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Abstract

We consider the nonsmooth convex composition optimization problem where the objective is
a composition of two finite-sum functions and analyze stochastic compositional variance reduced
gradient (SCVRG) methods for them. SCVRG and its variants have recently drawn much attention
given their edge over stochastic compositional gradient descent (SCGD); but the theoretical analysis
exclusively assumes strong convexity of the objective, which excludes several important examples
such as Lasso, logistic regression, principle component analysis and deep neural nets. In contrast,
we prove non-asymptotic incremental first-order oracle (IFO) complexity of SCVRG or its novel
variants for nonsmooth convex composition optimization and show that they are provably faster
than SCGD and gradient descent. More specifically, our method achieves the total IFO complexity
of O ((m +n)log(1/€) 4+ 1/€*) which improves that of O (1/€*®) and O ((m +n)/\/€) obtained by
SCGD and accelerated gradient descent (AGD) respectively. Experimental results confirm that
our methods outperform several existing methods, e.g., SCGD and AGD, on sparse mean-variance
optimization problem.

Keywords: Large-scale nonsmooth convex optimization, composition optimization, stochas-
tic gradient, variance reduction, incremental first-order oracle complexity.

1 Introduction

1.1 Motivations

The popular stochastic variance reduced gradient (SVRG) methods [I4] are well studied and proven well
suited for minimizing the sum of a large number of loss functions with the nonsmooth regularization
penalty. Despite their popularity, SVRG and its variants can not address the problem of a minimizing
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nonlinear function involving a composition between two finite-sum functions, which covers a wide range
of applications including reinforcement learning [32], nonparametric statistics [I1], risk management [25],
multi-stage stochastic programming [31], system control [I5], model-based stochastic search methods

[10] and deep learning [9].

In this paper, we consider the nonsmooth convexr composition problem where the objective is a compo-
sition of two finite-sum functions, given by

min B(x) = f(x) +r(x), (1)
x€R4

where 7 : R — R U {400} is an extended real-valued closed convex function and f : R? — R is a

continuously differentiable convex function, given by
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where f; : Rl - R (i € [n]) and g; : R? = R! (j € [m]) are continuously differentiable functions. We
assume throughout that there exists at least one optimal solution x* € R? to problem (). We assume
the smoothness of f; and g; but do not require either of them to be convex or monotone. We also allow
r to be a nonsmooth penalty function, e.g., £;-norm.

Example 1.1 (Risk-Averse Learning). Consider the mean-variance minimization problem
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where h(x, a;, b;) is some loss function on a sample data (a;,b;) and X\ > 0 is a reqularization parameter.
Here the variance term is the composition of the mean square function and an expected loss.

Example 1.2 (Reinforcement Learning [32]). Given a controllable Markov chain with states 1,2, ..., S,
we are arming at estimating the value-per-state of a fized control policy w, i.e., the Bellman equations:

yPTVT 42T = VT

where v € (0,1) is a discount factor, PT; is the transition probability from state s to state § and r7 is the
expected state transition reward at state s. The solution V™ to the Bellman equation is the value vector
with V' being the total expected reward starting at state s. In the black box simulation environment,
solving the Bellman equation becomes a special case of the stochastic composition optimization problem:

1 | 2
)r{réi;(l p— 2:1 (I — fo) X—rj
]:

where P and 7 are sampled from a simulator.

Generally speaking, the composition problem formulated as Eq(Il) is substantially more challenging
than its non-composition counterpart. The main reason is the lack of linearity [33] in the sampling



probabilities of the objective in (), making us inaccessible to an unbiased samples of the gradient.
Therefore, the computational cost of SVRG on problem (] is very expensive since the per-iteration
cost is proportional to n. Despite of this, there has been some efforts on developing new compositional
variance reduced methods for solving problem (I]) with a theoretical guarantee. The existing works
include the IFO complexity of O ((m + n + £2%)log(1/e)) for smooth and strongly convex objective [I§]
and that of O (m +n + (m +n)?®/e) for smooth and possibly nonconvex objective [19].

However, it is still demanding to ask how to analyze stochastic compositional variance reduced (SCVRG)
methods for nonsmooth convex composition optimization problems. Firstly, the assumption of the
smooth and strongly convex objective is too restricted and excludes several interesting applications
[21]. Secondly, the IFO complexity of SCVRG for nonsmooth convex composition optimization should
be better than O (m +n+ (m+n)o8/ e), which is obtained for smooth nonconvex composition opti-
mization. More specifically, [4] presented an improved IFO complexity that m + n is independent of
1/e? and p > 1, which is significantly better than O (m +n+ (m+n)08/ e) for large-scale problems.
However, the analysis in [19] for smooth convex composition optimization can not obtain such improved
IFO complexity.

Given the promising property of SCVRG for smooth and strongly convex/nonconvex composition opti-
mization problems, there is an urgent need for investigating an improved IFO complexity for nonsmooth
convex composition optimization problems. This raises the central question of this paper:

Can we prove an improved IFO complexity of SCVRG and its variants for convex composition
optimization problem (I), where m + n is independent of 1/e? and p > 1 and also show that
SCVRG outperforms stochastic compositional gradient descent (SCGD) and accelerated gradient
descent (AGD)?

1.2 Related Works

Johnson and Zhang’s seminal work [I4] inspired a burst of following research on variance reduction
for stochastic optimization. This technique has been successfully extended from the strongly convex
objective to general objective, e.g., convex objective [4] and nonconvex objective [30 Bl 23] 2, I7].
Reddi et al. [23] and Allen-Zhu and Hazan [3] proved the IFO complexity of O(n +n?/3/€)) of variance
reduced gradient method for smooth nonconvex stochastic optimization, where n is the number of
component functions and € is the tolerance. This complexity bound improves the IFO complexity of
gradient descent, i.e., O(n/e€)), when n is very large. In addition to its theoretical guarantee under mild
assumption, the variance reduced gradient method has been also extended and analyzed in asynchronous
parallel setting [24]. There were also some efforts on understanding other techniques to accelerate
stochastic gradient methods, such as stochastic average gradient [26] [6], [7] and stochastic dual coordinate

ascent [29] 2§].

However, there are concerns on applying variance reduction for stochastic optimization. First of all,
the existing theoretical results in the literature of variance reduction are based on the stationary gap,
which can not translate to optimality gap or low training loss and test error in general. Furthermore,
several recent works [8], 16l 12} [13] have suggested that variance in the stochastic algorithms can actually
help avoid local minimum and saddle points, which doubts against the necessity of variance reduction
for smooth nonconvex stochastic optimization, as well as smooth nonconvex stochastic composition



Table 1: The IFO complexity of all stochastic composition optimization methods. ¢ is the tolerance. m
is the number of inner functions. n is the number of outer functions. s is the condition number of the
objective while k1 and k4 are defined in [18]. GradientDescent refers to gradient-type method containing
standard and accelerated gradient descent methods. Accelerated SCGD refers to the method in [33]
only applied when the objective is smooth. SCVRG refers to stochastic compositional gradient method
with variance reduction for the inner function. Accelerated SCVRG refers to stochastic compositional
gradient method with variance reduction for the inner and outer functions. We hide the dependence of
the IFO complexity on some other parameters, such as the Lipschitz constant of f, f; and g;, the upper
bound of the norm of V f; and dg; and the distances between the initial point and the optimal set for
a clean comparison.

Convex Strongly Convex

GradientDescent O ((m+mn)/e) [20] O ((m +n)vklog(1/e)) [20]
SCGD O (1/¢*) [33] O (1/€'°) [33]
Accelerated SCGD O ( O (1/€"
Extrap-Smoothing SCGD | O (1/¢%) [34] O (1/e-%) [34]
O ( O (
O ( O (

)) 18]
)) 18]

SCVRG (m-+n)log (1/e) +1/€?) (m+n+k7)log(1/
1

€
Accelerated SCVRG (m-+n)log (1/e) +1/€3) /e

(m-+n+r3) log(

optimization. However, one can reap the benefit of variance reduction by envisioning a two-stage
algorithm which uses SCGD as an initialization and turns to SCVRG as an efficient tool to approach a
good local minimum.

