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Abstract

Let XY, T denote the class of countably infinite L-structures that satisfy the
axioms T and in which all homomorphisms of type X (these could be homo-
morphisms, monomorphisms, or isomorphisms) between finite substructures of
M are restrictions of an endomorphism of M of type Y (for example, an au-
tomorphism or a surjective endomorphism). Lockett and Truss [I] introduced
18 such morphism-extension classes for relational structures. For a given pair
L, T, however, two or more morphism-extension properties may define the same
class of structures.

In this paper, we establish all equalities and inequalities between morphism-
extension classes of countable (undirected, loopless) graphs.
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1. Introduction

The notion of homomorphism-homogeneity was introduced by Cameron and
Nesetfil in [2] as a generalization of ultrahomogeneity in which homomorphisms
whose domain is a finite substructure of M (local homomorphisms) are restric-
tions of endomorphisms. Later, Lockett and Truss [I] introduced finer distinc-
tions in the class of homomorphism-homogeneous L-structures, characterized by
the type of homomorphism between finite induced substructures of M and the
type of endomorphism to which such homomorphisms can be extended. In total,
they introduced 18 morphism-extension classes, partially ordered by inclusion.

We call a relational structure M XY-homogeneous if every X-morphism be-
tween finite induced substructures extends to a Y-morphism M — M, where
Xe{LM,H} and Y € {H,I, A,E,B,M}. The meaning of these symbols is as
follows:

* H: homomorphism.
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* M: monomorphism (injective homomorphism).

*

I: isomorphism; an isomorphism M — M is also called a self-embedding.
x A: automorphism, (surjective isomorphism M — M).
* E: epimorphism, (surjective homomorphism).

* B: bimorphism, (surjective monomorphism).

For example, ultrahomogeneous structures are [A-homogeneous structures in
this formulation, and the homomorphism-homogeneous structures of Cameron
and Nesetril are our HH-homogeneous structures. The partial order of morphism-
extension classes of a general class of countable relational structures is presented

in Figure
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Figure 1: Morphism extension classes of countable structures, ordered by C.

We mention here that further refinements exist; for example, polymorphism-
homogeneous structures (a subclass of the class of HH-homogeneous structures)
were studied in [3]. In this paper we will only consider the 18 classes from [I].

The partial order of morphism-extension classes depends on the type of
structures that one considers (graphs, partial orders, directed gaphs, etc.). For
each type of relational structure we can ask what its partial order of morphism-
extension classes looks like. In this paper we extend results from Rusinov and
Schweitzer [4], who proved the equalities MH=HH for countable graphs and
MH=HH=MM for countable connected graphs. We will establish all other
equalities between morphism-extension classes of graphs and provide examples
for all proper inclusions. In the course of our proofs, some structural information
about the graphs in MB, HE, and ME will be derived.

This is part of an effort towards a classification of homomorphism-homogeneous
graphs, by which we mean, a collection of lists of structures in each morphis-
extension class, up to some suitable equivalence.

2. Classification results, conventions, and lingo

The purpose of this section is to familiarize the reader with some results from
the literature that will be useful later, and to introduce some special terms.



Most of our notation is standard, but for clarity we mention that the edge
relation will be denoted by ~, G denotes the complement of G, fx is the re-
striction of f to X, and all subgraphs in the text are induced. The degree of a
vertex v € G is the cardinality of {w € G : v ~ w}, and its codegree in G is its
degree in G. A homomorphism (or monomorphism, or isomorphism) f: A — B
where A is a finite subgraph of a countably infinite graph will be called a local
or finite homomorphism (or monomorphism, or isomorphism).

Given two graphs G and H with disjoint vertex sets, we can form the graph
composite or lexicographic product of G and H, denoted by G[H], as follows:
the vertex set is G x H and (g,h) ~ (¢',h') if g~ ¢ in G or g=¢" and h ~ b’
in H. In G[H], each set of the form {g} x H induces an isomorphic copy of H
and for any function f : G — H, the set {(g, f(g9)) : g € G} with its induced
subgraph structure in G[H] is isomorphic to G. We will use I,; to denote an
independent set (empty graph or subgraph) of size k.

We remind the reader of some famous graphs. The Rado graph R is the
Fraissé limit of the class of all finite graphs, and as such it is an ultrahomoge-
neous (IA) graph. It is also characterised among countably infinite graphs by
the following extension axioms: for all finite disjoint A, B C R, there exists a
vertex v € R such that v ~ a for all a € A, and v # b for all b € B. The
universal homogeneous K, -free graph H, is the Fraissé limit of the class of all
finite K,,-free graphs, and is characterised among countable graphs by similar
extension axioms, with the additional requirement that A be K, _i-free.

Classification results are particularly useful to separate the classes. In the

case of homomorphism-homogeneous graphs, two infinite classes have been clas-
sified.

