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In this paper, a robust adaptive fractional fast terminal sliding mode controller is introduced into the microgyroscope for accurate
trajectory tracking control. A new fast terminal switchingmanifold is defined to ensure fast finite convergence of the system states,
where a fractional-order differentiation term emerges into terminal sliding surface, which additionally generates an extra degree of
freedom and leads to better performance. Adaptive algorithm is applied to estimate the damping and stiffness coefficients, angular
velocity, and the upper bound of the lumped nonlinearities. Numerical simulations are presented to exhibit the validity of the
proposed method, and the comparison with the other two methods illustrates its superiority.

1. Introduction

As an important measuring component, microgyroscope is
widely used in military and civil fields with low cost and high
reliability. In recent years, many researchers have endeav-
ored to study advanced control technologies applied to
microgyroscopes like adaptive control, sliding mode control,
and intelligent control. Adaptivemechanism is an efficacious
control scheme for various nonlinear systems due to its
abilities to dynamically estimate system parameters. Ma and
Ghasemi-Nejhad [1] introduced an adaptive fuzzy logic
control strategy into the flexible active composite manip-
ulator for vibration suppression. Sanner and Slotine [2] and
Li et al. [3] designed adaptive fuzzy and neural methods for
nonlinear dynamic systems. In [4, 5], a robust adaptive
control law incorporating the projection algorithm is uti-
lized to counteract time-varying unknown bounded envi-
ronmental disturbances of ship system. In [6], an adaptive
control scheme was proposed to achieve the goal of tra-
jectory tracking for robot manipulators with uncertain
dynamics and kinematics. In [7], an adaptive scheme was
combined with H-infinite control technique to obtain high
tracking performance of robotic manipulators. Fuzzy con-
trol and neural network control methods were developed for

uncertain nonlinear dynamic systems in [8–13]. Adaptive
control strategies to compensate for fabrication imperfects
were proposed for a microgyroscope in [14–16].

Sliding mode control (SMC) is a useful and efficient
control method for nonlinear systems due to its robustness
and simplicity properties. Sliding mode control and ob-
servation were investigated for complex industrial systems in
[17]. An adaptive algorithm was incorporated into sliding
controller using neural controller to improve the perfor-
mance of a microgyroscope in [18]. An SMC was proposed
for an uncertain discrete singular system with time-varying
delays and external disturbances in [19]. Lu et al. [20]
proposed an improved second-order sliding control strategy
for nonlinear underactuated systems. Sliding mode con-
troller and fuzzy and neural network controller for active
power filters were investigated in [21–26]. A continuous
SMCwith adaptive algorithm to estimate the upper bound of
the uncertainties was proposed in [27], which could alleviate
the chattering without reducing accuracy. Apart from
chattering, another deficiency of conventional SMC is that
the linear sliding surface can only ensure the asymptotic
stability but not in finite-time convergence. To overcome
this problem, a fast terminal sliding mode control (TSMC)
with nonlinear switching hyperplanes was proposed in [28]

Hindawi
Complexity
Volume 2020, Article ID 8542961, 18 pages
https://doi.org/10.1155/2020/8542961

mailto:jtfei@yahoo.com
https://orcid.org/0000-0001-7954-2125
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/8542961


to ensure fast finite time of convergence compared to
conventional SMC. In [29], a TSMC method was investi-
gated for permanent magnet synchronous motor servo
speed regulation system, which guaranteed that the system
states converge to the equilibrium point in a finite time. In
[30], an adaptive TSMC was synthesized into the robotic
manipulators with time-delay control to improve the re-
sponse characteristics of the system and attenuate the un-
certainties. In [31–33], an adaptive fast TSMC and adaptive
second-order fast NTSM are, respectively, synthesized into
the autonomous underwater vehicles control system, which
can reach local exponential convergence with zero position
tracking error. In [34, 35], a time-delay estimation (TDE)
technique combined with nonsingular fast TSMC is syn-
thesized into cable-driven manipulators to realize accurate
tracking control. A fast TSMC was applied to a Van der Pol
oscillator with an integral filter, which ensured a finite-time
convergence to zero dynamics in [36].

SMC can also be combined with fractional calculus for
better control performance [37–39]. An adaptive SMC scheme
was proposed for a fractional-order nonlinear system in the
presence of uncertainties in [40]. In [41], a fractional-order
TSMC is incorporated with adaptive scheme to deal with
uncertain dynamics of exoskeleton under unknown external
disturbances. In [42], an adaptive fractional-order TSMC
was proposed for robot manipulators with uncertainties and
external disturbances, which achieved better tracking perfor-
mance and finite-time convergence. Nojavanzadeh and
Badamchizadeh [43] proposed an adaptive fractional TSMC
method with a fractional-order integral sliding surface of linear
motor. A new compound fractional-order terminal sliding
mode control for a microgyroscope was proposed in [44]. In
[45], a novel discrete time fractional-order sliding control
strategy was derived for a linear motor system, which guar-
anteed the desired tracking performance. In [46], the fractional
order (FO) with nonsingular fast TSMC is adopted for the
tracking of the lower-limb rehabilitation exoskeleton. In
[47, 48], a fractional-order nonsingular TSMC combined with
adaptive time-delay control is introduced into adaptive time-
delay control to guarantee accurate trajectory tracking of cable-
driven robots.

