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Abstract: We explore some important consequences of the quantum ideal Bose gas, the properties
of which are described by a non-extensive entropy. We consider in particular two entropies that
depend only on the probability. These entropies are defined in the framework of superstatistics,
and in this context, such entropies arise when a system is exposed to non-equilibrium conditions,
whose general effects can be described by a generalized Boltzmann factor and correspondingly by a
generalized probability distribution defining a different statistics. We generalize the usual statistics to
their quantum counterparts, and we will focus on the properties of the corresponding generalized
quantum ideal Bose gas. The most important consequence of the generalized Bose gas is that the
critical temperature predicted for the condensation changes in comparison with the usual quantum
Bose gas. Conceptual differences arise when comparing our results with the ones previously reported
regarding the g-generalized Bose—Einstein condensation. As the entropies analyzed here only depend
on the probability, our results cannot be adjusted by any parameter. Even though these results are
close to those of non-extensive statistical mechanics for g ~ 1, they differ and cannot be matched for

any q.
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1. Introduction

Entropy is one of the most useful concepts in physics. Its meaning and interpretation in the
realm of statistical mechanics has led to a beautiful understanding of the microscopic properties of
thermodynamic systems, and the mathematical properties of entropy also allow defining an arrow of
time, namely the direction in which physical processes occur. Future means increasing entropy. Despite
the successful use of entropy in the usual form that we know, namely the Boltzmann—Gibbs one, several
modifications have also been considered [1-7]. Such considerations were inspired by the observation
of physical systems, which do not accept the usual modeling with the standard form of entropy or,
in other words, the usual probability distributions of states (see for instance [8] and the references
therein). One characteristic of some generalized entropy measures is the dependence of one or more
parameters that can be adjusted depending on the physical system [9]. With such unusual physical
systems in mind, we consider in this work non-equilibrium systems characterized by spatiotemporal
fluctuations on an intensive quantity, usually the temperature [10]. Superstatistics considers these
fluctuations and takes them into account when estimating the probability of the occurrence of a state in
a particular configuration. The starting point is the derivation of entropy from a generalized Boltzmann
factor [11-14], and the probability distribution can be deduced by maximizing the corresponding
entropy; the particular case of some generalized quantum distributions can be found in [15-17].
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We will deal with the quantum statistics of two entropies that depend only on the
probability [12-14]. Some interesting implications of this particular generalized entropy have been
studied in [12,18-21]. We will consider particularly the thermodynamic properties of quantum ideal
Bose gases. Those thermodynamic properties can be calculated if the probability density of states of the
determined energy is known, a probability which can be derived from entropy. We will follow this path
in order to estimate the critical temperature where the Bose condensation occurs for a quantum system
characterized by the generalized statistics depending only on the probability [12,14]. This analysis has
already been considered for the quantum statistics of g-generalized entropies, and quite interesting
results arise [22-39]. This particular result will also be explored here for other generalized entropies.
The entropies we consider here, instead, depend only on the probability and do not have any adjusted
parameter [12,18]. These entropies are derived through a generalized Boltzmann factor that takes
into account small thermal fluctuations, and consequently, the form of the entropy depends on the
assumed thermal distribution [10]. This fact allows identifying the nature of the differences in the
thermodynamical properties of the usual (extensive) and the nonextensive quantum systems analyzed
here. Even when our results are close to those predicted by the g-entropy for 4 ~ 1, they do not
coincide with these previous predictions.

The general structure of this work is as follows. First, in Section 2, we briefly review the
superstatistics framework where we define generalized Boltzmann factors from which generalized
entropies that depend only on the probability can be derived. In Section 3, we first review the
thermodynamic properties that define the Bose-Einstein condensation for the usual quantum statistics
and for the quantum ideal gas, in particular the consequences of the quantum statistics in the
occupation number, namely the number of particles in determined energy states; afterwards, we
explore the thermodynamic consequences of the same ideal gas, but influenced by the modified
statistics. In Section 4, we present a discussion and conclusions of the main results in our work.