Another related stream of research is the algorithmic design for stochastic composition optimization.
Wang et al. [33] proposed and analyzed a class of stochastic compositional gradient /subgradient methods
(SCGD), with two iterates of different time scales instead of one iterate in stochastic gradient descent.
Wang et al. [34] proposed an extrapolation-smoothing SCGD, which improved the IFO complexity
over [33]. Yang et al. [36] further proposed a class of multi-level stochastic gradient methods for
the multi-level composition optimization problem with a solid theoretical guarantee. On the other
hand, variance reduction was firstly proposed to accelerate stochastic compositional gradient method
in [18], where the IFO complexity is shown linear for the strongly convex objective. Yu and Huang
[37] proposed a variance reduced alternating direction method of multipliers for linearly constrained
stochastic composition optimization. Very recently, Liu et al. [I9] have obtained an O((m + n)%?)
improvement of similar algorithms over gradient descent method for smooth nonconvex composition
optimization. To the best of our knowledge, no existing works provide the improved IFO complezity
analysis of SCVRG and its variants for nonsmooth convex composition optimization.

1.3 Contributions

In this paper, we present a unified framework to analyze stochastic compositional variance reduced
gradient method that applies to composition optimization problem with nonsmooth convex objective.
This is more general than the smooth strongly convex objective considered in [I§]. We use an iterative
stochastic analysis based on different potential functions to show that our method achieves better IFO
complexity. We refer the reader to Table [Il for the detail of our results.



Our major contributions are summarized as follows:

1. We provide an IFO complexity analysis of SCVRG and its variants for nonsmooth convex com-
position optimization. This is also the first stochastic compositional variance reduced gradient
method that is able to address the nonsmooth regularization penalty r(-) without deteriorating
the IFO complexity.

2. We obtain an IFO complexity of O ((m + n)log (1/€) 4 1/€*) for composition optimization prob-
lem with nonsmooth convex objective. This improves the best known IFO complexity, i.e.,
O (1/€*%) obtained by extrapolation-smoothing SCGD and O ((m + n)/+/€) obtained by acceler-
ated gradient descent method and provides a new benchmark for the nonsmooth convex stochastic
composition problem.

3. We develop a new iterative stochastic analysis approach and obtain an improved IFO complexity
bound which is better than O ((m + n) + (m 4+ n)%8/¢) in [19). Our bound on the objective gap
is also more reasonable and general for nonsmooth convex composition problem than the bound
on the norm of the gradient obtained in [19].

4. We describe the application of our method to sparse mean-variance optimization problem and
conduct extensive experiments to show that our methods outperform other competing methods.

1.4 Notations and Organization

Throughout the paper, we denote vectors by bold lower case letters, e.g., x, and matrices by regular
upper case letters, e.g., X. The transpose of a real vector x is denoted as x . ||x| and || X|| denote the
vector /5 norm and the matrix spectral norm for a vector x and a matrix X. For a scalar z € R, |z
is the largest integer which is smaller than x. For two nonnegative sequences {a;} and {b;}, we write
a; = O(by) if there exists a constant C' > 0 such that a; < Cb; for each t > 0, and a; = o(by) if there
exists a nonnegative sequence {¢;} such that a; < ¢;b; for each t > 0 and ¢; — 0 as t — co. We denote
the gradien of f:R? = R at x as [0g9(x)]T V£(9(x)) € R, where dg(x) € R*? is the Jacobian of
g : R — Rl at x. The subscript, e.g., x;, denotes the iterate at the ¢-th iteration in the s-th epoch.
The sets A; and B; are denoted as the set of randomly selected index at the ¢-th iteration, where their
batch sizes are A and B. We also denote E [- | (] as taking conditional expectation given the variable ¢
and E as taking expectation over all random variables.

The rest of the paper is organized as follows. Section [2] states the incremental first-order oracle (IFO)
and our method. Section [ states the IFO complexity bound of our method in convex setting, with the
proofs and technical details deferred to the appendices. Section Ml demonstrates an application of our
method to sparse mean-variance optimization problem and numerical results. Conclusions and future
works come in Section [l

!The gradient operator always calculates the gradient with respect to the first level variable. More specifically, V f(g(x))
refers to the gradient of f(y) at y = ¢g(x), not the gradient of f(g(x)) at x.



Algorithm 1 Stochastic Compositional Variance Reduced Gradient Method (SCVRG)

Input: iozxgo =x0 € R?, first epoch length ko, stepsize n > 0 and the number of epochs S.
Initialization: [ = 0 and T = ko - 2° — ko.
for s =0,1,...,5 do
xpHl=xi,, g =g(%),
5= [9g(x%)]" Vf(g5™) and kg1 =2511 - ko.
fort=0,1,...,ks11 — 1 do
Query the IFO and obtain a mini-batch of function samples g;(x
[m] and the cardinality of A; is A.
Update the auxiliary iterate gtJr by a wvariance reduction scheme, i.e., (2.
Query the TFO and obtain gradient samples V f;, (gi*!) and Vf;, (g 5+1) and Jacobian samples
dgj, (x;T1) and dgj, (X°).
Update the auxiliary iterate ffJrl by a variance reduction scheme, i.e., ([B)).

Update I =1+ 1 and 7] = VT

(x¢™) and g;(x°) where j € A; C

VoT—1*
Update the main xfill by a prozimal step, i.e., ).
end for
Ss+1 1 ksy1—1 _s+1
x5t = o Do x; .
end for
Output: x°.

2 Algorithm

In this section, we focus on the algorithmic design of stochastic composition optimization under the
black-box sampling environment with the access to an increment first-order oracle (IFO). This is a
typical simulation oracle available in both online and batch learning [27] and a standard tool in the

complexity analysis [II, 23, [35].

Definition 2.1. Given some x € R? and j € [m], the IFO returns a vector gj(x) or a matriz dg;(x).
Alternatively, given somey € RY and i € [n], the IFO returns a value f;(y) or a vector V fi(y).

We proceed to propose new standard and accelerated stochastic variance reduced gradient methods for
nonsmooth convex stochastic composition optimization, denoted as SCVRG and Accelerated SCVRG
for short, see Algorithm [Il and Algorithm 2l

In Algorithm [II, the variance reduction scheme is applied for estimating the value of the function vector
g(-) and the gradient vector [9g(-)]" - Vf(g(-)) at the iterate x{**. More specifically, given a reference
point x° and the function vector g5+1 g(X*), we can estimate the function vector g(x{™') by

1 - -
s+1 Z gj s+1 _ Z Z gj(xs) _’_gs-i-l' (2)
jEAt JEA:

where Ay C [m] is a subset with the cardinality A. Further given a reference gradient vector fstl =
[0g(%*)]" Vf(g51), we can estimate the gradient vector [0g(x S+1)]T SVi(g(x™)) by

£ = [99;,0 ) V(g™ — [0g; &) Vi) +E (3)



Algorithm 2 Accelerated Stochastic Compositional Variance Reduced Gradient Method (Accelerated
SCVRG)
0

Input: iozxko =x" € RY, first epoch length ko, stepsize n > 0 and the number of epochs S.
Initialization: [ = 0 and T = kg - 2° — ko.
for s=0,1,...,5 do
(S)—I—l XZS’ §5+1:g()~(5), é8+1zag()~(5),
5= [9g(x%)]" Vf(g5™) and ke = 251 k.
fort=0,1,...,ks;1 — 1 do
Query the IFO and obtain a mini-batch of function samples g; (x5! and 9j(x°) where j € A; C
[m] and the cardinality of A; is A.
Update the auxiliary iterate gs+1 by a variance reduction scheme, i.e., (2.
Query the IFO and obtain a mini-batch of function samples Jg;(x SH) and 0g;(x°) where j €
B; C [m] and the cardinality of B; is B.
Update the auxiliary iterate Gerl by a variance reduction scheme, i.e., (@).
Query the IFO and obtain gradient samples V f;, (gi™!) and V f;, (g erl)
Update the auxiliary iterate fsJrl by a variance reduction scheme, i.e., (@).

Update I =1+ 1 and nfi’ll = "\/T

N
Update the main Xt 11 L by a prozimal step, i.e. , [@).
end for
~5+1 1 ks41—1 XS+1
- k)s+1 t=0 t .
end for
Output: x°.
We compute a new stepsize ntsjfll and update the main iterate xlﬂ'1 by
1 2
1 1 1
xfj_rl = argmin <fts+ ,X> + —77 ‘x—x;fJr H +7r(x) ;. (4)
x€ER4 2 141

Finally, we use the average of all iterates xs+1 for 0 <t < kg1 — 1 as the reference point for the next

epoch. The final output is the reference point of the last iteration, i.e., X°.

