Channel Information
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Abstract—In this paper, we propose statistically robust design
for multiuser multiple-input multiple-output (MIMO) relay sys-
tems with direct source-destination links and imperfect channel
state information (CSI). The minimum mean-squared error
(MMSE) of the signal waveform estimation at the destination
node is adopted as the design criterion. We develop two iter-
ative methods to solve the nonconvex joint source, relay, and
receiver optimization problem. Simulation results demonstrate
the improved robustness of the proposed algorithms against CSI
errors.

Index Terms—multiuser, MIMO relay, robust, channel state
information, direct link.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) relay communica-
tion has attracted much research interest in recent years for
its advantages in increasing the coverage and the capacity
of wireless networks. In particular, the amplify-and-forward
(AF) relay strategy has been extensively investigated in the
literature, as it is simpler to implement than the other relay
strategies.

In [1]-[4], the source and relay precoding matrices of linear
AF MIMO relay systems have been designed under different
criteria. The optimal relay precoding matrix maximizing the
source-destination capacity has been developed in [1] for AF
MIMO relay systems without the direct source-destination
link. In [2], the relay precoding matrix minimizing the mean-
squared error (MSE) of the signal waveform estimation at the
destination node has been developed. A unified framework
for joint source and relay matrices optimizing in linear AF
multicarrier MIMO relay communication systems has been
developed in [3] under the assumption of a negligible direct
source-destination link. An overview of the transceiver opti-
mization problems for AF MIMO relay systems can be found
in [4].
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The direct source-destination link has been ignored in [2]
and [3]. However, the direct signal transmission from source
to destination provides a spatial copy of the source signals,
and thus, should be considered in the MIMO relay system
design. In [1], upper and lower bounds on the capacity of
AF MIMO systems have been discussed in the presence of
the source-destination link, and a suboptimal structure of
the relay precoding matrix has been derived. In [5], source
and relay precoding matrices design based on a Tomlinson-
Harashima precoder has been studied considering the direct
source-destination link. A closed-form design of the relay
precoding matrix has been proposed in [6]. Relay precoding
matrix design based on a modified power constraint has been
proposed in [7]. It has been proven in [8] that the optimal
relay precoding matrix has a general beamforming structure
for most commonly used objective functions.

The transceiver designs in [1]-[3] and [5]-[8] require the
exact channel state information (CSI). However, in real com-
munication systems there is always mismatch between the true
and the estimated CSI, due to channel noise, quantization
errors, and outdated channel estimates. The performance of
the algorithms developed assuming the perfect CSI knowledge
will degrade in the presence of such CSI mismatch.

CSI mismatch has been taken into account in the MSE-
based transceiver design [9] for MIMO relay systems. In [10],
statistically robust source and relay matrices design has been
developed considering two imperfect CSI scenarios. In [11], a
joint optimization of relay and destination matrices has been
proposed considering the imperfect CSI at the relay node.
Transceiver optimization for a general multi-hop AF MIMO
relay system with Gaussian distributed channel uncertainties
has been investigated in [12].

Robust transceiver has been developed in [13] for single
user MIMO relay systems considering both the direct link
and the CSI mismatch, where only a single data stream is
transmitted. Recently, joint source and relay design algorithms
have been proposed in [14] which support multiple concurrent
data streams and consider both the direct link and the CSI
mismatch.

In this paper, we investigate the joint source, relay, and
receiver matrices design for multiuser MIMO relay systems
with direct source-destination links and CSI mismatch. Since
multiple source precoding matrices are involved, the system
model and the optimization problem are more complicated
than the single user case. To our best knowledge, there is no
existing work on the robust transceiver design for multiuser



MIMO relay networks considering both the direct links and
the CSI mismatch. The works in [14] and [15] can be viewed
as special cases of this paper.

The true CSI of each link is modeled as a Gaussian random
matrix with the estimated CSI as the mean value and the
well-known Kronecker model is adopted for the covariance
of the CSI mismatch. The MMSE of the signal waveform
estimation at the destination node is adopted as our design
criterion. Since the joint source, relay, and receiver matrices
optimization problem is nonconvex, a globally optimal solu-
tion is computationally intractable. We develop two iterative
algorithms to solve the original optimization problem. The key
to solve the nonconvex optimization problem is to convert
it to an equivalent non-robust MIMO relay design problem
with equivalent channel, source, relay, and receiver matrices.
The effect of CSI mismatch is shown in the structure of
the optimal robust source and relay matrices. Simulation
results demonstrate the improved robustness of the proposed
algorithms against CSI errors. Interestingly, the computational
complexity of the robust MIMO relay design is in the same
order as the non-robust approach.

For multiuser MIMO relay systems with multiple relay
nodes, the robust source and relay matrices optimization
problems are much more challenging than those in a single-
relay system [14] and [15], due to the block diagonal structure
of the relay precoding matrix and multiple transmission power
constraints at the relay nodes. However, we show that the
proposed algorithms can be extended to this more general case.

The rest of the paper is organized as follows. In Section II,
the model of a two-hop linear AF multiuser MIMO relay
communication system considering the CSI mismatch and
the direct source-destination links is introduced. The robust
source and relay matrices design algorithms are developed in
Section III. In Section IV, we extend the proposed algorithms
to multiuser MIMO relay systems with multiple relay nodes.
In Section V, we show numerical examples to demonstrate the
improved robustness of the proposed approaches against the
CSI mismatch. Conclusions are drawn in Section VI.

II. SYSTEM MODEL

We consider a two-hop multiuser MIMO communication
system as shown in Fig. 1, where K users (node i, ¢ =
1,---, K) transmit information to the destination node (node
d) with the aid of a relay node (node r). The ith user is
equipped with Ng;, @ = 1,--- K antennas. The relay and
destination nodes are equipped with N, and N, antennas,
respectively. Using a half-duplex relay, the communication
process is completed in two time slots. During the first time
slot, the Np; x 1 modulated signal vector s; is linearly precoded
at the ith user by the source precoding matrix F1; € CNeixNoi,
The precoded signal vector

X; = FUSZ' (l)

is transmitted to the relay node and the destination node. We
denote N, = Zfil Ny; as the total number of independent
data streams from all users. The received signal at the relay

User 1

User K

Fig. 1. A Two-Hop Multiuser MIMO Relay Communication System.

node can be written as
K

yr = Hix; +n, 0]

i=1

where Hy; € CN-*Nsi is the MIMO fading channel matrix
of the ith user-relay link, y, and n, are the received signal
vector and the additive Gaussian noise vector at the relay node,
respectively.

