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THE COUNTABLE CHAIN CONDITION FOR C*-ALGEBRAS

SHUHEI MASUMOTO

Asstract. In this paper, we introduce the countable chain conditmmG*-
algebras and study its fundamental properties. We shovpémitence frorlFC
of the statement that this condition is preserved undergthgdr products of C*-
algebras.

1. INTRODUCTION

A topological space is said to hatke countable chain conditio(CCC for
short) if every family of mutually disjoint nonempty openbsets is countable.
Any separable space clearly has CCC. Conversely, evenjiamgi@ce which has
CCC is separable.

The relation between separability and direct productamgk. The direct prod-
uct of a family of separable spaces are separable when diadity is less than
or equal to 2; but if the cardinality of the family is greater thati, Zhen its direct
product can be nonseparable. On this point, CCC behatiesatitly: it is irrele-
vant to the cardinality of the family. It is known that theetit product of a family
of CCC spaces has CCC if for every finite subfamily, its dirgetduct has CCC,;
however, the statement that the direct product of two CCCesphas CCC cannot
be proved or disproved iBFC [6, Theorem 11.2.24 and Lemma 11.4.3].

Now we shall restrict our interest to locally compact Haufidspaces. LeK
be a locally compact Hausd®rspace andCy(X) be the C*-algebra of the con-
tinuous functions orX which vanish at infinity. In view of the Gelfand-Naimark
theorem,Cy(X) contains all the information about the topological stauetof X.

In particular, there is a canonical one to one corresporalbatween the open sets
of X and the closed ideals @y(X), and CCC can be reformulated as a condition
on the ideal structure d@@y(X), whence this condition can be generalized for non-
commutative C*-algebras. Moreover, sinCg(X x Y) is canonically isomorphic
to Co(X) ® Co(Y), the discussion on the relation between CCC and directyoted
yields information about the ideal structure of tensor piaid of C*-algebras. In
this way, we prove the following theorems in this paper:

Theorem 1.1. The minimal tensor product of a family of unital CCC C*-algah
has CCC if for every finite subfamily, its minimal tensor prodhas CCC.

Theorem 1.2. Martin’s Axiom,MA(w1), implies that any minimal tensor product
of unital CCC C*-algebras has CCC.
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The precise definition of CCC for C*-algebras is introducedSectior 2. In
Section B Martin’s Axiom, which is known to be independerinfrZFC, is ex-
plained. Here it is also verified that the negation of the iBusypothesis, which
is another independent statement explained in Section@Bigsthe opposite con-
clusion of Theoreri 1]12. We prove Theoréms 1.1[and 1.2 in &ddti Combining
this fact with TheoremiI]1, we conclude that the statemeatttémsor products of
CCC C*-algebras has CCC is independent fioRC.

2. A perINITION OF CCCFOR C*-ALGEBRAS

Definition 2.1. Two nonzero ideals in a C*-algebra are said todohogonalif
their intersection is the zero ideal. A C*-algebra hasdbentable chain condition
(CCCQ) if any family of nonzero mutually orthogonal ideals@untable.

Note that if 7, J are ideals in a C*-algebra, thehn J coincides withﬁ,
whence they are orthogonal if and onlyZify = 0.

We shall begin with verifying that this definition is a geremation of CCC
for topological spaces. Recall that a topological spaceQ@€ if any family of
nonempty mutually disjoint open subsets is countable.

Proposition 2.2. Let X be a locally compact Hausgpispace. Then gX) has
CCC as a C*-algebra if and only if X has CCC as a topologicalapa

Proof. Suppose first thaX has CCC and let7 },ca be a family of nonzero mu-
tually orthogonal ideals i€y(X). We can take an elemeffif € 7, of norm 1 for
eachd. SetU, = {x e X ||fi(X)| > 1/2}. Then{U,} 4 is a family of nonempty
mutually disjoint open subsets &f, whence A < w. Thus,Cy(X) has CCC by
definition.

If X admits an uncountable famiyJ ,},ca of nonempty mutually disjoint open
sets, thenCo(U,)}iea is an uncountable family of nonzero mutually orthogonal
ideals ofCy(X). Therefore Co(X) does not have CCC. m|

The following easy proposition characterizes CCC. Noté ghaon Neumann
algebra is said to be-finite if it admits no uncountable family of mutually orthog-
onal projections.

Proposition 2.3.