In Algorithm [ the variance reduction scheme is further applied to estimate the Jacobian matrix dg(+)
at the iterate Xerl serving as the critical role in the acceleration of convergence. Indeed, the acceleration
stems from the refined estimation of the unknown quantity dg(x; ™).
Gt = 9g(x?), we can estimate the Jacobian matrix dg(x;™") by

Given a reference Jacobian matrix

Gt8+1 Z agj S+1 - Z agj + GS+1 (5)
]eBt jEBt
where B; C [m] is a subset with the cardinality B. Then we can obtain a refined estimation of the

gradient vector [9g(x 8+1)]T -V F(g(xi™)) by using G5! and G+, given by

= (6 V) - @] vaE) e (6)



We compute a new stepsize nfjfll and update the main iterate xfill by ). Finally, we use the average

s+1
t

of all iterates x; "~ for 0 <t < ksy1—1 as the reference point for the next epoch. The final output is
S

the reference point of the last iteration, i.e., X~.

Discussion: In terms of IFO complexity per-epoch, a full gradient vector and a full Jacobian matrix are
computed at the point X°, requiring m + n IFO queries. Therefore, the IFO complexity of SCVRG for
the s-th epoch is m+n+ks- A while that of Accelerated SCVRG for the s-th epoch is m+n+ks-(A+ B)
since Accelerated SCVRG further carries out a variance reduction scheme for the Jacobian matrix. In
the next section, we prove that the total IFO complexity, where m + n is independent of 1/e? and
p > 1, can be attained through selecting appropriate sample sizes A and B.

3 Main Results

We present our main theoretical results in this section. For the ease of presentation, we defer the proofs
for the theorems and technical lemmas to the appendices. We start by adopting a standard definition
of e-optimal solution for nonsmooth convex stochastic composition optimization, given by

Definition 3.1. Given € € (0,1), we say x € R? is an e-optimal solution to problem @
E[®(x)] — ?(x") <e.
where x* € R? is an optimal solution to problem ().
Throughout this paper, we measure the efficiency of different algorithms by comparing the number of

IFO queries to achieve an e-optimal solution. To conduct our analysis, we make the following standard
assumption on f, f; and g;, where ¢ € [n] and j € [m].

Assumption 3.1. The objective f and r are both convez, i.e.,

fx) = fly) = (Vf(y),x—vy)
r(x) —r(y) —(&x—y)

07 X?y e Rd?

>
> 0, x,yeR%
where £ € Or(y) is a subgradient of r.

Assumption 3.2. The prorimal mapping of the objective r, given by the following problem,

1
angmin { (g,) + 5. e =31+ 70}
x€R4 21
is easily computed for any g,y € R% and n > 0.
Assumption 3.3. Fori € [n] and j € [m], there exist some constants 0 < Ly, Ly, Ly < 0o such that
IVfi(x) =Vl < Lylx—yll. xyeR,
10g;(x) = dg;(¥)Il < Lylx—yl, xyeR%,
and

109,01 9 1i(9(x)) = 09; ()] V filag@))|| < Lolx ~¥ll, %y € R

8



The above assumption implies that V f is Lipschitz continuous with a constant Ly > 0, i.e.,

IVf(x) = VIl

T T

= =Y e [% 3 wg(x))] = g) [% 3 fog(y))]
j=1 i=1 j=1 i=1

IN

Ly [Z (0,601 9 £ta(x)) ~ a1 Vfi<9<-‘f>>”]]
j=1 Li=1
< Lylx—yll-

Intuitively, the constants Ly, L, and Ly jointly characterize the smoothness and complexity of stochastic
composition optimization. They do not admit any straightforward dependence relation.

Assumption 3.4. For j € [m], there exists a constant 0 < By < oo such that

10g; ()|l < By, x € RY.

The following two assumptions are only required for analyzing Accelerated SCVRG and attaining the
improved IFO complexity of O ((m + n)log (1/€) 4+ 1/¢?).

Assumption 3.5. Fori € [n], the component objective f;(g) is convez, i.e.,
Jilg(x)) = filo¥)) — (093] Vfilgy)x —y) 20, xy€RY,
Assumption 3.6. For i € [n], there exists a constant 0 < By < 0o such that
IVfix)|| < By, x¢€ R

Remark 3.7. We easily see that Example 1.2 satisfy Assumption [Z1U3.0.

3.1 Incremental First-order Oracle Complexity

Our first main result provides an IFO complexity of Algorithm [l
Theorem 3.8. Given the initial vector x0 € R¢ satisfies that
HXO — X*H2 <D, ®x°) - d(x*) < Dy,
and the first epoch length kg > 0 and the number of epochs S > 0 satisfy that

D, 6D,
1 = 1 R —
277D¢ J + ) S 0g2 ( € > Y

and the sample size A > 0 satisfies that

ko= |

4712
_QBgLf
=—55",

77L¢

9



where n > 0 satisfies that

2D D
n:min{l, ! ¢ ¢ < },

10Ly" D, 6BgD,’" 552v/2B,D,

and € € (0,1) is a tolerance and By = max{Lg, Lé}, then the total IFO complexity, i.e., the number of
IFO queries to achieve an e-optimal solution that satisfies

E[oxH!) — @(x")] <,

o (imm-ton(2) + 1)

where we omit the dependence of the IFO complexity on the Lipschitz constant Ly, Ly and Ly, the upper
bound of the norm of B, and the distances between the initial point and the optimal set D, and Dy.

18

Our second main result provides an improved IFO complexity of Algorithm 21

Theorem 3.9. Given the initial vector x0 € R satisfies that
HXO - X*H2 <D, ®(x°)—d(x*) < Dy,

and the first epoch length ko > 0 and the number of epochs S > 0 satisfy that

D, 6D,
ko = 1 =1 —
0 L277D¢)J+ ) S 0g2< 6 )7

and the sample sizes A > 0 and B > 0 satisfy that

472 472 212
A:i-max 2ByL3 8B,L} s 8B} L;
Ly 7oLy |’ 152 L3’

where n > 0 satisfies

1
. 1 1 2D¢ 2D¢ € “
=min < 1, , ) ) ’
1 46L," D, 3LyD," \ 120v2L,D,

and € € (0,1) is a tolerance, then the total IFO complezity, i.e., the number of IFO queries to achieve
an e-optimal solution that satisfies

E[ox1!) — @(x")] <,

O((m—i—n)'log(%) —i—é)}%)

where we omit the dependence of the IFO complexity on the Lipschitz constant Ly, Ly and Ly, the upper
bound of the norm of B, and the distances between the initial point and the optimal set D, and Dy.

18

10



Remark 3.10. This holds true for any o > 1 and implies that the total IFO complexity is

o (imm-ton(2) + 1)

Remark 3.11. We are focusing on the large-scale finite-sum optimization problems, i.e., m and n are
extremely large. In fact, our methods achieve superior performance than batch methods since A and B
are independent of m and n, as confirmed by our experimental results. When m and n are relatively
small, the batch methods will attain better performance than our methods.

3.2 Discussion

We provide a comprehensive comparison between our methods and the existing methods. In specific,
we compare the key aspects of the complexity for AGD, Accelerated SCGD and Accelerated SCVRG
for nonsmooth convex composition optimization. The comparison is based on the IFO complexity to
achieve an e-optimal solution.

1. Dependence on m + n: The number of IFO queries of AGD and Accelerated SCVRG depend
explicitly on m + n. In contrast, the IFO complexity of Accelerated SCGD is independent of
m + n. However, this comes at the expense of worse dependence on €. The IFO complexity of
AGD is proportional to m + n while m + n is independent of 1/eé? and p > 1 for Accelerated
SCVRG. In fact, m +n is nearly independent of € since log(1/€) = o(1/e?) and p > 1. This makes
Accelerated SCVRG superior over other competing methods in practical performance.

2. Dependence on ¢: The dependence on € follows from the complexity bound of the stochastic
algorithms. More specifically, Accelerated SCGD depend as O(1/€*5) on e while Accelerated
SCVRG converges as O(1/€) and AGD converge as O(1/+/€). This speedup in convergence over
Accelerated SCGD is especially significant when medium to high accuracy solutions are required
(i.e., € is small).

3. Dependence on shrinking stepsize: It is beneficial to compare the stepsizes used by different
algorithms. There is an undesirable property of Accelerated SCGD is that its stepsizes shrink as

the number of iterations 7" increase. In contrast, the stepsizes of Accelerated SCVRG fall into

the interval of [i 77] and that of AGD is independent of T', which implies no dependence on the

VoK
shrinking stepsizes. This is especially crucial to the effectiveness and robustness of the algorithms
when a huge number of iterations are required — a case which is now very common in learning

complex models such as deep neural networks.

4 Experiments

In this section, we show the application of SCVRG and Accelerated SCVRG to sparse mean-variance
optimization problem. From experiment results we conclude that our methods outperform other com-
peting methods.