The received signal at the destination node at the first time
slot can be written as

K
Yar = Y Hygix; +ng1 3)

i=1

where Hy; € CNaxNsi ig the MIMO fading channel matrix
of the ¢th user-destination link, y41 and ng; are the received
signal vector and the additive Gaussian noise vector at the
destination node, respectively. Substituting (1) into (2) and
(3), we have

K
yr= Z Hy;Fis; +n, 4)
i1
K
yar =Y HgFus; + na. ®)
i=1

During the second time slot, the users remain silent and the
relay node multiplies the received signal vector y, by the relay
precoding matrix Fo € CNr*Nr and retransmits the signal
vector

Xy = F2yr (6)

to the destination node. The signal vector from the relay node
received at the destination node can be written as

Yaz = Hax, +ngo @)

where Hy € CNeXNr g the MIMO fading channel matrix of
the relay-destination link, y 42 and ngo are the received signal
vector and the additive Gaussian noise vector at the destination
node at the second time slot, respectively.



Substituting (4) and (6) into (7), we obtain

K
yao=H2F5 Z H;Fy;s; + HoFon, +ngo
i=1
=[HoFoH, Fiq,- -, HoFoHy £ g |s+HyFon,+ng2(8)
where s = [s,--- sL]T, and ()7 stands for the matrix
(vector) transpose.
Combining (5) and (8), the signal 7geceived at the destination
over two time slots y = [y2,,y5,]" can be written as

_ [HoFoHyFoy, -  HoFoHi g Fig S
H3 1 F11,- - H3xFig

" [HoFon, + nd?]
L g1
=Gs+vVv &)

[HoFoH Fuy, - HoFoHi g Fog
. I H31Fiy, oo HsxFag
equivalent MIMO channel matrix between the source and des-
.. H>Fon, +n
tination nodes, and v £ 2F2lly + N2
. ndl. .
noise vector. We assume that all noises are independent and
identically distributed (i.i.d.) additive white Gaussian noise
(AWGN) with zero mean and unit variance.

where G £ is the

] is the equivalent

In the case of CSI mismatch, the true channel matrices can

be modeled as the well-known Gaussian-Kronecker model as
in [9] and [14]
j=14,2,3i, i=1,--- K
(10)
where I:Ij is the estimated channel matrix, ®; and ®; denote
the covariance matrix of channel estimation error seen from
the transmitter side and the receiver side, respectively, and
® stands for the matrix Kronecker product. From (10), we
have H; = ﬁj + A,;,ijjAgj, where A<bjAgj = P,
A@jAI_{j = (-);'»F, H,, is a Gaussian random matrix with i.i.d.
zero mean and unit variance entries and is the unknown part
in the CSI mismatch. Here, (-) denotes the matrix (vector)
Hermitian transpose.

H; ~CN(H;,0; ® ®,),

In practice, the knowledge of Hy and Hg;, 1 = 1,--- | K,
can be obtained at the destination node through channel
training, the CSI of H;;, e = 1,--- | K, can be first obtained
at the relay node through channel training and then forwarded
to the destination node. In this way, the destination node
obtains all CSI required. Then the destination node performs
the transceiver optimization and sends the optimized Fi; to
the ith source node and F to the relay node.

Using a linear receiver, the estimated source signal vector
at the destination node is given by

§=Why (11)
where W is the 2Ny x N, receive weight matrix. From (9)
and (11), the MSE matrix of the signal waveform estimation
at the destination node is a function of W, {Fy;} £ {Fy;,i =

1,---,K}, and Fy as

EW,{F;},Fy)
=E[(8§—s)(8— S)H]
= (WG —Iy,)(WHG - 1y,)" + WIC,W

=WHAW — WG - GIW + 1y, (12)

where E[-] stands for the statistical expectation with respect

to signal and noise, I,, denotes an m X m identity matrix,

A=GG” +C,, and

H.FoFEYHE +1Iy, 0
0 Iy

is the noise covariance matrix. To obtain (12), we assume that
E[ssf] =1y,.

Since the exact CSI is not available at all nodes, there can
be a great performance degradation if the estimated channel
matrices are simply used to optimize (12), due to the mismatch
between H; and ﬂj, j = 14,2,3i,7 = 1,.--, K. Taking
the CSI mismatch into account, we consider the statistical
expectation of E, which is given by
Eg[E(W,{F;},Fy)] = WIAW - WG - GEW +1y,

(14)
where Ey|[-] stands for the statistical expectation with respect
to the channel matrices, A 2 Ey[A], and G £ Ey|[G].

Since {H;,} and Hj are statistically independent, from (9)
and (10), we have

G- HyFoH Fuy, - HoFoHi g Fik
H3 Fyiy, - \H3xFix

A = E4[GGY] + Ey,[C,].
Using (13) and the following identity from [16]
Ey [H,XH{'| = H;XH/ + tr(X0])®,

C, = E[vw!] = (13)

d

15)

(16)
where ¢r(-) denotes the matrix trace, we obtain
Ep, HoFoFEHE | +Iy, 0
0 Iy,
+ tT(FgF?@%)‘I’g 0
v 0 0|

EHz [CU] =

|
Q)

(17
Here

Co = 0 Ix,
From (10) and (16), we obtain that

- [H2F2F§H§+1Nd 0]

K
By m, (H2F2 Z(HuFuF{iHﬁ)FfHﬁq)
=1

K
= B, (HaF2 > By, (HyFy FEHIFIHY)
i=1
K — —
=Eun, (H2F2 > (Hy,F FIH] + au‘I)u)Fng)
i=1

= I:IQFQ (I:IMFMF{{I:I{{ + O[llq)ll)FgII:IgI +

-

Il
—

K2

-

Il
i

tr (F2 (I:IhFhFﬁI:Iﬁ + ali‘ﬁli)FgI@g) P, (18)



where

a; 2 tr(FuFeT), i=1,-- K. (19)
From (9) and (18), we obtain that
Ey[GGH] = GGH +
SR i HoFo @ FERY + 5@, 0
0 Zfil ag; P3; 20)
where
3 2tr(FFlel) i=1,... K 1)
B2 tr(F, i(ﬁlFlF{fﬁff + a1 ®1)FH OF).
=1

Substituting (17) and (20) back into (15), we have

A=GG?+C,+R (22)
where
R— ZﬁlaliﬂngﬁliFfﬂf—i—ag{)g X« 0 (23)
0 Y3 P

It can be seen from (14) that the CSI mismatch is considered
by (23). If the perfect CSI is available, i.e., H; = H; and
®; =0, ;5 =1423i¢ = 1,--- ,K, from (23) and (24),
there is a; = 0, ¢ = 1,2, 3, and R = 0, then the MSE matrix
(14) becomes (12). Therefore, (14) generalizes the MSE matrix
from the perfect CSI case to the practical scenario with CSI
mismatch.

