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Abstract

We develop a global Hopf bifurcation theory for differential equations with a
state-dependent delay governed by an algebraic equation, using the S'-equivariant
degree. We apply the global Hopf bifurcation theory to a model of genetic regulatory
dynamics with threshold type state-dependent delay vanishing at the stationary
state, for a description of the global continuation of the periodic oscillations.
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1 Introduction

Consider the following system of differential-algebraic equations (DAEs) with state-
dependent delay,

{z(t) = f(a(t), z(t — 1), 0), (1.1)

7(t) = g(z(t), z(t = 7), 9),

where f : RV xRY xR — RY and g : R¥ xR xR — R are continuously differentiable
with f(0, 0, ) = 0 and o € R. The state-dependent delay of system (LT arises in
several applications. To mention a few, in the model of turning processes [7], the delay
7 is the time duration for one around of cutting; In the echo control model [16], the
state-dependent delay is the echo traveling time between the object’s positions when
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the sound is emitted and received. See [4] for a review. To model diffusion processes
in genetic regulatory dynamics with time delay, we considered in [5] the following
system:

B i)+ folut =),
WO o (®) + aolalt — 7)), (1.2)

T(t) = €0 + c(z(t) — z(t — 1)),

where fo, go : R — R are three times continuously differentiable functions; fi,,, pp, ¢
and ¢, are positive constants. The time delay 7(t) = ¢y + c¢(x(t) — z(t — 7)) models the
homogenization time of the substances produced in the regulatory processes. Since
the equation for 7 can be written as

[ Loedls) gy (1.3)

—7(t) €0

we call 7 a threshold type state-dependent delay and we have shown in [5] that using
the time transformation ¢ ~ [;(1 — ci(s))ds system (L) can be transformed into a
system with constant delay and distributed delay under certain conditions. In such
a case, the theory we developed in [I] is applicable to system (L2) for a local and
global Hopf bifurcation theory. However, if ¢g = 0 in (L2]) and the integral equation
for 7 becomes

/tt (1 = ci(s))ds = 0, (1.4)

—7(t)

which cannot be employed to remove the state-dependent delay using the time trans-
formation ¢ + [J(1 — ci(s))ds. Thus the global Hopf bifurcation theory developed
in [I] is no longer applicable. We remark that if we obtain a differential equation of
7 from 7(t) = €y + c(x(t) — z(t — 7)), the resulting system will have a foliation of
equilibrium and at least one zero eigenvalue. The global Hopf bifurcation theory de-
veloped in [6] is not applicable either. With these facts, we are motivated to develop
a global Hopf bifurcation theory for system (LI]) and apply it to an extended three
dimensional Goodwin’s model with state-dependent delay where the delay vanishes
at equilibrium. (See system (1) at Section [ for a quick note.)

We organize the remaining part of the paper as following: Using the framework for
a Hopf bifurcation theory established in [6], we develop a local Hopf bifurcation
theory for system ([LT) in Section 2 and develop a global Hopf bifurcation theory in
Section Bl In Section M we apply the developed local and global Hopf bifurcation to
the prototype system ([L.2) with 5 = 0. We conclude the discussion by Section



2 Local Hopf Bifurcation for DAEs with State-dependent Delay

We begin with definitions of notations. Denote by C(R; RY) the normed space of
continuous functions from R to RY equipped with the usual supremum norm ||z|| =
supeg |z(t)] for z € C(R; RY), where |- | denotes the Euclidean norm. We also denote
by C*(R; RY) the normed space of continuously differentiable bounded functions from
R to RY equipped with the usual C'! norm

[z]ler = max{sup |x(t)], sup [&(£)[}
teR teR

for € C(R; RY). We denote by V = Oy, (R; RY) the space of 2r-periodic continuous
functions from R to R equipped with the supremum norm. We denote by Ci_(R; RY)
the Banach space of 27-periodic and continuously differentiable functions equipped
with the C! norm.

We write 0; f = 8%@_ f for i =1, 2, and similarly we define 0;g for i = 1, 2. We assume
that

(S1) The map f: RN x RN x R 3 (61, 05,0) — f(61,05,0) € RY is C? (twice contin-
uously differentiable).
(S2) The map g: RY x RY x R 3 (v, 79, 0) = g(71, 72, o) € R is continuous.

We assume that for a fixed o9 € R, (2,,,7,) (or, for simplifcity, (2,,, 7o, 00)) is a
stationary state of (L1]). That is,

f(l'go, Loos UO) =0, g(zaoa Loy s UO) = Toq-
We also assume that
(83) (a%l + ai@)f(eh 927 U)‘o:o‘g,ﬁ:@g:mgo is HODSiIlglﬂar,

which implies that there exists ¢g > 0 and a C''-smooth curve (o¢ —€g, 09 +€) D 0
(1o, 7,) € R¥* such that (z,, 7,) is the unique stationary state of (II)) in a small
neighborhood of (z,,, 7s,) for o close to oy.

We wish to drop the part of the algebraic equation in (I.I) for the application of
Sl-equivariant degree and show that

Lemma 2.1 Assume that (S2) holds. For every (z, o) € C(R;RY) x R, where x is
periodic, there ezists T € C(R;R) such that 7(t) = g(z(t), z(t — 7(t)), o).

Proof Fix an arbitrary ¢ € R and let a = 7(¢). Consider the graphs of h = a and
h = g(x(t), z(t — a), o) in the h-a plane. The graphs must have an intersection since
r € O(R;RY) is periodic and h = g(z(t), x(t—a), o) is continuous and bounded with
respect to a. By the implicit function theorem, the solution of a = g(z(t), x(t—a), o)
for a is continuous with respect to (¢, o). O



In light of Lemma 2] we assume in the following that if z € C(R;RY) is periodic,
we choose 7 € C(R;R) such that 7(t) = g(x(t), z(t — 7(t)), o), t € R and call = a
solution if the chosen (z, 7) satisfies system (L.I]).

For a stationary state xq of system ([[LT]) with the parameter oy, we say that (zq, 0¢) is
a Hopf bifurcation point of system (L)), if there exist a sequence {(z, ok, Tx)}25 C
C(R;RY) x R? and T}, > 0 such that

kkl—il:loo |(zx, ox, Ti) — (0, 00, To)HC(R;RN)xW =0,

and (zy, o) is a nonconstant T-periodic solution of system (L.TI).

Due to the nature of the same approach of using the S'-equivariant degree, the
presentation of the remaining part of this section is similar to that of [6], even though
the systems in question are different. We study Hopf bifurcation of (ILT]) through the
formal linearization [2] obtained from its part of the differential equations. Namely, we
freeze the state-dependent delay in system (L)) at its stationary state and linearize
the resulting differential equation of x with constant delay at the stationary state.
For o € (0¢g — €, 00 + €), the following formal linearization of system (LLI]) at the
stationary point x,:

i(t) = 0 f(o) (z(t) — 20) + 0o f(0) (2(t — 75) — 25) (2.1)
where

alf(g) = alf($07 Tos U)a 02f(0) = a2f($0> To U)a To = g(:l?g, Lo,y U)'

Letting z(t) = e*'-C+x, with C' € RY we obtain the following characteristic equation
of the linear system corresponding to the inhomogeneous linear system (2.1]),

det A(xma) (w) = 0, (22)
where A, o) (w) is an N x N complex matrix defined by
A(gvg,o) (Cd) =wl — al.f(o-) - an(U)e_WTU‘ (23)

A solution wy to the characteristic equation (2.2]) is called a characteristic value of the
stationary state (z,,, 09). If zero is not a characteristic value of (z,,, 0¢), (Zs,, 00) is
said to be a nonsingular stationary state. We say that (x,,, 0o) is a center if the set of
nonzero purely imaginary characteristic values of (z,,, 0¢) is nonempty and discrete.
(X4, 00) is called an isolated center if it is the only center in some neighborhood of
(T4, 00) in RY x R.