In this paper, motivated by the discussion above, an
adaptive fractional fast terminal sliding mode control
strategy is proposed for a microgyroscope. *e main con-
tributions are emphasized in the following expressions:

(1) A new form of fast terminal sliding surface is defined,
which not only guarantees the fast finite-time con-
vergence of system states to equilibrium point but
also relaxes the restriction on parameter selection. It
solved the problem that the linear sliding surface
could only guarantee that the convergence is
asymptotical but not in finite time.

(2) Furthermore, the superior characteristic of the
proposed method is that a fractional-order term is
incorporated into sliding phase, which offers an extra
degree of freedom fractional order and flexible
control laws for designers to achieve better perfor-
mance compared to integer one.

(3) Based on fractional-order fast TSMC scheme, an
adaptive method is incorporated to dynamically
estimate both the system parameters and the upper
bound of the lumped nonlinearities. In addition,
continuous control inputs are designed to deal with
undesirable chattering phenomenon.

(4) Compared to fractional-order SMC and integer-
order fast TSMC, it can be seen that fractional
technique can improve the accuracy of the closed-
loop feedback system and fast terminal sliding mode
control can provide shorter convergence time.

2. Dynamics of Microgyroscope

A z-axis microgyroscope system is described in Figure 1.
Referring to [17], in order to derive the model of the
microgyroscope, some assumptions have been made: (1) the
gyroscope moves with a constant linear speed and rotates at
a constant angular velocity; (2) the microgyroscope un-
dergoes rotations only in x-axis and y-axis; and (3) the
centrifugal forces are negligible. *en, the dynamics of the
microgyroscope are described as follows:

m €x + dx _x + kx − m Ω2y +Ω2z􏼐 􏼑􏽨 􏽩x + mΩxmΩyy � ux + 2mΩz _y,

m €x + dy _y + ky − m Ω2x +Ω2z􏼐 􏼑􏽨 􏽩y + mΩxmΩyx � uy − 2mΩz _x,

(1)

where m is the mass of proof mass, dx,y, kx,y are the damping
and spring coefficients, Ωx,y,z are the angular velocity and
ux,y are the control inputs, and 2mΩz _x and 2mΩz _y are the
terms used to measure the angular rate Ωz, which are due to
the Coriolis forces.

As shown in (1), in an ideal gyroscope, only the com-
ponent of the angular rate along the z-axis Ωz causes a
dynamic coupling between the x-axis and y-axis under the
assumption that Ωx,y ≈ ΩxΩy ≈ 0. In practice, however,
small fabrication imperfections always occur, which cause
dynamic coupling between the x-axis and y-axis through the
asymmetric spring and damping terms. By taking into ac-
count the fabrication imperfections, the dynamic equations
(1) are modified as follows [49].

m €x + dxx _x + dxy _y + kxxx + kxyy � ux + 2mΩz _y,

m €y + dxy _x + dyy _y + kxyx + kyyy � uy − 2mΩz _x,
(2)

wherekxx, kyy and dxx, dyy denote the spring coefficients terms
and damping terms, respectively. *e fabrication imperfections
mainly contribute to the asymmetric spring and damping terms
kxy and dxy. *erefore, these terms are unknown but can be
assumed to be small. *e x-axis and y-axis spring and damping
terms are mostly known but have unknown variations from
their nominal values. *e proof mass can be determined very
accurately.*e components of angular rate along the x-axis and
y-axis are absorbed as part of the spring terms as unknown
variations. Note that the spring coefficients kxx and kyy also
include the electrostatic spring softness.

Based on a reference mass m, length q0, and natural
resonance frequency ω0, the nondimensionalization of
equation (2) can be derived as
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(4)

By equivalent transformation and ignoring the super-
script (∗)to clarify notation, the nondimensional repre-
sentation of the microgyroscope can be depicted in the
following expression:

€q + D _q + Kq � u − 2Ω _q, (5)

where

q �
x

y
􏼢 􏼣,

D �
dxx dxy

dxy dyy

⎡⎣ ⎤⎦,

K �
ω2

x ωxy

ωxy ω2
y

⎡⎢⎢⎣ ⎤⎥⎥⎦,

u �
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Ωz 0
􏼢 􏼣.

