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A heuristic solution approach to the machine loading problem of an FMS
and its Petri net model

M. K. TIWARI² *, B. HAZARIKA ² , N. K. VIDYARTHI² ,
P. JAGGI² and S. K. MUKHOPADHYAY ³

A loading problem in a modern FMS is the allocation of a job from the job pool
maintaining the ¯ exibility of the system, reducing the system imbalance and
thereby maximizing the throughput. In this context a heuristic has been devel-
oped. Ten sample problems have been tested with the proposed heuristic. A
comparison has been made with the existing methods and it is found that the
results are encouraging and indicate signi® cant improvement. The Petri net model
for the problem attempted by the proposed heuristic has been constructed to
delineate its graphical representation and subsequent validation.

1. Introduction

An FMS is a group of automated machines and material handling devices which
are linked together by a central computer system. Highly sophisticated machine tools
enable the system for a wide range of manufacturing operations and allow simulta-
neous production of multiple part types maintaining a high degree of machine
utilization. This system is an attempt to impart the e� ciency of mass production
while retaining the ¯ exibility of the conventional manufacturing process. The
machine loading problem in an FMS is speci® ed so as to assign the machines,
operations of selected jobs, and the tools necessary to perform these operations by
satisfying the technological constraints (available machine time and tool slot con-
straint) in order to ensure the minimum system imbalance and maximum through-
put, when the system is in operation.

Stecke and Solberg (1981) and Stecke (1983) have formulated a machine loading
problem based on a mixed integer programming (MIP) approach. In these papers,
the objective was to achieve the maximum expected production rate to be attained at
a speci® c imbalanced work load for a system having unequal size machine groups.
When the machines are not pooled into groups, a widely known loading objective is
to balance the workload on all machines. Shanthikumar and Stecke (1986) have used
this objective to minimize the work-in-process inventories, Berrada and Stecke
(1986) adopted a nonlinear integer formulation of a particular FMS loading problem
which is to balance the assigned workload on each machine tool. A mixed integer
formulation for the loading problem that includes balancing workload and meeting
the due date of the job types was suggested by Shankar and Tzen (1985). Liang and
Dutta (1993) have proposed an integrated approach to part selection and the
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machine loading problems. Lashkari et al. (1987) have also attempted the formula-
tion of operation allocation problem to include the important planning aspects of
re® xturing and limited tool availability through the MIP approach. Sawik (1989) has
also adopted the MIP approach to address the machine loading problem with an
objective function to minimize the system imbalance while satisfying the constraints
of available production time and tool magazine capacity. Sarin and Chen (1987), Co
et al. (1990), Ram et al. (1990), have made a substantial contribution towards the
understanding of the machine loading problem. Rajagopalan (1986) gave two dif-
ferent heuristic solutions with a mixed integer model. To obtain better production
schedules without an iterative process, he combined the machine loading problem of
FMS with part type selection and production ratio determination. Stecke (1989)
proposes a heuristic algorithm using longest processing time (LPT) rules for the
machine loading problem. Moreno and Ding (1993) presented two heuristic methods
for solving the machine loading problem with the objective of balancing workloads
and meeting due dates. Shankar and Srinivasalu (1989) suggested heuristic pro-
cedures with a bicriterion objective of minimizing the workload imbalance and
maximizing the throughput for resources such as a number of tool slots on machines
and available number of working hours in a given planning horizon. Mukhopadhyay
et al. (1992) have suggested a heuristic solution developing a concept of essentiality
ratio for objective of minimizing the system imbalance and thereby maximizing the
throughput. Chen and Askin (1990) have considered three FMSs for comparison of
the performance of their six loading heuristics.

Workload balance, minimization of inter-machine part movement, routeing ¯ exi-
bility, tool investment and maximum machine utilization are the ® ve basic objectives
whose separate evaluation gives the dependence of performance of their heuristics.
The MIP approach for solving the machine loading problem of an FMS is compu-
tationally infeasible even for deterministic formulation. Computation time required
for solving the machine loading problem of a moderate size FMS is considerably
large which necessitates the development of heuristic procedures to tackle such
problems.