The transmission power consumed by the ith user
and the relay node can be written as tr(F;F) and
tr(Fo(X 0 HyF FITHI + Iy, )FY), respectively. How-
ever, since the true {Hj;} is unknown, we consider the
averaged transmission power at the relay node, which is given
by

K
By [tr(Fo( Y HuFFIHE + 1y, )FY )|
=1

K
= tr(Fo (Y (AP FIRL + 1) + Iy, ) FY ).25)
i=1
From (14) and (25), the robust source, relay, and destination
matrices optimization problem can be written as

VV’{IQHI}J?2 tr(EH [E(W, {Fli}7 Fg)]) (26)
K — —
st tr (FQ(Z(HUF”FﬁHﬁ +au<§1,-)+INT) Fgf) <P.Q7)
=1
tr(FLFIY <Py, i=1,--- K (28)

where Ps; and P, are the transmission power available at the
ith user and the relay node, respectively. The problem (26)-
(28) is nonconvex with matrix variables.

III. PROPOSED ROBUST MIMO RELAY DESIGN
ALGORITHMS

In this section, we develop two iterative algorithms namely
the Tri-Step and the Bi-Step algorithms to optimize the source,
relay, and receive matrices. In the Tri-Step algorithm, the
source, relay, and receive matrices are optimized iteratively
through solving convex sub-problems. For the Bi-Step al-
gorithm, the optimal receive matrix is substituted into the
objective function, so we obtain an optimization problem only
with the source and relay matrices. Then, the source and relay
matrices are optimized alternatingly and the receive matrix is
calculated after the convergence of the algorithm.

By introducing P, £ Zfilau‘i’u +1In,, Py 2 ap®y +
Iy,, and P3 = Zfilagi‘l’gi + In,, (14) can be rewritten as

En [E(Wv {Fli}a FQ)]
= [WH Wi]zZMZ [g;] — Wl wilzz"'G
_GHz 17 [g;] + 1y, (29)

where Z £ bd <P22, , W1 and Wy, contain the first and
the last Ny rows of W, respectively, and M is given by (30)
shown at the bottom of the page. Here bd(-) stands for a block
diagonal matrix and (-)~1 denotes the matrix inversion.

By introducing WH £ WHP22, W? £ WfPé, I;I2 L
P, Hz, Hh—P Hu, HSZ_P *Hs, i =1,--- K,

and F2 = F2P12 , (29) can be rewritten as
Ey[BE(W,{Fy,},Fy)]
= [Wi WH] (GG +C,) {Wl}
W,
LW WY G- GH [Wl} .
W,

= (WHG — Iy, (WHG — Iy,)" + WHC,W (31)

where
G- {H2F2H11F11, 71:{2]?21:111{1?11(} W — {V:VH}
HziFi1, - HskFig ’ W,
& _ [HeFoFYHY +Iy, 0
v T .
0 Iy,
Using (31), the optimization problem (26)-(28) can be
equivalently rewritten as
_min _ tr(Ey[E(W, {F1;},F2))) (32)
W, {F1:},F2
K

st. tr(F (Z WFUFIAL 4+ Iy ) FY) < PG
=1

(Flz ) 57,7 1= 17 7K (34)

1 11
P, 2HyF,P? (P 2 E
1
3

< HF FEAEP 1y )P FEALP, ? +1,
P, YK HyF FEALFIHIP,?

1
P, ZHQFQZ HMFMFMHQP 5

P, K Ay R FHAEP,? 41y,
(30)




where the variable substitution of f‘g and I:Iu, i=1,---, K,
is used to rewrite the power constraint (27) at the relay node
to obtain (33). It is worth noting that the robust precoding
matrices design problem (26)-(28) for multiuser MIMO relay
systems with imperfect CSI is converted to the problem (32)-
(34) for an equivalent multiuser MIMO relay system with
direct links and perfect CSI, where the channel matrices are
Hg, Hh, Hgl, i =1,---, K, the source precoding matrices
are Fy;,1=1,-- ,K s the relay precoding matrix is l:"g, and
the receive matrix is W.

A. The Tri-Step Algorithm

The problem (32)-(34) is nonconvex with matrix variables
and the globally optimal solution is difficult to obtain. In the
following, we develop a Tri-Step iterative approach to solve
the problem (32)-(34). . B

Firstly, with given {Fy;} and F,, the weight matrix W
minimizing (32) is the famous Wiener filter [17] (MMSE
receiver) given by

W = (GG +C,)"'G. (35)

Secondly, with given W and {Fy;}, F can be updated by
solving the following problem
H}in t’l“((ﬁgf‘gﬁl —H) (ﬁgf‘gﬁl —H)H+IU‘IQFQF£{I‘VI§

F>
+WHW, + WIW,)
s.t. tr(Fg(ﬁlﬁ{{ + INF)FgI) < Pr
where H; £ [I:InFn, HlKFlK] » 2 WHH,, I1 2
Iy, - Wi H;, H3 £ [H3Fyy, - H3gFig).

