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Relaxation of the EM Algorithm via Quantum Annealing for Gaussian
Mixture Models*

Hideyuki Miyahara, Koji Tsumura, and Yuki Sughiyama

Abstract— We propose a modified expectation-maximization
algorithm by introducing the concept of quantum an-
nealing, which we call the deterministic quantum an-
nealing expectation-maximization (DQAEM) algorithm. The
expectation-maximization (EM) algorithm is an establishd al-
gorithm to compute maximum likelihood estimates and applie
to many practical applications. However, it is known that EM
heavily depends on initial values and its estimates are sortimes
trapped by local optima. To solve such a problem, quantum
annealing (QA) was proposed as a novel optimization approdc
motivated by quantum mechanics. By employing QA, we then
formulate DQAEM and present a theorem that supports its
stability. Finally, we demonstrate numerical simulations to
confirm its efficiency.

|. INTRODUCTION

parameters in GMMs by the expectation-maximization (EM)
algorithm [21]. However, parameter estimation sometimes
fails since EM depends on initial values andfsts from
the problem of local optima. To relax the problem, Ueda
and Nakano proposed a deterministic simulated annealing
expectation-maximization (DSAEM) algoritHﬂn and it suc-
ceeds to relax the fliculty of the multimodality in EM.
This algorithm is based on deterministic simulated anngali
(DSA) 4, which was proposed by Roseal. [23], [24]. The
essence of these approaches is to make objective functions
smooth by introducing thermal fluctuations without random
numbers, and the non-convex problem in optimization is
considerably managed without increase of numerical cost.
As we have explained, QA is considered to hEeetive

Combinatorial optimization is a fundamental issue in botlthan SA in some conditions [12], and thus the quantum
science and engineering. Although some problems in sueersion of DSA is expected to be superior to it. In this paper,
optimization can be féciently solved by well-known algo- we propose a deterministic quantum annealing expectation-
rithms [1], [2], other problems in a class of NP-hard, e.@ thmaximization (DQAEM) algorithm for Gaussian mixture

traveling salesman problem, are essentialffidilt to solve.

models because it is expected that quantum fluctuations can

One of the &ective approaches for NP-hard problems iselax the problem of local optima in parameter estimatian. |
simulated annealing (SA), which was proposed by Kirkeur previous paper [25], we proposed DQAEM for contin-
patrick et al. [3], [4]. SA is a generic approach for op- uous latent variables, and obtained the result that DQAEM
timization, in which random numbers that mimic thermabutperformed EM. However, its applicability is limited be-
fluctuations are used to go over potential barriers in olyject cause the latent variables are assumed to be continuous
functions. Furthermore, its global convergence is in som&nd most dficulties in parameter estimation come from

sense guaranteed by Geman and Gerdaal. [5]. After

optimization of discrete latent variables, such as Ganssia

that, a quantum extension of SA, which is called quantumixture models. Thus, in this paper, we develop DQAEM
annealing (QA), was proposed in physics [6], [7], [8], andor discrete latent variables and apply it to GMMs. After

has been intensively studied [9], [10], [11], [12], [13]4]1

the formulation of the algorithm, we present a theorem that

[15], [16], [17]. In QA, instead of thermal fluctuations, guarantees its stability. Finally, to illustrate itsfieiency
guantum fluctuations are used to overcome potential barriesompared to EM, we show numerical simulations, in which
in objective functions, and it has been reported that QA IBQAEM is applied to GMMs for data clustering.
more dfective than SA for some problems [12]. Especially, This paper is organized as follows. In SEG. Il, we review
due to quantum fluctuations, QA exhibits better performand8MMs and EM to prepare for DQAEM. In Sdc.]lll, which is
than SA when objective functions have steep multimodalitthe main section of this paper, we describe the formulation
Such combinatorial optimization also appears in machingf DQAEM in detail and present a theorem on its conver-
learning, which has attracted much interest recently [18fence. In Se¢. IV, we demonstrate numerical simulations and
[19]. For example, some class of data clustering is known tdiscuss its fliciency. In Sec_V/, we conclude this paper.

be NP-hard problems [20]. One of common methods for d
clustering is as follows. Assuming data points are gendrat
by Gaussian mixture models (GMMs), we estimate the
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A. Maximum likelihood estimation (MLE) and the Algorithm 1 Expectation-maximization (EM) algorithm
expectation-maximization (EM) algorithm 1: initialize 8© and sett « 0

The aim of this subsection is to describe EM because2: While convergence criterion is satisfieib
DQAEM is based on it. First, we review maximum like- 3 calculateP(c®y®;60) (i=1,...,N) with B) (E step)
lihood estimation (MLE) briefly. Suppose we haixe data
points Yops = {y,y@,....y™)} ‘and they are independent 4  calculate 6+1) = argmay Q(9;6") where Q(6;6")
and identically distributed obeying(y(;:6) where 6 is a is (2) (M step)
parameter. Moreover we defingy(),c();0) as the proba- 5: end while
bility density functions for complete data with the unob-
servable variablego®,o@, ... N}, Namely, p(y");6) =
> ieai PYD,a0:6), whereQ®) represents the domain of parameter is updated by
). Then the log likelihood function is given by oD — argmaxQ(e; 69).

