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Relaxation of the EM Algorithm via Quantum Annealing*

Hideyuki Miyahara and Koji Tsumura

Abstract— The EM algorithm is a novel numerical method TABLE I: Classification of the algorithms

to obtain maximum likelihood estimates and is often used for

practical calculations. However, many of maximum likelihad Fluctuations Annealing? DAEM ?
estimation problems are nonconvex, and it is known that the K Thermal Kirkpatrick et al. [1], [2] 3 | Ueda & Nakano [17F
algorithm fails to give the optimal estimate by being trappel by Quantum Apolloni et al. [4] This work 8

local optima. In order to deal with this difficulty, we propose a

deterministic quantum annealing EM algorithm by introduci ng

the mathematical mechanism of quantum fluctuations into

the conventional EM algorithm because quantum fluctuations (DSAEM). The EM algorithm (EM), which was originally
induce the tunnel dfect and are expected to relax the dficulty  ronosed by Dempstet al. [18], is a generic approach to
ggﬂr%g?%wegrggltéﬂftevlprs?]bc:svmz'T;Qgr?rﬁx'm;{n g&:g‘:ﬁ es compute the maximum likelihood estimat_es, but it is known
its convergence and give numerical experiments to verify ¢ thatit sufers from the problem of local optima. DSAEM was
efficiency. reported to be morefiective than EM when EM is likely

to be trapped by local optima; however the problem of local
optima is still fundamental in optimization and it has been

Many of practical problems in engineering or the printackled via many approaches.
ciples to explain the phenomena of nature are reducedFrom the above discussions, this paper presents a de-
into nonconvex optimization; however, the research agtivi terministic quantum annealing EM algorithm (DQAEM)
for nonconvex optimization is limited compared to that orpy introducing the mathematical mechanism of quantum
convex optimization because it is fundamentallffidult to  fluctuations to EM. In DQAEM, quantum fluctuations are
solve or analyze the problem in a sophisticated way. introduced because it may induce the tunnélea and

In order to solve this diiculty of nonconvex optimization, it is considered to be fiective to solve nonconvex opti-
motivated by the physical process of annealing, Kirkpltricmization problems. However, it is known to beffitiult to
et al. [1], [2] proposed simulated annealing (SA). SA hasvaluate functions with quantum fluctuations, and our key
attracted much attention in many fields because SA has tlfea to compromise this fiiculty is to apply the Feynman
following two remarkable properties. The first one is that SAvath integral formulation to DQAEM. In this paper, after
can be applied to any nonconvex problems. The second oagplaining EM, we give the formulation of DQAEM and
is that its global convergence in some sense is guaranteedipiy it is approximated through the Feynman path integral
Geman and Geman [3]. After that, quantum annealing (QAbrmulation. Then, we present a theorem that ensures the
was proposed by Apolloret al. [4]. In QA, the mathematical monotonicity of its cost function, called the “free enetgy,
mechanism of quantum fluctuations is introduced, and it hafuring the iterations in the algorithm. That is, DQAEM
been reported that QA can reduce computational costs i§ guaranteed to converge to the global optimum or local
many dificult problems [5], [6], [7], [8], [9], [10], [11], optima. At the end of this paper, in order to show the
[12], [13], [14]. Despite the success of SA and QA, theikfficiency of DQAEM, we apply DQAEM and EM to a
computational costs are still huge, because the Monte Cag@rameter estimation problem and illustrate that DQAEM
method is used in most of their implementations and i& superior to EM. We summarize the algorithms mentioned
requires much computational costs for convergence. above in Tablé]l for convenience.

On the other hand, in order to solve the nonconvex This paper is organized as follows. In Set. II, EM proposed
problem in data clustering, Roseal. [15], [16] proposed @ py Dempsteret al. [18] is reviewed for preparation of
deterministic simulated annealing approach, and it d#thc DpQAEM. In Sec.[Tll, we propose DQAEM and give a
interest in both of physics and engineering. This is becé@usetheorem on its convergence. In SEc] IV, we show numerical
can relax the problem of local optima with almost the samgimulations to verify the theorem and thefigiency of

numerical cost which is required for a conventional appioac pQAEM compared with EM. Finally, in Se¢]V, we give
As a generalization of [15], [16], Ueda and Nakano [17}he conclusion of this paper.

proposed a deterministic simulated annealing EM algorithm

|. INTRODUCTION

Il. RevIEW oF THE EM aLGORITHM (EM)
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unobservable data set, respectively. Moreover, we assufigorithm 1 The EM algorithm (EM)

that each data point) (i = 1,2,...,N) is independent and 1. initialize 6© and sett — 0

identically distributed. Then, at first, we define maximum . \yhijle convergence criterion is satisfietb

likelihood estimation (MLE). In MLE, the cost function, 3. calculate p(x®y®;6®) for i (i =1,2,...,N) with (@)

which is called the log likelihood function, is given by (E step)
N _ 4:  calculate 6+1) = argmay Q(#;6W) where Q(6;60)
L(Yobs ) = > logp(y;6) is @) (M step)
i—1 5. end while