If (z,,, 00) is an isolated center of (2.1), then there exist 5y > 0 and § € (0, €;) such
that

det A(mao,oo) (ifo) = 0,



and

det A(xmg) (i8) # 0, (2.4)

for any 0 € (09 — 0, 09 + 0) and any 5 € (0, +00) \ {fo}. Hence, we can choose
constants ag = ag(0o, By) > 0 and € = (09, ) > 0 such that the closure of the set
Q = (0, ag) x (Bo — &, o +¢) C R* = C contains no other zero of det A, o) (-)
in 0€2. We note that det A, ) (w) is analytic in w and is continuous in o. If § > 0
is small enough, then there is no zero of det A, ., sx6)(w) in 9Q2. So we can define
the number

V+(Zoy, 00, Bo) = degp(det Ag, 5 0045)(+), €2),
and the crossing number of (z,,, 09, (o) as
Y(Zoy, 005 Bo) = V- — V4, (2.5)
where deg is the Brouwer degree in finite-dimensional spaces. See, e.g., [§], for details.

To formulate the Hopf bifurcation problem as a fixed point problem in the space of
continuous functions of period 27, we normalize the period of the 27 /3-periodic solu-
tion z of (LI]) and the associated 7 € C'(R;R) by setting (x(t), 7(t)) = (y(5t), z(5t))

and obtain
(mw)(;f@@xy@/%@»,w). 26
z(t) 9(y(t), y(t = B=(1)), o)

Define Ny : V > (y, 0, 8) x R? = Ny(y, o, 8) € V by

No(y, o, B)(t) = fy(t), y(t — Bz(t)), o). (2.7)

Then the part of differential equations of system (2:6]) is rewritten as

1
Correspondingly, (2.)) is transformed into
i) = 5Nalv. o, B)(0). (29)

where Ny : V 3 (y, 0, 8) x R2 = Ny(y, 0, 3) € V is defined by

No(y, o, B)(t) = 01f(0) (y(t) — yo) + 02f (o) (y(t — B2) — yo) -

with (Yy, 2,) = (%5, 7»). We note that y is 2m-periodic if and only if = is (27/f)-
periodic.



Let K : V — R be defined by

1 27
K(y) = 5 /0 y(t)dt. (2.10)
Define the map F : V x R2 — V by
F 0. 0) == (Lo + K | 3 ulw .0) + KO0 (2.11)

We call the set defined by

Bu(yo, 00, Posrs p) = {(y, 0, B) < lly = yoll <, [(o, B) — (00, Bo)| < p},

a special neighborhood of F, if it satisfies

1) ‘F(y7 g, 5) ;é OfOI' every (yv g, B) € BM(y07 00, 50;T7 p) with |(Ua 5>_(0-07 BO)‘ =
p and [y — yo| # 0;
ii) (yo, 00, Bo) is the only isolated center in By (yo, 0o, Bo;T, p)-

Before we state and prove our local Hopf bifurcation theorem, we cite some technical
Lemmas from [6] with necessary notational adaptions.

Lemma 2.2 ( [6] ) Let Ly : C} (R; RY) — V be defined by Loy(t) = y(t),t € R
and let K : V. — RY be defined at (210). Then Ly + K has a compact inverse
(Lo+ K)™: V= V.

Lemma 2.3 ( [6] ) For any o € R and 8 > 0, the map Ny(-, o, B) : V — V defined
by (2.8) is continuous.

Lemma 2.4 ( [6]) If system (2.1) has a nonconstant periodic solution with period
T > 0, then there exists an integer m > 1, m € N such that im 27 /T are charac-
teristic values of the stationary state (x,, T,, 0).

For the purpose of establishing the S!-degree on some special neighborhood near the
stationary state, we have

Lemma 2.5 Assume (S1)-(53) hold. Let Ly and K be as in LemmalZ3 and Ny : V x
R2 — V be asin (Z3). Let F : VXR2 — V be defined at (Z11). If By (yo, 00, Bo; 7, p)
is a special neighborhood of F with 0 < p < Bo, then there exist v’ € (0, r| such that

the neighborhood

Bt (Yo, 00, Bo; 7', p) = {(u, 0, B) : [y — yo || <1, [(0, B) = (00, Bo)| < p}
satisfies

i(t) # %f(y(t),y(t — B2(t)), o)

for (y, o, B) € Bu(yo, 0o, Bo; 7, p) with y # y, and |(o, 5) — (00, Bo)| = p-

Proof. We prove by contradiction. Suppose the statement is not true, then for any



0 <" <r, there exists (y, o, §) such that 0 < ||y — y,|| < 7', |(o, B) — (00, fo)| = p
and

) 1
y(t) = Ef(y(t%y(t — Bz(t)), o) for t € R. (2.12)
Then there exists a sequence of nonconstant periodic solutions {(yx, 0%, Bx)} o>, of
(ZI2) such that
Jim lyx = yo, || = 0, [(ok, Br) = (00, Fo)| = p, (2.13)
—+00
and
) 1
un(t) = B—f(yk(t),yk(t — Brzn(t)), ox) for t € R, (2.14)
k
where 2z is chosen according to y, in light of Lemma 2T so that (yx, 2x) is a solution
of system (2.0]).

Note that 0 < p < By implies that 8, > Sy — p > 0 for every k € N. Also, since the
sequence {0y, (122, belongs to a bounded neighborhood of (o, () in R?, there exists
a convergent subsequence, still denoted by { (o, fk)}32, for notational simplicity, that
converges to (o, 8*) so that |(c*, 5*) — (00, Bo)| = p and 5* > 0. Then we have

Jm |y = o, | =0, lim {(ox, B) = (0", 57)[ =0, (2.15)
and
Ui(t) = éf(yk(t)ayk(t — Br2k(t)), o) for t € R. (2.16)
In the following we show that the system
a(t) = %al Flo™yo(t) + %82 Fo)olt — B200), (2.17)

has a nonconstant periodic solution which contradicts the assumption that (ys,, 0o, 5o)
is the only center of (2.9) in Bys(uo, 0o, Bo; 7, p)-

By (Sl), f: RY xRN xR 3 (91,92,0’) — f(91,92,0) e RV is C? in (91, 92) It follows
from the Integral Mean Value Theorem that

Ur(t) :i /01 O fr (o, s)(t)ds(yr(t) — Yo,)
+ i /01 O frlow, $)(£)ds(yr(t — Buze(t)) = Yoy ), (2.18)

where

O fi(ok, 5)(t) : = OLf (Yo + (Uk(E) = Yor)s Yoo, + 5(Uk(t = 26(t)) — Yo ), Ow)),



Or fi(ok, 8)(t) : = 0of (Yo, + 5(Yr(t) = Yor ), Yo, + Wkt = 2k(1)) = ¥o.), Ok))-

Put

. yk(t) — Yoy,
L T 219
Then we have
valt — Bean(t)) = Ye = Bezel®)) ~ v, (2.20)

Yk — Yo |l

By (2I8)) and (2.20) we have
(1) = [ D fulow, )Odso(t) + o [ Bafilow, $)Dds it~ Bald). (2.21)
Vg _ﬁk 0 1Je\Ok, S SV 5k 0 2Jk\Ok, S SV K<k . .

We claim that there exists a convergent subsequence of {v;};2. Indeed, by ([2.13)
and system (Z6)), we know that {2z, 8}/ is uniformly bounded in C'(R;R) x R and

hence limy;_, o[t — Br2x(t)] = +00. Then by (ZI9) and (2.20), we have
lorll = 1, [Joa(- = Beze ()]l = 1.