Theorem 1 (Lachlan-Woodrow 1980 [5]). Let G be a countably infinite IA-
homogeneous graph. Then G or its complement is isomorphic to one of the
following:
1. K,
I,[K},] for somen € w,n > 2,
I,[K,] for somen € w+1,n > 2,
the Rado graph R, or
the universal homogeneous K, -free graph, for some n € w,n > 3.

Uk o

Theorem 2 (Aranda-Hartman 2020 [6]). Let G be a countably infinite MB-
homogeneous graph. Then G or its complement is bimorphism-equivalent to one
of the following:

1. K,

2. I,[K.],

3. The Rado graph R.

Bimorphism-equivalence is the relation that holds between two structures
M and N if there exist bijective homomorphisms M — N and N — M.

In this paper, we will use the symbol XY to denote the class of countable
XY-homogeneous graphs, up to isomorphism. This means, in particular, than



an equation like HM={ K, } should be interpreted as saying that every countable
HM-homogeneous graph is isomorphic to K.

Since we know all the graphs in MB and IA, the following result tells us that
there are no new graphs in IB.

Theorem 3 (Aranda 2019 [7]). For countable graphs, IB = MBUIA.
Some equalities between morphism-extension classes of graphs are known.

Theorem 4 (Rusinov-Schweitzer 2010). A countable graph G is MH-homo-
geneous iff it is HH-homogeneous. Moreover, the only countable MH=HH-homo-
geneous graphs that are not MM-homogeneous are of the form I,[K,] with finite
n > 2.

These two facts from Cameron-Nesetril and Rusinov-Schweitzer will be used
later.

Theorem 5.

1. If G is an infinite connected HH-homogeneous graph, then G does not con-
tain finite maximal cliques; in particular, every vertex has infinite degree.
2. If G is an infinite connected HH-homogeneous graph, H C G is finite and
c € G is a cone over H, then there are infinitely many cones over H in

G.
Finally, we paraphrase a result about disconnected HH-homogeneous graphs:

Theorem 6 (Cameron-Nesettil 2006). All disconnected IH-homogeneous graphs
are HH-homogeneous.

The following two properties will appear in several sections in this work. We
can trace the first one to the original Cameron-Nesettil paper, while the second
one comes from [§]. One may think of them as the positive (the edge relation
appears without negations) and negative parts of the extension axioms for the
Rado graph.

Definition 7. A graph G has property (A) if for every finite H C G there
exists v € G with v ~ h for all h € H. Such v will be called a cone over H.

Definition 8. A graph G has property () if for every finite H C G there
exists v € G\ H such that for all h € H the pair {v,h} is a nonedge in G.
Equivalently, G satisfies (") iff G satisfies (A\). A vertex v ¢ X such that for
all x € X we have v o4 x will be called a co-cone over X.

The relevance of these two properties is that (A) was observed to imply
HH-homogeneity in [2], and it can be used to find images for a given vertex
when one wishes to extend the domain of a local homomorphism. Similarly,
(.)) can be used to find preimages when one is trying to extend the image of a
homomorphism, and is associated with HE-homogeneity. Later in this paper,
we will use weakened versions of these two properties to establish ME=HE



for general countable graphs and ME = HE = M B for connected countable
graphs.

The following proposition is an amalgamation of results from [§] and [2]
linking the properties above to the Rado graph.

Proposition 9. Let G be a countable graph. Then

1. G satisfies (A) iff there exists a bijective homomorphism R — G, and
2. G satisfies (A) and (..) iff it is bimorphism equivalent to R.

The first examples of HH-homogeneous graphs that do not satisfy (A) were
found by Rusinov and Schweitzer ([4]). They can be described as the graphs
RS(n) (n > 2) with vertex set N and edge set

{k,t} i k>2nAt>nAk£tTU{kt}  k>2nAt<n—1Ak#t modn}.

We refer to these graphs as the Rusinov-Schweitzer examples.
Throughout the paper, we will make implicit use of the following observa-
tions.

Observation 10. A countable structure M is XY-homogeneous if and only if
for all finite surjective X-morphisms f: A — B there exists an endomorphism
of type Y such that Fy = f.

Observation 11. The universal homogeneous K, -free graph (n > 3) belongs
to all classes of the form IY, but not to any other morphism-extension class.

Proof. The first statement follows from the facth that H, is [A-homogeneous,
and TA is contained in all other IY-homogeneity classes.

To see that H,, is not XY-homogeneous if X+#I, it suffices to see that it is
not MY-homogeneous for any Y. By the extension axioms of #,,, each nonedge
of H,, is contained in a copy of K, , the graph on n vertices with (QL) edges.

Therefore, the monomorphism mapping a nonedge to an edge is not restriction
of any endomorphism of H,,. O

Theorem 12. The following inclusions are proper in the class of countably
infinite graphs.

