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Abstract: In this paper, we present a low-complexity coding strategy to encode (compress)
finite-length data blocks of Gaussian vector sources. We show that for large enough data blocks of a
Gaussian asymptotically wide sense stationary (AWSS) vector source, the rate of the coding strategy
tends to the lowest possible rate. Besides being a low-complexity strategy it does not require the
knowledge of the correlation matrix of such data blocks. We also show that this coding strategy
is appropriate to encode the most relevant Gaussian vector sources, namely, wide sense stationary
(WSS), moving average (MA), autoregressive (AR), and ARMA vector sources.

Keywords: source coding; rate distortion function (RDF); Gaussian vector; asymptotically wide sense
stationary (AWSS) vector source; block discrete Fourier transform (DFT)

1. Introduction

The rate distortion function (RDF) of a source provides the minimum rate at which data can be
encoded in order to be able to recover them with a mean squared error (MSE) per dimension not larger
than a given distortion.

In this paper, we present a low-complexity coding strategy to encode (compress) finite-length
data blocks of Gaussian N-dimensional vector sources. Moreover, we show that for large enough data
blocks of a Gaussian asymptotically wide sense stationary (AWSS) vector source, the rate of our coding
strategy tends to the RDF of the source. The definition of AWSS vector process can be found in ([1]
(Definition 7.1)). This definition was first introduced for the scalar case N = 1 (see ([2] (Section 6))
or [3]), and it is based on the Gray concept of asymptotically equivalent sequences of matrices [4].

A low-complexity coding strategy can be found in [5] for finite-length data blocks of Gaussian
wide sense stationary (WSS) sources and in [6] for finite-length data blocks of Gaussian AWSS
autoregressive (AR) sources. Both precedents deal with scalar processes. The low-complexity
coding strategy presented in this paper generalizes the aforementioned strategies to Gaussian AWSS
vector sources.

Our coding strategy is based on the block discrete Fourier transform (DFT), and therefore, it turns
out to be a low-complexity coding strategy when the fast Fourier transform (FFT) algorithm is used.
Specifically, the computational complexity of our coding strategy is O(nN log 1), where n is the length
of the data blocks. Besides being a low-complexity strategy, it does not require the knowledge of the
correlation matrix of such data blocks.

We show that this coding strategy is appropriate to encode the most relevant Gaussian vector
sources, namely, WSS, moving average (MA), autoregressive (AR), and ARMA vector sources. Observe
that our coding strategy is then appropriate to encode Gaussian vector sources found in the literature,
such as the corrupted WSS vector sources considered in [7,8] for the quadratic Gaussian CEO problem.
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The paper is organized as follows. In Section 2, we obtain several new mathematical results on
the block DFT, and we present an upper bound for the RDF of a complex Gaussian vector. In Section 3,
using the results given in Section 2, we present a new coding strategy based on the block DFT to encode
finite-length data blocks of Gaussian vector sources. In Section 4, we show that for large enough data
blocks of a Gaussian AWSS vector source, the rate of our coding strategy tends to the RDF of the source.
In Section 5, we show that our coding strategy is appropriate to encode WSS, MA, AR, and ARMA
vector sources. In Section 6, conclusions and numerical examples are presented.

2. Preliminaries

2.1. Notation

In this paper IN, Z, R, and C are the set of positive integers, the set of integers, the set of real
numbers, and the set of complex numbers, respectively. The symbol T denotes transpose and the
symbol * denotes conjugate transpose. | - || and || - || are the spectral and the Frobenius norm,
respectively. [x] denotes the smallest integer higher than or equal to x. E stands for expectation, ® is
the Kronecker product, and /\j(A), j € {1,...,n}, denote the eigenvalues of an n x n Hermitian matrix
A arranged in decreasing order. R"*! is the set of real n-dimensional (column) vectors, C"*" denotes
the set of m x n complex matrices, O, is the m X n zero matrix, I, denotes the n x n identity matrix,
and Vj, is the n x n Fourier unitary matrix, i.e.,

1 _2n(-Dk-1), .
Valjk = %e o, jke{1,...,n},
where i is the imaginary unit.

IfA; € CN*N forallj € {1,...,n}, then diaglgjgn(Aj) denotes the n x n block diagonal matrix
with N x N blocks given by diag; jgn(Aj) = (Ajfsj,k)}?,k:y where ¢ is the Kronecker delta.

Re and Im denote the real part and the imaginary part of a complex number, respectively.
If A € C™*", then Re(A) and Im(A) are the m x n real matrices given by [Re(A)];x = Re([A];x)
and [Im(A)];x = Im([A];x) withj € {1,...,m} and k € {1,...,n}, respectively.

If z € CN*1, then Z denotes the real 2N-dimensional vector given by

- [Re(z)
2= <Im(z)> '

If z; € CN*1 forallk € {1,...,n}, then z,.; is the nN-dimensional vector given by

Finally, if z; is a (complex) random N-dimensional vector for all k € N, {z;} denotes the
corresponding (complex) random N-dimensional vector process.

2.2. New Mathematical Results on the Block DFT
We first give a simple result on the block DFT of real vectors.
Lemma 1. Let n, N € IN. Consider x, € CN*! forall k € {1,...,n}. Suppose that y,.1 is the block DFT of

Xn:1s ie.,
Yn1 = (V: ® IN) Xn:1 = (Vn ® IN)* Xp:1- (1)

Then the two following assertions are equivalent:
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1. x4q € RMNX1,
2. yp=Yp_xforalke {1,...,n—1}andy, € RN*1,

Proof. See Appendix A. [

We now give three new mathematical results on the block DFT of random vectors that are used in
Section 3.