() Let A be a C*-algebra. ThewA has CCC if and only if there exists no
family {a;},ca Of nonzero elements such that#a, = 0 for A # p.
(i) A von Neumann algebra has CCC if and only if its center-fnite.

Proof. (i) Suppose that there is an uncountable fartaly} ,c» of nonzero elements
such thatAa, = 0 for A # u. Foreachl € A, let T, = Aa, A be the ideal gener-
ated bya,. Then{7 ;},cA is an uncountable family of nonzero mutually orthogonal
ideals, saA does not have CCC.

Conversely, assume that does not have CCC and lgf ;4 } be an uncountable
family of nonzero mutually orthogonal ideals. Taking nanea, € 7, for eacha,
we obtaina,Aa, = 0 for A # u becausd 7, = 0.
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(i) Let 71,7, be ideals of a von Neumann algebAd. Then it can be easily
verified thatZ17, = 0 if and only if 7;7"7,™" = 0, whereZ;”" denotes the
o-weak closure off;. Now Z;”" is of the form Mz for a central projectior;,
and the two ideals are orthogonal if and only if these prajestare orthogonal.
Therefore,M has CCC if and only if there is no uncountable family of noozer
mutually orthogonal projections, that is;finite. O

Proposition 2.4. A separable C*-algebra has CCC.

Proof. Suppose tha#l does not have CCC, and ,},c» be an uncountable family
of nonzero mutually orthogonal ideals.Hf € I, is a positive element of horm 1,
then it follows by functional calculus thgh, — h,|| = 1. If we denote byJ, the
open ball of radius A2 centered ah,, then{U,},ca iS an uncountable family of
mutually disjoint open subsets. Hencg,is not separable. O

An ideal of a CCC C*-algebra clearly has CCC. Also, it can bsilgaerified
that an extension of a CCC C*-algebra by a CCC C*-algebra I5.©n the other
hand, a quotient of a CCC C*-algebra does not necessarily 6&C. Indeed, let
BN be the Ston&ech compactification df.. It has CCC because it is separable.
However, the Ston&ech remaindepN \ N does not have CCC because there
exists an almost disjoint family of2subsets ofv [6, Theorem I1.1.3]. Therefore,
C(BN \ N) does not have CCC, although it is the quotient of the CCC Ig&lara
C(BN) = £ by Co(N) = co.

SinceC(BN \ N) can be obtained as the inductive limit &f L 5
whereg: ¢ — (= is defined byp(f)(n) = f(n + 1), it also follows that inductive
limits of CCC C*-algebras do not necessarily have CCC. Os dliriection, what
we can prove is the following:

Proposition 2.5. Let A be a C*-algebra and be an infinite cardinal number with
its cofinality not equal tew,. If there is an increasing sequen&#, },«. of CCC
C*-subalgebras such thatl,,., A, = A, thenA has CCC.

To prove this proposition, we use the lemma below. A proofleaifound in[[3,
Lemma l11.4.1].

Lemma 2.6. Let A be a C*-algebra andA,} be a directed set of subalgebras
with its union dense itA. If T is an ideal ofA, then it is obtained as the closure
of the union of 7 N A,}.

Proof of Propositio 2)5Assume that there is an uncountable fantifyi}, ., of
nonzero mutually orthogonal ideals &. For each, set

Ba=minla <k|I;NA, # 0},

which exists by Lemmia 2.6, and wrie= sup, 8,. If 8 < « holds, then(Az N 7 3},
is an uncountable family of nonzero mutually orthogonahldewhich contradicts
to the fact thatAg has CCC. On the other handpit= «, then the cofinality ok is w,
whence there is an unbounded increasing sequgnte., in . Now the seS,, of
A < w1 With 8, < vy is at most countable for each whencew; = #U, Sn) < w,
a contradiction. O
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We close this section by looking at the relation between Cavan Neumann
tensor products. The following proposition, together wiglsults in Sectiofll4,
reveals that the situation in the von Neumann algebra gedliffiers from that in
case of C*-algebras.

Proposition 2.7. Let M and N be CCC von Neumann algebras. Then the tensor
product M®N of M and N as a von Neumann algebra also has CCC.