1. IA =1I C IB,
2. MB c IB,
3. MB c MM.

Proof. The first two inequalities follow from Theorems [1| and

Any graph that is bimorphism-equivalent to R, but not isomorphic to it, is
IB-homogeneous but not II=IA-homogeneous.

The universal homogeneous K,-free graph (n > 3) is IB-homogeneous, but
not MB-homogeneous. See section 3.1 of [§] for a construction that yields un-
countably many pairwise non-isomorphic such graphs.

The Rusinov-Schweitzer examples are MM-homogeneous by Theorem [ but
not MB-homogeneous by Theorem [2] O



3. The bottom of the hierarchy

We start by proving that the disconnected elements of TH are disjoint unions
of cliques. The argument is the same as in [2], but with relaxed hypotheses.

A connected component of a graph is nontrivial if it contains at least two
vertices.

Lemma 13. Let G be a countably infinite disconnected IH-homogeneous graph.
Then there exist n,m € w + 1 with max{m,n} = w such that G = L, [K,].

Proof. The result is obvious if all the connected components of G are trivial, as
in that case the fact that G is countable yields immediately G = I, & [,[K1].

Suppose then that C' and D are distinct connected components of G and C
is nontrivial.

Our first claim is that every connected component is nontrivial. Since C' is
nontrivial, there exist ¢;,co € C with ¢; ~ c2. Now let v be any vertex in G,
and consider the local isomorphism ¢; — v. By IH-homogeneity, this map is
restriction of an endomorphism F of G, and it follows that F(c2) is a neighbour
of v.

Now we claim that each connected component of GG is a clique. Since G has
a nontrivial component, all components are nontrivial. Suppose for a contra-
diction that D is not a clique, so there exist di,ds,ds € D with dy ¢ dy and
ds ~ dy,ds. The local isomorphism d; — di,ds — ¢; is not restriction of any
endomorphism of G because ¢; and d; are in different connected components.

Finally, to establish that all connected components are of the same size, con-
sider the local isomorphisms fi: ¢; — di and fo: di — ¢1. An endomorphism
extending f1 restricts to an injection C' — D, and likewise an endomorphism
extending fy restricts to an injection D — C, and the result follows from the
Cantor-Bernstein theorem. O

Theorem 14. In the class of countably infinite graphs,

1. HM=HI=HB=HA={K,}.
2. MI=MA={K,, L,}.

Proof. Tt is easy to verify that K, is in each of these classes. HI=HA and
MI=MA are true for general countable structures (Lemma 1.1. in [I]).

The equalities in the first item are proved as follows: if every homomorphism
between finite substructures is restriction of an injective endomorphism of G,
then it must be the case that all local homomorphisms are injective. From this
it follows that G is complete, and therefore isomorphic to K.

To prove MA = {K,,, I, }, note that an MA-homogeneous graph cannot con-
tain both edges and nonedges, because the monomorphism mapping a nonedge
to an edge is never restriction of an automorphism. It follows that an MA-
homogeneous graph is complete or empty; the fact that the empty countable
graph is MA-homogeneous is easy to verify. O

Corollary 15. The following inclusions are proper in the class of countably
infinite graphs:



HI C MI,
MI  1II,
MI ¢ MB,
MM C MH,

- W N

Proof.

1. The infinite independent set is MI-homogeneous but not HI-homogeneous.

2. The universal homogeneous K,-free graph is II-homogeneous but not MI-
homogeneous (Observation [T1)).

3. I,[K,]is MB-homogeneous (Theorem 4.11 in [§]) but not MI-homogeneous.

4. I,[K,] is HH-homogeneous (Theorem[f]) but not MM-homogeneous (there
are no injective endomorphisms extending the monomorphism that maps
a nonedge to an edge).

O

4. Asterisk & Obelisk in Homogenia

In this subsection, we introduce two properties which we will use to es-
tablish ME=HE for general countable graphs and ME=HE=MB for countable
connected graphs.

For graphs, (%) and (}) are weaker than (A) and (..), respectively. They
are explicitly stated in terms of local homomorphisms (without reference to the
language of graphs), so we define them for general structures.

Definition 16. A structure G satisfies (x) if for every surjective finite monomor-
phism f: A — B and every ¢ ¢ A there exists d ¢ B such that f U {(c,d)} is a
homomorphism.

Remark 1. Since we require d ¢ B, Property (*) guarantees the possibility of
extending any local monomorphism as a monomorphism, and is equivalent to
MM-homogeneity for countable structures.

Definition 17. A structure G satisfies Property (1) if for all finite surjective
homomorphisms f : A — B and b ¢ B, there exists a ¢ A such that fU{(a,b)}
is a homomorphism.