I
= log [a@pex. @
i=1 I1l. D ETERMINISTIC QUANTUM ANNEALING EM ALGORITHM

where p(y;6) and p(y, x;6) are probability density functions (DQAEM)
for incomplete data and complete data, respectively, &nd Here, we derive DQAEM, which is the main concept of
is a parameter. Then the parameteis determined by the this paper, by introducing the mechanism of quantum fluc-

maximization of L(Yops 6) with respect tod. Note that in  tuations into EM. We then give a theorem which guarantees
the case thap(y;6) belongs to the exponential family, the jts convergence.

maximization can be easily attained.

In most practical cases, howevexy; ) does not belong
to the exponential family, and then the maximization of First, we define the cost function, which is called the free
L(Yops 8) is difficult to compute. EM was proposed as arenergy, as
iterative approach to calculate the maximum likelihood-est 1
mates in these cases, and then the maximizatiof(¥§ys 6) Fpr(6) = —~10g Zzr(6), (6)

: : i B
is replaced by its lower bound called tRefunction. We then

A. Derivation

derive theQ function as follows: where )
LYons 6) 2 QE:6') Zu @ =[ | 2510, ™)
N i=1
_ ; fdx(i) p(XyD;6) log p(y®;07), (2) Z/(si,)r(e) - fdx(i) OO 1pr (v, % 0P IXD),
N 1) o b i pr(y?, %;6) = exp—(HY", % 6) + Hiin)} (i = 1,2,...,N),
Q6;¢) = le fdx(l) p(x(')ly('); ¢)log p(y('),x('); 0), 3) K -

% represents a position operator,H(y", % 6) =

~logp(y®, %;6), and Hyp, is a function of a momentum
operator . This momentum operatotr “satisfies the
commutation relation, 7] = ih. In this paper, we consider
the form Hyin = 72/2u to simplify later calculations. From

where the parametéf is an arbitrary parameter and Jensen’
inequality is used to derive the inequality. Note that Qe
function includes a conditional probability density fuioct
p(xly;6), and it is computed with Bayes’ rule as

(0 ) = p(y®,xD;¢") @ the definition of the free energj/l(6) and the log likelihood
' fdx p(y®), x; 9/)’ function (1), they hold the following identity,
fori=1,2,...,N. Then, the parametef! is updated by = Fp=1r=0(6) = —L(Yobs 6). €)
6© and We then interpret the negative free energy as an extension
gt+D) = 0: 00y, 5 of the log I|_keI|hood function. N
argemax;)( ) ©) Second, in order to formulate DQAEM, we divide the free

The calculation of[(3) is called the E step and that[df (5§"¢"9Y [(6) into two parts as follows,
is called the M step, and they are iterated until terminatiop_» ooy 1 -
. o . . 0) =Ugr(6;0')—=Ssr(6;0),
conditions are satisfied. We summarize EM in Tdble 1. pr(0) = Upr(6:0) B pr(6:0)
EM is widely used because it has two remarkable prop- Upr(6;6')
erties as follows. The first one is that it can be applied to

N
mixture models, which often appear in practical appliaaio - Zfdx(i) (x(i)H_fﬁ,r(f((‘)|y(‘);0’)Iog pr(y(‘),i(i);e)”x(i)>,
and it gives better performance than conventional methods -1

in many cases. The second one is that the log likelihood (20)

function monotonically increase via its iterations, and th Spr(6;¢)

implies that it is stable through iterations. However it isoa N

known to be trapped by local optima and its performance - Zfdx(i) <X(i)|[_fﬁr()~((i)|y(i);9')|og fﬁr()’z(i)ly(i),g)]|x(i)>,
heavily depends on an initial estimated parameter, and thus = ’ ’

this problem is a motivation of our study. (12)



with the operator of the perturbed conditional probabilityAlgorithm 2 Deterministic quantum annealing EM algorithm

density function, (DQAEM)
o ) ofi)- 1: setf « Binit(0 < Binit < 1)
for(XDyW;6) = pr(y((l)—xe)ﬁ (12) 2 setl « [init(0 < Tinit)
Zgr(0) 3: initialize 6© and sett < 0
The functionUgr(6,¢’) is an extension of th function (3), 4 while convergenc%)cnti()e.nz?t;s sausﬂet@
and satisfies the identity 5. calculate fr((X| D00y for i (i = 1,2,...,N)
with (I4) (E step)
U r-0(6.8") = —O(0.9'). 6: calculate¢™D = argmin,Ugzr(0;60) with M
p=1r=0(6,6") = —Q(6,6") nyUg.