11



4.1 Sparse Mean-variance Optimization

Sparse mean-variance optimization (SpMO) problem [22] is a class of risk-averse learning models for
high-dimensional sparse regression portfolio management. Given a group of d assets and the reward
vectors observed at n time points, i.e., {r;}"; C R?, the goal of SpMO is to maximize the return of the
investment as well as controlling the investment risk. In specific, let x € R? be the quantities invested
to each portfolio, SpMO aims the following optimization problem,

2
n n n

. 1 1 1

mingege [ 30 i) =3 g% | =23 i)+ Al | (7)
i=1 j=1 i=1

We claim that problem () is in the form of problem (Il). Indeed, assume that m = n, then the problem

can be represented as

min  P(x) = %Zfz %Zgj(x) +r(x)
i=1 j=1

xERIXP
where f; : R4t — R being a quadratic function and g;: R? — R being a linear function, i.e.,
filx,y) = (v, x) +9)? — (r;,x), xeRY yeR,
R () S

I‘j,X>

and r : R? — R is a nonsmooth function, i.e., 7(x) = A||x[|;,. We observe that problem () satisfies
Assumption B.IFAssumption We also say that problem () satisfies Assumption since ||z is
bounded. Otherwise, if ||z|| — 400, then r(x) — +00 as ||x|| — 400 which results in a contradiction.

In the experiment, we set n € {500, 1000, 2000, 5000} and d = 100 together with different regularization
parameter A € {107%,107°,1076}. The reward vectors are generated by the following procedure,

1. Set a Gaussian distribution on R? with zero mean and positive semi-definite co-variance matrix.
More specifically, we let ¥ = LT L where L € R¥™" and r = 30. Each element of L is drawn from
the normal distribution.

2. Draw a random vector from this Gaussian distribution and set r; as its component-wise absolute
value to make sure problem (7)) has a solution.

Remark 4.1. We highlight that problem () is neither smooth nor strongly convex since the co-
variance matriz is only assumed to be semi-definite positive. Therefore, the method in [18] is excluded
from our experiment. We solve problem () by adopting our SCVRG and Accelerated SCVRG, together
with the baseline methods, e.q., AGD, SCGD and Accelerated SCGD. We use the implementation of
SCGD and Accelerated SCGD provided by the authors.
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Figure 1: The empirical rate of estimating sparse mean-variance problem on synthetic data (d = 100),
where x! is the output at the t-th epoch, and x* is the optimal solution. SCVRG is Algorithm [ and
Accelerated SCVRG is Algorithm 21 SCGD is Algorithm 1 in [33] and Accelerated SCGD is Algorithm
1 in [34]. Accelerated SCVRG performs consistently the best, followed by Accelerated SCGD and
SCVRG, outperforms SCGD and AGD.
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4.2 Experimental Results

In Figure [l we reported our results where x-axis shows the number of epochs and y-axis shows the
residue. Because the underlying true value x* is unknown, we run K = 5000 iterations of AGD and
take the output as an optimal x* instead.

Firstly, we observe that Accelerated SCVRG performs consistently the best, outperforming SCVRG
and all other competing methods including Accelerated SCGD, SCGD and AGD. This agrees with
our theoretical results presented in Table [I] that Accelerated SCVRG is the best in terms of the IFO
complexity. Accelerated SCVRG also performs very robust thanks to the use of variance reduced
Jacobian matrix. Secondly, we observe that SCVRG is competitive with Accelerated SCGD in terms
of convergence rate, implying that the IFO complexity of SCVRG can be further improved. Finally,
we find that AGD is competitive with Accelerated SCVRG in terms of convergence rate when N is
relatively small. This makes sense since AGD turns out to be the best method for small/medium-scale
problems, as illustrated in Table [I1

5 Conclusion

We develop a unified framework to analyze SCVRG for convex composition optimization and establish
the IFO complexity under reasonable assumptions. Our framework provides the new IFO complexity
benchmarks that improve the best-known results prior to this paper. The extensive experiments con-
ducted on sparse mean-variance optimization problem demonstrate that our method outperforms other
competing methods. For future direction, it still remains open if the IFO complexity can be further
improved to match that of stochastic variance reduced gradient method for stochastic optimization.
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Proof Outline

In this section, we list the assumptions in our paper and some major steps to give a whole picture of
the proof.
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Proof Outlines:
1. We provide two basic lemmas, which concerns with convex objective and common
variance; see Lemmas [B.1] and

2. We bound the term of E {HfsJrl Vf(x s+1)H | xs+1,>~<8} using the term ||x* — x*||?,
HX8+1 X*H and the size of A; and By, i.e., A and B; see Lemmas [B.3] and [B.41

3. We bound the term of E [®(x°*1)] — ®(x*) using the term ®(x?) — ®(x*), ||x" — X*H2
and the parameters 1 and kq; see Lemmas [C.1] [C.2] [D.1] and

4. We provide the explicit I[FO complexity of Algorithm [ and Algorithm [2] in terms of
m+mn, Ly, Ly and Lg; see Theorem [C23] and [D.3

Assumption A.1. The objective f and r are both convez, i.e.,

fx) = fly) = (Vf(y),x—y)
r(x) —r(y) —(&x—y)

where £ € Or(y) is a subgradient of r.

07 XJy e Rd?

>
> 0, x,yeR%

Assumption A.2. The proximal mapping of the objective r, given by the following problem,

. 1
anganin { (g,3) + 5 [ ¥+ 70}
x€R4 n

is easily computed for any g,y € R% and n > 0.

Assumption A.3. Fori € [n] and j € [m], there exist some constants 0 < L¢, Ly, Ly < 0o such that

IVAix) - Vi)l < Lelx—y|, xyeR,
10g;(x) — 0g;(¥)| < Lglx—yl, xyeR?

109,07V ilg) = 1095 Vilg)| < Lolx—yll, xyeR

The above assumption implies that V f is Lipschitz continuous with a constant Ly > 0, i.e.,
IVf(x) = Vil < Ls lx =yl
Assumption A.4. For j € [m], there exists a constant 0 < By < oo such that
109;(x)| < By, x € RY.
Assumption A.5. Fori € [n], the component objective f;(g) is convex, i.e.,
Jilg()) = filg)) = (093] Vfilg)x —y) 20, x,y €RY,
Assumption A.6. Fori € [n], there exists a constant 0 < By < oo such that

IVfix)ll < By, xeR'.
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B Proof of Technical Lemmas

Lemma B.1. For any x € Rd, we have
IVF(x) = VF(x)|? < 2Ly [@(x) — 2(x7)],

where x* is one optimal solution.

Proof. Given an optimal solution x*, we define h(x) as
h(x) = f(x) — f(x*) = (Vf(x"),x —x"),

and obtain that Vh s Lipschitz continuous with a constant Ly > 0 since Vh(x) = V f(x) — V f(x*).
Furthermore, x* is an optimal solution of h since Vh(x*) = 0 and h is convex. Therefore, we have

h(x*) < h <x— Liw(x)> < h(x) - <Vh( ), le) > H—Vh

1
; = h(x) - 3%, IVR&)[I*.

This implies that
IV£(x) = V)P = [|[Vh()|* < 2Ly [(x) = h(x*)] = 2L [f(x) = F(x*) = (Vf(x"), % = x7)] .

In addition, we have

—(Vf(x"),x =x") = ({,x —x7) <r(x) —r(x7),
where the first equality since x* is one optimal solution and the first inequality comes from Assump-
tion Bl Therefore, we conclude that

IVF(x) = VF(x)? < 2Ly [£(x) = f(x) +7(x) = r(x")] = 2Ly [0 (x) — D(x7)].
This completes the proof. ]

Lemma B.2. In both Algorithm [ and[3, the following statement holds true,

B [([99: 6] () = V166 | x5 %] _TLf I =P + st =] (®)

where x* is one optimal solution.
Proof. We have

2

B [ ([0 1] T W finlei™) = V™) | x5 |

= HE[( 39]t s+l Vf,t( s+1) [E?g]t( s+1)] Vi, (g(x s—i—l))) \xf“,;,zS] 2

= [H 9g;, (x SH Vfu( A [0gj,(x SH)] Vi (g(x erl))H2 |xf+1,>~<s]
< E[J0g D [V hiulei)  Vh oG ) x5 5]
< BL3-E[[gt - g6t x5

18



where the first inequality holds due to Jensen’s inequality and the last inequality comes from Assump-
tion and Assumption 34l Then it suffices to show that