While Property (x) is equivalent to MM-homogeneity under the hypothesis
of denumerability, Property (1) only implies that every local homomorphism is
restriction of a surjective partial endomorphism.

Proposition 18. If G is a countably infinite HH-homogeneous graph with prop-
erty (1), then G is HE-homogeneous.

Proof. Let f : H — H' be a surjective homomorphism between finite induced
substructures of G. Enumerate G in two different ways, G = {a; : i € w},
G={c; :i€w},sothat {a;: i <n}=H, {¢; :i <m}=H'. We will extend
f by a back-and-forth argument.



Even steps: Suppose that for is a homomorphism extending f (this is triv-
ially true for fo = f). Let e be the least index for which ¢, is not in im(fx). Since
G satisfies (1), there exists some as ¢ dom(far) such that fop+1 := frU{(as,ce)}
is a homomorphism.

Odd steps: Suppose that for11 is a homomorphism that extends f. Let ¢q be
the least index for which f41 is not defined on a,. Since G is HH-homogeneous,
there exists some ¢, such that fo,11) = fort1 U {(ag, cr)} is a homomorphism.

Now we claim that f = U{fx : k € N} is a surjective endomorphism of G.
By construction, its image is all of G, and moreover any restriction to a finite
domain is restriction of some f,,, which is a local homomorphism; from this it
follows that G preserves edges. O

We mention two special cases of Proposition [18| for ease of reference.

Corollary 19.

1. If G is a countably infinite ME-homogeneous graph with (1), then G is
HE-homogeneous.

2. If G is a countably infinite MB-homogeneous graph with (1), then G is
HE-homogeneous.

Proof. ME- and MB-homogeneous graphs are MH-homogeneous, and by Theo-
rem [4] HH-homogeneous. The result now follows from Proposition [I§] O

Proposition 20. If G is an HE-homogeneous graph with property (x), then G
is M B-homogeneous.

Proof. Let f: H — H' be a surjective monomorphism between finite induced
substructures of G. Enumerate G in two different ways, G = {a; : i € w},
G={c¢ :i€w}sothat {a; : i <n}=H,{¢:i<n}=H, and f maps
a; — ¢; for i < n. We will extend f by a back-and-forth argument in which the
even steps use HE-homogeneity to ensure surjectivity and the odd steps ensure
injectivity and that every element appears eventually in the domain of some
extension.

Even steps: Suppose that fo) is a monomorphism extending f (this is triv-
ially true for fo = f). Let e be the least index for which ¢, ¢ im(f). Since G is
HE, there exists some as such that fory1 := fr U{(as,c.)} is a homomorphism.
In particular, it is a function and as ¢ dom(fax), sO for+1 iS a monomorphism
covering ce.

Odd steps: Suppose that for11 is a monomorphism that extends f. Let ¢q be
the least index for which fay41 is not defined on a,. Since G has (x), there exists
some ¢, such that the extension fy(441) = for+1U{(aq,c;)} is a monomorphism
defined on a,.

We claim that f = U{fx : k£ € N} is a bimorphism of G. It is a bijection G —
G by construction, and any restriction to a finite domain is a monomorphism,
SO f is an endomorphism. O

The proof of the following proposition follows the same pattern as those of
Propositions [I§ and 20} and is left to the reader.



Proposition 21. If G is IH-homogeneous and satisfies (1), then G is IE-
homogeneous.

5. Conditions on Age(G) characterising HH, HE, ME

In this subsection, we give properties of Age(G) that characterise HH-, HE-
and ME-homogeneity for graphs in terms of cones and co-cones. It is often
easier to verify these conditions than to prove homogeneity directly.

Definition 22. Let G be a countable graph. Define:

1. Define K(G) as the subset of Age(G) consisting of all A for which there
exists an embedding e : A — G such that G contains a cone over e[A]

2. Define K(G) as the subset of Age(G) consisting of all A € Age(G) for
which there exists an embedding e : A — G such that no vertex in G\ e[A]
is a cone in G over e[A]

3. H(G) as the subset of Age(G) consisting of all A € Age(G) for which there
exists an embedding e : A — G such that G contains a co-cone over e[A],
and

4. H(G) as the subset of Age(G) consisting of all A € Age(G) for which there
exists an embedding e : A — G such that no vertex in G\ e[A] is a co-cone
over C.

Each of the pairs K(G), K(G) and H(G), H(G) covers Age(G), but they do
not form partitions in a general graph. For example, if G contains a non-trivial
connected component and an isolated vertex, then the graph consisting of a
single vertex appears in K(G) and K(G).

Observation 23. Let G be an IH-homogeneous graph, and suppose that C €
K(G). Then for all embeddings e: C' — G, there is a cone over e[C] in G.
Similarly, if C € K(G), then no copy of C in G has a cone in G.