Theorem 1. Consider n, N € IN. Let xy be a random N-dimensional vector for all k € {1,...,n}. Suppose
that y,. is given by Equation (1). Ifk € {1,...,n}, then

AN (E (xn:1251)) < AN (E(xxg)) < A1 (E(xrag)) < Aq(E (x0:1%5,9)) 2
and
AN (E (xn:1251)) < AN(E(ry)) < M (E(Wiye)) < A (E (xp135,9)) - ®)

Proof. See Appendix B. O

Theorem 2. Let x,,.q and y,.1 be as in Theorem 1. Suppose that x,,.1 is real. Ifk € {1,...,n —1} \ {3}, then

lE i) < (e ) <0 e ) = 25Ot

Proof. See Appendix C. [

Lemma 2. Let x,,.1 and y,.q be as in Theorem 1. Ifk € {1,...,n}, then

1. (ykyk) [(Vn@IN) E(xn'lxn 1) Vi ® In }n k+1n—k+1°
2. (l/kyk) (Vi ® IN)" E (xn:1%,, 1) (Vn@IN)]n k1 n—k+1°

. E(gi) =1 <Re(5 (vivi)) +Re(E (yey) ) |Im(E (yryy ) — Im(E (ykyz)))

2 \Im(E (yeyi)) +Im(E (vavy))) [Re(E (vavi)) — Re(E (vey)))

2
Proof. See Appendix D. O

2.3. Upper Bound for the RDF of a Complex Gaussian Vector

In [9], Kolmogorov gave a formula for the RDF of a real zero-mean Gaussian N-dimensional
vector x with positive definite correlation matrix E (XXT), namely,

:;]klémax{O,;lnM(E(W} VD e <0/tr(E(xxT))]’ 4)

0 N

where tr denotes trace and 6 is a real number satisfying

_ % %min {0,206 (E (<))}

k=1

IfD € (0,An (E (xx"))], an optimal coding strategy to achieve Ry (D) is to encode [z]1 1, . .-, [z]n1
separately, where z = U " x with U being a real orthogonal eigenvector matrix of E (xx") (see ([6]
(Corollary 1))). Observe that in order to obtain U, we need to know the correlation matrix E (xxT).
This coding strategy also requires an optimal coding method for real Gaussian random variables.
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Moreover,as 0 < D < Ay (E (xx")) < % Y Ak (E(xx")) = M, it D € (0,An (E (xx"))],
then from Equation (4) we obtain

1 % % Ak ( (XXT>) 1 n T, Ak (E (xx") 1 n det (E (xx")) . )

T 2N DN T 2N DN

We recall that Ry (D) can be thought of as the minimum rate (measured in nats) at which x can be
encoded (compressed) in order to be able to recover it with an MSE per dimension not larger than D,

that is:

E (Ix—xI3)

— N <D,
where X denotes the estimation of x.

The following result gives an upper bound for the RDF of a complex zero-mean Gaussian
N-dimensional vector (i.e., a real zero-mean Gaussian 2N-dimensional vector).

Lemma 3. Consider N € IN. Let z be a complex zero-mean Gaussian N-dimensional vector. IfE (ZZ ) is a
positive definite matrix, then

R:(D) < % mW VD € (0, Ao (E (EET))} . ©)

Proof. We divide the proof into three steps:
Step 1: We prove that E (zz*) is a positive definite matrix. We have

o\ _ [E(Re(z) (Re(2)")  E(Re(z) (im(z))"
E (ZZ ) (E Elm(z) (Re(z))Tg E gIm(z) (Im(z)) "
and

E(zz") =E ((Re(z) +ilm(z)) ((Re(z))T— i (Im(z))T)>
=E (Re(z) (Re(z))T> +E (Im(z) (Im(z))T) +iE (Im(z) (Re(z))T) —iE (Re(z) (Im(z))T) .

Consider u € CN*!, and suppose that u*E (zz*)u = 0. We only need to show that u = Oyy1.
AsE (zz ") is a positive definite matrix and

u \ u v \'[E (Re(z) (Re(z)) ") u —iE (Re(z) (Im(z))T) u
(iu) E (ZZT)(W> N <iu> (E (Im(z) (Re(z))Tg u—iE glm(z) (Im(z))T) u)
) .

= u'E (Re(z) (Re(z)) "
= WwE(zz"u=0,

. u .
we obtain < 'u) = Oynx1, or equivalently # = Oynx1.

* 2
Step 2: We show that det (E(zZ")) < (det(g%. We have E(zz*) = A.+ iAs;, where
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Ac = E(Re(z)(Re(z))") + E(Im(z)(Im(z)) ") and A; = E(Im(z)(Re(z))") — (E(Im(z)(Re(z)) ")) .
Applying ([10] (Corollary 1)), we obtain

det (A; + AATIAS) det (A det (I + AATIAATY) (det (AL))?
det(E(sz))g et (Ac + e s)det (Ac)  det (Iy +As el ) (det (Ac))

det ((In +iAASY) (In —iAAY)) (det (Ac))®  det (Ac +iAs) det (Ac — iAs)
= 22N o 22N

_ det(E(zz7)) det (E (ZZ*)) _ det(E(zz%)) det (E (z2°)) _ (det (E (2z)))’

22N 22N 22N

Step 3: We now prove Equation (6). From Equation (5), we conclude that

1 det(E(22")) _ 1 (det(E(zz*)))* 1 . det(E(2z"))

3. Low-Complexity Coding Strategy for Gaussian Vector Sources

In this section (see Theorem 3), we present our coding strategy for Gaussian vector sources.
To encode a finite-length data block x,,.; of a Gaussian N-dimensional vector source {x; }, we compute

=2
the block DFT of x,,.1 (y,:1) and we encode Yiets--- Yn separately with E(Hyl‘iNkaZ) < Dforallk €

{[%],...,n} (see Figure 1). B
o Yn

4% Encoder, ‘ e ‘ Decodery, 1—,\/»

Yn—1 Yn—1

4% Encoder, 1 ‘ e ‘ Decodery, 1 }

n
2

Yrgi+ Yre1+1
4% Encoder(%Hl ‘ . ‘ Decoder(%w+1 } jv .

Tl Yn:1| yrz Yyro :/y;; Tl
4, 42>{ Encoderfzy ‘ L ‘ Decoderpz } 2 >@—>

Y @ﬂ 1

Yn—1

Figure 1. Proposed coding strategy for Gaussian vector sources. In this figure, Encoder; (Decodery)
denotes the optimal encoder (decoder) for the Gaussian N-dimensional vector y, with k €

{131, m}.

We denote by ﬁxm (D) the rate of our strategy. Theorem 3 also provides an upper bound of
Ry, (D). This upper bound is used in Section 4 to prove that our coding strategy is asymptotically
optimal whenever the Gaussian vector source is AWSS.