Recall that 0;f(¢*) and 0;g(¢*), i = 1, 2, are defined in (2.1]). By (2.I5]), we know
that (Yo, + s(Yk(t) — Yo, )s Yo, + S(Yk(t — 21(t)) — Yo, ), Ok) converges to the stationary
state (Yor, Yor, 0¥) in C(R;R*V) x R uniformly for all s € [0,1]. By (S1) we know
that f(61, 0, o) is C% in (0y, 05, o) and 0, f(6,, B, o) is C' in o. Also, by ([2I3)), the
sequence {uy, By, 0% }i2 is uniformly bounded in C'(R; R¥*1) x R%. Then there exists
a constant [~/1 > 0 so that

101 filow, 5)(t) = D f(o7)]
< L (Yo, + 8(Uk(t) = Yor) Yo + 8(un(t = 2(8)) = Yor)s ) = (o, Yo, 7)),

for all t € R, k € N and s € [0, 1]. Therefore, we have limg_, o ||O1 fx(o%, S) —
01 f(c*)]] = 0 uniformly for s € [0, 1]. By the same argument we obtain that

klim |01 fr(ok, s) — 01 f(0™)]| =0, lim ||Osf(ok, $) — Oaf(c™)|| =0, (2.22)
—+400 k—+o00

uniformly for s € [0,1]. From (222) we know that ||0; fix(ok, s)| and |02 fx(ow, 9)||
are both uniformly bounded for all k € N and s € [0, 1]. Then it follows from (2.21])
that there exists a constant Ly > 0 such that ||i4]| < Lo for any k& € N. By the
Arzela-Ascoli Theorem, there exists a convergent subsequence {vy;};= of {vg}2.
That is, there exists v* € {v € V : ||v|| = 1} such that

lim |[vg, —v*|| = 0. (2.23)

j—+oo

By the Integral Mean Value Theorem, we have

[k (£ = By 2, (£)) = vy (¢ — B260)




= ‘/01 Ok, (t — O(Bry 21, (1) — B*25+))A0(Br, 2, (1) — B*25+)
<|[in, || - 1B, 21, () — B 20+

Lo (B, |2k, (t) = 2o+ | + By, — B*|20+)- (2.24)
By (215 and [224) we have
i o (- = B2, ()) = 0, (- = B7z0)l| = 0. (2.25)

Therefore, it follows from (2.23)) and (2.25]) that
o (- B2 () = 07— A7)
It follows from (2.I5), (2:22), 223) and (2:26) that the right hand side of (Z.21))

converges uniformly to the right hand side of (2.17)). Therefore, v* is differentiable
and we have

(2.26)

lim |oy(t) — 0" ()| = 0,

k——~4o00

and

() = S (0) + 0 ()0 (= ) (227)
Since by (S3) the matrix 0, f(¢*) +0xf(c*), is nonsingular, v = 0 is the only constant
solution of (227). Also, we have v* € {v € V : |jv| = 1}, ||[v*]| # 0. Therefore,
(v*(t), o*, 5*) is a nonconstant periodic solution of the linear equation (2.27)). Then
by Lemma 24 (y,+, o*, 5*) is also a center of (Z9) in By (yo, 00, Po; 7, p). This con-
tradicts the assumption that By (yo, 0o, So;7, p) is a special neighborhood of (2.6]).
This completes the proof. O

To apply the homotopy argument of S'-degree, we show the following
Lemma 2.6 Assume (S1)-(S3) hold. Let Ly, K, Ny, F be as in Lemma [Z3 and
No:V xR* =V be as in (28). Define the map F : V x R2 =V by

%N()(y, o, B)+ K(y)| .

IfU = B (yo, 00, Bo;r, p) €V x R? is a special neighborhood of F with 0 < p < By,
then there exists ' € (0, r] such that Fo = (F, 0) and Fy = (F, 0) are homotopic on
B (yo, 00, Po; 7', p), where 6 is a completing function (or Ize’s function) defined on
B (yo, 00, Po; 1!, p) which satisfies

Z) H(ycﬁ g, 5) = _‘(0-7 5) - (007 ﬁO)‘ Zf (y07 g, 5) cU
i) 0y, o, B) =" if |y —yoll =r".

Fly, 0,8) =y —(Lo+ K)™"




Proof. Since U = By (yo, 00, Bo;7, p) CV x R?is a special neighborhood of F with
0 < p < Bo, then by Lemma 2.5 both Fy = (F, 0) and Fy = (F, 6) are U-admissible.

Suppose, for contradiction, that the conclusion is not true. Then for any " € (0, ],
Fy = (F, 0) and Fy = (F, 0) are not homotopic on By (yo, 00, Bo; 7, p). That is, any
homotopy map between Fp and Fp has a zero on the boundary of B M(yo, o0, Bo; T, p).
In particular, the linear homotopy A(:, @) := aFp + (1 — a)Fy = (aF + (1 — oz)]-" 6)
has a zero on the boundary of By (vo, 00, Po; ', p), where o € [0, 1].

Note that 6(y, o, 5) < 0 if ||y — yo|| = r’. Then, there exist (y, o, §) and o € [0, 1]
such that ||y — y,| <7’ [(0, B) = (00, fo)| = p and

H(y, o, 8, a) = aF + (1 — a)F = 0. (2.28)

Since > 0 is arbitrary in the interval (0, r], there exists a nonconstant sequence
{(yr, ok, Br, ar)}32, of solutions of (Z.28) such that

kl_lﬂloo luk — yo l = 0, [(o%, Br) — (00, Bo)l = p, 0 <y < 1, (2.29)
and
H(yg, ok, Bk, a) =0, for all k € N. (2.30)

Note that 0 < p < fp implies that 8y > Gy — p > 0 for every k& € N. From (2:29)
we know that {(ox, Bi, ax)}32, belongs to a compact subset of R?. Therefore, there
exist a convergent subsequence, denoted for notational simplicity by {(ox, Bk, ax)}22,
without loss of generality, and (¢*, 8*, o*) € R3 such that 5* > fy—p > 0, a* € [0, 1]
and

limC>O |(ok, Bk, ax) — (%, B, a)| = 0. (2.31)

k—+

By the same token for the proof of Lemma 2.5 we show that the system
0(t) = —8 f +

(t) 5O (0%)v(t) 3

with 0, f(0*), 0;g(0*),i = 1, 2, defined at (2.1]), has a nonconstant periodic solution

which contradicts the assumption that By (ug, 0o, 5o;7, p) is a special neighborhood
which contains an isolated center of (2.9).

*82f( o )o(t — 5" 2-) (2.32)

By ([230), we know that the subsequence {(yx, ok, Ok, i)}, satisfies

H(yx, ok, By, ax) = 0. (2.33)

By (Sl), f: RY xRV xR 3 (91,92,0’) — f(91,92,0') e RV is C? in (91, 92) Then it
follows from the Integral Mean Value Theorem and from (2.33)) that

Uk (t) = 81 ok, s)()ds(yr(t) = Yo, )

10



+ % /1 D2 fi(o, s)(E)ds(yr(t — Brzk(t)) — Yo,)

+ 1 ;;kak /01 O fr(ow, 8)(t)ds(yx(t) — Yo,
1 —kak /0 Do fr(ok, $)()ds(yr(t — Brzoy) — Yo ), (2.34)

_ yk(t) — Yoy,
Yk — Yo |l

Then we have

Ur(t — Brzr(t)) — Yo,
1Yk — Yo

Uk(t — ﬁkzk(t)) = (236)

By (2:34) and (Z36), we have

Qf

lt) =3,

/81fk(0'k7 s)(t)ds vx(t)
_/ Oz fi(ok, s)(t)ds vg(t — Brzs,)
1‘“’“/ O fi(ow, 5)(H)ds vi(t)

/0 L0 fulon, $)(1)ds et — Buzo,). (2.37)

We show that there exists a convergent subsequence of {vy}{>J. Indeed, by [2.29) we
know that {2z, 8 }/25 is uniformly bounded in C'(R;R) x R. Therefore we have

lim ¢t — ﬁkzk( ) ~+00. (238)

t—+o0

By (238), [2.36) and (2.38), we have |[vx|| = 1, ||vx(- — Brzr)|| = 1. Note that by (S1)
and (231)) and by an argument similar yielding ([2.22)), we know that

klim |01 fr(ok, s) —O1f(e")|| =0, lm |0sfx(ok, s)— Oaf(c¥)| =0, (2.39)
—+400 k——+o0
uniformly for s € [0,1]. We know from (239) that ||0y fx(ok, s)||, ||O2fx(o%, $)||, are

both uniformly bounded for every & € N and s € [0, 1]. It follows from (2.37) that
there exists L3 > 0 such that ||0x]| < L3 for every k& € N. By the Arzela-Ascoli