Proof. Suppose for a contradiction that there exist embeddings eg,e1: C —
G such that there exists a cone ¢ over e;1[C], but not over eg[C]. Then no
isomorphism i: e1[C] — ¢o[C] is restriction of an endomorphism, because ¢
cannot be mapped to any vertex.

A similar argument proves the second statement. O

The proof of Observation 23] can be adapted to prove the following:

Observation 24. Let G be an IE-homogeneous graph, and suppose that C' €
H(G). Then for all embeddings e: C — G, there is a co-cone over e[C] in G.
Similarly, if C € H(G), then no copy of C in G has a co-cone in G.

O

The two observations above allow us to abuse notation and write X € IC(G)
(and similar expressions) for a subgraph X C G (as opposed to an element of
the age).



In a partial order (P, <), we call X C P downward closed if given any x € X
and y € P, y < x implies y € X. Similarly, Y C P is upward closed if for all
y €Y and all x € P, x > y implies x € Y. Naturally, we consider the empty
set to be upward and downward closed.

Write A < B if there exists a surjective homomorphism A — B. This
relation is a partial order on Age(G). Observe that in this order A < B implies
4] > |BI.

The following result is Proposition 5 from [6].

Proposition 25. Let G be a countable graph. Then G is HH-homogeneous iff
the following two conditions hold.

1. K(G)NK(G) =2 and
2. K(G) upward-closed in (Age(G), <) (equivalently, K(G) downward-closed
in (Age(G), =) )

We are now looking for analogues of Propositions for HE- and ME-
homogeneous graphs. We will need a couple of propositions first.

Proposition 26. If G is a connected HE-homogeneous graph embedding a
nonedge, then there are no finite mazimal independent sets or cliques in G.
In particular, each vertex has infinite degree and codegree.

Proof. HE-homogeneous graphs are HH-homogeneous by Theorem [4] and we
know that every vertex in a connected HH-homogeneous graphs has infinite
degree (Theorem [5)).

We will now prove that G contains no finite maximal independent sets by an
induction induction argument with two steps at each stage: first we prove that
each vertex has codegree at least n, then we prove that each vertex belongs to
an independent set of size at least n + 1.

First observe that every vertex belongs of a nonedge: indeed, if uv is a
nonedge, and w € @, then w — w is a monomorphism and since {u} has a
co-cone, w must also have one (otherwise, there would be no preimage for v
under any global extension of the finite mapping). Therefore, every vertex has
co-degree at least 1 (and in particular belongs to an independent set of size 2).
This is our basis for induction.

Now suppose that each vertex belongs to an independent set of size n. Let

v0y - .., Un—1 be an independent set and x ~ v,_;1. Define f : {vg,...,vp_1} —
{z,v1,...,0n-1} by v; = v;41 for i <n—1and v,_1 +— 2. This monomorphism
can be extended to an epimorphism, so vy has a preimage z ¢ {v1,...,v,}, and

in particular z o vg. It follows that vy has codegree at least n.

At this point, we may assume that each vertex belongs to an independent
set of size n and has codegree at least n. Let ug, ..., u,_1 be an independent set
and v # ug, where we assume v ¢ {ug,...,un—1}. Let g be the function fixing
{u1,...,up—1} pointwise and mapping uo — v. This is a monomorphism and
any preimage of ug under a global extension of g is a co-cone over ug, ..., U,_1,
so ug belongs to an independent set of size n + 1. O

10



Proposition 27. Let G be a connected HE-homogeneous graph. If C € K(G),
then there exists an infinite clique of cones over C. Similarly, if D € H(G) then
there exists an infinite independent set of co-cones over D.

Proof. The first statement follows from HH-homogeneity (Theorem [5). To prove
the second one, suppose that d is a co-cone over D. We know from Proposition
that d has infinite codegree, so there is some w % u not in D. The map f
fixing D pointwise and sending d — w is a monomorphism, and any vertex in
the preimage of d under an epimorphism extending f is a co-cone over D U {d}.
Repeating this argument we can show that there is no finite bound on the size
of independent set of co-cones over D. O

Remark 2. In the proofs of Propositions [26] and 27] the local homomorphisms
used were monomorphisms, and we only used surjectivity from the condition of
HE-homogeneity. It follows that if we substitute HE in the hypotheses by ME,
MA, or MB, then the conclusions are still valid.

Proposition 28. A countable graph is HE-homogeneous iff it is HH-homogeneous
and the following two conditions on sets of co-cones hold:

L HG)NH(G) = 2,
2. H(G) is downward-closed (equivalently, H(G) is upward-closed) in
(Age(G), ).

Proof. Let G be an HE-homogeneous graph (it is clearly HH-homogeneous as
well). Suppose for a contradiction that C € H(G) NH(G). Then there exist
embeddings eg,e1: C — G such that there exists a co-cone ¢ over e;[C], but
not over eo[C]. Then no isomorphism i: e1[C] — €g[C] is restriction of an
endomorphism, because no vertex can be an image of c¢. Therefore, [1] holds.