In Theorem 3 C4, denotes the matrix (V@ Iy)diag, <, ([(Vn®IN)*An(Vn®IN)]k,k> (Va®IN)*,
where A, € ¢"N*nN,

Theorem 3. Consider n, N € IN. Let xy be a random N-dimensional vector for all k € {1,...,n}. Suppose
that x,.1 is a real zero-mean Gaussian vector with a positive definite correlation matrix (or equivalently,
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Aun (E (xnax,.1)) > 0). Let y,.q be the random vector given by Equation (1). If D € (0, Ayn (E (xnax,.1))],
then

~ det (C T
Rxn:] (D) S Rxnzl (D) S 1 In ( E(x"31xn:1))

2nN DN ’ @
where
Ry, (D)2~ nHRyk(%)+RW(D) o
R, (D) 2 - if n is even,
Xp:1 - 2):;'3il Ry (%) +Ry, (D) o
— if nis odd.
Moreover,
det (C |E (vuaxly) = Cepper |
1 E(xpax,) 1 n:14:1 E(xpax),
0< In ( (n"N il ) —Ry (D)< -In|1+ ! (x f-l) El. @8
2nN D 2 VnNAuN (E (x4ax) 1))

Proof. We divide the proof into three steps:

Step 1: We show that Ry, (D) < Ry, (D). From Lemma 1, yx = ¥, forallk € {1,...,[5] -1},
and y; € RN*! with k € {%, n} NIN. We encode YrayeoYn separately (i.e., if n is even, we encode
Y y@l, ..., Yn—1,Yn separately, and if n is odd, we encode @ , -+, Yn—1,Yn separately) with

“(ln-al) o ke {[2].com—1h0 {2}

2N -2’7 2 2
and ( )
E (i — 95l "
B A - )
N <D, ke{ZnjnK
Let x,;1 = (Vi ® IN) Y1 with
Yn
1= |
n
where ; = 7; for all k € {[5]...,n =13\ {5}, and yy =y, forallk € {1,...,[5] — 1}. Applying
Lemma 1 yields x,.; € R"™N = As (V,1 ® Iy)" is unitary and || - ||2 is unitarily invariant, we have

E<Hxn:1_%”§> (H VH®IN) xnl_(Vn®IN xnl” )
nN a nN
E(llyua —7mll) 1

nN Y

Y. E (I~ )

k=1

1 o -
= — 2 E yk *}/k + E yk *yk
nN(kle{mgl}\{;} (o —gil)+ 2 E (e 2”2))

kye{%,n}NN
- N (2 r o t(lm-al)+ £ E(HykzﬁzHi))
kie{l51...n-13\{35}
S{,%V(z(g 1) ND +2ND) if n is even, }_D

ko { S n}ON
& (2(n— 1) ND+ND) ifnisodd,
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Consequently,
NRy, (D)+2N ¥ ~) 3 R (8)+NRy, (D)
R DY < N if n is even, % D
xn:l( ) — ZNZrL Lo (%)J"NRW:(D) - xn:l( )
i if nis odd,

nN

. det(C ooxT )
Step 2: We prove that Ry, (D) < ﬁ In M From Equations (3) and (5), we obtain

DnN

1 det (E T
Ry (D) = 5 In (D(%"yk)), ke {g,n}ﬁ]N, )

and applying Theorem 2 and Equation (5) yields

~ ~T
&&@&hwfgﬁ”, ke (1m-1 {3 @)
2

From Lemma 3, we have

2|~
.

k{51 n=11\{7}

! - Z n det <E <yk1y’tl >> + det (E (ynfkly;;*kl ) ))

I
_zqe{m.u,nl}\{g}(

£ wtlen)]

n DN
ke { T n}NIN

imdet(E (vevi)) _ 1 TTigdet (E (yiyp))

1
~ 2uN = DN 2nN DnN

{Aj(E wyl):je{l,... N}hke {1,...,n}} = {V(E Wnavi) i) sj € (L., NLk e {1,...,n}}

:jef{l,..., N} ke {1,...,11}}

(
i ( )
- {A] (dlag1<k<n <[(V,,@IN)*E(JC,,1xL)(Vn®IN)}k/k)) e {1,...,nN}}
i ( (
{

Aj [(Vn®IN) E (xnﬂxll)(Vn@IN)]
Aj | (Va®Iy) diagy <,y <[(VH®IN)*E xmlxll)(Vn®IN)]k,k) (V71®IN)_1> je {1,...,nN}}

Aj (CE(x,,;lx”T:l)> je {1,...,nN}}, (11)

we obtain

n N

nN
[T et (2 59i)) = TTTT i) =TT (Coeniary) = 96t (Cegeg,))-
=1j= j=
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Step 3: We show Equation (8).

As E (xp1x,),) is a positive definite matrix (or equivalently, E (x,.1x,;) is Hermitian
and Aj(E (xpax,,)) > 0 for all j € {1,...,nN}), (Vu®IN)"E (xpax,),) Va®Iy) is
Hermitian.  Hence, [(V,®IN)"E (xuax,.,) Va®IN)]kx is Hermitian for all k € {1,...,n},
and therefore, diag; ., ([(Va®IN)"E (xy1x,.1) (Va®IN)|kk) is also Hermitian. Consequently,
(Va®Iy) diagy <o, ([(Va®IN)"E (xn1x,)) Va®IN)]kk) Va®In)* is Hermitian, and applying
Equations (3) and (11), we have that C E(xu1x],) is a positive definite matrix.

Xn:1X,.1

Let E (xp1x,),) = UdianganN()\j (E (x4:1x,.,))) U™! be an eigenvalue decomposition (EVD)
of E (xy:1x,.,), where U is unitary. Thus, \/E(x,1x,],) = UdianganN( A (E (xn:lxll))) U* and

-1
( E(%:ML)) :UdianganN<m> u*.
] (ST}

-1
Since ( E(xn;1x11)> is Hermitian and CE(x,,;l <) is a positive definite matrix,

-1 -1
( E (xnzlx;1)> CE(xn-le.l) ( E (xn:lxll)) is also a positive definite matrix.
From Equation (5), we have
1 det (E (xyax,.1))

RXn:l(D) = 27’1N 11'1 D”N ’

(12)

and applying the arithmetic mean-geometric mean inequality yields

o1 det(Copny)
=N DN

19 (o) 1 det (Co(a, a1

= n T ==
2nN — det (E(xpx,,)) 2nN det( E(anlx;1)> det< E(xn:lx;lr;])>

— ﬁln <det (( E(xnzle)) 1) det (CE(xmx,L)) det (( E(xn;1x21)> 1>>
1
< T

- Rxn:l (D)

- Mlndet( \/W) ) Ce(tualy) ( E(x“x”ﬂ)>l>
_ anN Inﬁ/\] << E(xnlxn1)>1 CE(pxl, ) < E(x”ﬂx”:l))l)

IN
2|
—_
zZ
5
RS
VR
|-
I
—_
=
VR
N
™
—
=
=
A
=
S
N
SN—
"
AN
@)
™
;;
I/
™
—~
=
=
A
=
s
=
~_
AN
~
~
=
4
\/
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(i | et ot} (e(onsh)) ] )
([ E<xn1le>><fs<xmxll>>ZNW))
i nN<Hc iy~ ) [} )

IN
NI = NIR N =
—
5
7N

IA

F

\/m/\nN(E (xn:lx;ar:l) )

O

In Equation (12), Ry, , (D) is written in terms of E (x,.1x,, 1) Rxn (D) can be written in terms of
E (x41x,.;) and V, by using Lemma 2 and Equations (9) and (10).