2
252

[Hg8+1 (Xf-l-l)H | xS—l—l’ ~s] < 7 [HX _x ” + HXS+1 X*H2] ‘

Indeed, we have

B [lg* - o) | x4 5]
2
= B3 et -5 Y g ret g [ xtx
jEA: jEA:
2
= % E Z (g](xfﬂ) gj()~(3) _g(xf-i-l)_i_gs—l—l) ’Xf—i_l,f{s
JEAL
= % ZE Hg] s+l) gj(is)—g(xf+l)+gs+1“2|Xf+l,>~<s]
JEA:
1 N - -
= 5 2 E|g6ath) - &) B g6 — gy &) | %
JEA:
1 ~
S e ICAR ECOlE RS
JEA:
2
< Y et R
JEAL
2
- %-fo“—~8\\2
2B
< 7 |:Hxs+1 X*H2 + His _X*||2] , (9)

where the third equality holds true since the indices in A; are drawn independently, the first inequality
holds true since E|[|€ — E[¢]||* < E|€]|*, and the second inequality comes from Assumption 341 This
completes the proof. O

Lemma B.3. In Algorithm[d, the gap between V f(x erl) and its approrimation fterl is upper bounded

by ||x* —x || and Hxs+1 *||2

i terms of conditional expectation, given by

E [Hfts+1 Vf( s—l—l)H |Xs+1’>~(s]

12B*1.2
+ +12Li> [+t = x|* + & = x|

< 6Ly [B(x; ") — @(x")] + 6Ly [B(X) — D(x)] + <
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Proof. We have
B [l - vt xtx]
- [H 99;, (i) Vi (gith) — (09, %)) VI, (@) + 1 - Vi (x S“)Hz\xz*“,iﬂ
< 3|V - V| 43IV — Vi)
+38 | 10 (i ) Ve ™) 0w T VA i
Applying Lemma [B] yields that

IVFGi*) = VI + IV F (&) = VI < 2Ly [0(xH) = 0(x")] + 2Ly [B(X°) — B(x)] . (10)

Furthermore, we have

B |0 0) 9 fuler ™) - 0 0T V| 1505

< 2B [H 095, ()] V (g™ = (09, ] TV filo 5+1>>H2|xf+1,f<ﬂ
+28 || 9] o) ~ 03 (R0 Ve 11|
< 2E|:<Hagjt s+1 H va” s+1) Vi, (g s+1 H) S+17~s}

+28 || B )] o) ~ 03 (R Ve 15|

< 2B§L2 {Hgsﬂ Q(Xf+l)“2\ s+1 ~s]+2L2 Hxs+1 5(8H2
ABy L
A

where the first inequality comes from the triangle inequality, the third inequality comes from Assump-
tion and Assumption B4 and the last inequality comes from (@) and the triangle inequality.

Combining (I0) and (IIJ) yields that
E {HftSH V() H |Xs+1,>~(s]

<

e e R e R E e K P (11)

12B*1.2
+ +12Li> [+t = x||* + & = x|

< 6Ly [R(xT) — (x%)] + 6Ly [R(X°) — D(x¥)] + <
This completes the proof. O

Lemma B.4. In Algorithm[2, the gap between V f(x er1) and its approximation fterl s upper bounded

by ||%* — x*||* and HXSJr1 12

in terms of conditional expectation, given by
E {Hfts-l-l Vf( s—l—l)H ‘ Xs+1,}~(8]

24BAL2  24B2%12
< 30Ly [¢>(x§“)—<1>(x*)]+30L¢[<I>(is)—<1>(x*)]+( Tt —§ ) [+t =5 |* 4+ 1% = x|

20



Proof. We have

E |:Hfs+1 V(xS s+1 H ’Xs—i-l is}

H Gs—l—l szt( s—l—l) {Gs—i-l] Vf ( s—i—l) fs+1 Vf( s+1)

2
’ Xs—l—l7 iS]

IN

B[V (™) = V)| + 3| VAE) = V)|

+3E

[Gf-i-l] szt( s+1) |:Gs+1} Vf ( s—l—l)

2
s+1 gs
| x; 7, %% .

Similarly, we obtain that
IV 7™ = V)| +IVFE) = VAE)|? < 2Ly [R(x5T) = D(x*)] + 2L [B(%*) — D(x7)] . (12)

Furthermore, we have

H Gs+1 Vi (gt - [Gs—i—l} Vi, (&

2
s+1 gs
| %, x

< 2E [H G V™ 006 Vo) 'Xs“’f‘s]
om -H[@g( S+1)] fi (g t1)) — [és-ﬁ-l] V(@Y 2 |Xs+1,)~(s]
< o8 [H[Gsﬂ] V™) - [0axi ] Vot D) x|

+48 || 00 ) T oot - 03T Vo) 10 %

HE _H[GS“} V(@) ~ 096 Vilgx))

2
| x5 x] : (13)

where the first and second inequalities comes from the triangle inequality. In addition, it follows from
Assumption B3] Assumption and the similar derivation in Lemma [B.3] that

B |20t 0) " fulx ) - 0" o) |

s+17}~(s:| < 2L¢ [(I)(Xf—i-l) — (I)(x*)] : (14)

2

’ [H (&) hE) - g6 filalx)

|xs+1,>25] < 2Ly [@(x°) — &(x¥)].  (15)

Combining (I2)-(I5]) yields that
B[ - VAP I R] € 0L (B — ()] + 30Ls [B() — B

+6E [H (G T VL (g8t — [0g(xth)] T vf’it(g(xf—‘rl))Hz Fards
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The remaining step is to bound the term E [H Gerl Vi (g5t —

Indeed, we have

s+1 =~s
t X

D9 Vo[ | x

E“[Gf—i_l] vat( s+1) [89( s+1)] vat( ( s+1))H ‘XS+1,)~(S:|

< 2 [][Gi+] T Vet - Dot h] T Viilet|| |xs+1,>~<ﬂ
[ 2

+28 | 2atxi ) T A - [0t ]V Alattt )| 505
< 9E 'HG5+1 dg(xsT) H va“ sty H |Xs+1’)~cs]

+2E [[[9g0D)|* - [ Vi) = Vi lgGe ) | x5 %]
< 2B} E[||Git - age P 1t %] 283 B[V (™) - Viilate)| | xi %]
< 2B}-E _HGtsH dg(x s+1)H2 | X§+1’)~(s' +2B2L2 K [Hgs—‘rl g §+1)H2 | X§+17)~(s]

: : AByL}

< QB?. - E -HGf-i-l ag( S-I-I)H | XS—I—I’)ES- + 1 |:HXS+1 _X*H2 + ||>~(s _X*H2:| ’

where the first inequality comes from the triangle inequality, the third inequality comes from Assump-
tion B4l and Assumption [3.6] the fourth inequality comes from Assumption [3.3] and the last inequality
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comes from (@)). Then we try to bound the term E {HG?H Jg(x SH)H | th+17>~(s] as follows,

E [HGfﬂ Dg(x s+1)H2 | Xf-{-l,is]

2
= E Zag] s+1 __Zag] G8+1 ag( s+1) ‘Xf+1,>~(8
jEBt JEB:
2
1 ~ -
= ﬁE Z (89]( s+1) agj( ) 89( S+1)_|_Gs+1> |X§+1,Xs
JEB:
1 ~ 2 -
— g X B omar) - agix) - gt 4 G it
jeEB -
1 < S 5SS S =8
= S E[llog () — 05(%°) — B [9g;(5*) — 09,6 | 5 %]
JEB:
1 s
< 0 2 E[llog ¢t - 0,50 | % x|
JEB:
L? ~s
< B_g'ZHXSH
JEB:
L? . a2
= Lpen s
2L
< Sl - P e -

where the third equality holds true since the indices in B; are drawn independently, the first inequality
holds true since E [|¢ — E[¢]]|* < E||€||%, and the second inequality comes from Assumption 33

Therefore, we conclude that

E [Hftsﬂ Vf(x s+1)H2 | xf“,fcs]

24BA*12  24B%12
< 30Lg [<I>(x§“)—<1>(x*)}+30L¢[<I>(>?s)—<1>(x*)]+( R ) [t = x[* + % = x|

This completes the proof. ]
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C Proof of Theorem 3.7

Lemma C.1. In Algorithm [, for any x € R%, we have

>SS L S S S S >SS
0 < o(x)—E [@(xfill) | xs x5 + 777¢ |lx — xt+1H2 + %)E [Hft - Vf(xtH)H2 | x5t %

(1 =nLy

+ﬁ HE [[3gjt(Xf+l)]T Vgt | xf“,iS] - Vf(x§+1)H2
gy (e B [l 1 x]]

Proof. For any x € R?, it follows from the update of the main iterate x;1! that

t+1

1

1 1 1 1 1

r(x) —r(x;) + <x —xy T 71 (xi —x;* )> > 0.
i1

Equivalently, we have

0

<

IN

IN

r(x) = () + (k=X ET + - (k- x0T
t+1
r(x) = r(xpi) + (= xR + (g - xR
1 2 2 2
o = = = i - I - =t
2 t+1

r(x) = () + (e = xR 4+ g - XL VEGET) + (0T - XL ET - VAGET)

1
g e = [l = [t =

S S S S S L S S 2
r(x) — T(Xt—i—l-—ll) + <X - Xt+17 £, +1> + f(xt+1) - f(xtj-_ll) + = th+1 - Xt-—qi-—llu

2
= LB - VG T) + tiill (e =117 = [l = g0 = i - )1
o) ) + (x =X ET) 4 A0 - ) + (% - Tlill) ool
+ (# - %) g+t — <t + m e+t~ Vi
e e = =<z
r(x) = r(xg) + (e x7 LB+ FeGT) = F) + 2(1_"77—% [FasEavitas]y
e A R st
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where the first equality holds true since (x,y) = 3 |:HX +yl? = |x|? - HyHZ], the second inequality
comes from Assumption B3] and the third inequality comes from the Young inequality.