2. Generalized Entropies

We have already mentioned that there exist several non-extensive generalizations to entropy;
we have remarkable examples in [1-6]. We will deal with a special class of generalized entropies,
depending only on p, arising in the realm of superstatistics [10,12], those inspired by non-equilibrium
processes, like systems with spatiotemporal fluctuations, not far from equilibrium, in some intensive
quantity, which we will choose to be the temperature. Considering a distribution of temperature f(p),
a generalized Boltzmann factor B(E) can be calculated, which takes into account these fluctuations
as follows:

B(E) = [ f(p)ePEap, (1)

where E is the corresponding energy, and when f(B) = 6(B — Bo), we get the usual Boltzmann factor.
The procedure of obtaining Boltzmann factors from different distributions can be reviewed in [10,18],
and here, we show one particular example. Let us consider a Gamma distribution depending on the
parameter p;, which will be further identified with the probability,

28 = o ) (xfoplz)pllexp o) @

where B is the average inverse temperature. Integrating this distribution, we get its corresponding
Boltzmann factor (1):

_1

By (E) = (1 + piBoE) 7. ®3)

It was shown in [10,18] that for several distributions, after expanding for small p;B¢E,

the generalized Boltzmann factor leads to the same first correction term; such an expansion for
the case of our distribution here is:
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and the entropy corresponding to (3) is given by:

™o

Sy =kY (1-p"), ®)

I

1

where () is the total number of microstates and p; will be later identified with the probability; thus,
we will have the constraint 52| p; = 1. We have labeled this entropy with the subindex 1, as we will
consider in this work another entropy following from another distribution f (), in which basically
p; is changed by —p; in (2), and consequently, a different Boltzmann factor and a different entropy
arise [12,18]; such entropy is given by:

gl

Sa=kY (p"-1). 6)

=1

These entropies can be expanded, and both are equal to the Boltzmann-Gibbs entropy (Shannon)
at first order. We have for instance that (5) can be written as:

s 2 In p;)?
_E:l_zl pllnpl_*_%_‘_,... . (7)

The probability distribution can be obtained by maximizing the following functional:
_S 3 > pi+1
=LY m-Byp B, ®)
=1 I=1

where v and j are Lagrange multipliers related to constraints in probability and energy. We have
consequently that the function defining the generalized probability p;(BE;) is given implicitly by:

1+Inp +BE(1+p +pInp) =p, . )

It is not possible to express analytically the probability as a function of energy, namely p;(BE;),
but we can, and will, use an approximation given by the best fitting adjustment of the inverse function
of energy in terms of the probability; we will call this probability distribution p; = g(BE;), where:

g(BE;)) = e P (a +bx 4 cx® +dx® + ex4> , (10)

and the constants, a,b,c,d,e, are the fitting parameters, whose specific values are shown in
Appendix A. As we will use two entropies related to two different distributions, each one of them
will have their corresponding fitting parameters; we name p;, = g;(BE;) the probability related to
entropy (5) and p;,, = g11(BE;) the probability distribution corresponding to entropy (6). In the next
section, we will generalize the probability distributions to their quantum counterparts and particularly
explore the properties of systems obeying the generalized Bose-Einstein statistics. For completeness,
we will exhibit also the corresponding generalized Fermi-Dirac distribution. The differences between
the probability distributions that define our entropies (10) and the ones defined by the nonextensive
Tsallis g-statistics have been shown in [14]. For values not so far from ¢ = 1, above and below,
our distributions behave similarly to those of g-statistics, but they are not exactly equal for any value
of 4. They are conceptually different.
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3. Ideal Extensive and Non-Extensive Quantum Bose Gases

In this section, we will firstly review some thermodynamic properties of quantum ideal Bose
systems obeying the usual quantum statistics, and afterwards, we introduce the generalized quantum
statistics and show that the generalized statistics brings new important thermodynamic consequences.