As our coding strategy requires the computation of the block DFT, its computational complexity
is O(nN log n) whenever the FFT algorithm is used. We recall that the computational complexity of
the optimal coding strategy for x,,.; is O(n?>N?) since it requires the computation of U,} x,..;, where
Uy, is a real orthogonal eigenvector matrix of E (x,;1x,.; ). Observe that such eigenvector matrix U,
also needs to be computed, which further increases the complexity. Hence, the main advantage of
our coding strategy is that it notably reduces the Computational complexity of coding x,,.;. Moreover,
our coding strategy does not require the knowledge of E (x,;1x,).). It only requires the knowledge of

E (ykyk ),w1thk e{[5]...,n}.

It should be mentioned that Equation (7) provides two upper bounds for the RDF of finite-length
data blocks of a real zero-mean Gaussian N-dimensional vector source {x;}. The greatest upper
bound in Equation (7) was given in [11] for the case in which the random vector source {x; } is WSS,
and therefore, the correlation matrix of the Gaussian vector, E (xnzlxll), is a block Toeplitz matrix.
Such upper bound was first presented by Pearl in [12] for the case in which the source is WSS and
N = 1. However, neither [11] nor [12] propose a coding strategy for {x;}.

4. Optimality of the Proposed Coding Strategy for Gaussian AWSS Vector Sources

In this section (see Theorem 4), we show that our coding strategy is asymptotically optimal,
i.e., we show that for large enough data blocks of a Gaussian AWSS vector source {x;}, the rate of our
coding strategy, presented in Section 3, tends to the RDF of the source.

We begin by introducing some notation. If X : R — CN*N is a continuous and 27-periodic
matrix-valued function of a real variable, we denote by T, (X) the n x n block Toeplitz matrix with
N x N blocks given by

Tu(X) = (Xj—k)jk=1-

where {Xj }rez is the sequence of Fourier coefficients of X:

X, = - /2” X (w)dw Yk EZ

“Tomh € ‘
If A, and B, are nN x nN matrices for all n € IN, we write {A,} ~ {B,} when the sequences
{A,} and {B,} are asymptotically equivalent (see ([13] (p. 5673))), that is, {||Ax||2} and {||Bx||2} are

bounded and

n—sco \/ﬁ
The original definition of asymptotically equivalent sequences of matrices was given by Gray (see ([2]
(Section 2.3)) or [4]) for N = 1.

=0.
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We now review the definition of the AWSS vector process given in ([1] (Definition 7.1)).
This definition was first introduced for the scalar case N =1 (see ([2] (Section 6)) or [3]).

Definition 1. Let X : R — CN*N, and suppose that it is continuous and 27-periodic. A random
N-dimensional vector process {xy} is said to be AWSS with asymptotic power spectral density (APSD) X if it
has constant mean (i.e., E(xy,) = E(xy,) for all ky,ky € N) and {E (xp1x5.1) } ~ {Tu(X)}.

We recall that the RDF of {x} is defined as lim;, o Ry, , (D).

Theorem 4. Let {x;} be a real zero-mean Gaussian AWSS N-dimensional vector process with APSD X.
Suppose that infyen Ann (E (Xnax,0.1)) > 0. If D € (0,infuen Aun (E (xpax,.;))], then

~ 27
lim Ry, (D) = lim Ry, (D) = ﬁ /O n detX(@) 4, (13)

n—o0 n—oo DN

Proof. We divide the proof into two steps:

Step 1: We show that lim;, e Ry, , (D) = ﬁ 027r In ww}. From Equation (12), ([1] (Theorem
6.6)), and ([14] (Proposition 2)) yields
. o 1 TN A (B (eaxg)) 1 N A (E (X))
$im, Re (D) = Jim, 7 In N “imEN LT
1 271 Y (X (w)) 1 27 det(X(w))
= — — V)1 = 1 .
i /0 NI T S oy /0 nTpn e

Step 2: We prove that lim, e Ry, , (D) = lim,_,e Ry, , (D). Applying Equations (7) and (8), we obtain

det (C T )
~ 1 E Xn: xn:
0<Ry,,(D) = Ry,, (D)< N In D(an 1) — Ry,,(D)
< 1 1 1 + HE (anlx;ll—Il) o CE(x11:1x;1r:1) ’P
<=In
2 ViNAuN (E (xnzlxll))
Ty _
<Imfig HE (ona ) = Co(n,an1,) ‘F Vn € IN. (14)
-2 \/Winfmem AmN (E (xm:lx;nrgl))
To finish the proof, we only need to show that
Ty
i HE(xnzlxn:l) CE(x,,:lx,—,r:l) ’F -0 (15)

n—oo \/ﬁ

Let C(X) be the n x n block circulant matrix with N x N blocks defined in ([13] (p. 5674)), i.e.,

2r(k—1)

Cu(X) = (Vu ® Iy)diag) 4, (X ( )) (Va®1In)* VYn € IN.

Observe that

Ce,(x) =(Vu ® In)diag; <4<, ([(Vn @ IN)* Cu(X)(Va ® IN)]k,k) (Vu®IN)*
=(Vn ® Iy)diag; <, ([diag1<j<n (X (27T(]1))>Lk) (Vu®IN)*

n
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2t(k—1)

>> (V,@In)*=Ch(X) Vnell

Consequently, as the Frobenius norm is unitarily invariant, we have

Cn(X) -

=00 = el

CE(many)
_ H(Vn © Iy)diag, o, ({(Vn ® In)* (c,,(x) - (xn:lx;:l)) (Vu® IN)}k,k
= Hdiaglgkgn ([(Vn ®In)” (Cn(X) —E (xnzle)) (Vu® IN)]k,k) HF

< H(Vn @ In)* (Cn(X) —E (xnzlxll)) (Va ® IN)HF - ‘ Cu(X) — E (xmxll) HF Vi € IN.