step)
As the Q function is optimized instead of the log likelihood 7. jncreases and decreasE

function in EM, the functionUgr(6,6) is optimized in 8; end while
DQAEM.
In some special case, the calculations of the free enElgy (6)

and the energ;[(i_lO) can be performed analytically; however 4 only if Ugr(6®D;69) = Usr(6®:69) and
those are diicult in general when an assumed model has & F(6¢D;0) = S51(69;60) are satisfied.

complicated form. We thus use t_he Eeynmans path mtegrg this theorem, we can conclude that DQAEM is guaran-
formula [19], [20], [21], [22] to simplify the calculationfo teed to converge to the global optimum or a local optimum. It
Ugr as is known that the monotonicity of the log likelihood funatio
Upr(6;6') in EM and some mathematical features of EM are proved by
Dempsteret al. [18] and Wu [23], and this theorem clarifies

N M M
~ z‘fl |dx§')[ v fﬁ’r({xﬁl)}ly(l);g’) E log p(y(l),x?);g)] that the similar monotonicity also holds in DQAEM.
i=1Y j=1 j=1

IV. NUMERICAL SIMULATIONS
+const, (13)

In this section, we give numerical simulations to show the

efficiency of DQAEM in comparison with EM. At, first we
1 M \M2 begin with the definition of the problem that we consider in
Z0 @) _27rﬁl") this section. Next, we give th_e numericgl simulat_ions vyhich
BT support the theorem shown in the previous section. Finally,

M .
- we compare DQAEM and EM by applying them to the

j=1

M

=1

with

for (XY 6) =

problem and discuss théheiency of DQAEM.

A. Mathematical formulation

N M 6 y2
Do 0 =x0)2) (14) . _
J. pr-1 We adopt the mixture of factor analysis (MFA) [24], [25]

_ _ as the problem to which DQAEM and EM are applied in this
where M is the number of beadssxg')} represents{xg')}?’ll section. MFA is a model to analyze hidden factors in a given
and the periodic boundary condition%) - ('N? for each data set, and is a typical nonconvex optimization problem if
i (i=12,...,N) are satisfied. The updating equation for théhe number of factors is larger than 1. Accordingly, EM is

parametep is therefore given by often applied to MFA for practical calculations.
(1) . " MFA can be considered to assume following two steps to
6 = argemmuﬁ,r(e;a )- generate data. In the first step, a factor is identified by an

index parametew € {1,2,...,m}, which is generated with a

We put the above calculations to an algorithm as DQAEMprobability P(w), and an unobservable stateis generated
which includes two steps called the E step and the Miith a probability density functiom(x). In the second step,
step. In the E step of DQAEMfﬁ,r({X?)}IY(');6’(0) in (I4) is  the observable variableis generated by the transformation
computed, and in the M step of DQAEM, the parameéf@is  of x depending orw and an additive noise. This transfor-

updated by the minimization of (IL3). Finally, we summarizeanation is represented byy|x,w;8). The probability density

the algorithm in Tabl€]2. function fory is then given by
B. Convergence theorem m
° - | pie) = . [ dxplyxwie), (15)
In general, stability of an algorithm is not obvious, and v ]
here we give a theorem that guarantees the stability of Py, X, W; 6) = p(ylx, w; 6) p(x) P(w) (16)

DQAEM through iterations as follows.

Theorem 1: Let the parameter 61 be given whereP(w=i)=m, p(X) = N(O,1), plylx.w=i;6) = N(ui +
by &1 = argminUgr(6;6Y). Then the inequality Ajx,®), andm is the assumed number of factors in MFA.
Far(@™Y) < Fgr(6®) holds. The equality holds For simplicity, we denotén;,ui, Ai, @}, by 6.
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Fig. 1. Number of iterations vs (a) negative free energy anélig. 2: (a) Data set generated by three Gaussian functions
(b) difference of negative free energies in each step for vthose means ar&(Y) = (-1,0), (0,0) and (10). (b) Number
models whose numbers of mixtures ane-1,3,7 and 10.  of iterations (log scale) vs the log likelihood functionsEiv

and the negative free energies in DQAEM.