3.1. Usual Quantum Statistics

Let us briefly review the case of the usual quantum ideal Bose gas [40,41]. The number of

particles is:
1
N=Y g =" (an

where the statistics of the mean occupation number is given by the expression:

1

e = TePe 11’

(12)
where the sign in the second term in the denominator corresponds to Bose-Einstein (BE) statistics
for —1 and Fermi-Dirac (FD) statistics for +1. Before changing the sum in (11) into an integral,
care should be taken because we should not give a zero statistical weight to the state with (¢ = 0);
therefore, the first term in the sum is extracted, and we will have in particular for the BE statistics:

N 2m 32 [ e/2de 1 z
V_F(zm) /()z*leﬁ€—1+V1—z' (13

where the density of states in the energy space a(€) is deduced from the fact that the particles do not
feel interactions among them and:

2V

a(e)de = W(Zm):‘;/zde. (14)

A change of variable is made x = Be, and we get:

N 1 1 z
v = w8ty 2)

o h . . . . . c .
where A = CrmkT)I72 and gy (z) is the well-known Einstein function. If an expansion of the statistical
factor in powers of ze™* is performed, we get:

N 1 z2 z3 z4 1 z

voulFtenteatert | Ty

(16)

At this point, we need to fix the limiting value of z. For z << 1, the expansion behaves like z,
and this equation is used to determine z itself. When v > 1, the function Qv(2) converges, and as
z — 1, it approaches the Riemann zeta function {(v). The function g, (z) grows monotonically, so the
maximum value of g,(z) is precisely {(v). We have then the following cases: (i) when z << 1,
the second term in (16), namely % where Ny = 7%, is negligible and g, (z), becomes a polynomial in
z; (if) when z — 1, the term proportional to Ny cannot be neglected. This corresponds to the number of
accumulation particles into the single state with energy € = 0. As the number density has an upper
limiting value, when the number of particles exceeds this limit, the rest of the particles are forced to
occupy also the ground state, and the condensation takes place. This limit is explicitly given by:

N VT 2(2mrmk)3/2

e 7(3/2); (17)
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thus, the critical temperature is:

T. = (18)

(ZIZ;k) [Vé (1;]/ 2) ] h

Temperature is fixed depending on the mass of the particles in consideration. In the next section,
we determine what happens with the critical temperature when the Bose ideal gas obeys the generalized
statistics determined by the non-extensive entropies [12,14].

3.2. Generalized Quantum Statistics

As we have mentioned before, the probability density cannot be expressed in analytical form when
maximizing its corresponding functionals, but we can approximate, in different ways, the probability
distribution with an explicit function that fits the curve of the inverse function of energy in terms of
probability as in Equation (9), and we can also get accordingly the generalized quantum statistics
for systems that correspond to the entropies S; and S, defined above that were first proposed by
O. Obreg6n in [12]. These generalized statistics will be called BEO and FDO for the generalized
Bose—-Einstein and Fermi-Dirac statistics respectively. Using the kind of approximation as in
Equation (10), we find that the corresponding generalized occupation number is given by: [14]

1

T P ey s e U A G (19)

where —1 corresponds to BEO statistics and +1 to FDO statistics. In Figures 1 and 2, we show in
a single plot the occupation numbers for the usual and generalized statistics for the corresponding
entropies S and 5.

5

n A — BEO(SI)
— BE
7 BEO(52>
1_
L 5 e L E | 1
0.5 1 1.5 2 2.5 3
(e-p)/kT

Figure 1. Simultaneous plot of the usual occupation number (blue line) and the generalized occupation
numbers for the BEO statistics for Sq (red line) and S (green line).
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Figure 2. Simultaneous plot of the usual occupation number (blue line) and the generalized occupation
number of the FDO statistics for Sy (red line) and S, (green line).

We observe from Figures 1 and 2 that the generalized n. behave slightly different from the usual;
however, the BEO occupation number still will allow for condensation, and the FDO occupation
number is consistent with Pauli’s exclusion principle. For completeness, we have also shown the
behavior of the FDO statistics, but from now on, we will focus only on the properties of the BEO
statistics. We can calculate now the density of particles assuming that the new statistics is obeyed,
by rewriting the occupation number in terms of z = eP¥; it becomes:

Vv h3

= + =7 (20)

N  2m(2m)3/? /°° e'/?de No
0 a-lz-lePe[14+By+CP2+ DY +EyY] ' -1 V'

where y = Be — Inz, and we have redefined the constant fitting parameters as B = %, D = g, and so
on. After the change x = B¢, we get:

N 271(2m)3/% [e x1/2dx M
VT 3pde / T, Ty @1
B 0 a-lz-le¥[1+By+Cy2+ Dy + Ey4] " —1
In the last two expressions, we have also extracted the e = 0 term in the occupation number Ny,
as the same situation occurs as in the usual statistics, but in this case, A is given by:

az[l1 — Blnz+ CIn?z — DIn®z 4 EIn*z]
Ny =

= . 22
1—az[l —Blnz+ Cln?z — DIn®z 4 Eln*z] @

In Figure 3, we plot the behavior of Ny = 1= of the usual statistics and N as in Equation (22).
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Figure 3. Behavior of Ny(z) in the interval 0 < z < 1 for the usual probability distribution (blue line)
and for the two non-extensive probability distributions corresponding to Sy (red line MVy(S1)) and S,
(green line NVj(Sz)). When z << 1, Ny(z), Np(S1) and Ny(S1) can be neglected, but when z is close to

one, the number of particles that accumulate in the ground state grows rapidly in all cases.

Following with the calculation of the first term (integral) in Equation (21), the first term in the

denominator will be rewritten by expanding the powers of y = (x —Inz) to get:

7

N _ 27t(2m)3/2 /°° x1/2(aze™™)dx
Vo BB2 Jo (14 fi + fox + fsx2 + fax® + Ex4] 7 — (aze )

where the f; functions depend only on z in the following way:

fi(z) = =BInz+CIn*z — DIn®z + Eln*z,
fo(z) = B—2CInz+3DIn’z — 4EIn’z,
fa(z) =C—3DInz +6EIn’z,

fa(z) = D —4EInz.

In order to make the expression simpler, we define:
(14 f1 + fax + f3x® + fyx® + Ex*] = H(x,z),

thus: 3
% = 27;1(32;31/)2/ x12(aze™*)H[1 — (aze *)H] 'dx.
0

After expanding the last factor when (aze™*)H < 1, we have:

N _ 27(2m)32 /°° 1/2 —x\l gl
— =" [ x'/?) (aze ¥)'H'dx,
vV h3,33/2 0 =

and using the definition of H(x,z) of Equation (25) and its powers, we can finally write:

N_ 1 1 * 172
7= ngz(az)—l—m/o x'/*F(x,z)dx,

(23)

(24)

(25)

(26)

27)

(28)
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where F(x, z) is the remainderfunction after extracting the first contribution in terms of the Einstein
function. At this point, we have succeeded in extracting the two first relevant terms in the non-extensive
density. Now, it is necessary to discuss again the relevance of the density corresponding to the particles
in the ground state. In order to have a better idea about the difference between the extensive and
non-extensive densities, let us perform the integrals and numerically estimate their values in the upper
limit as z — 1; we have:

00 1/2
xt/2dx LG
1= [ =2 = YTr(3/2) = 231482, 29
| Sy = 56 29)
I = 3.075,
I, = 1463,

where [; and I are the numerical integrals using the fitting parameters for the two BEO statistics
corresponding to the entropies S; and Sy, respectively. In Figure 4, we plot the integrands in the
case of the usual statistics as in Equation (13) and for the new statistics as in Equation (21) for the
two entropies. In the three cases, the density has an upper value and is bounded. We can see that
I, < I < ;. As we have managed to extract the first contribution as an Einstein function, we can write:

N 1
von (83/2(az) =C] , (30)
where the contribution C is given by:
1 ® 12
C= rG/2) /0 x'/“F(x,z)dx, (31)

and (4C) corresponds to the BEO statistics of the entropy S; for which the density is above the usual
limiting value and (—C) corresponds to the BEO statistics of S, which is below the limiting value.
As (az) — 1, g3/2(az) = g3/2(z) = {(3/2). In this limit, we can estimate the critical temperatures at
which the condensation will occur if the system obeys the BEO statistics of one or another generalized
entropy, we will have correspondingly:

hz N 2/3
T, = ,
© = @mk) [v CG/2) + CJ
and we can conclude that the critical temperature for the systems obeying the generalized statistics
for one or another entropy are below the usual critical value for S; and above the critical value for S;.
The relation among these critical temperatures is Ti. < Tc < T»;, where T, is the critical temperature
for the system obeying the generalized statistics followed by S; and Ty, for Ss.