Taking into account the processing requirements of small batches of several part
types, a random FMS is chosen in which orders arrive in a random manner and each
order stands for one product type. Several operations may be required to produce
one part type with ¯ exibility in carrying out an operation on more than one machine.
In addition to this, the system may have more than one machine of the same type. In
this paper, a heuristic has been proposed based on the utilization of the maximum
remaining available time on each machine keeping in mind the tool slot requirements
of the job for achieving the minimum positive system imbalance resulting in maxi-
mum possible throughput. The proposed heuristic has been tested by applying it to
the problems of Shankar and Srinivasulu (1989) and Mukhopadhyay et al. (1992)
and the results obtained are signi® cantly improved over the existing methods. A Petri
net model of the machine loading problem solved using the proposed heuristic is
constructed to delineate its graphical features. Petri net modelling has been carried
out to demonstrate e� ectively the formulation di� culties related to routeing options,
tool slot constraint, concurrency and lot sizes etc.

1.1. Informal introduction to Petri net models
Petri nets originated in 1962 from the doctoral dissertation of Carl Adam Petri.

Since then, there has been great deal of development of Petri net analytical tech-
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niques. For a coherent and concise de® nition of Petri net terms used in this paper,
the reader is referred to Peterson (1981) and Viswanadham and Narahari (1994).

A Petri net is a formal graph model for description and analysis of systems that
exhibit both synchronous and concurrent properties and thus are well suited to
model the dynamics of an FMS. The following reasons make the Petri net suitable
for modelling the loading problems of FMSs.

The precedence relation and structural interaction of concurrent and asynchro-
nous events are re¯ ected from the Petri net. The informative graphical nature is a
good visual aid. They can be easily understood as they are logically derived models.
Con¯ icts, deadlocks, bu� er sizes can be easily and concisely modelled. The Petri net
reveals the set of loadings to be described satisfying the precedence constraints. They
may be interrupted depending upon tool slot constraints to restrict the set of possible
® ring. By the addition of activity duration time and resource allocation condition,
the dynamic behaviour of a system can be studied at any one time.

2. Problem statement

A loading problem in FMS is solved and its performance is being judged by
determining the system imbalance and the throughput. Shanker and Tzen (1985)
have shown that the s̀hortest processing time’ (SPT) sequencing rule performs best
on an average for the loading problem of a random FMS in balancing the workload.
Adoption of SPT as the sequencing rule attempts to maximize the throughput in
comparison to LPT, FIFO, MOPR etc. Therefore, scheduling of the job is according
to the SPT sequencing rule. Ten problems from Mukhopadhyay et al. (1992) are
studied in detail. Four machines are included and the size of the batches considered
are less than twenty ® ve, keeping in view the major economic forces governing the
market. The problem is studied by taking three operations. However, it is advisable
to preserve the optional operations as long as possible while considering all the
possible routes. Optional operation means the operations which can be carried out
on more than one machine. Flexibility lies in the selection of a machine for proces-
sing the optional operations of the part. To demonstrate the e� ect of tool slot
constraint, each machine has been provided with a maximum of ® ve tool slots.
The following assumptions are made to reduce the complexities in analysing the
loading problem of the system:

(1) Non splitting of job ± which implies that a job undertaken for the processing
is to be completed for all its operations before considering a new job.

(2) Unique job routeing ± though the ¯ exibility exists in the selection of a
machine for optional operation, once a machine is selected for it, the opera-
tion must be completed on the same. This is called unique job routeing.

(3) Sharing and duplication of tool slots is not considered.
(4) Number of pallets and ® xtures used in the system are su� cient and readily

available.
(5) Parts are readily available on machines i.e. material handling time is neg-

ligible.

2.1. Notation for the proposed heuristic

Pj Individual processing time for each job.
N Batch size of each job.
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Pe Total processing time required for essential operations of job j̀ ’ on
machines.

Po Total processing time required for optional operations of job j̀ ’ on
machines.

s ( j : j is a job in the SPT sequence belonging to the job pool).
G ( j : j is a job yet to be allocated).
H ( j : j is a job which has been allocated).
Tro Remaining tool slots on machine `m’ after allocating operation `o’ of job j̀ ’ .
Tao Available tool slots on machined `m’ before allocating operation `o’ of job

j̀ ’
Tco Tool slot requirement for performance of operation ò’ ’ ’ of job j̀ ’ on

machine `m’ .
Qm Remaining processing time on machine `m’ after performing operation ò’ of

job j̀ ’ .
Qa Available processing time on machine `m’ before performing operation ò’

of job j̀ ’ .
Qp Processing time on machine `m’ for performing operation ò’ of job j̀ ’ .
SUAo System unbalance after allocating the operation `o’ for job j̀ ’ on machine

`m’ .
SUAÂ System unbalance after allocating all essential and optional operations to

respective machines for processing job j̀ ’ .
TP Throughput for each problem.
SUA Final system unbalance after allocating all possible jobs.