) Wao i

F

Therefore,
(ol s, o) 00l 59,
<2HE(xn;1xL\2ﬁ— (), ., (HE(anxll\/)E— 1), L Im) _f:l:n(XHF) men. (16)

Since {E (xp1x,.;)} ~ {Tx(X)}, Equation (16) and ([1] (Lemma 6.1)) yields Equation (15). O

Observe that the integral formula in Equation (13) provides the value of the RDF of the Gaussian
AWSS vector source whenever D € (0, inf,ew Ayn (E (x41%,,.1))]. An integral formula of such an RDF
for any D > 0 can be found in ([15] (Theorem 1)). It should be mentioned that ([15] (Theorem 1))
generalized the integral formulas previously given in the literature for the RDF of certain Gaussian
AWSS sources, namely, WSS scalar sources [9], AR AWSS scalar sources [16], and AR AWSS vector
sources of finite order [17].

5. Relevant AWSS Vector Sources

WSS, MA, AR, and ARMA vector processes are frequently used to model multivariate time series
(see, e.g., [18]) that arise in any domain that involves temporal measurements. In this section, we show
that our coding strategy is appropriate to encode the aforementioned vector sources whenever they
are Gaussian and AWSS.

It should be mentioned that Gaussian AWSS MA vector (VMA) processes, Gaussian AWSS AR
vector (VAR) processes, and Gaussian AWSS ARMA vector (VARMA) processes are frequently called
Gaussian stationary VMA processes, Gaussian stationary VAR processes, and Gaussian stationary
VARMA processes, respectively (see, e.g., [18]). However, they are asymptotically stationary but not
stationary, because their corresponding correlation matrices are not block Toeplitz.

5.1. WSS Vector Sources

In this subsection (see Theorem 5), we give conditions under which our coding strategy is
asymptotically optimal for WSS vector sources.
We first recall the well-known concept of WSS vector process.

Definition 2. Let X : R — CN*N, and suppose that it is continuous and 27t-periodic. A random
N-dimensional vector process {xy } is said to be WSS (or weakly stationary) with PSD X if it has constant mean

and {E (xu1%3)} = {Ta(X)}.



Entropy 2019, 21, 965 12 of 22

Theorem 5. Let {x;} be a real zero-mean Gaussian WSS N-dimensional vector process with PSD X.
Suppose that min (o2 AN (X(w)) > 0 (or equivalently, det(X(w)) # O forallw € R). If D €

(O, minwe[O,er] AN (X(w))} , then

. s 1 2 det(X(w))
nlgr.}o Ry, (D) = nlg& Ry, (D) = M/o In wa.
Proof. Applying ([1] (Lemma 3.3)) and ([1] (Theorem 4.3)) yields {E (xy1x,);)} = {Tu(X)} ~
{T,(X)}. Theorem 5 now follows from ([14] (Proposition 3)) and Theorem 4. [

Theorem 5 was presented in [5] for the case N = 1 (i.e., just for WSS sources but not for vector
WSS sources).

5.2. VMA Sources

In this subsection (see Theorem 6), we give conditions under which our coding strategy is
asymptotically optimal for VMA sources.
We start by reviewing the concept of VMA process.

Definition 3. A real zero-mean random N-dimensional vector process {xy} is said to be MA if

k-1
X = Wy + Z G_jwk,]' Vk € NN,
=1

where G_ jr j € N, are real N x N matrices, {wy} is a real zero-mean random N-dimensional vector process,

and E (wk1 wkz) = O, koA for all ki, ko € IN with A being a real N X N positive definite matrix. If there exists
q € N such that G_j = Onx for all j > q, then {x;} is called a VMA(q) process.

Theorem 6. Let {x;} be as in Definition 3. Assume that {G}>_ ., with Gy = Iy and G = Onxn for
all k € N, is the sequence of Fourier coefficients of a function G : R — CN*N, which is continuous and
2mt-periodic. Suppose that {T,(G)} is stable (that is, {||(T,(G)) |2} is bounded). If {x}} is Gaussian and
D € (0,infyew Aun (E (x41%,.1))], then

lim Ry, (D) = lim Ry (D) = — In J€HA)

Moreover, Ry, , (D) = 54 In del;i(lj\)for alln € IN.

Proof. We divide the proof into three steps:
Step 1: We show that det(E (x,.1x,.;)) = (det(A)" for all n € IN. From ([15] (Equation (A3))) we have
that {E (xp:1x,.1) } = {Tu(G)Tu(A) (Tx(G))" }. Consequently,

det(E (xnzlx;ﬂ)) = det (T,,(G)) det (T, (A)) det (T, (G)) =|det (T, (G))|? det(A)" = (det(A)" V¥n € IN.

Step 2: We prove the first equality in Equation (17). Applying ([15] (Theorem 2)), we obtain that {x} is
AWSS. From Theorem 4, we only need to show that inf,cy Ayn (E (xnzlxll)) > 0. We have

1 1 1

S N (AT B (AT N (AT

2
1 1

| ((Taen™) Tuan) (a6 ) | (maen™) | Imaan)l; [ (raen |

2

2
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— 1 __ AN@) > An(A) >0 VneN.

[m@n aa [@m©n ], (supmen| e ™],)’

det( )

Step 3: We show that Ry, (D) = & In for all n € N. Applying Equation (12) yields

1 | (det(A))" 1 n det(A)

Rea(D) = 5o In v~ = a8 N

Vn € IN.

O

5.3. VAR AWSS Sources

In this subsection (see Theorem 7), we give conditions under which our coding strategy is
asymptotically optimal for VAR sources.
We first recall the concept of VAR process.

Definition 4. A real zero-mean random N-dimensional vector process {x } is said to be AR if

k-1
X = Wy — Z F_jxk,]- Vk € IN,
j=1

where F_j, j € N, are real N x N matrices, {wy} is a real zero-mean random N-dimensional vector process,

and E (wk1 wy, ) = O, ko A for all ki, ko € IN with A being a real N X N positive definite matrix. If there exists
p € W such that F_; = Onxn for all j > p, then {x;} is called a VAR(p) process.