(32)
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Figure 4. Plot of the integrands in the expressions for the usual density (blue line) and those
corresponding to the densities of the modified statistics for S; (red line) and S, (green line).

4. Discussion and Conclusions

We have explored some thermodynamic properties of a quantum ideal gas obeying a novel
generalized statistics [12]. We considered particularly the quantum probability distribution emerging
in the realm of superstatistics corresponding to the entropies of a system driven not so far from
equilibrium by considering spatiotemporal thermal fluctuations. Two generalized probability quantum
distributions corresponding to two different entropies that depend only on the probability were
analyzed [12,13,18]. The relevant result is that the critical temperature when the condensation occurs
is naturally modified if the system obeys these generalized quantum statistics. We have shown that the
generalized densities (28) are also bounded in the limit z — 1; therefore, the final expression for the
density in this limit (30) is justified, and the critical temperature (32) follows directly. We observe that
the modification of the critical temperature is a consequence of considering a different statistics and
does not depend on other thermodynamic parameters as volume or particle number; this can be seen
from the expression (28), which is a consequence of the mathematical form of the quantum statistical
factor in the generalized occupation number (19).

Phase transitions of systems obeying modified statistics have been studied particularly for
generalized g-statistics in [22-39], where the corresponding critical condensation temperature has also
been calculated [29]. An extended study of the thermodynamic properties presented in this work and
other interesting ones will be reported elsewhere.
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Appendix A. Fitting Parameters of the Generalized Probability Distributions

The fitting constant parameters in the generalized quantum probability distributions are given by:
a=1.00477, b = —0.0134648, c = 0.512088, d = —0.185251, e = 0.016645, (A1)

for the probability corresponding to the entropy S; and:
a=1.0126, b = —0.558859, c = 0.270725, d = —0.048416, e = 0.00302662, (A2)

for the distribution corresponding to the entropy S,.

References

1. Rényi, A. Probability Theory; North Holland: Amsterdam, The Netherlands, 1970.

2. Kaniadakis, G.; Quarati, P. Generalized fractional statistics. Mod. Phys. Lett. B 1996, 10, 497-504. [CrossRef]
3.  Tsallis, C. Possible generalization of Boltzmann-Gibbs statistics. J. Stat. Phys. 1998, 52, 479-487. [CrossRef]
4. Abe, S. A note on the g-deformation-theoretic aspect of the generalized entropies in nonextensive physics.

Phys. Lett. A 1997, 224, 326-330. [CrossRef]

5. Sharman, B.D.; Mittal, D.P. New nonadditive measures of entropy for discrete probability distributions.
J. Math. Sci. 1975, 10, 28-40.

6. Esteban, M.D.; Morales, D. A summary on entropy statistics. Kybernetica 1995, 31, 337-346.

7. Gorban, A.N.; Gorban, P.A ; Judge, G. Entropy: The Markov ordering approach. Entropy 2010, 12, 1145-1193.
[CrossRef]

8.  Beck, C. Generalized information and entropy measures in physics. Contemp. Phys. 2009, 50, 495-510.
[CrossRef]

9.  Wilk, G.; Wlodarczyk, Z. On the interpretation of nonextensive parameter q in Tsallis statistics and Levy
distributions. Phys. Rev. Lett. 2000, 84, 2770. [CrossRef] [PubMed]

10. Beck, C.; Cohen, E.G.D. Superstatistics. Phys. A 2003, 322, 267-275. [CrossRef]

11. Tsallis, C.; Souza, A.M.C. Constructing a statistical mechanics for Beck-Cohen superstatistics. Phys. Rev. E
2003, 67, 026106. [CrossRef] [PubMed]

12. Obrego6n, O. Superstatistics and gravitation. Entropy 2010, 12, 2067-2076. [CrossRef]

13. Obregén, O.; Gil-Villegas, A. Generalized information entropies depending only on the probability
distribution. Phys. Rev. E 2013, 88, 062146. [CrossRef] [PubMed]

14.  Obregoén, O.; Ortega-Cruz, M. Generalized entropies depending only on the probability and their quantum
statistics. Proceedings 2018, 2, 169. [CrossRef]