Taking the conditional expectation of both side on xf“ and x° yields that

0 < 7(0) —E () [ x5 + (x = xR |[0g, (6] T Vgt | xR )+ £
s+1
o) s+1 s+1 s Th+1 E f8+1 - s+1412 s+1 s
[f(xt+1) | %7, x ] + 42(1 _77?1111@) {H t Vf(x; )H | X7, x ]

by [l =t = B [l i ]
2004

= (0 B[Ot 1]+ (x = xLE [[0g, 6] T Ve x| - V)

+(x = xTL V) + fxT) - E[f(xT) | x %]
s+1

n S S S =S S S S 5S
i LA A v [ ] (e
+ +
< 0ox) -~ B[00 [ x %]+ (x = xiTLE 00, (] T VL | R - Vi)
s+1
77 S S S ~8 1 S S S 5SS
AT —37;11L¢>E [Hft LoVt %t % ] + 5T [Hx xR [Hx | E AR
+ +
S S S>S 77L¢ S 2 T,s+1 S S 2 S
< 00 —E[RGE) | xi &+ 52 fx - x| _%}EL(»E 6+ = Vre))” 1=,
1 s s 2
oo B (1006 i) [ 5] = 96|
2t [ =5 * = E [l = s 5+, 57
<5 L S s s s oS
< Ox) -E [0 | x5t %] + 777¢ [ — x5+ + 2(1+WE [Hft vt Xt % ]

1
+2’I’]L¢
L _ ¢S5t 2—E _os+1? s+1 =s
b [l P~ [ il ]

t+1

where the second inequality comes from Assumption Bl the third inequality comes from the Young
inequality with L4 > 0 and the last inequality holds true since

B[00 7] Vil | x50 - Vf(Xf+l)H2

i 1 1 7

= < = :
20— L) 2(=r — Ly) ~ 2(5 — Ly)  2(1—nLy)

M1

where the inequality comes from the fact that nfi’ll € [%, 77} . This completes the proof. O

Lemma C.2. In Algorithm [, we assume that ko > 1 and the sample size A > 0 satisfies
472
B 2By L%
=—a
n L¢
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where n > 0 satisfies

. 1
n < mm{l, @}7
1
92v2B, T’
then we have
2[0(<") = B(x)] 1208y [ —x|* [ -

os+1y * <
E [o(*) - o(x")] < — g = e

where By = max{Ly, Li} > 0 and x* is an optimal solution, i.e.,

x* = argmin P(x).
x€R?

Proof. Combining Lemma [B.3] Lemma [B.3 and Lemma yields that

0 < @(x*)—E[q>(x§j})|xs+1,>zS] @Hx*—xfﬂHz—l—#E [Hf;“ VY|P x5t x}

( nLg)
+3 L¢ [& [0, ) W ) 5] - )|
+2 ;’Ill [HX _ s+1H _E[H _Xt+1H |Xs+1’§(5”
< o) ~E[e0gl) | %] + 1 =7 |~ s+1\\2+% [t — 0(x)] + [B(X°) — B(x")]]
BiL?
e ( . +Li> [l =P e - )P
BiL?
ot 2ok [l -+ ]
oy [l = 1 B [l - g x])

t+1

Plugging the sample size of Ay,

_ 2By L3
L
into the above inequality yields that
= s 3nL s * ] *
0 < 90e) - B[R0t x5 + B i - 4+ 2 ([0 - 90e)] + ) ~ 9607
677 772L2 %5 77L * oS * s 2
+1—77L¢>'< 2¢+Lg§ [Hx —xt“H +||x* = Hz}—i-T(ﬁ[Hx —xHQ—i—Hx —xt“H }
ot - [ = ° =B [ =] gt 5]

M1
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We observe that
3nLy 3Ly 3L, 1

= < —_—
1 —nLg %—L¢_10L¢—L¢ 3

(16)

where the inequality holds true since 0 < n < ﬁ and

212 312 2 2
6y (7Es .\ _ 31l | Onbs Ly 200l < 7B
1—nL, \ 2 ] T 1—yLy  1-nLy~ 3 3 — T

where By = maX{L(b,Li} > 0 and the inequality comes from (I6]) and the fact that 0 < n < 1 and
1—nLy > 1%. Therefore, we conclude that

0 < &) -E[®(x1]) | xiH, %] + % x* — x5+|* + % (e - (x)] + [2(x%) — B (x)]]
By [[pe =+ e = =] + o [ P [ =]
gy LI == B [ =i
< B0c) B[00 1] T2 e x4 L (806 - B(x)] 4 [B(5) — B(x)]
+wf%[W“«?W5wf—fW%@£ﬁMf—ﬁ“W—ENf—ﬁmfwﬁﬁﬂ}

= o) -E[e() [T %] + % [[@(x*1) = @(x)] + [@(x") — (x7)]]

#2816 x| 151 %]+ 5 [l - - B [ —t ]
204
= o) B[00 | 5% + 5 [007) - 8] + [B(E) - 9]
e L B e N [ Bl [ N
204

+230B, - ||x* — x|,

where the second inequality since Ly < By. Furthermore, we observe that

1 1 1 1
ot T wmVIVRT  2V2T ¢

where the last inequality comes from the fact that

1

0<n< —— —.
77_92\/§B¢ nT
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This implies that

1

o [l = - E [ = it %] |+ 2808y - x - X
20,44

L le* s HL2 1 . [ w  s+1]]2 s+l~s]
< (277?:11—1—2377B¢> Hx x; H 2T E Hx x H | x

t+1 t X
t+1
—1 * 2 1 * 2 ~
st I = o Bl =
+
Therefore, we conclude that
E [o(xf]) [ %+, %] — @(x")
1 . ~ § B . .
= [0 = 2] + (&) — 2] + 152 - [15 [x" = =77 = 30 [x" — x5+
1 % 2 1 " 2 B
el e e R e Bt

t+1

Taking the expectation of both sides, summing it up over t = 0,1,2,...,ks11 — 1 and dividing both
sides by ks41, we arrive at

(ko1 —1 . 2
B i @(xfj_’ll)—l—l&yB(z,-Hx —foH B

d(x¥)

1 ks41—1

IN
=

O(x T _ 15nBy - 5((2
> — 2 —P(x") + &(xX°) — P(x* 2 x - x°
2 Z; p )+ O — B |+ X X+

1 2
s+1 ’ ‘ .

2ny,] o kst
Multiplying both sides of the above inequality by 3 and rearranging yields that
ks+1—l @

; . * s+l 2
277(S)+1'k‘s+1 HX X0 H

x* — XZ+1
s+1

s+1y  45mBy ||« s+1|2
+ —
2. E () 7 |t — x| —o(x)
=0 kst
3 [q>(x(8)+l) —®(x")] -3 [‘I)(XZH ) — ‘I)(X*)] 45nB
< E - + (%) - lx) + — & — x|
ks—l—l 2
3 2 3 2
+ lxt — Xs+1 _ . ‘ x* — Xs-‘rl )
2778-1-1 . ks—l—l H 0 H 2,’7::;11 . ks-{-l ks+1

According to Assumption B and the definition of x**!, we obtain that

kop1—1

(I)(}NCS-H) < Z @(Xf-i_l)

)

—0 ks—l—l

IN

kotq—
His_;,_l - X*H2 sf: 1 fo—i-l o X*HQ

t=0 Fist1

)
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which implies that

g Ot + T

E [(I)(Sc”l) — ®(x*) + —457;B¢ %5 — x*HQ] <E d(x*)

=0 ks-‘,—l

Then we arrive at
451 B
2. |:(I)(}~(S+1) . (I)(X*) + % His+1 _ X*H2:|

3[@(x3™) — 0(x)] - 3 [@(xH) - @(x")]

45nB
< E +B(R") — D(x") + —L 22 ||z — x|
ks—l—l 2
3 2 3 2
+7 . X* — XS+1 — . ‘ 'X_* — X8+1 .