2.2. Proposed heuristic

Step 1. Determine the individual processing time for each job (Pj).

Pj = N(Pe + Po)
.

Step 2. Adopt SPT sequence for job allocation.
Step 3. De® ne initial conditions.

S = G
H = (0)

Step 4. Calculate Tro for ® rst operation ò’ of job j̀ ’ on machine `m’ entertaining
essential operation and preserving optional operations.

Tro = Tao - Tco

Step 5. If Tro is negative, reject job else go to Step (6).
Step 6. Allocate operation virtually to machine `m’ having the maximum remaining

processing time `Qm ’ .
Qm = Qa - Qp

Step 7. Calculate SUAo

SUAo = å
n

m= 1

Qm

Step 8. Repeat steps 4± 7 for all operations of job j̀ ’ .
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Step 9. Assign SUAo = SUAÂ . If SUAÂ is positive allocate job to set `H’ and
proceed for next job i.e. from step 4 else go to step 10.

Step 10. Reallocate the last job of the allocated set with the jobs in set G according
to SPT sequence and repeat steps 4± 10.

Step 11. Final job allocation set is to be chosen based on minimum positive system
imbalance.

Assign SUAÂ = SUA

Step 12. Determine throughput for each shift.

TP = å
x

j=1
j= (1,2,...X)

Batch size of jobs allocated to set H

2.3. Solution methodology
The proposed heuristic has been used to solve the machine loading problem of

FMS given in Table 1.

Step 1. Pj = Batch size ´ unit processing time
8 ´ 18 = 144

Step 2. Pj for each job is calculated and is arranged in increasing order.
Step 3. De® ne initial condition.

S = (1,4,5,6,3,2,7,8)

Step 4. Tro for ® rst operation of job 1 on machine 3.

Tro = 5 - 1 = 4

Step 5. If Tro is not negative, go to step (6).
Step 6. Operation 1 of job 1 is allocated to machine 3 and Q3 is calculated.

Q3 = 480 - 144 = 336
Step 7. Calculate

SUAo= (Q1 + Q2 + Q3 + Q4)
= (480 + 480 + 336 + 480)
= 1776

Step 8. Allocate all operations.

Step 9. Assign SUAÂ = SUAo = 1776 (which is positive). Therefore, new initial
condition.

S = (1,4,5,6,3,2,7,8)
G = (4,5,6,3,2,7,8)
H = (1)

Similarly, we proceed to allocate the next job according to sequence.
The complete solution to Problem 1 is given in Table 2.

3. Modelling methodology

In the proposed model, the execution of various processes are sequential. All the
places and transitions are immediate i.e. time is neither associated with places nor

FMS machine loading: a heuristic and Petri net model 2273



with transitions. Places represent activities or resources and transitions represent
initiation or termination of involved activities. Tokens in the places represent
either the availability of the resources, readiness of the part for the next process
or a part being processed. Intermediate places are dummy processes. Potential dead-
lock is implicitly avoided by using intermediate places. Token in these places show
the readiness of the job for the next execution. Numerical value in the places repre-
sent the lot size of the corresponding sets (tool slots and jobs). In our Petri net
model, job representation has only one initial and ® nal place. A marking is said to
be an initial marking Mo when it represents the initial state of the system. This
marking changes whenever a transition is ® red. For example, the initial marking
in Fig. 2 represents Mo, where Mo = (1,1,1,0). Once the transition t̀’ is ® red the
marking Mo results in M1 = (1,1,0,1). Directed arcs show the material and infor-
mation ¯ ow in the system. By putting weight (w) on these arcs, a condition has been
imposed that the transition will be ® red if and only if w is less than or equal to the
number of tokens in the place from which the arc is directed.