11



Theorem, there exists a convergent subsequence {vg, };25 of {v;};27. That is, there
exists v* € {v € V : ||v]| = 1} such that

lim ||vg, —v*|| = 0. (2.40)

j—+o0

By the Integral Mean Value Theorem, we obtain for all ¢ € R,

Ok, (t — Br, 2k, (1)) — vp; (T — B 26+ )]

/01 O, (t = 5 20 — 0By, 22, (1) — B 22))A0(Br, 21, () — 5" 2)
SHfikj | 1B, 2, (t) — B 20
<Ls(Br,l 2k, (1) = 2o+ + [Br; — B |20+)- (2.41)

Then by (2.31)) and (2.41]) we have

lim ||Ukj(' — ﬁkakj(')) — Ukj(' — ﬁ*zg*)H =0. (242)

j—+oo

From (2.40) and (242) we have

im oy, (- = B, 2k, (-)) — v (- — B 20+)

Jj—+oo

It follows from (2.31)), (2.39), (2.40) and (2.43) that the right hand side of (2.37)
converges uniformly to the right hand side of (2.32]). Therefore,

= 0. (2.43)

Tim i, (£) — 0°(£)] = 0, (2.44)
J—+o0
and
5 (1) = %alfw*w(t) + %@ﬂa*)v*(t _ Br). (2.45)

Noticing that v* € {v : ||v|]| = 1}, we have [[v*|| # 0. Since the matrix 0y f(c*) +
O»f(0*) is nonsingular, v* is a nonconstant periodic solution of (2.45). Then by
Lemma 24 (y,+, o*, 5*) is also a center of (Z9) in By (yo, 0o, Bo;r, p). This con-
tradicts the assumption that By (yo, 0o, Bo;7, p) is a special neighborhood of (2.9)
which contains only one center (yq, 0o, 59). This completes the proof. O

Now we are in the position to prove the local Hopf bifurcation theorem.
Theorem 2.7 Assume (S1)—(S3) hold. Let (x,,, 0o) be an isolated center of system
(Z). If the crossing number defined by (Z3) satisfies

7(37007 00, ﬁO) 7£ 07

then there exists a bifurcation of nonconstant periodic solutions of (1) near (x,,, 0¢)-
More precisely, there exists a sequence {(xy, on, Bn)} such that o, — oo, fn — Bo as
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n — 00, and lim, e ||Tn — Ty || = 0, liMy, 00 || T — 7o || = 0, where
(Tn, 0n) € C(R;RY) x R

is a nonconstant 2w/ B, -periodic solution of system (IL1).

Proof. Let (z, 7) be a solution of system (L1l) with x being 27 //-periodic and 5 > 0.
Let (z(t),7(t)) = (y(Bt), z(5t)). Then system ([I.1]) is transformed to

{y(t) - %f(y(t), y(t - ﬁz(t))v 0>7 (2.46)

2(t) = g(y(t), y(t — B=(t)), o).

Then x is a 27/B-periodic solution of system (L.1) if and only if y is a 27-periodic
solution of system (2.46).

Let V = Cor(R; RY). For any € = e € S, u € V, (§u)(t) := u(t+v). The idea of the
proof in the sequel is to verify all the conditions (A1)-(A6) for applying Theorem 2.4
on Hopf bifurcation developed in [6].

Recall that § and e are defined before (2.5]). Let Z(0q, o) = (00 — 9, 00+ ) X (Bo —
g, Bo + ¢) and define the maps

Loy(t) : = y(t), y € Cy (R; RY),
No(y, o, B)(t) : = f(y(t), y(t — Bz(1)),0),y €V,

No(y, 0, B)(t) : = O f(o)(y(t) = yo) + 0o f () (y(t = Bz5) = yo)y €V,

where (o, ) € Y(0y, By) and t € R, and (y,, 2,) is the stationary state of the system
at o such that y,, = 7,,. The space V is a Banach representation of the group G = S*.

Define the operator K : V — R by

K(y) =~

27
_-_ t)dt V.
27T/0 y(t)dt, y €

By Lemma 22 the operator Ly + K : C3 (R;RY) — V has a compact inverse
(Lo + K)™' : V — V. Then, finding a 27 /B-periodic solution for the system (LI is
equivalent to finding a solution of the following fixed point problem:

g = (Lo + K)~! [%No@, o B) + K@), (2.47)

where (y, o, 8) € V xR x (0, +00).

By (S1) we know that the linear operator Ny is continuous. By Lemma 23, we know
that No(-, o, B) : V — V is continuous. Moreover, by Lemma the operator (Lo +
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K)™':V — V is compact and hence (Lo + K)™" o (5No(-,, 8) + K) : V = V and
(Lo + K)o (%NO(-, a,f)+ K) : V. — V are completely continuous and hence are
condensing maps. That is, (A2) and (A4) are satisfied.

Define the following maps F : V x R x (0, +00) — V and F : V xR x (0, +00) — V.
by

Fly, 0. 8) =y — (Lo + K)~" [%No@, o ) + K<y>] |
Fly, 0. B) =y — (Lo + K)~" [%No@, o ) + K<y>] |

which are equivariant condensing fields. Finding a 27/S-periodic solution of system
(L) is equivalent to finding the solution of the problem

Fly,o,8)=0, (y,o,5) €V xRx (0, +00).

Since (24,, 00) = (Yoo, 00) is an isolated center of system (2.I]) with a purely imaginary
characteristic value iy, By > 0, (Yoo, 00, Bo) € V x R x (0, +00) is an isolated V-
singular point of F. That is, (yu,, 00, Bo) is the only point in V' such that the derivative
DyF Yy, 00, Bo) is not an automorphism of V. One can define the following two-
dimensional submanifold M C V¢ x R x (0, +00) by

M = {(y07 g, 5):06(00_5’ 00+5)75€(50_5a 60+€)}a

such that the point (yy,, 00, Bo) is the only V-singular point of F in M. M is the set
of trivial solutions to the system (2.I]) and satisfies the assumption (A3).

Since (Yoo, 00, fo) € V x R x (0, +00) is an isolated V-singular point of F, for
p > 0 sufficiently small, the linear operator D, F(y,, o, 8) : V. — V with |(o, 8) —
(00, Bo)| < p, is not an automorphism only if (o, 5) = (09, By). Then, by the Implicit
Function Theorem, there exists r > 0 such that for every (y, o, 8) € VxR x (0, +00)
with |(o, 8) — (00, )| = p and 0 < ||y — y,|| < r, we have F(y, o, 8) # 0. Then the
set Bys(xo, 00, Po; T, p) defined by

{(yv g, 5) eV xRX (07 _'_00)7 ‘(0-7 5) - (007 ﬁ(])‘ < p, Hy - yUH < T}?

is a special neighborhood for F.

By Lemma [2.5] there exists a special neighborhood U = Ba(ys,, 00, fo; 7', p) such
that F and F are nonzero for (y, o, 5) € By (Yo, 00, Poi1’, p) With y # y, and
|(o, B) — (00, Bo)| = p. That is, (A5) is satisfied.

Let 0 be a completing function on U. It follows from Lemma 2@ that (F, ) is homo-
topic to (F, #) on U.
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It is known that V' has the following isotypical direct sum decomposition
V= @ Vk7
k=0
where V; is the space of all constant mappings from R into RY, and V}, with k& > 0,
k € N is the vector space of all mappings of the form
zcosk - +ysink - : R >t — xcoskt + ysinkt € RY,

where x, y € RY. Then V,, k > 0, k € N, are finite dimensional. Then, (A1) is
satisfied.

For (o, 8) € Y(00, By), we denote by ¥(o, §) the map Dyf(y(a), o,0):V = V.
Then we have U(o, 8)(Vy) C Vi for all & = 0, 1, 2, ---. Therefore, we can define
Uy 2 D(00, Bo) = L(Vi, Vi) by

\I’k((f, 5) = \I](Uv B)|Vk

We note that Vi, £ > 1, k € N, can be endowed with the natural complex structure
J : Vi, = V}, defined by

J(xcosk-+ysink:) = —wsink - +ycosk-), z y € RY.