Combining the fact that ijjl =x5"2, 77,‘2:;11 =152 and kg2 = 2ks11, we have

2-E

R I

3|x* —x572* 3 [@(xgT2) - B(x7)]
47]8+2 : k8+1 2kis—l—l

* 2 *
4508y | o 3 x| 3[R0 - 9 >]],

2 477(3]—1—1 . k‘s 2k73

< E|®F) - ®(x*) +

Finally, we telescope the above inequality for s = 0,1,2,...,5 and obtain that
E [®(x°1!) — @(x*)]

- 1
— 95+1

-E [@(fé)) ~0(x7) + % [ = ="+

2[0(x") — ®(x")] N 12nBg ||x* — XOH2 N [|x* — XOH2.

<
= 25 25 251 - ko

This completes the proof.
Theorem C.3. Given the initial vector x° € R? satisfies that
HXO — X*H2 <D, ®x°) - d(x*) < D,

and the first epoch length ko > 0 and the number of epochs S > 0 satisfy that

D,
ko = 1

6D

S = 10g2 <—¢> 9
€

and the sample size A > 0 satisfies that
2B, L3

= 772L§> ,
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where n > 0 satisfies that

1 2D D
n:min{l, ¢ ¢ < },

10Ly" D, " 6BgD,’ 552\/2B4D,

and € € (0,1) is a tolerance and By = max{L, L;}, then the total IFO complexity, i.e., the number of
IFO queries to achieve an e-optimal solution that satisfies

E[oxH!) — @(x")] <,

o (imm-ton (1) + 1)

where we omit the dependence of the IFO complexity on some other parameters, such as the Lipschitz
constant Ly, Ly and Ly, the upper bound of the norm of By and the distances between the initial point
and the optimal set D, and Dy.

18

Proof. Firstly, we check if the choices of parameter satisfy the requirement in Lemma [C.2l Indeed, we
observe that kg > 1 and the sample size A > 0 satisfies

472
_ 2ByLy
=—,
n L¢
where 1 > 0 satisfies
1
< mi 1, — .
”—mm{ ’ 10L¢}

Then it suffices to check if the following statement holds true,

1 1
<— —.
= 92v2B, nT

We observe that

1 1 1 1
92v2B, nT = 92v2B, nko - 25
B 1 €
~ 92y2B, nko-6Dy
1 €
>

92\/§B¢ (27[7)_5¢ 4+ 1) . 6D¢
€

552v/2B, D,

=D

v

where the first inequality comes from the fact that T = ko - 25 — ko, the equality comes from the
fact that S = log, (%), the second inequality comes from the fact that ky = 2717)5¢j + 1, the third
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inequality comes from the fact that 0 < n < % and the last inequality comes from the fact that

e i
0<n <z T Therefore, we arrive at

2 [(I)(XO) — @(x*)} N 12nBy Hx* — XOH2 N Hx* — XOH2
25 2 20 ko

E[ox1!) — (x")] <

Furthermore, we have

d(xY) — P(x* €

o) -%)  c
127]B¢HX0—X*H2 e 12nByD < €
25 = 6 D¢ =3

[ (-

2S?7k0 g

where the second inequality comes from the fact that 0 < n < GB[;ﬁ and the third inequality comes

from the fact that kg = L27?5¢j + 1. Therefore, the total IFO complexity, i.e., the number of IFO queries
to achieve an e-optimal solution that satisfies

E[ox1!) — @(x")] <e,

is

S-(m+n)+2% kA

6D, 6D, D, 2B, L}
— 1 ) = 1)
e (5) + (52) (g +1)

= O<(m+n)'log<%> +€i4>

where we hide the dependence of the IFO complexity on some other parameters, such as the Lipschitz
constant Ly, Ly and Ly, the upper bound of the norm of B, and the distances between the initial point
and the optimal set D, and Dy. ]

D Proof of Theorem 3.8

Lemma D.1. In Algorithm[3, for any x € R?, we have

0 < &(x)—E [q>(xfj__11) | XS+1, ~s] + T’_ HX _ S—I—IH + ﬁ}z [HftS—l—l Vf(x s+1)H2 | X§+1,)~(S:|
tor B [0 b ™] VA bt %] - r6a |
1 2 -
4 X_Xs+1 _E —X s+1 s+1 XS ,
I (T |

where o > 1 is a constant.
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Proof. For any x € R?, it follows from the update of the main iterate xfill that

1

1 1 1 1 1

r(x) — r(xfjfl) + <x — xfil , ftSJr + = (xfil — XtSJr )> > 0.
1

Similar to Lemma [C.1] we obtain that

s+1
0 < r(x) = r(x) + (x=x¢ LT + £ = FE) + Lil I = vt
2(1 - M1 L¢)
1
ol | EEEan e ERtveey R
2 t+1

Taking the conditional expectation of both side on xf“ and x° yields that

S S S S S T S S S S
0 < r(x)—E [T(Xti%) | Xt+17X ] + <X_ Xt+17E [[89jt(xt+1)] Vfit(gt—l—l) | Xt+17X ]> + f(Xt+1)
s+1
s s =5 nt-‘rl s+1 s+14(]2 s+1 s
~E[f(x) | x5 % —I——SE[f - Vi) x ,x]
[ t+1 4 ] 2(1 _ntIquﬁ) H t t H t

o7 [l =i e v 5

+ [
27 H

= () —E (I | &T 4 (x - xUE 995 6] V(e xR - Vi)
(x = XL VL) + £ — B [F(H) Xt %]

nfill [ s+1 sH1V |2 | s+l ~s] 1 [ s+11)2 [ s+1012 | s+l ~s”
Ml gt -V - —E||x -
21— i Ly) | FETOT x| + 2T [ = ™| e =i |7 [>T %
< o) —E[00gH) [ x5 %] + (x = x L E [ [0g;, 5] T VL) |3 x ] - VGG
i { o1 ot1y[12 | wetd ] { 12 [ 1|12 | st ”
S — - —E|[|x -
21— 7ot Ly) £, VG =T E |+ ot [ = x| e =i | 1%
< q>(x) _E [@(XS-H) | Xs+1 )NCS] + w HX - Xs+1H2 + LEE |:Hfs+1 - vf(xs—l—l)HQ | Xs+1 is]
>~ t+1 t ’ 9 t 2(1 _ 7’]?_7__11[/(;5) t t t )
1 ~ 2
g B[00 6] V™) 1 5] = w6
1 N
g [ = B [t
t+
< q>(x) _E [@(XS-H) | Xs+1 )NCS] + w HX . Xs+1H2 + #E [Hfs—l—l o Vf(xs+1)H2 | Xs—l—l is:|

! ~ 2
+2T]O‘L¢ HE [[agjt(xf+l)]—r Vfit(gf—l—l) | X§+1’XS] _ Vf(xf-l-l)H
1 ~
g (=== s ]
2 t+1

where the second inequality comes from Assumption B.1], the third inequality comes from the Young
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inequality with n“Lg > 0 and « > 1 and the last inequality holds true since

s+1 1 1

Mi41 Ui

20—t Le) 205 — L) ~ 2(5 —Lg) 21— nly)

t+1

ﬁun

where the inequality comes from the fact that nfill € [ 4 } . This completes the proof.