Proof. We shall denote byZ(M), Z(N) and Z(M&AN) the centers oM, N and
MeN respectively. Recall thal (MeN) coincides withZ(M)@Z(N) [9, Corol-
lary IV.5.11]. Hence it sfiices to show that the tensor product of two abelian
o-finite von Neumann algebras is alg€finite. To see this, note that every abelian
von Neumann algebra is of the forh¥°(.) for some Radon measure[9, The-
orem I11.1.18], and it iso-finite if and only if u is o-finite. SinceL*™(u)®L*(v),
being canonically isomorphic 0™ (u ® v), is o-finite if L*(u) andL*(v) are both
o-finite, the conclusion follows. O

A compact Hausddi space is atonean spacé the closure of every open set
is open. Suppose that is a stonean space apdis a Borel measure on it. If
for any increasing family{ f;} € Cr(X) with supfi = f € Cgr(X) the equality
u(f) = supu(fi) holds, thenu is said to benormal A stonean space is called a
hyperstonean spadéfor any nonzero positivef € Cg(X) there exists a normal
Borel measure: such thatu(f) > 0. It is known that ifX is hyperstonean, then
C(X) is a von Neumann algebra, and every abelian von Neumanhbralggeof this
form [9, Theorem 111.1.18]. Combining this fact with the pesling proposition,
we obtain the following result.

Corollary 2.8. The direct product of two hyperstonean CCC spaces has CCC.

Proof. Let X, Y be hyperstonean CCC spaces. It follows from Proposifiorta7
the von Neumann tensor prod@tX)®C(Y) has CCC, an€(X) ® C(Y), which is
isomorphic toC(X x Y), is a C*-subalgebra of(X)®C(Y). By Propositiori 2.3, it
can be easily verified that any C*-subalgebra of commut&@i€ C*-algebra has
CCC, whenceX x Y has CCC. m]

3. MARTIN'S AXIOM AND SUSLIN'S HYPOTHESIS

In this section, we introduce two statements which are knimre independent
from ZFC. Complete treatise for these statements can be found irr [8].0

The first statement is Martin’s axiom. We shall introduce satefinitions re-
lated to partially ordered sets in order to express thisraxioa simple form.

Definition 3.1. Let P be a nonempty partially ordered set. Two elemgntge P
areincompatiblef there is nor € Pwithr < pandr < g. If there is no uncountable
family of mutually incompatible elements By thenP is said to have theountable
chain condition(CCC).

As is easily verified, a C*-algebra has CCC if and only if itsmero ideals form
a CCC partially ordered set, where the order is defined byigmh. Similarly,
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a nonempty topological space has CCC if and only if the setooempty open
subsets has CCC as a partially ordered set.

Definition 3.2. Let P be a partially ordered set.

() A subsetD c P isdenséffor any p € P there isg € D withq < p.

(i) Anonempty subseff c Pis called dilter on P if it satisfies the following:
(a) if p,qare inF, then there exists € F withr < pandr < q;
(b) if pe Fandq > p, theng e F.

Suppose tha® is a nonempty partially ordered set and fix the topology cpieer
by subsets of the forrtq € P | q < p} for p € P. ThenP has CCC if and only iP
has CCC as a topological space, aha P is dense if and only if it is dense as a
topological subspace.

Now we shall see the exact statement of Martin’s axMm Let« be a cardinal
number.

MA(k): If Pis a nonempty CCC partially ordered set 4B } ., is a family
of dense subsets I, then there exists a filtdf on P such that- N D, is
not empty for allr.

MA: MA(k) holds for anyk with w < «k < 2%,

It is known thatMA(w) holds (the Rasiowa-Sikorski lemma) anth(2*) does
not hold inZFC, whence the Continuum Hypothegi#i trivially implies MA. On
the other handMA is indeed consistent witdFC + -CH. In particularZFC +
MA(w1) is consistent.

The other statement we use in this paper is Suslin’s Hypistig#$. This hy-
pothesis is related to characterization of the real lineragrdered set. Note that
a totally ordered set with the following properties is orggmorphic to the real
line:

(i) unbounded; there does not exist minimum nor maximum efgm
(i) dense; there is an element between any two elements.
(iii) complete; every nonempty bounded subset has a supreand an infi-
mum.
(iv) separable; there is a countable subset which is dengerespect to the
usual order topology.

Definition 3.3. Let S be a totally ordered set which is unbounded, dense and com-
plete. TherS is called aSuslin lineif it is nonseparable but CCC as a topological
space, where its topology is the usual order topology géeeiay open intervals.

SH: There does not exist a Suslin line.