Using the Lagrange multiplier method, we can solve the

problem (36)-(37) and obtain F as

(36)
(37

Fy = HY (H,HY + pdy,) 'HH{ (HH +1y,) " (38)

where ;o > 0 is the Lagrangian multiplier and can be found
from the following complementary slackness condition

p(tr(Fo(HHY + 1y, )FY) - P) = 0. (39)
Assuming that ¢ = 0, from (38) we have
F, = HY (HHI)"'IIHY (H,HY +Iy,)7'.  40)

If f‘g in (40) satisfies the power constraint (37), then (40) is
the solution to the problem (36)-(37). Otherwise, there must

be 1 > 0 such that
tr(Fo(H HIT + 1y )FY) = P, (41)

In this case, u can be obtained by substituting (38) into (41)
and solving the following nonlinear equation

tr(Hg! (HHE + jdy,) I (H HY 4+ Iy,) 7!
xH ITH (HoHY + ply, ) "'Hy) = P, (42)
By introducing the singular value decomposition (SVD) of

H, = Uy A, VY (43)

we obtain from (42) that

tr(Az(A3 + ply,) " U TTH{T (H HY + 1y, )

XﬁlHHUQ(Ag + /J:INb)_lAQ) =P (44)
Denoting I' 2 UYIIHT (H,HY + Iy )" 'H 117 U,, (44)
can be equivalently written as

N,
- )\12%'

i=1 ()‘12 JF:“)Q

where \; and ~; are the ¢th main diagonal elements of
A5 and T respectively. Since the left-hand side of (45) is
monotonically decreasing with respect to u, the bisection
method [18] can be applied to solve (45) to obtain .

Thirdly, with given W and F5, we show that the problem
(32)-(34) can be cast as a quadratically constrained quadratic
programming (QCQP) problem [18] to optimize {Fy;}. Let us
introduce Dy; £ W1 H-F>H,; + W2 H31, i=1,---,K,
and Dh as a matrix containing the (Z NbJ + )th to
the (Z 1 Nyj)th rows of Dy;. By using the identity of
tr(CTD) = (vec(C))Tvee(D) and vec(CD) = (I ®
C)vec(D) [19], where vec(X) stands for a column vector
obtained by stacking all columns of X on top of each other,
(32) can be rewritten as

=P, (45)

tT((W{{ﬁQFQﬁl + Wfﬁg — INb)(W{qﬁQFQIu{l
TWHH; —In,)) + 1
=tr(((DuF11, -, DixgFix]| —1n,)

x([D11F11,- -, DigFix] — In)") + 1
K

= Z(tr(DliFquDh‘H)—t"“(f)liFlz) t?”(F Dlz)) + 12

xn

Z 11 IN ® Dllel))fll

—fuec(DM)Hfl2 fHvec(DE)) + ¢,
=i, f, — df, — £fid;, +t,

Al a1 1 _1
= (707 —dy' Y, 2)(YPf =0 2dy) + 13 (46)

where

t1 2tr(WHC, W), to 2 t1+ Ny,

£, 2 (88 2] s 2 ty— df YTy,
f1; £ vec(Fi;),d; 2 [Uec(Dﬁ)H, e
Y1 2bd(Iy,, ® (DIDy),-

7’066(]5{{}()1—[ )

;INSK ® (D{IKDlK))

_Note that we can ignore ¢3 while optimizing f; with given
W and F,, since it does not depend on the optlmlzatlon
variable f;. By introducing D,y & Fth, i=1,--- K,
the relay transmit power constraint in (33) can be rewritten as

06 + tr(FoFY) < Py (47)

where Tg é bd(INsl(X) (DgIngl), e ,INSK® (DgKDgK))
Using (46) and (47), the problem (32)-(34) can be equivalently



rewritten as the following QCQP problem

min (E1°f —dff 0, )(C{ - ) @8)
1

st. FHYof) < P, — tr(FoFE) (49)

fLf <Py, i=1, K (50)

where I, £ bd(iil,"' ,L-K), with I;; = In,,nN,, and

I =0,5 =1,---,K,j # i. The problem (48)-(50) can
be efficiently solved by the disciplined convex programming
toolbox CVX [20].

TABLE I

PROCEDURE OF THE TRI-STEP ALGORITHM

1) Initialize the algorithm with Fg?) = \/Psi/Nbi[INbi,O}T, i =

1, K, and F{®) = \/P,./tr(ﬁlﬁff + INT)INT; Setn = 0.

2) Update w(n) using an) and {FY?} as (35).

3) Update f‘é"+l) using W(™) and {Fg?)} as (38).

4) Update {FY;JA)} using W) and anJrl) by solving the problem
(48)-(50).

5) if (mse(ln> — msegn-"l))/mse(ln) < ¢, iteration ends; otherwise go
to step (2).

The procedure of applying the Tri-Step iterative algorithm
to solve the problem (32)-(34) is listed in Table I, where the
superscript (n) denotes the number of iterations, ¢ is a small
positive number close to zero, and msegn) stands for the value
of (32) at the nth iteration.

B. The Bi-Step Algorithm
By substituting (35) back into (31), we have
Eo({Fy.},Fy) = Iy, - GH(GGY + C,)'G (51

where E stands for the MSE matrix when a linear MMSE
receiver is used at the destination. The source and relay
matrices optimization problem can be written as

min_ tr(Eo({F},F2)) (52)
{F1:},F2

s.t. tr(Fo(HHY + 1y )FI) < P, (53)

tr(FuFy <P, i=1,--- K. (54)

The problem (52)-(54) is nonconvex with matrix variables
and the globally optimal solution is difficult to obtain. In
the following, we develop an iterative approach to solve the
problem (52)-(54).

It can be shown similar to [6] that for given source pre-
coding matrices {Fy;}, the optimal F5 as the solution to the
problem (52)-(54) has the structure of

F, = TL (55)

where T is an IV, X N, matrix that remains to be optimized,
and

L= (HIH, + Q 'HI, Q=HIH;+1y,.

Let us intrczduce a positive semi-definite (PSD) matrix 2 =
L(H,Q 'HY + Iy )L and its eigenvalue decomposition
(EVD)

Q=U,A, U (56)

where A, is the diagonal eigenvalue matrix with eigenvalues
Awks kB = 1,--- Ny, arranged in descending order. Let us
also introduce the EVD of

HI'H, = U,A, UJ (57)
where Ay, is the diagonal eigenvalue matrix with eigenvalues
Ak k=1,---, N, arranged in descending order.