Now suppose that B € C' is an element of H(G), and let e: B — G be an
embedding such that G contains a co-cone over e[B]. Suppose that f: A — B is
a surjective local homomorphism; by HE-homogeneity, there exists a surjective
endomorphism F with F4 = f. By surjectivity of F', there exists ¢ ¢ A with
F(c) = b. Clearly, c is a co-cone over A, and the isomorphism type of A is in
H(G).

To prove the converse, suppose that G is a HH-homogeneous graph that
satisfies the two conditions from the statement. Let f: A — B be a surjective
local homomorphism.

Given a ¢ A, HH-homogeneity implies that we can find some b with f U
{(a,b)} is a homomorphism.

Given b ¢ B, we may assume that b is not a cone over B because in that
case any d ¢ A can be mapped to b as a homomorphism extending f. There
are two cases to consider:

1. If A € H(G), then for any co-cone ¢ of A, the function f U {(c,b)} is a
homomorphism.

11



2. If A € H(G), then, since b is not a cone, there is a nonempty X C B
such that b is a co-cone over X. Since H(G) is downward-closed, the

preimage of X under f has a co-cone d, which we can choose outside of A
by Proposition Now fU{(d,b)} is a homomorphism.

The equivalence in Condition [2| follows from the fact that H(G) and H(G) form
a partition of Age(G). O

The analogue of Proposition [25] for ME-homogeneous graphs requires a small
adjustment: instead of the partial order <, we will compare structures using the
partial order A C B that holds when there exists a surjective monomorphism
A — B.

Proposition 29. A countable graph is ME-homogeneous iff it is HH-homogeneous
and the following two conditions on sets of co-cones hold:

1. H(G)NH(G) = 2,
2. H(G) is downward-closed (equivalently, H(G) is upward-closed) in
(Age(G),E).

Proof. Suppose thath G is ME-homogeneous. In particular, it is MH-homogeneous,
and, by Theorem [4] HH-homogeneous. The first condition is satisfied by the
same argument as in Proposition[28 Condition [2]follows by the same arguments
as in Proposition but with monomorphisms.

Now suppose that G is HH-homogeneous and satisfies conditions [1| and
and let f : A — B be a surjective monomorphism. Observe that condition
needs to hold, for otherwise we could map a substructure without a co-cone to
one with a co-cone, and any global extension of such a mapping could not have
the co-cone in its image.

For any ¢ ¢ A, we can find a ¢’ so that f U {(¢,¢')} is a homomorphism by
HH-homogeneity, so we need only ensure that f can be extended surjectively.
Take a vertex d’ ¢ B; we need to find some d ¢ A such that fU {(d,d")} is a
homomorphism.

1. If d’ is a co-cone over B, then condition [2| ensures that we can find a
suitable d ¢ B.

2. Otherwise, d’ is not a co-cone and we can assume that it is also not a
cone over B, so it is a co-cone over a nonempty X C B. Restricting f to
the preimage of X yields a monomorphism, and applying Proposition [26]
again, we can find a preimage for d’.

This completes the proof. O

6. MB C HE
The following proposition is a consequence of the fact that the class of MB-

homogeneous graphs is closed under complements (proved in [§]). A proof ap-
pears in [6], where the result is called Corollary 25.

12



Proposition 30. If a countable graph G is MB-homogeneous and neither com-
plete nor empty, then it is connected or isomorphic to 1,[K,]. Moreover, every
vertex has infinite degree and co-degree.

Remark 3. By Corollary item [2], if G is MB- but not HE-homogeneous,
then there exist finite substructures A, B C G with a surjective homomorphism
f: A — B and a vertex ¢ ¢ B such that every function g extending f with
¢ € im(g) fails to be a homomorphism.

We will now give a name to the indicator function of the neighbourhood of
a vertex v in a finite set F'

Notation 1. In an ambient graph G, if F' is a finite subset of G and v ¢ F', we
will use 1, to denote the function

o r (@) = {1 ifv~zx

0 otherwise.

Lemma 31. If G is an MB- but not HE-homogeneous graph, then there exists
a finite nonempty H C G such that the set X of co-cones over H is finite and
nonempty. In particular, H U X does not have a co-cone in G.

Proof. Following Remark [3| suppose that for some f : A — B and ¢ ¢ B,
every function f’ extending f with ¢ € im(f’) fails to be a homomorphism. In
particular, for every e ¢ A, the function f U {(e,¢)} is not a homomorphism.
Consider the type function . p; we may assume that it is not constant 1, as
any vertex outside of A can be mapped to a cone over A without breaking the
conditions for homomorphism.