0

N
L(Yops 6) = Z log p(y"; 6) At the end of this subsection, we summarize EM in Algo. 1.
i=1
N . .
_ Z log p(y(i)’ o0 9). 1) B. Gaussian mixture models (GMMs)
=1 el Here we introduce GMMs and its quantum mechanical

) 0 _ representation. We follow the notations in Refs. [18], [19]
Note thati in y* and o) is the index for each observed | g y and o denote continuous observable and discrete

data point. MLE is a technique to estimate the parametg,opservable variables. Here, we assume fhawhich is
6 in model distributions that maximize the log likelihoodihe domain ofer, is given by(LJK ., where

function £(Yops 6). k=1’
In general, maximizing the log likelihood function % =1[0....,0,1,0,....0]",
L(Yops 0) with respect t@ is difficult because it is sometimes k-1 K-k
a non-convex optimization, and then we replace it withor k=1,...,K, and then the number of elements¢inis K.
its lower bound. Using Jensen's inequality, we have thgpecifically,o- = 1, wheno denotes thé-th element inQ.

following inequality Using the above notation, the probability density function
S f GMMs is given by
N o ) o) °
) — iy, o PO, ;)
Li¥ors®) = D log D P05 s P | |
=L ohea0 ’ p(Y:6) = > pyler = L )P(or = 1;),
N o ), o 0): ) k=1
> P (i) I);H, | p(y(va— ’
> Q(6;6) pylo = 1; 6) = 9(Y; ik, Zic),
N P(o=1;0) =n¢ (k=1,...,K),
_ O - g O A)- o
le (_Z(_) P Oy;0)logP(eO1y?; ), {”k}t—l satisfies ) mk = 1, 9(Y; ux,Zk) IS a Gaussian func-
I=1 #heQl N

tion with meanux and covariancey for k=1,...,K, and

N . » ) !
Do O k). o N (). 9= {nk,pk,Zk}l'le. The joint probability density function for
Q) = Z Plo ly( ¢')log p(y( 050), (2) GMMs is therefore given by

i=1 ;e
where# is an arbitrary parameter ar(c®|y";¢’) is the p(y,0;6) = l:l [P(Ylo = Li; ki, Zi) Plo = L i) | 7%
conditional probability. Then, the procedure of EM corssist -
of the following two steps. The first one, which is called the = I_l [mQ(y: e 2T )
E step, is to compute the conditional probabiftfe-®|y®:; 6) k
by whereoy is thek-th element ofo.
o To introduce quantum fluctuations, we need to rewrite the
P Oy:¢7) = D(y('),f)’('):g) 3) above equations in the Hamiltonian formulation. Taking the
' p(y®D;0) logarithm of [3), the Hamiltonian for GMMs can then be
p(y?;¢) = Z py?, o ®; ). written as
o Hy.o:6) = ) o (5)
K

Here we have used Bayes’ rule. The second one, which

is called the M step, is to maximize th® function [2) where hy = —log{mkg(y;ux,Z«)} for k=1,...,K. Here, we
with respect t@ instead of£(Y,ps 6). Denoting the tentative introduce ket vectors, bra vectors and “spin” operators to
estimated parameter at th¢h iteration byd®, the estimated rewrite [B) in the manner of quantum mechanics. First, we



define the ket vectoo = 1) by 1k and the “spin” operator ~ Now we begin to formulate DQAEM. To introduce quan-
ok by tum fluctuations, we add’(I') = '’ whose ¢” satisfies
[6k.0'] #0 for k=1,...,K to the original HamiltoniarH,
and thenl[(B) is converted to

pr(y?.50;0) = expt-(HYO.6D;0) + /@), (9)
In MLE, the log likelihood function[{7) is optimized. On

the other hand, the objective function in DQAEM, which is
called the free energy, is given by

Fr(6) = -logZr(9),

Ok =lo =10 = 1
=diag(Q...,0,1,0,...,0),
—— N——
k-1 K-k

respectively, where the bra vect@r = 1| satisfies the
orthonormal conditiodo = 1jlo = 1;) = 6jj. Replacingr with
7, we have the Hamiltonian operator