In DQAEM for MFA, the HamiltonianHyi,, which rep-
resents the kinetic term, is added to the original model dhe negative free energies converge to the unique optimal

MFA, and then we have the following value in Fig[1(a).
Pr(y. % w;0) = p(yl&,w; g)eH+Hin) pw), (17)  C. Numerical results Il
where H = —logp(R) and Hyin = #2/2u (Hkin = —T'92/0x2 This subsection is devoted to the comparison between

with T = R?/u in x-bases). Suppose we hakedata points DQAEM and EM to show the féiciency of DQAEM. We
Yons = {yD,y@, ... .y} and then the free energy is givendeal with the data shown in Figl 2, which are generated by the
by Gaussian mixture model whose means aXgyYf = (-1,0),
N - (0,0) and[2(10).
1 N N - In Fig.[2(b), the transients of the log likelihood functions
Far(6) = Z_E log Z fdx(') <X(I)|pf(y(l)’x(l)’w(l)'9)ﬁ|x(l)>‘ by EM are plotted by red lines and those of the negative free
=1 wi-1 (18) energies by DQAEM are plotted by blue lines. The green
line represents the value 6f4484, which corresponds to
In numerical experimentsM is set to 128, the annealing the optimal estimation in this problem. Some of red lines
parameterI’, which represents the strength of quantunand blue lines converge to the value e#484, and thus
fluctuations, is controlled from an initial value to O linBar DQAEM and EM give the optimal estimation in these cases.
and the inverse temperatyses fixed at 1. On the other hand, some of red lines and blue lines converge
to lower values than the optimal estimation.
However, the ratios whether DQAEM and EM gives
We have shown the monotonicity of the free enelgy (6he optimal estimation are muchfidirent. We performed
in DQAEM in Sec.II:B, and here we verify Theorem 1 DQAEM and EM 1000 times with the same initial condi-
via numerical experiments. In this subsection, we considertions, and the ratios whether DQAEM and EM succeed or fail
models which have 1, 3 ,7 and 10 mixtures, respectively. with the same randomized initial parameters are summarized
The transitions of negative free energieEB,r(G(t)) for in Table[dl. Here, the “success” of DQAEM and EM is
these models are shown in Fig. 1(a), and the change of thetefined as that square errors between the estimated means
~Far(@®V) + F5r(6Y) is plotted in Fig[lL(b). By observing of three Gaussian functions and the true means are smaller
Fig.[d, we can confirm that the negative free energy varighan 02 times the covariances of three Gaussian functions.
monotonically in DQAEM. In the case thah = 1, this This table shows that DQAEM succeeds with the ratio 90.7%
problem is a convex optimization, and thus we can see thatile EM succeeds with the ratio 36.6%, and that DQAEM

B. Numerical results |



TABLE II: Ratios whether DQAEM and EM succeed or fail TABLE 11l Numbers of iterations that are required for
for this problem (The details of the cases labeledband DQAEM and EM to satisfy the criteria of the “success.”
() are discussed in Se€S_ IV-C.1 (Cas®) landIV-C.2 (Case

116)), respectively). DQAEM EM
65.33 times| 243.82 times

DQAEM
Success Fail Total
Success| 36.3 %Y 3.3% 36.6 % .
EM Eail 54.4 05 90% 63.4 % 3.73 times faster than EM.
Total | 90.7 % 93 % 100.0 % 2) Case 11¢*): At the end of this section, we analyze the

behaviors of DQAEM and EM in the case that DQAEM
succeeds and EM fails. In Fidl 4(a), the log likelihood

(a) -400 functions of EM and the negative free energies of DQAEM
= are plotted. It is observed that while DQAEM gives the value
s -84 of —4484, EM gives lower values than that and is trapped
\ by some local optima. The estimatedcoordinates by EM
500 . and DQAEM are shown Figd.] 4(b) and (c), respectively.
s While the estimatedX coordinates by DQAEM converge
= 50 | i in the neighbors around1.0, 0.0 and 10, the estimateX
&l DQABM — coordinates by EM go to fferent values.
~600 ‘ ‘ ,Optimal valye
200 400 600 800 1000 V. CoONCLUSION

Iterations (t L .
@ We have proposed a deterministic quantum annealing

EM algorithm (DQAEM) in this paper. In DQAEM, the
mathematical mechanism of quantum fluctuations is intro-
, duced into EM, and then our proposed algorithm is regarded
as a quantum version of that by Ueda and Nakano [17].
Then we show a theorem on the monotonicity of DQAEM
mathematically, that is, it guarantees that DQAEM is stable

Estimated X coordinates of means

-1 in the algorithm iterations. Through numerical experinsent

15 DQA%M _— we also confirmed the monotonicity of DQAEM, and then
5 ‘ ‘ [Trug valye — we compared DQAEM and EM. In the comparison, we
“0 200 400 600 800 1000

observe that DQAEM succeeds in parameter estimates with
higher probability and faster than EM. At the end, we
Fig. 3: (a) Number of iterations vs the log likelihood func-mention our future work. DQAEM in this paper is for models
tions of EM and the negative free energies of DQAEMwith continuous latent variables, and then one of our future
with the initial estimated parameters with which both EMworks is to formulate DQAEM for models with discrete
and DQAEM give global optimums (Cas&). Green line latent variables, which usually appear in various enginger
exhibits the optimal value. (b) Number of iterations vs theroblems.

estimatedX coordinates of means of Gaussian functions by
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