By extending the linearity of J to the vector space spanned over the field of complex
numbers by e* - ¢; : R3¢t — e .¢; € CN,j=1,2, -, N, we know that

{e® e, J(e™ )l = {e™ ¢ ie™ -}

is a basis of Vj, where {e1, €3, - -+, ex} denotes the standard basis of RY. Then we
identify V} with the vector space over the complex numbers spanned by e - ¢;, j =
1,2,---, N.

Then we have for v, € Vi, k € Z, k > 1,

\Ifk(O', B)vk = Vg — (L(] + K)_l (%DUN(](’UJ(O'), g, B) + K) Vk

= — %(Lo + K) 7 (00 f (o) g+ 0o f (0) (Vk) 52, )

where (v)g., = vk(- — B2,). Then we have, for ¢#*¢; € Vj,

‘I’k(Ua B)(e™ )
= (810 = 011 (0) = Buf (o)™ %) - (ee;)

A(u(o U(Zkﬁ) (6 6])

k‘ﬁ
k‘ﬁ
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where the last equality follows from (Z3]). Therefore, the matrix representation [W]
of Wy (o, ) with respect to the ordered C-basis {e"¢;}7, is given by

1

ik A(ya,a) (Zkﬂ)

Next we show that there exists some k € Z, k > 1, such that pg(ye,, 0o, 50) =
degB(det(c[\Ifk]) 7§ 0.

Define ¥y : 9(0y, 3y) — R? ~ C by

\I]H(O-a ﬁ) = det A(ya,a)(iﬁ)'

The number (1 (Yo, 00, Bo) can be written as follows (see Theorem 7.1.5 of [§]):

:U’l(u(O-O)u 00, BO) =€ deg (\I]Hv ‘@(007 BO)) )
where € = sign det Vo (o, ) for (o, 8) € (00, o). For a constant map vy € V4,

1
B

Then, by (S3), we have € # 0 and therefore (A6) is satisfied.

Uo(o, B)vg = —= (O f(0) + Do f (0))vo.

Note that ag, £y, d and € are chosen at (25]). Define the function H : [og — 0, 0¢ +
5] x 2 - R? ~ C by

H(o, a, B) :=det Ay, oy (a+if),

where Q = (0, ag) X (8o — €, Bo +€), ap = ap(09, By) > 0. By the same argument for
(24) and (23]), we know that H satisfies all the conditions of Lemma 2.1 of [6] (or
Lemma 7.2.1 of [§]) by the choice of oy, By, € and . So we have

deg (Y, Z(00, Bo)) = ¥(Yoo» 00, Bo) # 0.

Thus, 11(Yoy, 00, Bo) # 0 which, by Theorem 2.4 of [6], implies that (¥, 00, 5o) is a
bifurcation point of the system (2.46]). Consequently, there exists a sequence of non-
constant periodic solutions (z,, o, 3,) such that o, — o9, 5, = 5y as n — oo, and
T, is a 27/ B,-periodic solution of ([ILT]) such that the associated pair (x,,, 7,,) satisfies

(L) with lim, s yeo || (s 7n) = (Zog, Top)|| = 0. -

3 Global Bifurcation of DAEs with State-dependent Delays

In this section we use Rabinowitz type global Hopf bifurcation Theorem 2.5 developed
in [6] to describe the maximal continuation of bifurcated periodic solutions with large
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amplitudes when the bifurcation parameter ¢ is far away from the bifurcation value.
We show that there is a lower bound for the periods of periodic solutions of system

(LI0).
Lemma 3.1 (Vidossich, [19]) Let X be a Banach space, v : R — X be a p-periodic
function with the following properties:

(Z) v E Llloc(R7 X)7
ii) there exists U € L'([0, B];R.) such that |v(t) —v(s)| < U(t—s) for almost every
2
(in the sense of the Lebesque measure) s, t € R such that s <t, t —s < 5;
(111) P v(t)dt =0.
Then .
pllvll- <2 [* Ut

We make the following assumption on system (LTI):
(S4) There exists constant Ly > 0 such that
f(01, 02, 0) — f(B1, O, 0)] < Ly(|0h — 0] + |02 — 02]),

for every 91, 92, 51, 52, o €R.
Lemma 3.2 Suppose that system (I1l) satisfies the assumption (S4) and x is a
nonconstant periodic solution. The following statements are true.

i) If [|T||pe < ﬁ, then the minimal period p of x satisfies

2
p= -
1 —2L¢||7 gee

it) If T is continuously differentiable in R, then the minimal period p of x satisfies
S 4
PZ w511
L2+ [7]r)
i) Suppose there exists a constant Ly, > 0 such that

‘9(91, 0., U) - 9(91, 527 0')‘ < Lg(|91 _§1| + |92 —§2|)7

for every 0y, 0, 01, 05, 0 € R. If ||2]|1~ < Lig, then the minimal period p of x
satisfies
o 20 Lyfili=)
Ly

Proof. Assume that z is a nonconstant periodic solution with minimal period p. Let
v(t) = 2(t). Then we have [ v(t)dt = 0. For s < ¢, by (S4) and the Integral Mean
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Value Theorem, we have

[o(t) = v(s)] < [2(t) — a(s)]
< Ly(|a(t) = ()] + [2(t = 7(8)) = 2(s = 7(s))])
< Lyld|poo(t = 8) + Lyla| e (t = s + [7(t) = 7(s)])
< (2Lf|%|pee + Ly|E|poe - |T]1e) (£ — 5). (3.1)

i) If ||7]| e < i, then by ([B.I]) we have
[0(t) = v(s)| < Lyp|#|roe(t = 8) + Ly|#[ oo (t = s + [7(2) = 7(5)])
< 2Ly|#|pee (t — s) + 2L¢|T| 100 - |E] oo

Let
U(t) = 2L¢|%| gt + 2L ¢|T| oo - | 2] oo
Then, by Lemma [B.1I] we obtain

P 2
. p . .
plir| i < 2/02 U0t == 2Ll + p- 2Ly l7|oe - il

Therefore,
2

1 —2L|7|)’

p=
(
ii) If 7 is continuously differentiable in R, then we have |7~ < oco. Moreover, by

(B0 we have

[0(t) = 0(s)| < Lyléloe(t = ) + Ll (t — s+ [7(6) — 7(s)])
< 2+ [Flu=) Ly - [l — 5).

Let
U(t) = (24 |7|=) Ly - |21t
Then, by Lemma [B.1I] we obtain

2} 2
plilse <2 [* U)dt = B - 2+ |#]10)L; - il .

Therefore,
4

P> —
L(2+ |7|1e)
iii) If ¢ is Lipschitz continuous, then we have

7(t) = 7(5)] < Lyla(t) — 2(s)| + Lyla(t — 7(t)) — x(s — 7(s))|
< Llil it = ) + Lyl e (t — s + [7(t) — 7(s)]).
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If |&]pe < L%,’ then we have

2Lg|x‘Loo (t — 8)

T(t) —7(s)]| < : 3.2
) = () < R (32)
By (B.1) and (5.2)

[o(t) —v(s)| < Lyl@|pee (t — s) + Ly[@|pe (t — s+ |7(t) — 7(s)])
) 2L/L |22 (t — )
< 2L¢ - |d|pe (t — gL
2L |2 100
— ﬂixb(t —5).

1— Lg|$|Loo

Let 2L i
X|[,00
Ut !
We obtain
® 2
p?  2Lg|#|pe
o < 2/2 Ll
Plle 0 4 1= Ljil~
and
> I
O

To describe the minimal periods of the periodic solutions near the bifurcation point,
we need the following result which was first established in [9] for ordinary differential
equations and was extended to other types of delay differential equations in [6l, 20].
Lemma 3.3 Suppose that system (I1) satisfies (S1-S4 ). Assume further that there
exists a sequence of real numbers {o}}32, such that:

(i) For each k, system (I.1) with o = o} has a nonconstant periodic solution xy €
C(R; RN*1) with the minimal period Ty, > 0, and one of the conditions i), ii) and
iii) at Lemma 3.2 is satisfied by (xy, Tx);

(ii) Jim o), = 0 € R, lim T} = Ty < 00, and lim |zx — 0|l = 0, where zg : R — RY

zs a constant map wzth the value xg.