H(y,5:6) = ) e
k

= diagy, ha, . .., hk), (6)

where

N
zr) =] |2V,
and this satisfies ]:1[ '
D py — i) ~().
(o = LIH.6)le = 1)) = hiei. ZPO =[50
where ¢6jj is the Kronecker delta. We use this formuIationBy taking in into accounki’(0) =0 and comparing to EG.(7),

to describe DOAEM in the following section. Note that qve obtain the relation between the free energy and the log
' likelihood function as

similar expression is presented in Ref. [26].
Fr=o0(f) = —L(Yobs 6). (10)
I1l. D ETERMINISTIC QUANTUM ANNEALING

EXPECTATION-MAXIMIZATION ALGORITHM (DQAEM) Thus we can say that the negative free enerdy-a0 is the

. . log likelihood function.
First, we formulate DQAEM by using the quantum repre- gNext, we define the functionr(6;¢) to formulate

sentation described in the previous section. Then we CBSCLBQAEM which corresponds to th function in EM. Using

its stability by showing the monotonicity of the free energy@) the functionUr(¢; ) has the form
during the algorithm. ' i

N
A. Formulation Ur(6:0) = > Tr[Pr(eOy?;0)logpr(y?,5:0)],  (11)
In this subsection, we formulate DQAEM by employing =1

the concept of quantum annealing [8] (also see Apb. Aj'here .y
First, we rewrite EM in the quantum representation. The log Pr(VyD: 6) = pr(y?,50;0) (12)

likelihood function [[1) is rewritten as Zg)(g)
N b ~0) Then DQAEM is composed of the following two steps.
L(Yobs ) = ZlogTr[p(y( N i9)]~ (7)  The first one is to compute the conditional probabilifyl (12),
i=1 and this is called the E step of DQAEM. The second one

Note that Tr[] = S ® = 1[]1c® = 1). As we have Iis to update the parametéf) by minimizing the function
explained in Se¢_TE=A, the function [2) is maximized in the Ur(6;¢") (11). That is,
M step of EM. Similarly to [(¥), the quantum representation 0D = argminUr(6,69),
of the Q function [2) is given by 0
and this is called the M step in DQAEM. Furthermore, we

N
Qb;¢) = ZTr[p(é‘—(i)W(i);g’)bg p(y(i),é‘-(i);g)], decreasé” during the iterations. We summarize DQAEM in
i=1 Algo. [2.
where B. Convergence theorem
p(y(i) &(i).e) =exp{—(H(y(i) &(i).e))} ®) We have proposed DQAEM in the previous subsection.

- Here, we present the theorem that guarantees its stahity v
andH(y",50;6) is in Eqg. [6). Furthermore, the conditional iterations.
probability P(6-V|y(; 6) is computed using Bayes' rule. That Theorem 1. Let 61 = argminUr(6;69). Then

is, Fr@™b) < Fr(#®) holds. Moreover, the equality
o 40.50:9) holds if and only if Up(@®9;60) = Ur@e®;60)
piy0; g = PV 759 and Spr(E®D:90) = SpE®:60), where Sp(6;6) =
Z0%0) iy TR GO0 logPr(6 00 )|
Here, the normalization factor, which is called the patiti  This theorem insists that DQAEM converges at least the

function in physics, has the form global optimum or a local optimum. We mention that the
- N lobal convergence of EM is discussed by Dempser
0 (g) = ) 50 9 g y p

< (6?)—Tr[p(y( o '9)]' al. [21] and Wu [27], and their discussions apply to DQAEM.



Algorithm 2 Deterministic quantum annealing expectationTABLE |: Ratios of success and failure for DQAEM and

maximization (DQAEM) algorithm EM.
1. setl’ « [init SOAEW
2: initialize 6® and set 0 Success— T Fai Toml
3: while convergence criteria is satisfietb Success| 55.9 % 0.7 % 56.6 %
. FO®- 90y (i = i EM Fail 415 % 1.9 % 434 %
4 gi;;llatePp(a ly®D:00y (i =1,...,N) with @2) (E Jan | a1 1o R
5. calculate 6 = argmin, Ur(6;6Y) with @) (M
step)
6: decreasd In this section, assume that, in matrix notation|s given
7: end while by
0 1 1
NN o’=|1 0 1.
. UMERICAL SIMULATIONS 1 1 0

In this section, we carry out numerical simulations toob ouslv B 1 £ 0 | isfied. N hat the si £ th
confirm the performance of DQAEM. In the first subsection V'(_?USY E"‘S’O;j] #O1S sg\t:)s 1ed. otedt at tbe 5|?e of the
we present the setup of numerical simulations, and, in tr{gamnonlan Is determined by assumed number of mixtures.