Based on the result in [6], T has the structure of
T =U,,AUY (58)

where Uy, ; contains the leftmost /N, columns of Uy, A is a
diagonal matrix and the solution to the following problem

. H —1y 1
min tr((A AniA+AZY ) (59)
st. tr(AR,Af) < P,. (60)

Here R, £ UfL(IZLIZI{J + In,)L7U, and Ay ;1 contains
the largest IV, diagonal elements of Aj. The problem (59)-(60)
can be efficiently solved by the Lagrange multiplier method

as
2 )\ +
1 A kAR,
kK . k=1,
A kb YRy
A

where §j, is the kth main diagonal element of A, (z)T =
max(z,0), R, = [Rylkk, and v > 0 is the Lagrangian
multiplier and the solution to the following nonlinear equation

A2\ "
wh?hk 1) —p,.
YRy

We would like to mention that to obtain the exact solution
of the relay precoding matrix in (55), A in (58) should be
considered as a general matrix. However, by limiting A to be
diagonal, a closed-form solution of the relay precoding matrix
with a low computational complexity can be obtained similar
to [6]. Obviously, such diagonality constraint may degrade the
performance of the Bi-Step algorithm. We would like to note
that such performance-complexity tradeoff is very useful for
practical multiuser MIMO relay communication systems.

Now we start to optimize the source precoding matrices
{F;;}. Using the matrix inversion lemma, (51) can be rewrit-
ten as

|0k |? = , Ny

Ny

R
> T
k=1

w kb k

tr(Eo({F1:},F2))
=tr((In, + GHC'G) )
= tT((IQNd =+ ééHé;l)_l) + Np — 2Ny

1

K
=tr((Tay, + > ®B;TH) ) + N, — 2N, (61)
=1
where ¥; £ C;% [H21~?2Hli
Hs;

1,---, K. From (61), for given relay precoding matrix F,,

:| and Bi é FliFﬁ, 1 =



TABLE II
PROCEDURE OF THE BI-STEP ALGORITHM
1) Initialize the algorithm with

= /Psi/Npi[In,,;, 0
-, K; Setn=0.

2) Update 13‘;"+1) using {F(l?)} based on (55) and (58) by solving the
problem (59)-(60).

3) Update {Fg?+1)} using F(2n+1) by solving the problem (65)-(68).

4) if (mse™
to step (2).

Fyy

17,0 =

— mse(nJrl) mse(") < g, iteration ends; otherwise go
2 2 g

{B;} &2 {B;,i =1,---
following problem

, K} are optimized by solving the

K
-1
min tr((Isz n ; ¥,B, v ) ) (62)
K ~ ~ ~ ~ ~ ~
s.t. Ztr(BngFﬁszHu) < P, —tr(FoFy) (63)
=1
tr(B;) < Py, B;j=0, i=1,.- K  (64)

Let us introduce a PSD matrix X with X >
(Ion, —|—Efi1 ¥, B;WH)~1 where A = B means A — B
is a PSD matrix. The problem (62)-(64) can be equivalently
converted to the following convex semi-definite programming
(SDP) problem by using the Schur complement

in tr(X 65
K, tr(X) (65)
Isz )

>0 66
(IQNd IQNd—’_Zl 1 ;B ‘I’H - (66)

K

1=1
tr(Bi)SPS'h Bitov 7’:17 >K' (68)

The problem (65)-(68) can be efficiently solved by the interior-
point method [18].1 Using the EVD of B; = U Ay, U, we
have FM‘ = UbZAbi

The procedure of using the Bi-Step iterative algorithm to
solve the problem (52)-(54) is listed in Table II, where mseg”)
stands for the value of (52) at the nth iteration.

IV. EXTENSION TO MULTIUSER MIMO RELAY SYSTEMS
WITH MULTIPLE RELAY NODES

In this section, we extend the proposed Tri-Step and Bi-Step
algorithms to multiuser MIMO relay systems with direct links
and multiple relay nodes.

A. System Model

We consider a system with K users, L relay nodes, and one
destination. The signal vector received at the /th relay node at
the first time slot is

Vel = ZHUiFMSi +n., I=1,---,L

i=1
where Hy;; is the MIMO channel matrix between the [th relay
node and the ith user, n,; is the noise vector at the /th relay.

(69)

The signal vector received at the destination through the direct
links at the first time slot is the same as (5).

The signal transmitted by the /th relay node at the second
time slot is

xp = Foyn, 1=1,---,L (70)

where F9; is the precoding matrix at the /th relay node. The
signal received at the destination node through L relay nodes
at the second time slot is

L

Yaz = Y HoyXp + ngy. (71)
1=1

From (69)-(71), we have

vae = HoFoH Fis + HoFon, + ngo (72)

where Hy = [Hoy,--- ,Hyr], Fo = bd(Fa,--- ,Far),
Hii - Hix

H, = I , and n, = [nzl’ T 7nzL]T'

Hip - Hirk

From (5) and (72), the received signals over two time slots
are

_ |:yd2:| _ [H2F2H1} Fis+ |:H2F2nr+nd2:| —Gs4v
Yai Hj ng
(73)
where G £ [HQIITIQHl} F; is the equivalent MIMO channel
3

matrix between the source and destination nodes, and v £

HoFon, + ngs
ng;

seen from (73) that in systems with multiple relay nodes, Fo

is a block diagonal matrix. This is different to the single-relay

system, where there is no constraint on the structure of F.
As systems with one relay node, the MSE of the signal

waveform estimation at the destination is given by

MSE = tr(WH7G -1y, ) (WHG -1y, TWHC, W) (74)

is the equivalent noise vector. It can be

where C, = E[vv!] is the noise covariance matrix.

We assume the true channel matrices are H; ~
CN(H;,0;0®,),j = 11i,2,3i, =1,--- ,Li=1,--- , K.
Now we work out Ey[W7AW — WHG — GIW + 1y,],
where

A=GG" +cC,
B B H,F,H, F, FITHY
T \H;F, FFHEFEHY  H;F FEHL + 1y,

and B = HoFoH F FIHIFIHEY + HoFoFAHY + 1y,
According to (16), we have

En[H.F.H,\F, FIHIFIHE]

o)

=1

Z ﬁQlFZZﬁlliFli> (Z

H H
1ZH1l’L )

K L
+ 30> o HyFy @y, FHL + Z B1® (75)



where ,81 :tT<F2lZfi1(ﬁlliFliFﬁﬁﬁi+a1li¢11i)F5®;) y
o = tr(F1;FEOT,). And we obtain that
Eyn[HoFoFEHI

L
=Egy ZHZnglFZHg]
1=1
L L
=Y HyFyFLH + ) tr(FyF500)®y  (76)
1=1 1=1
Ey[HsF FIHY]
K
=Egy ZHgiFHFﬁHg]
i=1
K K
= Z ﬁathFﬁﬁg + Z a3 P3; (77
i=1 i=1
where a3, = tr (F;FE©%). Let us introduce Py =
Zfilam‘bm + Iy, Py = Zz 10l2l‘1>21 + In,,