O

Lemma D.2. In Algorithm[3, we assume that kg > 1 and the sample sizes A > 0 and B > 0 satisfy

472 472
L L 2BIL2 8BIL2
o 2q max 2 15L2 ’
U % ¢
212
L 8B
157]20‘L35’

where a > 1 and n > 0 satisfies

1
< mindl, —
o= mm{ ’ 46L¢}’

o 1 1
NS =
20v2Lgs 0T
we have
i oy 2 2086 — @] 8L [ —xO* [ X0
EfoE) - o)) < 25 - 25 T
where x* is an optimal solution, i.e.,

x* = argmin ®(x).
x€R4

Proof. Combining Lemma [B.3] Lemma [B.4] and Lemma [D.1] yields that

0 < 0) ~E [0 X&)+ T e - g B[l - vt 5]

(1 —nLg)

1 2
o B ([0 0] W fuler™) 17 x| = 76|
1 ~
gy [ B [
+
. 5 “Lg s 15nL
< o) - [o0]) x| 2 o
B*L%2  B?L?
e (TR e s
1 B . .
R e el [ S G Al [y
1 * * ~
e e [ Bzl MEa )
t+
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Plugging the sample size of A; and By,

472 472
4 - L 2BgLf 8BgLf
- 2a0 max L2 ) 15L2 )
n ¢ ¢
272
B 8Bng
15772‘”L§>7

into the above inequality yields that

o 1%Ly 15nL . i}
0 < o) —E [0t [x L x] + T2 x = * 4 2 [0t — 0] + [

1 —nLg
15n%* L2 .
e S e =P e =2+ T [l = = ]
— kg
o] [HX — x| —E[Hx —xH1? HXH
+

We observe that
15?’]L¢ N 15L¢ < 15L¢ . 1

1—nLy & —Ly = 46Ly—Ly 3

where the inequality holds true since 0 < n < ﬁ and

129 159*°L5  15pLy
1-— 77L¢ 4 1-— 77L¢

S30*“Lg < Ly,

where the inequality comes from (I7]) and the fact that 0 < n < 1 and « > 1. Therefore, we conclude

that
1

0 < B(x*)—E[B(cH) | x5 + 770‘2& et P 45 (20 - @] + [B(E) (<))

(67
i e R e e e

2
+2 tsill [HX _ s+1H _E[H _Xt+1H s+1’)~(sH
= o(x") —E[e(x ) [ %7 %] + H‘I’( SH) O(x")] + [2(x°) — @(x")]]
Lo (i s+ e [T s 1

t+1
= o) ~E[B0¢H) | xR + 5 [0 - 8(x)] + [B(E) — 9]
1

TIO‘Lgb. =2 * _ ost+l|2 st | xit1
g [l =2 =6 =g s ([ B [ -]
20

—|-5T]OCL¢'HX*

Furthermore, we observe that
1 Lot
ot T e /TVRT  2vnT

> 107]aL¢,
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where the last inequality comes from the fact that

11
0<n® < —r— o —.
T =%0vaL, T

This implies that

sy [l = =B [l =il 1 ]| o e -
t+1
L o . w  osF1]12 1 ] [ w  _s+1]2 s+1 ~s}
< <2nfif+5n L¢> [x* — i+ 2] E||x* —xF|" | x5t %
1 2 1 9 ~
< g I =) - g B[ ]

Therefore, we conclude that

E[@(xif) [ x7 %] - @(x")

1 * ] * “L * =S * s
< 3[R0 — 206)] + () — 2] + T - (3] %Y 6 x|
1 % 54112 1 |: * s+11)2 s+1 NS]
. _ — ‘E - .
+277,f+1 [[x* = x| 2775:11 [ = x| = %

Taking the expectation of both sides, summing it up over t = 0,1,2,...,ks11 — 1 and dividing both
sides by ks41, we arrive at

[koy1—1 s+1 a % s+11)12
d(x +3n%Ly - ||xX* — x
E Z ( t+1) 1 - @ H t H . (I)(X*)
—0 s+1
18 et 3% Ly ) 1 L2
< E|= Tt P(x*) + DX — B(xF lx = x|+ x* — x5t
< ml5| X TR ee e ae) | LR st e
1 2
5 s+1 ’ ‘ x" - XZ—?_ll .
277ks+1 : ks-i—l st

Multiplying both sides of the above inequality by 3 and rearranging yields that

P e e

2-E ! P(x*

; ks+1 ( )
3[@(x5T) — d(x")] -3 [q>(x;+1 ) — <1>(x*)] 0oL
< - +B(X°) — B(x") + 2 %0 — x|
ks-i—l 2

3 2 3 2

- . x* Xs+1 _ . ‘ <* — Xs+1 ]

2n8+1 . ks—i—l H 0 H 2?72?;11 . ks—i—l ks+1
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According to Assumption 1] and the definition of x**!, we obtain that

<I>(5<8+1) < ksi:_l <I>(xf+1)
=

ksy1—1 s+1 2

oo w3 B
—0 s+1

which implies that

Mg R M e

“L
E (I)(is—i_l)—(l)(x*)—l—w His-l—l_x*‘f <E t (I)(X*)
2 ks-i—l
t=0
Then we arrive at
In*L
2.F |:(I)()~(s+1) N (I)(X*) + % His—l—l - X*H2:|
3[@(x5Th) — d(x")] -3 [@(x;“ ) — @(x*)] 0oL
< E - B - B(x) + T2 & - x|
ks+1 2
3 2 3 2
4y - . X* . Xs+1 _ . ‘ X* _ Xs+1 )
2,'784-1 . ks—l—l H 0 H 2772::31 . ks—l—l kst1

Combining the fact that ijjl =x5"2, nz;ill =152 and kg2 = 2ks11, we have

o ¥ _ yost2|2 s+2\ *
2.E [(I)(fcs"'l) o Q)(X*) + % HX* o >~(5+1H2 n 3 HX X H 3 [(I)(XO ) (I)(X )]]

A5 ke 2ks41
s 2 s+1
. 9Ly oo Bl =xiTHT 3ot — @(x)]
< ]E ¢ S _ @ * _r ¥ * _ S .
< (x*%) (x*) + 5 |Ix* — %%||“ + ks + T

Finally, we telescope the above inequality for s =0,1,2,...,5 and obtain that

E[(x*H!) — @(x")]

1
< 25+1

fe * _x 2 1) — <*
-E[cb(io)—cp(x*H%Hx*_;{ouu?’\\x Bl , 3[@0xh) — o )]]

4?’]6 : k() 2]€0

X « 2 N 2
- 2 [(I)(XO) —P(x )] N 3n“Lg Hx — XOH N Hx — XOH
- 25 25 257 - ko
This completes the proof.
Theorem D.3. Given the initial vector x° € R? satisfies that

[x° = x*||* < D, ®(x%) — ®(x*) < Dy,
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and the first epoch length ko > 0 and the number of epochs S > 0 satisfy that

ko = |-o
0 N 277D¢

6D
5 = log, <—¢’> |
€

and the sample sizes A > 0 and B > 0 satisfy that

J+1,

472 472
R I 2ByL; 8ByL3
RS L2 7 152 (7
¢ ¢
2712
_ 8B}
152 L3’

where n > 0 satisfies

1
- 1 2Dy 2Dy € “
=min < 1, , ) ) ’
1 46L," D, 3LyD," \ 120v2L,D,

and € € (0,1) is a tolerance, then the total IFO complezity, i.e., the number of IFO queries to achieve
an e-optimal solution that satisfies

E [o(xH!) — @(x")] <,

o (im e mtos (1) 1),

where we omit the dependence of the IFO complexity on some other parameters, such as the Lipschitz
constant Ly, Ly and Ly, the upper bound of the norm of By and the distances between the initial point
and the optimal set D, and Dy.

18

Proof. Firstly, we check if the choices of parameter satisfy the requirement in Lemma [D.21 Indeed, we
observe that kg > 1 and the sample sizes A > 0 and B > 0 satisfy

472 472
4 - L-max 2BgLf 8BgLf
RS L2 7 1512 [
¢ ¢
212
_ 8B}L;
152 L2’

where 1 > 0 satisfies

1
<minql, —».
n_mm{ , 46L¢}

Then it suffices to check if the following statement holds true,

1 1
<
T 20v2L, T

(e}

n
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We observe that

1 1 1 1
20v2L, 1T - 20V2Lg ko - 2°
- 1 €
~ 20v2L, nko- 6D,
1 €
>

T

20v2L, <m+1) 6D,
€

120v/2LyD,

= n,

v

where the first inequality comes from the fact that T = ko - 25 — ko, the equality comes from the
fact that S = log, <@), the second inequality comes from the fact that ky = L2$5¢j + 1, the third

inequality comes from the fact that 0 < n < % and the last inequality comes from the fact that

0<n®< m. Therefore, we arrive at
oz

2 [(I)(XO) - (IJ(X*)] N 3n* Ly Hx* — X0H2 N Hx* - onz

os+1y * <
BB - a(x")] < T s o

Furthermore, we have

®(x0) — d(a*) < €
25 - 3
3n“Lg HXO — X*H2 € 3n*LyD, <€
25 -6 D¢ -3’
[

€
= “ 0 <« =
257k - 3

where the second inequality comes from the fact that 0 < n < 3;% and the third inequality comes
from the fact that kg = L27?5¢j + 1. Therefore, the total IFO complexity, i.e., the number of IFO queries
to achieve an e-optimal solution that satisfies

E[o(xH!) — @(x")] <e,

is

S-(m+n)+2° k- (A+ B)

6Dy 6D D, 1 2B;L} 8ByL7 | 8BjL;
= -1 _—9¢ . 1) . —.
m &) Og2< p >+< e > (LGD¢J+> e <max{ 12 5 [ 1R )

= o(mem(t) o).
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