following subsection, we provide numerical results. B. Numerical results

A. Mathematical setup In this subsection, using the data set shown in[Hig. 1(a), we

We estimate the parameters of GMMs by usingompare DQAEM, EM, and DSAEM, which was proposed
both DQAEM and EM. Supposd data pointsYops= M Rgf. [22]. This data. set is generated.by the GMM that
YD,y vy} are identically sampled by GMMs with CONSists of three two-dimensional Gaussian functions whos
K = 3. Here, a GMM is given by[{4). In EM, the updatingMeans areX,Y) =(-3,0), (0,0) and (30). Here we seFiit =
equations fod = {ﬂk,,uk,zk}kK:l are determined by the deriva- 1_.0 in DQAEM to discuss theftect o_f guantum quc'Fuatlons
tive of the Q function [2) with respect t@. The parameter SIMPly. We also choose the annealing parameter in DSAEM
¢ of GMMs at thet+ 1-th iteration is then given by .as,B.init =0.7. Note that, in DSAEM, the annealing pa_rameter

N is gnéen b)i ten;poerature. Eurtlhewortla, we ex_ponent]ialrl]y \I/ar
try) L i 0. Bandl' to 1 and 0, respectively. We plot transitions of the log
”(k )= N Z; P = 2y0;6%), (13) likelihood functions of EM and the negative free energies of
T . N DSAEM and DQAEM in Fig[l(b) by red lines, orange lines,
Iu(t+1) _ Zi'ily(I)P(?'(l) = lkly(l)'g(t))’ (14) and blue lines, respectively. The value 7121 depicted

k >N, Pe®) = 1Jy®; 60) by the green line in Fig1(b) is the optimal value in these
N (y® — &) — &)1 p(o0) = 1,yD: g0) numerical simulations. DQAEM, EM, and DSAEM give the
=1 k N K _ , optimal estimate or suboptimal estimates depending olinit
Zit1 P(e® = 1dy®; 609) optimization values.

(15) To understand visually how DQAEM and EM behave
where 6® is the tentative estimated parameter at tith in parameter estimation, we illustrate estimated Gaussian
iteration. functions in the case where the log likelihood function is

In DQAEM, the updating equations farare determined —7121 in Fig.[2(a) and in one of the cases where the

by the derivative of the functiorUr(6,¢’) in (@) with 109 likelihood function is lower than the optimal value in
respect tod, and thenP(c® = 1,y0:6®) in @3), (@) Fig.[A(b). The case demonstrated in Fiy. 2(b) clearly fals i

(t+1) _
Zk =

and [I5) are replaced bPga(c® = 1ly®;60) = (+() = data clustering.
1P (F01yD; 60)o0® = 1,). That is, the updating equations However, the ratios of success for DQAEM, EM, and
for DQAEM are given by DSAEM are much dferent. To see the ratios of success
N and failure for DQAEM and EM, we performed DQAEM
) _ 1 0 _ i). (1) and EM with same initial optimization values 1000 times,
gl N ;PQA(O— Ldy;69). respectively, and summarized the results in Tdble I. Here,

N i N . At we have defined the “success” of DQAEM and EM when

#f(t+1) - Zi=ly()PQA(‘_T() _ 1k|y()'9()), square errors between the estimated means of three Gaussian
N Poa(c® = 1ly®; 60) functions and the true means are less thah tines the

N O —#f(”l))(y(i) _#E+1))T Poa(c® = 1,y;6®)  covariances of three (_Saussian fqnctions. Table | shows that

N p () = 10y 60 - DQAEM sugceeds Wltlh the ratio of 3% % while EM

iz Poa( Ky 6%) succeeds with the ratio of 56 %, and that DQAEM is

Note that the quantuntiects for parameter estimation comessuperior to EM. In Tablgll, we show the ratios of success for

from Poa(c® = Ly®;60). The annealing parametérare DQAEM, EM, and DSAEM in parameter estimation. This

varied from initial values to 0 via iterations. table also shows that DQAEM is superior to DSAEM.

(t+1) _
=
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Fig. 1: (a) Data set generated by three Gaussian functiof. 2: Estimated Gaussian functions (a) in the case where
whose means ar&(Y) = (-3,0), (0,0) and (30). (b) Number the log likelihood function is the value 6f7121 and (b) in

of iterations (log scale) vs typical transitions of the logone of the cases where the log likelihood funct_ion is lower
likelihood functions in EM and the negative free energie§han the optimal value. Green crosses and blue lines refirese
in DSAEM and DQAEM. the estimated means and covariances, respectively.

TABLE II: Ratios of success for DQAEM, EM and DSAEM.
work. In other words, we are going to propose a deterministic

DQAEM EM DSAEM guantum annealing variational Bayes inference.
974 % | 56.6 % | 77.8 %
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