P, = Y joai®si + In, Hy; = P°Hy; and
Fy = FyuP}, where ay = f + tr (FyFH0L) =
tr (Far (205, AunFuF AL, + Py ) FHOF ). We have
from (75)-(77) that

EH[H2F2H1F1FHHHFHHH + HoFoFHY + 1y, |

= Z (Z H21F21H111Fu> <Z FIH{F zﬁ5>
1=1 =1
L ~ ~
+> HyFyFHHS + Py
=1
= H,F,H, P\ FIAMFI ALY + AR, FYALY + Py
Ey[HsF FIHY 1y | = H;F FARY + Py

) IjIQL} > FQ

(78)
(79
where Hy = [ﬁgl, e ,f‘zL),

— bd (F21,~~~
ﬁlll e ﬁllK

H, = : _ ,and Hy = [Hsy, -+, Hzk].

Hip o Hipg
From (78) and (79) we have
En[A]= < 5 HE:’H P HiH Ebﬁgﬁllibﬂ—lg?ﬁg)
H;F\F'HF;yHy H;F,F'H; +Ps

=Z(GG" + C,)z" (80)

where B = H2F2H F FHHfFHHH+H2F2FHHH+P2,

Z= bd(Pf,Pz) H, = P, *H,, H; = P3; *H3, and G =

[HQE:QHl} F,.C, — H2F2F2 HH +INd 0

' ) From
3 0 In,
(80), the expectation of the MSE in (74) can be written as

E[MSE]
—tr ([W{I,ng]z (GGH + év) z" (wH wi" -
(Wi Wi 227G - &7z z (WL Wi 41y,
i ((VVH(; 1) (WG -1y, WHévw)
(81)

- - - H 1 -
where W = [W{I,Wf} , W, = P2W,, and W, =

P2 W,. The power consumption at the [th relay node is

Eg|tr (Fm(Z H,F,FIHY + INZ> F21>
i=1
~ K ~ ~ ~
= tr <FQ,<Z H,F,FIAT +1 M) FY ) : (82)
i=1

From (81) and (82), the optimization problem can be written
as

min_ Ey[MSE] (83)
W,F1,Fy
s.t. tr (FuFii) < Py, i=1,--- K (84)
tr (Fm(Z H,F,FIAL + IN1> Fg) < Py,
=1
I=1,---,L (85)

Note that constraints in (85) and the block diagonal structure
of F5 make the problem (83)-(85) more challenging than that
in single-relay system [14], [15].

B. The Tri-Step Algorithm

We can iteratively update W, Fy, and F using the Tri-Step
algorithm. Updating W is similar to that in the single-relay
system (35). To update a particular Fa, we keep W, Fi,

and Fy;, j =1,---, L, j # [ fixed. Then Ex[MSE] can be
rewritten as follows
Ey[MSE]

_ tr( (W& -1y,) (WG -1y,)" + chw)

tr ((ﬂmﬁmﬂu —I1L)) (Hy Fo Ay — 1)) - Ay Foy FL AL

+ ) HyFoFIHY + WIW, + WI'W, (86)
i=1,i£l
where ﬁll = [ﬁlllFll PI ﬁllK FlK]s I:I2l = WfII:IQZ
H; = {HSIFM y e HgK Fix|, and II; = INd _
ZZL 1,i#l H21F21le W2 H3

Thus, the problem of optimizing F, becomes

Igin tr((HyFyHy — L)) (Ao Fo Hyy — I1) 7
21

+H,, Fy FEHAL) (87)
sit. tr(Foy(HyHE +15,)FE) < Py (88)

The problem (87)-(88) is similar to the problem (36)-(37).
Thus, Fy,l = 1,---,L, can be optimized by using the
Lagrange multiplier method. After we update all Fy;, we
obtain FQ bd(:ﬁ‘21, FQL)

Updating F; is s1m11ar to that in smgle relay systems The
difference is that Dy; £ Zz WA, Fy )y + WHH;,
instead, and the power constraint (49) is extended to L power
constraints as

le‘rglfl S P'rl — tr(ﬁglﬁg)7 l = 1, e 7L



where Tgl ~é ~bd (I ® (D2l1D§1)7 s ,I ® (DQIKDZK))
and Dyj; £ FyH ;. The problem (83)-(85) becomes

eHArs _ H~"3\ (B AT
min (£} — d{' Y, )X — ¥ *dy) (89)
sit. fEY o f) < Py —tr(FyFH), 1=1,--- L (90)
fif < Py, i=1,--- K 1)

which is still a QCQP problem and can be efficiently solved
by the disciplined convex programming toolbox CVX [20].

C. The Bi-Step Algorithm

We can iteratively update F'; and F, using the Bi-Step
algorithm. The optimal W is obtained after1 the convergence
of F; and Fy as W = gé(}H +C,) G. We use the
following technique to handle the power constraints in (85).
Considering the power of the signal vector y = Hox,. at the

Hati T T T
destination node, where x, = [x,; -+ X,.;|*, we have

ir (E [(ﬁm) (ﬁzxr)’f])
—tr (f{Q].T“2 (ﬁlFlF{fﬁ{f + INT) f?ﬁf) 92)

where N, SN,
tr(AB) < tr( )t

r(B)
tr (E[ H,x, HQXT)HD

. Note that using the identity of
, we have

=tr (HQE X, X HH)
<tr (BHY) tr (B [xx[1]). 93)
Since tr (E [x,x]']) = S/, tr (B [xuxfi]) < Y0 Po.

together with (93) we have

L
) <3 Patr (ﬁgﬁgf)

=1

tr (]/;\‘2 (ﬁlFlF{II’:I{I + IN7> ]/1—‘\‘51

%94)
where f‘g = ﬁgf‘g. The received signal in (73) can be written
as

y = |:yd1:| _ FZHl F18—|— l:FQnr +1’ld2:| . (95)
Ya2 H; ng1

Now we can use the Bi-Step algorithm to design ', and Fy in
the system of (95), where we can treat the second-hop channel
as “identity matrix”. In particular, with fixed F';, we only have
tlle power constraint (94), and we can write the structure of
F5; = TL according to (55).