15. Plastino, A.R.; Plastino, A.; Miller, H.G.; Uys, H. Foundations of Nonextensive Statistical Mechanics and Its
Cosmological Applications. Astrophys. Space Sci. 2004, 290, 275-286. [CrossRef]

16. Teweldeberhan, A.M.; Plastino, A.R.; Miller, H.G. On the cut-off prescriptions associated with power-law
generalized thermostatistics. Phys. Lett. A 2005, 343, 71-78. [CrossRef]

17.  Shen, K.-M.; Zhang, B.-W.; Wang, E.K. Generalized ensemble theory with non-extensive statistics. Phys. A
2017, 487, 215-224. [CrossRef]

18. Obregoén, O. Generalized information and entanglement entropy, gravitation and holography. Int. J. Mod.
Phys. A 2015, 30, 1530039. [CrossRef]

19. Obregoén, O.; Torres-Arenas, J.; Gil-Villegas, A. Computer simulation of effective potentials for generalized
Boltzmann-Gibbs statistics. . Mol. Lig. 2017, 248, 364.

20. Bizet, N.C,; Obregén, O. Exploring gauge/gravity duality of a generalized von-Neumann entropy. Eur. Phys.
J. Plus 2018, 133, 55. [CrossRef]

21. Lépez, J.L.; Obregén, O.; Torres-Arenas, J. Thermodynamic geometry for a non-extensive ideal gas.
Phys. Lett. A 2018, 382, 1133-1139. [CrossRef]

22.  R-Monteiro, M.; Roditi, I.; Rodrigues, L.M. v-Dimensional Ideal quantum g-gas Bose Einstein condensation
and A-point transition. Int. |. Mod. Phys. B 1994, 8, 3281-3298. [CrossRef]

23. Buyukkilic, E; Demirhan, D.; Gulec, A. A statistical mechanical approach to generalized statistics of quantum
and classical gases. Phys. Lett. A 1995, 197, 209-220. [CrossRef]


http://dx.doi.org/10.1142/S0217984996000547
http://dx.doi.org/10.1007/BF01016429
http://dx.doi.org/10.1016/S0375-9601(96)00832-8
http://dx.doi.org/10.3390/e12051145
http://dx.doi.org/10.1080/00107510902823517
http://dx.doi.org/10.1103/PhysRevLett.84.2770
http://www.ncbi.nlm.nih.gov/pubmed/11018939
http://dx.doi.org/10.1016/S0378-4371(03)00019-0
http://dx.doi.org/10.1103/PhysRevE.67.026106
http://www.ncbi.nlm.nih.gov/pubmed/12636747
http://dx.doi.org/10.3390/e12092067
http://dx.doi.org/10.1103/PhysRevE.88.062146
http://www.ncbi.nlm.nih.gov/pubmed/24483424
http://dx.doi.org/10.3390/ecea-4-05020
http://dx.doi.org/10.1023/B:ASTR.0000032529.67037.21
http://dx.doi.org/10.1016/j.physleta.2005.06.026
http://dx.doi.org/10.1016/j.physa.2017.06.030
http://dx.doi.org/10.1142/S0217751X15300392
http://dx.doi.org/10.1140/epjp/i2018-11883-5
http://dx.doi.org/10.1016/j.physleta.2018.02.024
http://dx.doi.org/10.1142/S0217979294001378
http://dx.doi.org/10.1016/0375-9601(94)00941-H

Entropy 2018, 20, 773 11 of 11

24.
25.

26.
27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

Curlief, S. On the Generalized Bose-Einstein condensation. Phys. Lett. A 1996, 218, 11. [CrossRef]

Torres, D.E; Tirnakli, U. Generalized quantal distribution functions within factorization approach:
Some general results for bosons and fermions. Phys. A 1998, 26, 499-511. [CrossRef]

Salasnich, L. BEC in Nonextensive statistical mechanics. Int. J. Mod. Phys. B 2000, 14, 405. [CrossRef]

Sau Fa, K.; Lenzi, E.K. Note on BEC in nonextensive statistical mechanics. Br. J. Phys. 2001, 31, 317-321.
Chen, J.; Zhang, Z.; Su, G.; Chen, L.; Shu, Y. g-Generalized Bose-Einstein condensation based on Tsallis
entropy. Phys. Lett. A 2002, 300, 65-70. [CrossRef]