2274 M. K. Tiwari et al.

Job
number

Operation
number

Batch
size

Unit
processing
time (min)

Machine
number

Slot
needed

1 1 8 18 3 1
2 1 9 25 1 1

4
2 24 4 1
3 22 2 1

3 1 13 26 4 2
1

2 11 3 3
4 1 6 14 3 1

2 19 4 1
5 1 9 22 2 2

3
2 25 2 1

6 1 10 16 4 1
2 7 4 1

2
3

3 21 2 1
1

7 1 12 19 3 1
2
4

2 13 2 1
3
1

3 23 4 3
8 1 13 25 1 1

2
3

2 7 2 1
1

3 24 1 3

Table 1. Job description (adopted from Mukhopadhay et al. (1992)).
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An enabled transition ® res by removing the number of tokens equal to the weight
of the corresponding input arc from each of its input places. The concept of weight
of arc has been used for tool slots only. When the enabled transition is ® red, the
number of tool slots consumed which are equal to the weight of input arc is shown in
each of the input places.

The Petri net model of the system is decomposed according to each job and for
job 1 is shown in Fig. 1. Its reachability tree is shown in Fig. 2. Similarly, the Petri
net model for job 6 is shown in Fig. 3. Its reachable markings are tabulated in Table
3. The transitions ® red for obtaining the new markings are shown in Table 4. The
places representing machine resource are being repeated for clarity of representation.
A combined Petri net model showing the sequential operation of jobs 1, 4, 5 and
rejection of job 3 is shown in Fig. 4.

3.1. Notations used in the Petri net model

Ojoms Operation of jth job, oth operation in mth machine and sth sequence
loading.

tb
joms Beginning of transition of operation ojoms.

te
joms End of transition of operation ojoms .

Pjoms Place representing operation place of ojoms .
Pn

joms mth intermediate place of job j̀ ’ (Jj) after the òth process in the sth
sequence of loading.

Pi
jms mth initial place of Jj which represents the beginning of job type Jj in

sth sequence of loading.

FMS machine loading: a heuristic and Petri net model 2277

Figure 1. The Petri net model of job 1.

Figure 2. Reachability tree of the Petri net in Fig. 1.



Pf
jms mth ® nal place of Jj which represents the end of job type Jj in sth

sequence of loading.
Pm

q Resource place for qth machine.
Mi ith machine.
Ti ith machine’ s tool slot.
S Sequence of loading
1 . . . n for job selected for processing.
(- 1) . . . (- n) for jobs rejected.

3.2. Petri net modelling for loading problems
Several attempts have been made by various researchers to address the problems

in FMS using Petri net models. Lee and Dicesare (1994) formulated a scheduling
problem with a Petri net model which employs global search and limits the search
space by the use of heuristic functions. Liu and Wu (1993) have used a Petri net
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Figure 3. The Petri net model: job 6.



model to analyse an FMS to check bu� er over¯ ows, to schedule the earliest starting
time for a sequence of operation in an FMS and to detect deadlock phenomenon.
Reddy et al. (1992) applied Petri nets to address the tool management issues at
machine group level to get a better insight into the working of the elements that
constitutes the tool management. Timed and untimed Petri nets can be used to model
the loading problem of an FMS. In timed Petri nets, time can be associated with
places or transition to study the dynamic behaviour of the system. However, based
on themes and concepts used by the aforesaid researchers, an attempt has been made
to construct an untimed Petri net model for a machine loading problem which has
been solved by the proposed heuristic.

3.3. Validation of the Petri net model
The proposed heuristic for solving the machine loading problem resolves the

con¯ ict in the Petri net model. The model is pure, since there exists no place
which is an input and output place of same transition. The model is not safe, because
the number of tokens in each place exceeds one but it is bounded because there exists
an integer x (X = 8 for job no. 1) such that the number of tokens in any place cannot

FMS machine loading: a heuristic and Petri net model 2279

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17

M0 1 1 1 0 0 0 1 1 0 1 1 0 0 0 1 1 0
M1 1 1 0 1 1 0 1 1 0 1 1 0 0 0 1 1 0
M2 1 1 0 0 1 0 1 1 0 1 1 0 0 0 1 1 0
M3 1 1 0 0 0 1 1 1 0 1 1 0 0 0 1 1 0
M4 1 1 0 0 0 0 1 1 1 1 1 0 0 0 1 1 0
M5 1 1 0 0 0 0 1 1 0 1 1 1 0 0 1 1 0
M6 1 1 0 0 0 0 1 1 0 1 1 0 1 0 1 1 0
M7 1 1 0 0 0 0 1 1 0 1 1 0 0 1 1 1 0
M8 1 1 0 0 0 0 1 1 0 1 1 0 0 0 1 1 1

Table 3. Reachable marking of Petri net for Job 6.