Similar to (61), to update the source precoding matrices
{F1;}, (83) can be written as

tr (E() (Fl,F2)>
K
=tr (IQNd +Z‘I’ZBl‘I’1H

i=1

—1
) + N, — 2N, (96)

Zl 17 F21H1l1

where ¥, = C, and B; £ Fy,FH i
31
, K. Thus, B; can be optimized by solving the following
problem
K —1
in t I ¥,B, v, 97
?%13 r (sz-l-i_Zl > CH)
K L ", p o
s.t. Ztr Blk <Z F21H1k> (Z F21H1k>
k=1 =1 =1
L ~ ~ A~ ~
<3 Patr (H2H§f ) —tr (FQFS’ ) (98)
=1
tr(B;) < Py;,B; = 0, i=1,--- K 99)

which is similar to the problem (62)-(64) and can be equiv-
alently converted to an SDP problem by using the Schur
complement.

V. NUMERICAL EXAMPLES

In this section, we study the performance of the proposed ro-
bust source and relay precoding matrices design algorithms for
multiuser MIMO relay systems with direct source-destination
links and imperfect CSI through numerical simulations. For
simplicity, we consider a system with two users, where all
nodes are equipped with multiple antennas. The extension to
systems with K > 2 users is straight-forward. We simulate
a flat Rayleigh fading environment. For notational simplicity,
we show the setup of channel matrices in a single-relay relay,
which can be easily extended to systems with multiple relay
nodes. The estimated channel matrices Hy;, Ho, and Hs; have
ii.d. complex Gaussian entries with zero-mean and variances
0%, 03, and 03, i = 1,--- , K, respectively. All noises are
i.i.d. AWGN with zero mean and unit variance. We define

0' P 0'2P2
SNRy; £ L% SNR, £ 2222
NT Ny
PSZ .
SNR3iéU:}1\7 s ’L:L“-,K
d

as the signal-to-noise ratio (SNR) for the source ¢-relay, relay-
destination, and source ¢-destination links, respectively. For
simplicity, we assume Np; = Npg = Ng3 = Ngg = 2, N, =
4, N4 = 4 and the same SNR for the source-relay links and
the relay-destination link, i.e., SNR;j; = SNRjs; = SNRy =
SNR, throughout the simulations. Due to a larger pass loss, we
set SNR3; = SNR3> = SNR — Agnr. QPSK constellations
are used to modulate the source symbols. All simulation results
are averaged over 1000 independent channel realizations.

We simulate a multiuser MIMO relay system where the
channel estimation error at the transmitter side is uncorrelated,
ie, ©; = O3, = 0?Iy.,,i=1,---,K and O3 = o21y,,
where 02 measures the variance of the channel estimation
error. We obtain from (19), (21), and (24) that for this case,
ay = az; = otr(FuF), i = 1,--- K, and ay =
thr(Fg ( ZL I(HMFHFEHM +Oéh@1i) +INT)F£{) It can
be shown similar to [10] that tr(Eq({Fy}, F2)) decreases
with respect to ay;, a2, and ag;,¢ = 1,---, K. Therefore,
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Fig. 2. Example 1: BER versus SNR, ag = 0.01, Agnr = 10dB.

considering the power constraints (27) and (28), the optimal
solution occurs at ay; = az; = 02Py, i = 1,--- , K, and
Qg = US P5. The covariance matrix of channel estimation error
at the receiver side is set as

1 ¢11ﬁ ¢%z zz 1 ¢2 ¢% ¢:§
d1; 1 014 97, 2 1 ¢2 03

P i = ¢ 7¢ =P i =
! 2, b1 1 b 2 3 P32 1 o
1 0% o1 1 05 3 ¢ 1

In the simulations, we choose ¢1; = ¢ = 0.45,7 =1, 2.

We compare the performance of the following five sys-
tems: (1) The nonrobust design using the pseudo match-and-
forward (PMF) algorithm; (2) The proposed robust design
using the Bi-Step algorithm; (3) The proposed robust de-
sign with the Tri-Step algorithm; (4) The Bi-Step algorithm
with the exact CSI knowledge; (5) The Tri-Step algorithm
with the exact CSI knowledge. In the PMF algorithm, the
MMSE receiver is deployed at the destination node, and
we set F1; = \/Ps;/NglIn,,, i = 1,--- /K, and Fy =
\/Pr/tr((I:IIIjIQ)H(I:I]_I:I{—I + IN,,,)I:IlI:IQ)(IjlleIQ)H, where
H;, 2 [Hy;Fy, - ,HxFix]. For the robust design, the
initialization of the Tri-Step and Bi-Step algorithms is listed
in Table I and Table II, respectively.

In the first example, we simulate the scenario where
Agnr = 10dB and 02 = 0.01. The BER performance of the
above algorithms is shown in Fig. 2. It can be seen that the
proposed robust Bi-Step and Tri-Step algorithms outperform
the PMF algorithm, indicating the gain of the robust gain.
For both the proposed robust design and the system with the
exact CSI, the Tri-Step algorithm performs better than the Bi-
Step algorithm especially at high SNR. This is because of the
approximation of A in (58) to be diagonal.

In the second example, we compare the BER and MSE
performance of all algorithms with Agyg = 20dB and
02 = 0.001. The simulation results are illustrated in Figs. 3
and 4. It can be seen from Fig. 3 that by considering the
CSI mismatch, the proposed robust algorithms significantly
improve the system BER performance compared with the PMF
algorithm. In fact, the BER yielded by the robust algorithms
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—e— Robust (Tri-Step)
—e— Exact CSI (Bi-Step
—e— Exact CSI (Tri-Step)
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SNR (dB)

Fig. 3. Example 2: BER versus SNR, ag = 0.001, Agngr = 20dB.

MSE
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—e— Exact CSI (Bi-Step
—e— Exact CSI (Tri-Step)
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Fig. 4. Example 2: MSE versus SNR, ¢2 = 0.001, Agnr = 20dB.

is very close to that of the system with the exact CSI. This
verifies the importance of considering the direct links and the
CSI mismatch in the transceiver design. Interestingly, it can
be seen from Fig. 4 that both the robust algorithms and the
system with the exact CSI have almost identical MSE.