Theorem 7. Let {x;} be as in Definition 4. Assume that {Fi}2 _, with Fo = Iy and Fi = Onyxn for
all k € N, is the sequence of Fourier coefficients of a function F : R — CN*N which is continuous and
27t-periodic. Suppose that {T, (F)} is stable and det (F(w)) # 0 for all w € R. If {x;} is Gaussian and
D € (0,infyew Aun (E (xp:1%,01)) ], then

lim Ry, (D) = lim Ry (D) = Lln det(A)

n—00 n—o0 Y 2N DN (18)

Moreover, Ry, , (D) = 7x In det detA) for all n € IN.

Proof. We divide the proof into three steps:
Step 1: We show that det (E (x. 1xn 11)) = (det(A)" for all n € N. From ([19] (Equation (19))), we have

that {E (xy1x,.,)} = {(TH(F)) Tu(A) ((Tn(F))*)_l}. Consequently,

B det (T,,(A)) ~ (det(A))" n
ek (E (x01%01)) = Gt 7,11 e (o177~ e e~ )

Vn € IN.

Step 2: We prove the first equality in Equation (18). Applying ([15] (Theorem 3)), we obtain that {x;}
is AWSS. From Theorem 4, we only need to show that inf,en Ay (E (xn1%,.;)) > 0. Applying ([1]
(Theorem 4.3)) yields

Xn: x;tr' = : - :
AWG(JO)H@W%MVL\Wmm*mmmWWVfl
2
AN(A) An(A) >0 VneN.

TATB)E T (suppen I Tw(E)[1,)
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Step 3: We show that Ry, (D) = -k In de];%x) for all n € IN. This can be directly obtained from
Equation (12). O

Theorem 7 was presented in [6] for the case of N = 1 (i.e., just for AR sources but not for
VAR sources).

5.4. VARMA AWSS Sources

In this subsection (see Theorem 8), we give conditions under which our coding strategy is
asymptotically optimal for VARMA sources.
We start by reviewing the concept of VARMA process.

Definition 5. A real zero-mean random N-dimensional vector process {xy} is said to be ARMA if

k—1 k—1
X = Wy + Z G_jwk,]' - 2 F_]'Xk,]' Vk € N,
j=1 j=1

where G_; and F,j, j € N, are real N x N matrices, {wy} is a real zero-mean random N-dimensional vector
process, and E (wklw;—z) = O, ko A for all k1, ky € IN with A being a real N X N positive definite matrix.
If there exists p,q € IN such that F_; = Onx forall j > pand G_; = Onxy forall j > q, then {x; } is called
a VARMA(p,q) process (or a VARMA process of (finite) order (p,q)).

Theorem 8. Let {xy} be as in Definition 5. Assume that {Gy}2_ ., with Go = Iy and G = Onx N for all
k € IN, is the sequence of Fourier coefficients of a function G : R — CN*N which is continuous and 27t-periodic.
Suppose that {Fi}3> _, with Fg = Iy and Fy = Oy for all k € IN, is the sequence of Fourier coefficients
of a function F : R — CN*N which is continuous and 27t-periodic. Assume that {T,(G)} and {T,(F)} are
stable, and det (F(w)) # 0 for all w € R. If {xy} is Gaussian and D € (0, inf,cn Ayn (E (xnzle))]/ then

lim R, (D) = lim Ry (D) = — In J€HA)

n—o0 n—r00 2N DN : (19)

Moreover, Ry, , (D) = 5k In d%(,\/,\) foralln € IN.

Proof. We divide the proof into three steps:

Step 1: We show that det(E(x,1%,,)) = (det(A)” for all n € N. From ([15] (Appendix D))
and ([1] (Lemma 4.2)), we have that {E (x,1x,.1) } = {(Tx(F)) 1T (G)Tu(A) (Tu(G))* ((Tu(F))*)1}.
Consequently,

et (T, 2 (de " "
det(E (xmxll)) _Id t(|7;15t6()12n(1:(; |t2(A)) =(det(A))" VneN.

Step 2: We prove the first equality in Equation (19). Applying ([15] (Theorem 3)), we obtain that {x; }
is AWSS. From Theorem 4, we only need to show that inf,ew Aun (E (x4:1%,.1)) > 0. Applying ([1]
(Theorem 4.3)) yields

TV _ 1 - L
o (i) [E Guang)) ], (T () TG TA) (16D (Tu(EN) )
An(A) N An(A) >0  Vnel

IR m6n ] upen I1Ta (B (supen [(Ta(e)) )"
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det(A)
DN

Step 3: We show that Ry, (D) = -k In for all n € IN. This can be directly obtained from

Equation (12). O

6. Numerical Examples

We first consider four AWSS vector processes, namely, we consider the zero-mean WSS vector
process in ([20] (Section 4)), the VMA(1) process in ([18] (Example 2.1)), the VAR(1) process in ([18]
(Example 2.3)), and the VARMA(1,1) process in ([18] (Example 3.2)). In ([20] (Section 4)), N = 2 and
the Fourier coefficients of its PSD X are

5. _ (20002 07058 X _xr_ (03542 0.1016 X xr _ (00923 00153
0= V07058 20000/ 71Tt T\ 01839 —02524)7 27 27| 01490 0.069 |’

X.3=X; = —0.1443 —0.0904 X=X = —0.0516 —0.0603 ,
0.0602  0.0704 0 0

and X; = 0y with |j| > 4. In ([18] (Example 2.1)), N = 2, G_1 is given by

-08 0.7
( 0.4 —0.6) ’ 0

41
A:(l 2). (21)

In ([18] (Example 2.3)), N = 2, F_; = 0y, for all j € N, and F_; and A are given by
Equations (20) and (21), respectively. In ([18] (Example 3.2)), N = 2,

06 —03 —-12 05 1 05
1= F = A =
G (—0.3 —0.6> ’ ! (—0.6 —0.3) ’ <o.5 1.25) ’
G_j=0axp forallj € IN,and F_; = Oz forall j € IN.
Figures 2-5 show Ry, (D) and Ry, , (D) with n < 100 and D = 0.001 for the four vector processes

considered, by assuming that they are Gaussian. The figures bear evidence of the fact that the rate of
our coding strategy tends to the RDF of the source.