Initial marking Transitions ® red Final marking

M0 tb6144 M1

M1 te6144 M2

M2 tb6244 M3

M2 tb6224 M4

M2 tb6234 M5

M3 te6244 M6

M4 te6224 M6

M5 te6234 M6

M6 tb6324 M7

M6 tb6324 M8

M7 te6324 M0

M8 te6314 M0

Table 4. Firing of transitions and subsequent markings for Job 6.



exceed `X’ . Since the Petri net model is bounded, the number of reachable markings
are ® nite. Using the reachability tree we have found that the Petri net is proper i.e.
initial marking is reachable from all reachable markings. This implied reinitializabil-
ity of the system. Conservativeness of the model reveals no bu� er over¯ ows in the
system. Construction of the reachability tree helped in searching all the possible
states and checks the absence of deadlock. Deadlocks are detected when a sequence
of transition ® ring results in a state from which no further transition can be ® red.
Absence of deadlock implies the liveness of the Petri net model. The Petri net models
shown belongs to the class of reversible nets and its reversibility depends upon the
number of tokens in the input places.
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Figure 4. The Petri net model of jobs 1, 4, 5 and 3.



4. Discussion

The proposed heuristic uses system imbalance as a major criterion to justify the
validity of the solution. The maximum available capacity of the system is 1920 min
(= 480 ´ 4) which is nothing but the maximum possible system imbalance.
Therefore, minimizing the system imbalance can also be viewed as maximization
of the capacity utilization of the system. In this context, the question related to
overloading of machines is to be answered. If the overloading of machines is per-
mitted, the optimum value of system imbalance must be maintained within a limit so
that the ¯ exibility of the system could not be compromised. Mukhopadhyay et al.
(1992) have considered the un-utilized machine time and over-utilized machine time
in their system imbalance while Shankar and Srinivasulu (1989) have taken only un-
utilized machine time into their system imbalance. In the proposed heuristic, the
overloading of the machines is being taken into consideration in the system imbal-
ance. Mukhopadyay et al. (1992) have considered the positive value of summation of
remaining machine time after allocating the jobs in sequence. Next, the job from the
set of unassigned jobs will be considered, when the value of system imbalance
(modular value) starts increasing with respect to previous value. This happens
even when the actual system imbalance is found negative.

The proposed heuristic considers the allocation of jobs from the set of unassigned
jobs until a positive minimum value of system imbalance is achieved. Therefore, the
system’ s ¯ exibility has been restored to a certain extent in our solution. A compara-
tive study of system imbalance and throughput for the problems given in
Mukhopadhyay et al. (1992) has been carried out and the solutions are given in
Table 5.

A Petri net model for a machine loading problem solved by the proposed heur-
istic has been included in this paper to demonstrate e� ectively the following points.

(1) A good visual aid to express the interactions of all the variables of the
problem.

(2) Dynamic behaviour of a system can be studied at any time.
(3) Deadlocks, con¯ icts and bu� er sizes can be modelled easily.

Entire reachability graph generation for the given loading problem is an infea-
sible proposition due to the complexities involved. Therefore, a search heuristic
algorithm is to be employed for generating that portion of the reachability graph
which has been in demand for ® nding the next allocation of a machine, keeping in
mind the technological and capacity constraints.

5. Conclusion

The proposed heuristic employs the backward procedure to maximize the
assigned workload and simultaneously restore the ¯ exibility of the system with con-
siderable computational simplicity. It provides a reasonably good solution to the
machine loading problems. However, there are certain drawbacks such as neglecting
the tool changing time and using a predetermined sequencing rule, tool overlapping
etc. The proposed heuristic allocates the operations on machines by taking into
account the maximum remaining process time and tool slot constraints of each
machine of the system. The Petri net su� ers from the problem of state space explo-
sion. Transformation methods can be used to reduce the size of the net, while
maintaining the properties of interest. The complexities in developing the entire

FMS machine loading: a heuristic and Petri net model 2281
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reachability graph for the machine loading problem demands a heuristic search
algorithm which is an interesting ® eld to be investigated further by researchers.
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