In the third example, the BER and MSE performance of the
five algorithms tested with Agxr = 30dB and o2 = 0.01 is
shown in Figs. 5 and 6. By comparing Fig. 5 with Fig. 2, we
can see that the gap between the robust algorithms and the
system with the exact CSI knowledge increases with Agng,
indicating the impact of pathloss of the direct links on the
system performance in the case of CSI mismatch. Moreover,
it can be seen from Fig. 6 that the MSE performance of the Bi-
Step algorithm is very close to that of the Tri-Step algorithm
for both systems with CSI mismatch and the perfect CSI.

In the fourth simulation example, we compare the BER and
MSE performance of the above algorithms with Agng = 20dB
and different ag as 0.1, 0.01, and 0.001, respectively. We can
observe from Figs. 7 and 8 that as expected, the proposed
robust algorithms have a better performance as o2 decreases.
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Fig. 5. Example 3: BER versus SNR, ag = 0.01, Agnr = 30dB.
Fig. 7. Example 4: BER versus SNR, Agnygr = 20dB.
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Fig. 8. Example 4: MSE versus SNR, Agngr = 20dB.

At 03 = 0.001, the BER and MSE performance of the robust
algorithms is very close to that of the system with the exact
CSI. Interestingly, it can also been seen that as o2 decreases,
the gap between the BER performance of the Tri-Step and
Bi-Step algorithms increases at high SNR.

In the fifth simulation example, we compare the MSE
performance of the Bi-Step and Tri-Step algorithms in multi-
relay systems, where o2 is set as 0.1, 0.01, 0.001 respectively,

(&

and Agnr is fixed to 20dB. We assume there are L = 2 relay

nodes equipped with N,; = N,o = 2 antennas. The other 2 10" S~ Robust (Bi-Step)

simulation parameters are similar to those in the single-relay —e— Robust (Tri-Step)

system. The MSE performance of the proposed algorithms is ¢ Eogust (_'?'___Sstfp)

shown in Fig. 9. Comparing Eig. 8 Wi.th Fig. 9, it can be 103 —#—Rgbﬁzt EB?—Steepp))

clearly seen that by incorporating multiple relay nodes, the —— Robust (Tri-Step)

system MSE can be greatly reduced. —&— Exact CSI (Bi-Step

In the next example, we compare the performance of the 10 Exact CS| (Tr'_Step? i i

robust Bi-Step algorithm with the non-robust Bi-Step algo- 0 5 10 SNé5( dB) 20 25 30

rithm, where the source and relay matrices are designed by
the Bl-Step algorlthmt bu.t using only the e.stlmat.ed channel Fig. 9. Example 5: MSE versus SNR, Agxp = 20dB.
matrices without considering the robust design. Figs. 10 and
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Fig. 11. Example 6: MSE versus SNR, Agngr = 20dB, o2 = 0.001.

11 show the performance comparison with o2 = 0.01 and
02 = 0.001, respectively. It can be seen that the robust Bi-
Step algorithm outperforms the non-robust Bi-Step algorithm
for both 02 = 0.01 and ¢? = 0.001. This verifies the
benefit of the proposed design which is robust against CSI
imperfection. Interestingly, it can be seen from Figs. 10 and
11 that for 62 = 0.01, the PMF approach performs better
than the non-robust Bi-Step algorithm. When o2 = 0.001,
the PMF approach yields a smaller MSE than the non-robust
Bi-Step algorithm at high SNR. Therefore, the performance
of the non-robust Bi-Step algorithm is comparable or even
worse than that of the PMF approach. Thus, it is sensible to
compare the performance of the proposed algorithms with the
PMF approach.

Finally, we compare the computational complexity of the
Tri-Step and Bi-Step algorithms. In each iteration of the Tri-
Step algorithm, updating W, F5, and {F1;} involves matrix
inversion (35), matrix SVD (43), and solving the QCQP prob-
lem (48)-(50). Thus, the per iteration computational complex-
ity order of the Tri-Step algorithm is O((3X | N2)3), which

TABLE III
AVERAGE NUMBER OF ITERATIONS REQUIRED TILL CONVERGENCE BY
THE PROPOSED ALGORITHMS

SNR (dB) 511015 ]20 | 25| 30
Bi-Step (CSI mismatch) 2 2 3 3 4 4
Tri-Step (CSI mismatch) | 5 6 7 8 9 10

Bi-Step (exact CSI) 3 2 3 5 6 6
Tri-Step (exact CSI) 6 7 10 | 19 | 35 | 61

is the complexity of solving the QCQP problem (48)-(50) [21].
Similarly, updating F5 and {F;;} in each iteration of the Bi-
Step algorithm involves matrix EVDs (56), (57), and solving

the SDP problem (65)-(68). Thus, the Bi-SteE algorithm
has a per iteration complexity order of O((>",=; N%)3%),

which is the complexity of solving the SDP problem (65)-
(68) [21]. Therefore, the Bi-Step algorithm has a higher per-
iteration complexity than the Tri-Step algorithm. Interestingly,
the robust Tri-Step and Bi-Step algorithms have a similar
computational complexity order to their counterparts in non-
robust transceiver design for multiuser MIMO relay systems
without the direct links [15].

The overall complexity of two algorithms also depends on
their convergence speed. Table III shows the average number
of iterations required by the proposed Tri-Step and Bi-Step
algorithms till convergence with Np; = Npo = Ng3 = Ngo =
2, N, = Ny = 4, Agnr = 20dB, and 02 = 0.01. Both
algorithms are required to converge up to ¢ = 1072, It can
be seen from Table III that the number of iterations required
by the Tri-Step algorithm increases much faster with SNR
than that of the Bi-Step algorithm. This can be explained as
follows. In the Tri-Step algorithm, both {F;;} and F5 need to
be initialized, and matrices {F;}, Fs, and W are optimized
in each iteration, while for the Bi-Step algorithm, only {Fy;}
need to be initialized, and only matrices {F1;} and Fg need to
be updated in each iteration. Therefore, the Bi-Step algorithm
converges faster.

VI. CONCLUSION

We have investigated the optimal source, relay, and receiver
matrices design for multiuser AF MIMO relay communication
systems with direct source-destination links and imperfect CSIL.
Two iterative algorithms have been developed to design the
statistically robust source and relay matrices for the commonly
used MMSE criteria. Simulation results show an improved
robustness of the proposed algorithms against CSI mismatch.
This paper generalizes the multiuser MIMO relay design
with direct links to the practical scenario of imperfect CSI
knowledge.
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