G_j = 02«2 forallj € IN, and

3.76

3.74

Nats per dimension
w
N
N

3.7

3.68

Figure 2. Considered rates for the wide sense stationary (WSS) vector process in ([20] (Section 4)).
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atr —R.,.(D)
B 'RIM(D)
a9
2 405
2
g
=
=
o4
[
[oN
2
<
Z. 3.95
29 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

a1r _émm (D)i
B -R-Tnzl (D)

Nats per dimension

3.9 I I I I I I I I I

_El'm (D)
8757 --Ra,, (D)

Nats per dimension

34 I I I I I I I I I

Figure 5. Considered rates for the VARMA(1,1) process in ([18] (Example 3.2)).

We finish with a numerical example to explore how our method performs in the presence of
a perturbation. Specifically, we consider a perturbed version of the WSS vector process in ([20]
(Section 4)) (Figure 6). The correlation matrices of the perturbed process are

T, (X) + 02n—2x2n—2 O2n—2x2 , ne N
02212 I
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Nats per dimension

Figure 6. Considered rates for the perturbed WSS vector process with D = 0.001.

7. Conclusions

The computational complexity of coding finite-length data blocks of Gaussian N-dimensional
vector sources can be reduced by using the low-complexity coding strategy presented here instead of
the optimal coding strategy. Specifically, the computational complexity is reduced from O(n?N?) to
O(nNlogn), where n is the length of the data blocks. Moreover, our coding strategy is asymptotically
optimal (i.e., the rate of our coding strategy tends to the RDF of the source) whenever the Gaussian
vector source is AWSS and the considered data blocks are large enough. Besides being a low-complexity
strategy, it does not require the knowledge of the correlation matrix of such data blocks. Furthermore,
our coding strategy is appropriate to encode the most relevant Gaussian vector sources, namely, WSS,
MA, AR, and ARMA vector sources.
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Appendix A. Proof of Lemma 1
Proof. (1) =(2) We have

n n n
Ye = Wnalnki11 = Z (Vi ®IN], - k+1, [Xn: 1 Z | k+1, IN [xn: 1}]1 = Z [Vﬂ]j,n7k+1 [xnzl]]‘,l
j=1 j=1 j=1
1 & 2l

2n(j=Dk
N NG Z;e m fralj j1 Zezm Vi m Penalja Ze = x”il]j/l

= ﬁze " i[Xn:l]j,1:?/n—k

forallke {1,...,n—1}and y, = ﬁﬂ;‘zl [xnsl]j,l e RN,

(2)=(1) Since V;, ® Iy is a unitary matrix and

1 2oy 1 oo gy 2D
[Vn]k,n—j—&-l:ﬁe g ‘:ﬁe lk=1)ie =5 1I[Vn]k,j+1

forallk € {1,...,n}andj € {1,...,n — 1}, we conclude that

n

% = [Hnalnkr11 = (Ve @ IN) Ynalnkr11 = ) Valyoirrj Wnaljn =
j=1 j

M-

[Vn]nfkntl,j Yn—j+1

1
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n—1
= [Valp—ks11Yn + Z Vil ks 1n—ns1 Yn

-1

N\S
—

= fyn hzl (Vn n—kr1u—hr1 Yo+ [Valy g1 - h+1yh> B k+L[31+1 Y74
[41-1 b

= \f]/n h; (Vn n—kt1n—h+1¥n + Valy k10— h+1yh) +— ne Ty
(%] 1 1+(—1)" (_1),1,;(

= ﬁ]/n = Re ([Vﬂ]nfk+1,nfh+l yh) + > NG Yre € RN

forallk € {1,...,n}. O

Appendix B. Proof of Theorem 1

Proof. Fix k € {1,...,n}. Let E (xyax},) = Udiagojc,n(A (E (xw1x),))) U™" and E(xpxf) =
WdiangjSN()tj (E(xkx;)) W1 be an eigenvalue decomposition (EVD) of E (x,1x}:) and E(x,x}),
respectively. We can assume that the eigenvector matrices U and W are unitary. We have

N N
Aj(E(uxg)) = [WRE(xexp) W], = ;;[W*]j,h z; [ECxixp)]y, (W
N N B B
= h;[W*]j,h l; [E (X101 ()N, (n—)N+1 V]

I
™M=
E
=

|Udiagy <y (Ap (E (vn13)) U] W,

(n—k)N+h,(n—k)N+1

h=1 =1
N N /nN
= Y Wn) (Z (U] (n—tyNmp Ap (E (Xn:1Xp1)) [U*]p,(nk)mz) W],
h=1 =1 \p=1
nN N
= ) Ap (E(xnaxya)) Y W Ui nnp Z (n—k)N+Lp Wi j
p=1 h=1
nN N N
= Z AP (E (xn:lx;;:l)) 2 [W]h,j [U] (n—k)N+h,p Z (n—k)N+Lp
p=1 h=1 =1
nN N 2
= Y A (E(wax)) | 2o (Wi (U —iyNnp| -
p=1 h=1
and consequently,
AN | N 2
Aun (E (et x1) Yo | 2 Wl (U e p| < A (EQoexg)) <
p=1|h=1
N | N 2
M (E (xnaxa)) Yo |2 W (U N p
p=1|h=1
forallj € {1,..., N}. Therefore, since
nN | N 2 aN N
Y W (U] piynenp| = 2 2 W (U] N p Z (n—k)N+1p (W
p=1|h=1 p=1h=1
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N uN N N
W* ]hz Z —N+ip [ Ty gt W1 = 0 W 1) TUU] i N, (g (W

1z 1 MZ
=
I\
T

N
[w* th nN (n—k)N-+h,(n— kN+l 2 :[W*W}j,j:[IN]M:l’
=1 h=1

i
[

Equation (2) holds. We now prove Equation (3). Let E(yxy;) = Mdiag;-;-n(A; (E(yry;)) M~

be an EVD of E(yxy;), where M is unitary. We have

[\qu

N
Aj (E(yy)) p (M Z Un1Yn)] (n—)Nh, (n—iyN41 (M
=1 =1
N N .
:};[M*} I_Zl[E (Va®IN)" xpaxpq (Va®Iy))] (kN (N1 M
N N .
:};[M*} ;[(Vrl@h\]) E(xnlx;‘ll)(Vn@)IN)] (n—k)N-‘rh,(n—k)N—H [M]l,]
N N . .
—hzl [M] ;[Vn@’ll\l) Udiag; << ,n(Ap(E (xn125:0)) (Ve @1In) L) Ln_k)N%(n_k)N#[M]l,j
N 2
_Zl)\p xn 1xl’l 1 hzl [ ]h,] [(Vn@IN)* u] (nfk)NJrh,p ’
4 =
and thus,
AN | N 2
Aun (E (xp:1%p:1)) Z Z nj [(Va®In)* u](n—k)N+h,p
nN N 2
<A (E(viye)) < A1 (E (xpaxp) 1 hXZl ni (Vo ® IN) UL pynin
p: =
forallj € {1,...,N}. Hence, as
AN | N 2 N N L
p; ; j(ely'u (n k)N+,p ; ; [Vn@IN) U ((vaely™U) }(nﬁk)Nth,(nﬁk)NH[M]lrf