Any vertex not related to any element of Y = f _1[17&;}; [0]] can be mapped
to ¢, and said extension is a homomorphism. It follows that the formula

o(z,Y) = /\ et

ecY

does not have any solutions outside A.

Now we claim that ¢(z,Y) has a solution in A. Let Zy,...,Zr_1 be the
ker f-classes contained in Y, and let ¢ = {zg,...,2;_1} be a transversal of
ker fy. Then f; is a monomorphism, which by MB-homogeneity is restriction
of a bimorphism F': G — G. In particular, there exists d ¢ ¢ with F(d) = c.
We have already established that no such d exists in G \ A4; it follows that d is
an element of A. O

By Remark [2] Propositions [26] and [27] can be modified so that their conclu-
sions apply to MB-homogeneous graphs. We spell out one of the resulting facts
below.

Corollary 32. If G is an MB-homogeneous graph with a nonedge, and c is a
co-cone over a finite A C G, then there exists an infinite independent set of
co-cones over A.

13



Theorem 33. Countable MB-homogeneous graphs are HE-homogeneous.

Proof. This is clear for complete and empty graphs, and also for I,[K,]. Sup-
pose for a contradiction that G is connected, not complete, MB-homogeneous
and not HE-homogeneous. By Lemma [31] there is a finite subset H such that
the set of co-cones of H is finite. This contradicts Corollary [32] 0

7. ME=HE

Recall that the independence number of a graph G is a(G) = sup{n €
N : I, € Age(G)}. It was observed in [2] (Proposition 2.1 (c)) that for any
HH-homogeneous graph with —(A), the value of 0(G) = sup{n € N: Ky, €
Age(G)} is finite. The following theorem (Theorem 20 from [6]) links these two
values for connected HH-homogeneous graphs.

Theorem 34. If G is a countably infinite connected HH-homogeneous graph
with (1), then o(G) < 20(G) + [@] —1

In particular, connected HH-homogeneous graphs that embed arbitrarily
large independent set satisfy (A).

Theorem 35. The complement of an ME-homogeneous graph is MH-homo-
geneous.

Proof. Let G be an ME-homogeneous graph, and suppose that f: A — B is a
local surjective monomorphism in G. Then f~': B — A is a monomorphism
in G, which by ME-homogeneity is restriction of some surjective endomorphism
F: G — G. Now let F be a right inverse of F' containing f.

We claim that F is an endomorphism of G. It is clearly defined on all
of G; now suppose that v ~ w in G. This is equivalent ot v % w in G, and
therefore, for all v', w’ with F(v') = v, F(w’) = w we have v’ # w. In particular,
F(v) ~ F(w) in G. O

Corollary 36. If G is an ME-homogeneous graph with connected complement
and G embeds arbitrarily large cliques, then G satisfies (.-.).

Proof. By Theorems [35 and {4} G is an HH-homogeneous graph that embeds
arbitrarily large cliques. It follows from Theorem that G satisfies (A), or,
equivalently, G satisfies (.*.). O

Theorem 37. A countably infinite graph G is ME-homogeneous iff it is HE-
homogeneous.

Proof. HECME is clear.

Suppose first that G is an ME-homogeneous disconnected graph. Then it is of
the form I,,[K,,] or I,[K,] (Proposition[d0)). These graphs are HH-homogeneous
with (.-.) (which implies (1)), and therefore HE-homogeneous (Proposition [18)).
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If the complement of an ME-homogeneous graph G is disconnected, then
G is an MH-homogeneous graph, and by Theorems [4] and |5}, it is of the form
I,[K,] with maxm,n = w. We will eliminate some of the possibilities.

We claim that G is not of the forms I,[K,] or I,[K,] with finite n > 2
because in this case G would be a connected ME-homogeneous graph embedding
nonedges and with finite maximal independent sets, contradicting Proposition
21 via Remark 21

It follows from Lemma . and Theorem |§| that G is isomorphic to I,[K,],
so G is isomorphic to I,[K,]. Now I,[K,] is an HH-homogeneous graph, and
H(I,[K,]) is the set of finite independent sets, which is clearly downward-closed
in (Age(G), =), and therefore I, [K,,] is HE-homogeneous (Proposition .

Now, if G is connected, ME-homog eneous, and has connected complement,
then from MH-homogeneity it follows that G embeds arbitrarily large cliques.
By Corollary G satisfies (.°.), so it also satisfies (f). By Corollary G is
HE-homogeneous. O

8. ME = HE = MB U {I,[K,] : n > 2}

Lemma 38. If G is a connected HE-homogeneous graph, then it is MB-homo-
geneous.

Proof. Any HE-homogeneous graph is also HH-homogeneous, and therefore
MH-homogeneous (Theorem [4)). Since G is connected, Theorem [4] tells us that
G is MM-homogeneous, which is equivalent to satisfying () (Remark [I)). Now
Proposition [20] completes the argument, and G is MB-homogeneous. O

Theorem 39. In the class of countably infinite connected graphs, HE=MFE=MB.