In other wordsSH claims that separability in the characterization of thélira
above can be replaced by CCC. It is known that the diamondaipté, which is
a consequence of the axiom of constructibilty= L, implies—=SH [5]. On the
other handMA(w) implies SH, whenceSH is independent fror@aFC.
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Proposition 3.4. A Suslin line is a locally compact space.

Proof. It suffices to show that every bounded closed interval is compads. CEim
be verified by seeing that a proof for the Heine-Borel theooam be applied to
Suslin lines.

Given an open coveringJ,},co Of a bounded closed intervah,[b], we shall
prove that § b] can be covered by finitely marly,’s. Note that we may assume
eachU, is an open interval.

Let X be the set of alk € [a, b] such that &, X] can be covered by finitely many
U,’s. ThenXis not empty becauseis in X, and so suiX exists by completeness.
It suffices to show that suy belongs toX and coincides withh. For this, take
Ao € A such that suXis inU,,. ThenXnU,, contains some element, sayNow
[a, c] can be covered by finitely many,’s, and [, supX] is included inU,,, so
supXis in X. Also, for anyx € U,,, the interval §, X] can be covered by finitely
manyU,’s, whence supX must coincide withb. O

The following proposition is from [6, Lemma 11.4.3]. For tlsake of complete-
ness, we include the proof.

Proposition 3.5. If S is a Suslin line, then & S does not have CCC.

Proof. By transfinite induction, we shall takg, b,, ¢, € S for @ < w; so that

(i) 3w <bo < Cy;

(i) bg ¢ (aq,c,) for g < a.
This can be carried over because for each w1, the sef{bg | 5 < a}, being count-
able, is not dense i8. SettingU,, := (a,, b,) X (bs, C,), We obtain an uncountable
family {U,}.<o Of Nonempty mutually disjoint open sets$ix S. O

Corollary 3.6. =SH implies the existence of a unital commutative CCC C*-algebr
A such thatA ® A does not have CCC.

Proof. Let S be a Suslin line and consider the one point compactificagionf S.
SinceS* containsS as a dense subspace, it is a CCC space. On the other hand,
S* x S* does not have CCC because it contaéinsS. Now A = C(S*) is a unital
commutative CCC C*-algebra, bt ® A, being isomorphic t&€(S* x S*), does

not have CCC. O

4. TENSOR PRODUCTS

Here we shall prove Theorerms .1 1.2. For the first theoremeed the
following combinatorial lemma, which is known as thesystem lemma. A proof
can be found in any standard textbook on set theory in whiertéthod of forcing
is dealt with.

Lemma 4.1(A-system lemma)Every uncountable family of finite sets includes an
uncountable subfamily whose pairwise intersection is taoms
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Proof of Theoreri Tl1Let {Ajlic) be a family of unital C*-algebras such that for
every finiteJ c I, the minimal tensor produa:g)ieJ Ai has CCC. We shall prove
thatA := ), A; also has CCC.
Suppose that, contrary to our claim, there exists an unabilefamily{7 ;}ca
of nonzero mutually orthogonal ideals ii. By Propositiol 2.6, we can find a
finite subsetl, c | for eachd € A such thatr; N ®i€h A # 0. By theA-system
lemma, we may assume that there exists &sefch thatl,nJ, = Rforanya # p.
Since the tensor products are minima), N ();.,, A is not zero for each,
where(©),.; A is the algebraic tensor products @f’s. Take nonzerd, € 7, N
@ieh A; for eachd. If Ris empty, thenf, f, # 0 for 2 # u, which contradicts
with the assumption thaf, and7, are orthogonal to each other. Therefofgjs
of the form ¥ gk ® K, wheregk is in Q). Ai and{h¥} is a linearly independent
setin@), ;g Ai- If 1 # p, then the equality, 7, = 0 implies thatgfag, = 0
for all k,| anda € ),z A;. Since for eachl there existk with g¥ # 0, it follows
that ), .z Ai does not have CCC by Propositibn]2.3, which is a contradictio
ThereforeX). , A has CCC. m]

il
Corollary 4.2. Every minimal tensor product of unital separable C*-algabhas
CCC.

Next, we shall prove the second theorem. For this, we usetlosving lemma.

Lemma 4.3. Suppose thatA is a CCC C*-algebra and’,},«,, be a family of
its ideals. TherMA(w1) implies that there exists an uncountable subfamily of the
ideals which has the finite intersection property.