Then xq is a stationary state of (I1) and there exists m > 1, m € N such that
+im 27w /Ty are the roots of the characteristic equation (Z.2) with o = oy.

Proof. By Lemma [3:2] and the uniform convergence of {(zx, ok, Tx)}32, we conclude
that there exists T* > 0 such that T}, > T and therefore Ty > T*. We can show that
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(w0, 09) is a stationary state of (I1l), and that the following linear system
0(t) = 01 f(oo)u(t) + O f (00)v(t — 7o) (3.3)

has a nonconstant periodic solution, the proofs of which are just simplified versions
of the proof for Lemma 4.3 in [6] without the equations for 7. Hence we omit the
details here. Then by Lemma 2.4] there exists m > 1, m € N, such that +im 27 /T,
are characteristic values of (2.2)). This completes the proof. O

Now we can describe the relation between 27/8; and the minimal period of uy in
Theorem [2.7]

Theorem 3.4 Assume (S1-S4) hold and every point in the sequence {(xg, T)}72,
at Theorem [2.77] satisfies one of the conditions among i), ii) and i) at Lemma [3.2,
then every limit point of the minimal period of x; as k — +oo is contained in the set

2
{ . Himnfy are characteristic values of (xg, 0p),m, n>1, m, n € N} )

(5o)

Moreover, if +imnfy are not characteristic values of (xq, 0g) for any integers m, n €
N such that mn > 1, then 2w /0y is the minimal period of ux(t) and 27/B, — 27/ By
as k — oo.

Proof. Let T, denote the minimal period of xj(t). Then there exists a positive integer
ng such that 27/6, = ngT}. Since T}, < 2w/Br — 2mw/By as k — o0, there exists
a subsequence {7}, }32, and Tj such that Ty = lim; o Tj,. Since 27/By, — 27/,
Ty, — To as j — 00, ny, is identical to a constant n for k large enough. Therefore,
2m /By = nTp. Thus Ty, — 27/(nfy) as j — oo. By Lemmal3.3, £im 27 /Ty = £imnf,
are characteristic values of (zg, 0¢) for some m > 1, m € N.

Moreover, if +imnf, are not characteristic values of (ug, 0g) for any integers m € N
and n € N with mn > 1, then m = n = 1. Therefore, for k large enough ny, =1
and 27 /5y, = T} is the minimal period of xx(t) and 27 /5, — 27/5y as k — oo. This
completes the proof. O

The following lemma shows that we can locate all the possible Hopf bifurcation points
of system ([[LT]) with state-dependent delay at the centers of its corresponding formal
linearization. Since the proof is similar to that for Lemma 4.5 in [6], we omit the
details here.

Lemma 3.5 Assume (S1-S3) hold. If (xq, 0g) is a Hopf bifurcation point of system

(I1), then it is a center of (211).

Now we are in the position to consider the global Hopf bifurcation problem of system
(LI). Letting (x(t),7(t)) = (y(%’rt), z(%’rt)), we can reformulate the problem as a
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problem of finding 27-period solutions to the following equation:

. p

y(t) = gNo(Z/(t)a o, 2m/p), (3.4)
where the z satisfies the algebraic equation z(t) = g(y(t),y(t — 5=2(t)), o). Accord-
ingly, the formal linearization (2.I]) becomes

#(t) = %No(a:(t), o, 21 /p). (3.5)

Using the same notations as in the proof of Theorem 2.7, we can define A5(z, o, p) =
NO(':U7 g, 27T/p)7‘/%](x7 g, p) = No(.]}', g, 27T/p)

Then the following system
Low = o= Ai(w, 0, p), p > 0, (3.6)
2m
is equivalent to (3.4]) and
Lox = 21‘/1%(1” g, p)> p> 07 (37)
™

is equivalent to (B.5)). Let S denote the closure of the set of all nontrivial periodic
solutions of system (B.6]) in the space VxR xR, where R, is the set of all nonnegative
reals. It follows from Lemma B2 that the constant solution (zg, 0g, 0) does not belong
to this set if the sequence {(z, 7%)}32; in Theorem 2.7 satisfies one of the conditions
among i), ii) and iii) at Lemma Consequently, we can assume that problem (3.6])
is well posed on the whole space V' x R?, in the sense that if S exists in V' x R2, then
it must be contained in V' x R x R.

Then by the global Hopf bifurcation theorem 2.5 developed in [6] and with similar ar-
guments leading to Theorem 4.6 in [6], we obtain the following global Hopf bifurcation
theorem for system (IL11) with state-dependent delay.

Theorem 3.6 Suppose that system (I.1) satisfies (S1-S4) and (S3) holds at every
center of (3.7). Assume that all the centers of (3.7) are isolated and every periodic
solution x of system (1) satisfies one of the conditions among i), i1) and iii) at
Lemma [3.3. Let M be the set of trivial periodic solutions of (3.8) and M is com-
plete. If (zo, 00, po) € M is a bifurcation point, then either the connected component
C(zo, 00, po) of (zo, 00, Po) in S is unbounded, or

C(LU(), 09, pO) NM= {(,’Io, 09, p0)7 (xlu 01, pl)v e ,(.Z'q, Oq, pq)}v

where p; € Ry, (x;, 04, pi) € M, i=0,1,2,---,q. Moreover, in the latter case, we
have

q
ZEW(%, 03, 27T/Pz') =0,
i=0
where y(x;, 05, 27/ p;) is the crossing number of (x;, oy, p;) defined by (2.3) and

¢; = sgndet(0y f(0;) + Oaf (7).
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4 Global Hopf bifurcation of a model of regulatory dynamics

We consider the following extended Goodwin’s model for regulatory dynamics:

da(t) v _ Om

ar — i E 14 ()"
d?ji—sft) = —pupy(t) + apz(t — 7), (4.1)
B zt) + ot~ ),

T(t) = c(a(t) — x(t — 7)),

where z is the concentration of mRNA, y is the concentration of the related protein;
z is the concentration of an active enzyme which controls the level of the metabolite
functioning as repressor at the DNA level; 1, pt, and ji. are nonnegative degradation
rates; a,, o, and a. are positive coeflicients for the inhibition/activation terms; c
and Z are positive constants; h is an even positive integer. The Goodwin’s model [3]
without delay (7 = 0) has been extensively studied in system biology modeling various
regulatory dynamics. Note that if we freeze the delay 7 at the stationary state in
system (4.1)), it becomes the classic Goodwin’s model without delay.

We are interested in the onset and termination of each Hopf bifurcation branch of
periodic solutions which are described as one of the alternatives given in Theorem [3.6l
To be specific, we need to obtain the boundedness or unboundedness of the connected
component of the pairs of nonconstant periodic solution and parameter in the product
space of the state and the parameter space. In the following, we first analyze the
local Hopf bifurcation of system (4.1]) and then consider the boundedness of periodic
solutions of system (4.1 for a global Hopf bifurcation in light of Theorem [3.6]

4.1 Local Hopf bifurcation

Note that h is an even positive integer. Every stationary point (z, y, z) of System (4.1])
satisfies that

Oy

—pmt + ———— =0,
1+ (2
() 43
—ppy + o =0,
—pez + oy =0,
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and (z, y, 2) = (:Eo, Z‘—::Eo, Z:Z; :Eo), where by Descartes’ rule of signs we know that
T = x¢ is the unique solution of

h
Lo (ae—all> " — o, = 0.
Heltpz

Freezing the delay of system (41 at 7 = 0 and linearizing the resulting nonlinear

system at the stationary state (z, y, z) = (a:o, o =210, Zea" SL’O) lead to the characteristic
polynomial
det | A\ —
Qp  —Hp
0 o«
hamzh 1

=+ pmn) A+ 1) (A + pie) (4.3)

o (1+(2)")

which has a unique negative root and a pair of imaginary roots. In the following, we
discuss the existence of purely imaginary eigenvalues as the parameter «,, varies. We
have

Lemma 4.1 Let (x, y, z) be a stationary state of system (4.1)). Then the following
equation of (x, auy,)

had  [(aea,\"
(b =+ ) (e + 1) (fre + fim) e <u ;) a7,
mam P (4 4)
Hmd =———"—""""TF"
1 + (Neﬂppz )

has a unique solution for (x, a,,) = (z*, o).