Aragao-Régo, H.H.; Soares, D.J.; Lucena, L.S.; Da Silva, L.R.; Lenzi, E.K.; Sau Fa, K. Bose-Einstein and
Fermi-Dirac distributions in nonextensive Tsallis statistics: An exact study. Phys. A 2003, 317, 199-208.
[CrossRef]

Aliano, G.; Kaniadakis, G.; Miraldi, E. Bose-Einstein condensation in the framework of «-statistics. Phys. B
Condens. Matter 2003, 325, 35. [CrossRef]

Miller, H.G.; Khanna, F.C.; Teshina, R.; Plastino, A.R. Generalized thermostatistics and Bose-Einstein
condensation. Phys. Lett. A 2006, 359, 357-358. [CrossRef]

Biswas, S. More accurate theory of Bose-Einstein condensation fraction. Phys. Lett. A 2008, 372, 1574-1578.
[CrossRef]

Lawani, A.; Le Meur, J.; Tayurskii, D.; Kaabouchi, A.E.; Nivanen, L.; Minisini, B.; Tsobnang, F.; Pezeril, M.;
Le Méhauté, A.; Wang, Q.A. A nonextensive approach to Bose-Einstein condensation of trapped interacting
boson gas. . Low. Temp. Phys. 2008, 150, 605-611. [CrossRef]

Hasegawa, H. Bose-Einstein and Fermi-Dirac distributions in nonextensive quantum statistics: Exact and
interpolation approaches. Phys. Rev. E 2009, 80, 011126. [CrossRef] [PubMed]

Lavagno, A.; Narayana Swamy, P. Thermostatistics of deformed bosons and fermions. Found. Phys. 2010, 40,
814-828. [CrossRef]

Wang, Y.; Kong, X.-M. Bose-Einstein condensation of a g-deformed Bose gas in a random box. Mod. Phys.
Lett. B 2010, 24, 135. [CrossRef]

Ishihara, M. Chiral phase transitions in the linear sigma model in the Tsallis nonextensive statistics. Int. J.
Mod. Phys. E 2016, 25, 1650066. [CrossRef]

Shen, K.M.; Zhang, H.; Hou, D.F,; Zhang, B.W.; Wang, E.K. Chiral phase transition in linear sigma model
with nonextensive statistical mechanics. Adv. High Energy Phys. 2017, 2017, 4135329. [CrossRef]

Guha, A.; Kumar Das, P. An extensive study of Bose-Einstein condensation in liquid helium using Tsallis
statistics. Phys. A 2018, 497, 272-284. [CrossRef]

Pathria, R.K. Statistical Mechanics; Butterworth-Heinemann: Oxford, UK, 2001.

Goodstein, D.L. States of Matter; Dover Publications: New York, NY, USA, 1985.

® (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/0375-9601(96)00384-2
http://dx.doi.org/10.1016/S0378-4371(98)00397-5
http://dx.doi.org/10.1142/S0217979200000388
http://dx.doi.org/10.1016/S0375-9601(02)00781-8
http://dx.doi.org/10.1016/S0378-4371(02)01330-4
http://dx.doi.org/10.1016/S0921-4526(02)01425-4
http://dx.doi.org/10.1016/j.physleta.2006.06.074
http://dx.doi.org/10.1016/j.physleta.2007.10.009
http://dx.doi.org/10.1007/s10909-007-9596-2
http://dx.doi.org/10.1103/PhysRevE.80.011126
http://www.ncbi.nlm.nih.gov/pubmed/19658672
http://dx.doi.org/10.1007/s10701-009-9363-0
http://dx.doi.org/10.1142/S0217984910022299
http://dx.doi.org/10.1142/S021830131650066X
http://dx.doi.org/10.1155/2017/4135329
http://dx.doi.org/10.1016/j.physa.2018.01.020
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Generalized Entropies
	Ideal Extensive and Non-Extensive Quantum Bose Gases
	Usual Quantum Statistics
	Generalized Quantum Statistics

	Discussion and Conclusions
	Fitting Parameters of the Generalized Probability Distributions
	References