Proof. SetJ, = ¥,«. Zy- Thend, is a transfinite decreasing sequence of ideals
of A. We shall first show that there existg such thatys is an essential ideal of
Ja, for all g > ag. Suppose the contrary. Then we can find an transfinite inagas
sequencdfss<w; C w1 such that the inclusio¥s,,, C Jp, is not essential. In
other words, there exists a nonzero id#&l of 75, such thatK, N Jg,,, = O.
Now {Kj; }s<w; IS an uncountable family of mutually orthogonal idealsAnwhich

is a contradiction.

Next, letP be the set of nonzero ideals in,,. ThenP has CCC as a partially
ordered set, because an ideal of a CCC C*-algebra has CC@aEbsg > «g, we
set

Ds={peP|pcT,forsomey > p}

and claim that this is dense . To prove this, take an arbitrary € P. Then
q = gn Jpis not zero by the definition ofg. Here, gz is approximated by
Yyes Ly, whereS c] g, wy[isfinite. By [8, Theorem3.1.7}’ s 7, is norm closed
for eachS, whence we can use Leminal2.6 to conclude ghat the inductive limit
of {gNnX,es Iy }s, and so there exists> g with qn I, # 0. Sinceqn 7, is clearly
in Dg, it follows thatDg is dense, as desired.

Now letF be a filter onP such thaF NDg is not empty for al, whose existence
is guaranteed biA(w;). Then{Z, | Ap € F, p c I,} has the finite intersection
property, and this is uncountable because the condKionDg # @ for eachg
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implies that the set of alk such that7,, > p for somep € F is unbounded im;.
This completes the proof . O

Proof of Theorerh 112By Theoren L1, it sfices to show that ifA and 8 have
CCC, thenA ® B has CCC. Assume that, on the contrary, there exists a family
{Z o }a<w, Of NONZero mutually orthogonal ideals ifi® 8. Then there exist nonzero
idealsJ, c A and¥, c 8 with 7, © K, C I,, by [1, Lemma 2.12 (ii)]. Here,

by the preceding lemma, we may assume {3at}, and{%,}. satisfy the finite
intersection property. Ther,, N Iz contains {J, N J3) ® (K, N Kp) # 0, which

is a contradiction. Therefored ® 8 has CCC, as expected. m]

5. CONCLUDING REMARKS AND PROBLEMS

Let A be a C*-algebra. By Prinfl), we shall denote the primitive spectrum
of A. (For the definition and elementary properties of primithgectra, see [7,
Chapter 4].) It can be easily verified th@ has CCC if and only if Primift) has
CCC as atopological space, and Lenima 4.3 is obtained asliacpaf [6, Lemma
11.2.23]. Here, we may replace Pritf} by the prime spectrum primeé(), because
the topologies of these spaces are isomorphic as partiafred sets.

In [10], it is proved that Primfl ® B) is homeomorphic to Prin) x Prim(8)
provided that eitherA or 8 is type I. Also, in [1, Proposition 2.17], one can find
various conditions for primef{ ® B) to be homeomorphic to prime) x prime(B).

In these cases, Theordml1.2 follows from the correspondingfér topological
spaces.[6, Theorem 11.2.24].

One problem is whether Theordm]1.1 and Thedrerh 1.2 can bealjeed to
non-minimal tensor products. Since any tensor product hasrtinimal tensor
product as its quotient, it depends on whether the kernéleofitiotient map, which
is difficult to be investigated, has CCC.

Another problem lies in the definition of CCC. In this paper ave defined
CCC in terms of ideals, whence this condition is trivial fimple C*-algebras.
In order to avoid this phenomenon, we can use hereditaryl§baas in place of
ideals: we shall say two hereditary C*-subalgehraandB are orthogonal to each
other if AB = 0; a C*-algebra hastrong CCC if there is no uncountable family
of nonzero mutually orthogonal hereditary C*-subalgebiidgen we can prove the
following in the same way as in sectibh 2.

e Strong CCC implies CCC.

e C*-subalgebras of a strong CCC C*-algebra have strong CCC.

e An extension of a strong CCC C*-algebra by a strong CCC Ctlalg
has strong CCC.

e A von Neumann algebra has strong CCC if and only if it-idinite, so
tensor products of two strong CCC von Neumann algebras Hewegs
CCC.

It is expected that conclusions similar to the main theorefithis paper are true,
but the author could not prove this.
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