Qe h
Proof Noticing that by the second equation of ([@4]), “= = py, (1 + ( u:u:zx) ), we
rewrite the first equation of (4.4]) into

y (1 (e )) (o 15+ 13) e + )

~ — )
Hetbp? gt (M)h !
2h e\ eip?

which has a unique positive solution for 2" and hence for x with x = z* for some
x* > 0. Then a,,, = o, with o, = 2", (1 + (aeo"’ T ) > The solution of (&4 is

fiebpZ
(x, ) = (2%, ). O

Lemma 4.2 Let o, be as in Lemma[{.1] and A = u £ iv be the imaginary roots of
the characteristic polynomial at ([4.3). Then u and v are continuously differentiable
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with respect to oy, and w = 0 if and only if o, = . Moreover,

du

Ga o= > 0

Proof Let (z, y, 2) = (a:o, Lo, %xo) be a stationary state of System (4.1]) and
P erp

let
ha,, 21

2(1+(2)")

FA, am) = (A ) (A + ) (A =+ pre) +

Noticing that z = 214 and
Heftp

dSL’O 1

W 4 i (b + 1) (ﬂ)hxﬁ’

HepipZ

we know that F' is continuously differentiable with respect to (A, ). Let (A, ay,) be
such that F'(\, a;;,) = 0. Then we have

dF

1 1 1
— =(A m ) (A A .
L e

hou,z

B h=1 ( 1 n 1 n 1 )
= — 5 .
3h <1+(§)h> At pm A gy A e

Next we show that % # 0 at every solution of F'(\, a,,) = 0. Otherwise, F' has a
repeated root and the root satisfies
1 1 1

+ + —0
)\‘I—Mm )\‘l‘ﬂp )\_I'/J@

which lead to two distinct negative roots:

o ot gyt i) £ V W+ 11)? + 12 — 1y (i + p1c)
= 3 )
This is a contradiction. Then by the Implicit Function Theorem, A is continuously

differentiable with respect to a,,.

Next we bring A = u + v into the characteristic polynomial at (£3]) we have

{ (0 )+ ) = )4 ) = G+ 1y 20 =0
[(u + pm) (1 1) — 0% 4 (4 1) (pm + p1p + 2u)]v = 0,
-1 « aeap \ 1 _
where ¢y = thiﬁ(zz)hf = Z:é; : (uu:) 273, If w = 0, then (@H) leads to
{ (fm + :Up)(,ue + :Up)(lue + pm) = co, (4.6)
L ttp + fre(fm + pp) =%,
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where x satisfies p,,x = am . By Lemma 4] we have «,, = o . By the

aeap
1+ (Meupfx)

uniqueness of o, v = 0 if and only if a,, = .

du

To compute T at ap = o, we take derivatives with respect to a,, on both sides

of the equations at (4.5 and then let u = 0, we obtain
{ (e tty + prettm + Hmpty) — 300" — 20(pm, + p1p)0" + ¢y = 0,
[2(ptm + 1 + pre )01+ [(tepty + prepim + pmity) — 300" =0.
Then we have

du
doy,,

—ct((pettp + feftm + pimtip) — 30%)
[(ttettp + Hetim + pmpty) — 301> 4+ 0% (phm + ) (Bam + 1 + fe)

am=a,

By the second equation of (£6]), we have

du
day,,

2¢p (Hettp + Heftm + Hmbtp)
[(Hettp + Heptm + fimftp) — 3022 + 402 (i + i) (pm + tp + fe)

—yk
QAm=0Qyp

Noticing that

hay, Qelp " h—3
Co — ~h 2 T
ZTHm \ Heftp

_h <aeap>

hy,2
Rit [ ey et N Qe "’
2\ ety fefip?

can be regarded as a fourth order polynomial of 2" with positive coefficients, and that
dro _ ! > (0, we have

dom — h aeap h h
prm+pm (A1) 72075 ) 2
dCO
dOé am=ag, > Oa
m
du
hence oo, |am=ai, >0. O

Notice that % am=az, > 0 implies the crossing number at the stationary point
(x(al), y(ark,), z(aZ,)) satisifes:

m m

V(@ (o), ylag,), z(an,), ap, v(ag,)) # 0.
Moreover, we can check that conditions (S1-53) for Theorem 2.7] are satisfied. Then
we have the following local Hopf bifurcation theorem for system (4.1]).
Theorem 4.3 Let o, be as in Lemmal[{.1. Then system (4.1) undergoes Hopf bifur-

* * *

cation near the stationary point (x(al), y(ar,), z(ak))) as a,, varies near a,.
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4.2 Global Hopf bifurcation

In this section, we develop a global Hopf bifurcation theory for system (4.1). By
Lemma [£4] and Theorem .3} we know that (z(aZ,), y(af,), z(ak,)) is the only Hopf
bifurcation point and is an isolated center. To apply the global Hopf bifurcation
theorem [B.6] it remains to check condition (S4) and one of the conditions among i),
ii) and iii) at Lemma We first consider the boundedness of periodic solutions.

Theorem 4.4 Let (z, y, z) be a periodic solution of system (4.1). Then (z,y, z)

satisfies for every t € R,

A, Q
0<at) <=, 0<y(t) <22 0<2(t) < —2 2,
Hm Hplm HeftpHm

Gronwall’s inequality leads to

x@>geﬂm%m>+%g(1—eﬂMﬂ. (4.7)

Since z is periodic, there exists p > 0 such that z(t) = z(t + p) for every t € R
and for every n € N, we have z(t) = x(t + np). Then for every ¢ € R we have
z(t) = 2(t + np) < e FnEH)1(0) + P (1 — e‘“m(“’”p)) — &= as n — oo. Therefore,
we have z(t) < 5= for every t € R.

By the same token, with z(t — 7) < %, we obtain from the second equation of
system ({.I)) that y(t) < %, t € R, and subsequently from the third equation of

system (4.1)) that z(t) < % for every t € R.

To obtain lower bounds of z, y and z, let £ = —z, ¥y = —y and Z = —z. Then
system (4.1]) becomes

dz(t) — 7 . %m

dt = —lm (t) 1+(@)h’
%glz—%mw+a@@—rh (48)
T iz + ot - ).

(1) = c(z(t — ) — (1)),

We have Z(t) < —p,,Z(t), which leads to
z(t) < e *tz(0). (4.9)
Note that Z is also p-periodic. For every ¢t € R we have

Z(t) = Z(t + np) < e ) Z(0) = 0 as n — oco.
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Therefore, we have Z(t) < 0 for every ¢t € R. By the same token, with z(t—7) < 0, we
obtain from the second equation of system (48] that ¢(¢) < 0,t € R, and subsequently
from the third equation of system (4.8) that z(¢) < 0 for every t € R. Then by the
definition of (Z, ¢, Z), we obtain that for every t € R, x(t) > 0, y(t) > 0, z(t) > 0.