N N
2 th Va®IN)" Ian Va R IN)] (g (nt vt M1 = Z[M Z N ()Nt (i) Nt M =1,

Equation (3) holds. O

Appendix C. Proof of Theorem 2
Proof. Fixk € {1,...,n—1}\ {5}. Since

1 & 2n(-Dk, 1 & 2n(1—j)k . . 2n(1—j)k
——Ze n ‘[xn:l]jllzZ(cos(n])—i-151n(n]))xn_j+1,

oy ([Re(w) . 2\ (E(Re(w) Rewe) ") E(Re(ye) (m(yi)) ")
E (5 )E«Im(yk))((Re(yk” (s )>(E(Im<yk> Re(e)) ") E(im(ye) (1m(e)) ")
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27113 )k 271(1—j )k . 2r(1y )k . 2m(1)k R
1 & fcos i cos —E Xnjif1Xyjpy1 | COS 7 sin ——E R R
M =1

. 271(17j1)k 271(12 )k T - 2m()k s 2m (1 )k T
sin €08 =5 == E X1 X, ,pg ) SIN =5 sin =S B X Xy, g

1 n
LS A (et n) A
] :

where A; = (cos MIN ‘sinM ) withj € {1,...,n}. Fixr € {1,...,2N}, and consider
a real eigenvector v corresponding to A, (E (ykyk )) with vlv = 1. Let E (xp1x.,) =
UdiaglgjgnN(/\j (E (x4:1x,.,))) U~ be an EVD of E (x.1x,., ), where U is real and orthogonal. Then

(7)) = (8 (2 7)) w7 = (6 7))o= ()

1 i VAl [E <xn:1x;1)] A,v

Ar

L ¥ 1,7 T

; Z A]lE (xn,jl+1xn_j2+l> A]2V = E A

j2=1 juj2=1 JuJ2

n
T T, T T . .

Z Aj e, E (anxn:l) epAjpv

2=

n

1.j2=

TA]T1 e Udiagy <, <, (A (E (vuaxsn ) ) ) U es Apv

TA]TI ) Udlag1<p<nN</\p (E (xn 1%, 1))) ]Z U'e,Ajv
2

:%[Bmiaglgw(@ (E(xmaxia))) B, ,ZM Ap (E(xuaxsa ))[Bl,0

171N

= Z Ap ( (xn 1%y 1)) [B]fy,lf

S
T\'MS

where ¢, € C"N"*N with [¢)];; = 0j,Iy forallj,I € {1,...,n} and B = Y] ; U ¢;A;v. Consequently,

o ( (o)) B 1950 <0 (£ (7)) <0 (£ () 5 Bt
r= P=

[]2 1

Therefore, to finish the proof we only need to show that %2’;51 Bl,1 = 3. Applying ([3]

(Equations (14) and (15))) yields

1" nN ) 1 nN - 1 T 1 n T
~Y B, = Y [B ]1}7[3}%1:;3 B=—|Yu e]-IAjlv Zu e Ajpv
p=1 p=1 § =1
1 & oT 1¢& o7 1 1N
= EZ AheheJZAJZV_EZV A; AjV:nZ(AV HZZ[AV]“
J12=1 j=1 j=1 j=1s=1
1 k C2m(1— i)k 2
S O MW)
1Yz 27(1— )k 2 C2m(1—i)k\?
- nZZ((cos(n j) ) [V]f,l—k(sm(n j) ) [v]%\,ﬂ,1

D 0 20 ) el

n
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n o 2 n o 2
(M?,li ; (COS 27T(1n])k> + [V]%\Hrs,l% Y (Sinzn(lnj)k>

j=1

|
™=z

=1

%)

= 2r(1—j)k  2m(1—j)k
+[V]si[v N+sln Z%ZSm . cos -
N . . ) ) B
. Z ( <sll’1 27T(1 ])k> ) —+ [V]N-‘rs,l +[V]S,1 [V}N-&-S,ll Z sin 47-[(1])k>
s=1 n 2 . = -

I
Mz

n . v 2 n .
( Z<Sin zn<1n—]>k>2>+{ Bist ) ess  35sim 470 1>k>

(
(V]zu = Hs,l[vmﬂ,liillrn(e“%”‘i))

w
Il
MR

|
Mz

w
Il
—

=

"]2,1+ N+sl ~Valv ]N+sllIm <Ze it 1>ki>>

j=1

|
Mz

1

w
Il

I
[\12

V],l N+sl _ 2 1 g1
> + _EZ[V]hxl_EV V—E.

s=1

O

Appendix D. Proof of Lemma 2

Proof. (1) E (ykyZ) = [E (ynily:{z:l)}n—kﬁ-l,n—k—&-l = [(VT‘@IN)* E (x” 1x;k1 l) (V”®IN)L1 k+1n—k+1°

) E (neyy) = [E (yn:lyll)]n—kﬂ,n—kﬂ = [(V"®IN)* E (x41%,4) (Va®IN)") }
(3) We have

n—k+1,n—k+1"

E (yyi) = E ((Re(y)+ilm(ye)) ((Re(yi)) " —i (m(ye) ") )
= E(Re(yi) Re(yi)) ) +E (Im(yi) (m(y)) ") +i (E(Im(ye) Re(we) ) —E(Re(y) tm(we)) 7)), (A1)

and

E (il ) = E ((Re(y)+ilm(yi)) ((Re(ye)) " +i (Im(y)) "))
—E(Re(y)Re(yr)) ") —E (Im(yi) (1m(ye)) ) +i (E (Im(ye) Re(yi)) ) +E (Re(ys) tm(e)) ) . (A2)

As
T E (Re(ye) (Re(yi)) ") E (Re(yi) (Im(ys)) "
E (ykyk ) = T T 7
E (Im(ye) (Re(ye)) ) E (Im(yi) (Im(yx))
assertion (3) follows directly from Equations (Al) and (A2). O
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