Proof. We know HE=ME (Theorem [37) and MBCHE (Theorem [33)) for general
countable graphs. Lemma [3§] completes the argument. O

Proposition 40. The only disconnected ME-homogeneous graphs are I,[K,)
and I,[K,] forn € N.

Proof. Conditions[I]and [2] from Proposition [29]are easy to verify for each graph
in the statement. On the other hand, a graph of the form I,[K,] (finite n > 1)
cannot be ME-homogeneous, because the image of any endomorphism extending
the monomorphism that maps a nonedge to an edge has fewer than n connected
connected components. O

Theorem 41. In the class of countably infinite graphs,
ME = HE = MB U {I,[K,] : n > 2}.

Proof. Clearly MBCME. The rest follows from Theorem [37] Proposition Fl_ﬁl,
and Proposition
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9. Proper inclusions

In this section we present examples that separate the morphism-extension
classes.
So far, we know for countable connected graphs:

1. HM=HI=HB=HA=MI=MA (Theorem
2. TI=IA (Lemma 1.1 in [I])

3. ME=MB=HE (Theorem

4. MM=MH=HH (Theorem

And for general countable graphs:

. HM=HI=HB=HA (Theorem [14)
. MI=MA (Lemma 1.1 in [I])

. ITI=TA (Lemma 1.1 in [I])

. ME=HE (Theorem [37]

. MH=HH (Theorem [4)

U W N =

Moreover, we know that the only examples separating MM from HH=MH
and ME=HE from MB are disconnected graphs (Theorems [4] and . Now we
will give examples witnessing all other proper containments.

Example 1 (ME=HECMH=HH; MBCMM). The Rusinov-Schweitzer ex-
amples are HH-homogeneous and connected, therefore in MM and MH=HH
(Theorem [, but they are not in the Aranda-Hartman catalogue (Theorem [2)),
because they have finite independence number at least 2. This proves MBC
MM.

The same example proves MECHH. If n > 3, then there is exactly one
independent set of size n in RS(n), say Z. Consider the monomorphism mapping
Z to a clique of size n. This is not restriction of any epimorphism, because the
preimage of Z under any epimorphism of RS(n) is Z itself.

Example 2 (ME=HECIE; MH=HHCIM). The universal homogeneous
K, -free graph is in IE and IM, but not in ME or HH (see Observation .

Example 3 (IBCIE; IMCIH). Let Hs = (V, E) denote the universal homo-
geneous triangle-free graph. Fix a nonedge u,v and a vertex w € N(u) N N(v).
Define H} as H; = (V, E'), where E’ is the subset of E obtained as follows:

1. Partitioning (N (u) N N(v)) \ {w} into two infinite subsets C,, and C\,.
2. F=FE\({zv:zeCy}U{zu:xz e C})

Tt is clear that HY satisfies (), and therefore (f). Next, we prove that H} is
IH-homogeneous, which, by Proposition 21} suffices to prove IE-homogeneity.

Suppose that f: A — B is an isomorphism between finite substructures of
H. Let c ¢ A.

1. If {u,v,w} ¢ B, then write X = {u,v,w}\ B. We can find ¢ with
¢ ~ f(s) < ¢ ~ s with the additional requirement ¢’ % z for all x € X.
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2. If {u,v,w} C B, then map ¢ » wif ¢~ f~1(v) Ac~ f~1(w). In all other
cases we can find ¢’ as above.

Finally, we prove that H is not IM-homogeneous (and therefore not IB-homo-
geneous). To do this, consider the isomorphism f: ¢ — u,d — v, where ¢,d is a
nonedge and {c¢,d} # {u,v}. This isomorphism cannot be extended to an injec-
tive endomorphism because ¢ and d have infinitely many common neighbours,
but «w and v have only one.

Example 4 (IECIH). Let R = (V, E) be the Rado graph, w ¢ V, and R’ =
(VUu{w}, EU{wz:z € V}).

Now R’ is not IE-homogeneous because for any vertex v # w there exists v’
such that v,v’ is a nonedge. It follows that mapping w to any v € V cannot
be extended to a surjective mapping. R’ satisfies property (A), and so it is
MH-homogeneous and therefore IH-homogeneous.

The information we have gathered suffices to draw the posets of morphism-
extension classes of graphs and connected graphs.

I I
L IM L IV
MH=HH
I8 MM=MH=HH L ME=HE ‘
[I=IA ME=MB=HE II=IA MB e
MI=MA
HM=HI=HB=HA=MI=MA HM=HI=HB=HA

Figure 2: Morphism-extension classes of countable graphs (right), and countable
connected graphs (left), ordered by C.
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