If there exists ¢y € R such that x(ty) = 0, then by the first equation of system (4.1])
we have &(tg) > 0. By the continuity of &, there exists ¢ > 0 such that x is strictly
increasing in (tg—0, tp+0). so that z(t) < 0 for t € (to—4, to). This is a contradiction.
By the same token we have y(t) > 0 and z(t) > 0 for every t e R. O

Lemma 4.5 Let fy : R? x R? x R — R? be defined by

fim ()
fo(Or, 02) = — | p, | 00 + 0T
He el

where 61 = (x1, y1, 21) and Oy = (x2, Yo, 22). Then fo is Lipschitz continuous with a
Lipschitz constant

amh’(]
Ly = max q fim, [p, te; Op, e, —

where hy =

17
(1+
Proof We use the Mean Value theorem for integrals to obtain a Lipschitz constant.
Let 91 = (Zi'l, gjl, 21) and 92 = (i’g, gg, 22) Then we have
[ folBr, 65) = folBr, 62)] < max{pim, iy, e} |61 — 61|

d o'

%W |65 — o] (4.10)

+ max { o, O, sup

We have

)
B (e(e))

. Noticing that the map R> t — > vanishes at t = 0 and ¢ = co and that

(1+th)

d th_l

dt (1 + th)? =0,
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1
if and only if t = + (1 — h%l) " we obtain that sup,, diZz 1+((1:l—§)h - amzho with
h—1
2 \“h
I (1- )
N h-1\? "’
(1 + =

1
and the supremum is achieved at 2 = (1 - h%l) ". Then by (LI0) f, is Lipschitz

continuous with a Lipschitz constant L; = max {,um, Ly, e, Qpy O, a”;ho} . O

To apply the global Hopf bifurcation theorem, we also use Lemma to show
the closure of all nontrivial periodic solutions bifurcating from the stationary point
(x(al), y(ar,), z(ak))) will not include constant solution with zero period.

Lemma 4.6 Let (x, y, z) be a periodic solution of system ({{.1). If oy, < %, then
7:R = R given by 7(t) = c(x(t)—x(t—7(t))) exists and is continuously differentiable.

Proof The existence and continuity of 7 follows from Lemma 2.1l Let f; : R? — R
be defined by

filr, t) =7 —c(x(t) —x(t — 7)).
Then f; is continuously differentiable with respect to (7, t). Moreover, by (4.11l) we
have 5
t
Oh(r. 1) =1—ci(t—7).

or
By the first equation of system (41]) and by Lemma [£.4] we have for every ¢t € R,
#(t) < o, and

() > —umZ—m TR . (4.11)
m Qe QpQim
1+ ( HetpZ )

Then we have |#| < a,,, and by ([EII]) we have

wzl—cu‘c(t—ﬂ>0-

By the Implicit Function Theorem, 7 is continuously differentiable at ¢t € R. O

It follows from Lemma and ii) of Lemma B2 that if cv,, < 2, then the period p of
. . . . 4

every nonconstant periodic solution satisfies p > Lo = 0.
Now we are in the position to state the global Hopf bifurcation theorem.

Theorem 4.7 Let o, be as in Lemmal/.1 and p* = i—’r where v* > 0 1s the imaginary
part of eigenvalue of the formal linearization of system ({.1) at o, = . Suppose
that o, < % There exists a connected component C of the closure of all nonconstant
periodic solution of system ({{-1) bifurcating from (o, p*, x(a,), y(ak), z(ak,)) €
R? x C(R;R?), which satisfies that
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i) either the projection of C onto the parameter space of the period p is unbounded.
i) or the projection of C onto the parameter space of ., does not cross a = 0 but
is not contained in any compact subset of the interval (0, %),
Proof We first show that if «,,, = 0, system (4.1]) has no nonconstant periodic solu-
tions. Otherwise, let (x, y, z) be a nonconstant periodic solution with a,, = 0. Then
from system (A1) © = —p,,x implies that x = 0 and subsequently y = z = 0. This is
a contradiction.

In the following we consider a., in (0, 1) and introduce the following change of vari-
ables:

2 m 1
m=q(a) = — (arctana — = ) + -, 4.12
= q(a) o (arc an 2> + - (4.12)
where ¢ is an increasing function of a with lim,, ., ¢(a) = 0 and lim,_, 1 ¢(a) = %
Then system (4.1]) is rewritten as
dx(t q(a
di ) = _:umx(t) + E(tzr) R
14 (22)
dy(t
WO ay1) + oplt — 7). (113
dz(t
% = —pe2(t) + aey(t — 7),
7(t) = c(a(t) — x(t — 7)),

with @ € R and o* = ¢~ () the critical value of « for a unique Hopf bifurcation
point. By Theorem [4.3] There exists a connected component Cy of the closure of all
nonconstant periodic solution of system (413 bifurcating from the stationary point

(o, p*, z(a®), y(a*), z(a*)) € R* x C(R; R3).

By Lemma [£.5] condition (S4) is satisfied by system (4.13]). By Lemma (.6 the func-
tion 7 defined by 7(t) = c(z(t) — x(t — 7(¢))) for a nonconstant periodic solution
(x, y, z) of system ([AI3)) is continuously differentiable. Hence by Lemma B2 the
period p of every nonconstant periodic solution (z, y, z) of system (AI3)) is positive.
Notice that (a*, p*, z(a*), y(a*), z(a*)) is the only bifurcation point of system (4.13)),
by Theorem B.6] the connected component Cy is unbounded in R? x C(R;R3).

Notice that by Theorem 4] the projection of Cy onto the space of (z, y, 2) € C(R;R3)
is bounded. The unboundedness of C; is either because of the unbounded projection
onto the parameter space of the period p, or the projection of C onto the parameter
space of «.

Notice that ¢ induce a homeomorphism (g, id) : R* x C(R;R?) — R? x C(R;R?)
defined by
(¢, 1d)(er, h) = (q(e), h).
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The image C = (q, id)(Cp) of Cp under (g, id) is a connected component of the closure
of all nonconstant periodic solution of system (1) bifurcating from the bifurcation
point (af,, p*, z(ak,), y(ar,), z2(af,)) € R* x C(R;R?), which satisfies that either
the projection of C onto the parameter space of the period p is unbounded, or the
projection of C onto the parameter space of «,,, does not cross the hyperplane a,, = 0

but is not contained in any compact subset of the interval (0, %) a

5 Concluding remarks

Motivated by the extended Goodwin’s model with a state-dependent delay gov-
erned by an algebraic equation, we developed a global Hopf bifurcation theory for
differential-algebraic equations with state-dependent delay, using the S'-equivariant
degree. This is based on the framework described in [6] where the technique of formal
linearization is employed to obtain auxiliary linear systems at the stationary states
which indicate local and global Hopf bifurcation using a homotopy argument.

The local and global Hopf bifurcation theories are applied to the extended Goodwin’s
model which describes intracellular processes in the genetic regulatory dynamics. We
obtained two alternatives for the connected component C of periodic solutions in the
Fuller space R? x C'(R;R3). Namely, the projection of C onto the parameter space
of the period p is unbounded, or the projection onto the parameter space of «,, is
not contained in any compact subset of the interval (0, ). We remark that in the
previous case, there exists a sequence of periodic solutions with periods going to oco.
From (B.6), system (A1) can be represented as

2%% = %(SL’, Qm, p)7 p >0,

where x is normalized to be 27-periodic. Notice from the definition of Aj at (2.7)) that
p appears only in the time domain of 4. Note also that the periodic solutions are
uniformly bounded with o, € (0, 1). Then with p — oo, this alternative implies the
possibility that the system has a sequence of nonconstant periodic solutions with the
limiting profile satisfying the algebraic equation A5(x, ay,, p) = 0. See ( [10], [I1],
[12]) for a discussion of limiting profiles for differential equations with state-dependent
delays.

If the projection of C onto the parameter space of the period p is bounded, we have
the latter alternative that the projection of C onto the parameter space of the period
(i, is DOt contained in any compact subset of the interval (0, 2). Since C will not cross
the hyperplane «,,, = 0, and will not blow up at a,,, = % with the boundedness of the
solutions and periods, C must cross the hyperplane «,, = % leaving the solutions at
Q> % out of the scope of the discussion.

We also remark that the state-dependent delay in system ([LI)) may be negative or
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positive and is not a priori advanced or retarded type delay differential equations. It
remains open to investigate this type of systems in general settings for a qualitative
theory including existence and uniqueness of solutions. For systems with mixed type
constant delays, see, among many others, [13] [14].
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