(6)

3. Fractional Fast Terminal Sliding
Mode Control

3.1. Preliminary Introduction of Fractional Order. As the
generalization concept of the conventional differentiation
and integration, Caputo (C), Grunwald-Letnikov (GL), and
Riemann-Liouville (RL) are the three main commonly used
definitions in engineering, science, and economics fields
[50], especially the Caputo definition, since its initial con-
ditions are of the same form as those for integer-order
differential equations. Besides, considering its wide appli-
cation and well-understood physical sense, the following
Caputo fractional derivative of order α of a continuous
function f(x) is given by [51]:

aD
α
t f(t) �

1
Γ(n − α)

􏽚
t

a

f(n)(τ)

(t − τ)α− n+1 dτ, n − 1< α< n,

dn

dtn
f(t), α � n,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(7)

where Γ(·) is Gamma function that satisfies

Γ(c) � 􏽚
∞

0
e

− t
t
c− 1dt. (8)

For simplifying the notation, the fractional derivative
order α with the lower bound at 0 is expressed as Dα instead
of 0D

α
t .

It is noted that if α � 0, the operation D0f(x)satisfies
D0f(x) � f(x).

3.2. Fractional Fast Terminal Sliding Mode Control. *e
dynamics of MEMS gyroscope with parameter variations
and external disturbances can be described as

€q +(D + 2Ω + ΔD) _q +(K + ΔK)q � u + d, (9)

where ΔD and ΔK are the unknown variations from their
nominal values of x-axis and y-axis spring and damping
terms. d denotes an external disturbance.

Define the system lumped uncertainty as

kxxdxx

dyy

kyy

Ωz

Supporting frame

Actuators

x
Driving axis

ux

y
Sensing axis

uy

Actuators

m

Figure 1: Schematic structure of a z-axis microgyroscope.
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f � d − ΔD _q − ΔKq. (10)

We assume that the unknown parameter terms and
external disturbance ΔD, ΔK, and d are bounded such that

|d|≤ b0,

|K|≤ b1,

|D|≤ b2,

(11)

where b0, b1, b2 are the unknown positive constants.
According to the above assumption, the following in-

equality holds:

‖f‖≤ b0 + b1‖q‖ + b2‖ _q‖. (12)

Accordingly, one can rewrite the dynamics of system (9)
as

€q +(D + 2Ω) _q + Kq � u + f. (13)

*e uncertain system (13) is expected to follow a ref-
erence trajectory in finite time. Assume that q and qr are
actual and desired positions, respectively; then the tracking
error and its time derivative can be defined as

e � q − qr,

_e � _q − _qr.
(14)

A traditional integer-order fast terminal sliding mode
(TSM) surface is expressed as in [38]:

s � _e + αe + βe
q/p

, (15)

where α � diag(α1, α2), β � diag(β1, β2)are constant ma-
trices and p, q are odd positive integers and satisfy p> q> 0.
However, the fractional power q/p may cause the term
eq/p ∉ R when e< 0, which means _e ∉ R contradicting with
the system we have considered. So, a modified fractional fast
terminal sliding surface is proposed as

s � _e + λ1D
α− 1

e + λ2|e|
csign(e), (16)

where λ1, λ2 are positive diagonal matrices, α is FO within
0< α< 1, and c is a positive constant with range within
0< c< 1.

Remark 1. *e singularity problem in (16) can be avoided by
nonsingular terminal sliding surface.

*en, its time derivative is

_s � €e + λ1D
α
e + λ2cdiag |e|

c− 1
􏼐 􏼑 _e

� u + f − (D + 2Ω) _q − Kq − €qr + λ1D
α
e + λ2cdiag |e|

c− 1
􏼐 􏼑 _e.

(17)

*e control torque law based on fractional fast TSM is
designed as follows:

ueq � (D + 2Ω) _q + Kq + €qr − λ1D
α
e − λ2cdiag |e|

c− 1
􏼐 􏼑 _e.

(18)

*e control law (18) requires that f should be known,
which is impossible in practice. Considering that the bound

of uncertainties is ‖f‖≤ b0 + b1‖q‖ + b2‖ _q‖, we introduce the
discontinuous term Δu to compensate for the lumped un-
certainty as

Δu � −
s

‖s‖
b0 + b1‖q‖ + b2‖ _q‖( 􏼁. (19)

*en the fractional fast terminal sliding controller ap-
plied to the microgyroscope can be rewritten as

u′ � ueq + Δu

� (D + 2Ω) _q + Kq + €qr − λ1D
α
e − λ2cdiag |e|

c− 1
􏼐 􏼑 _e

−
s

‖s‖
b0 + b1‖q‖ + b2‖ _q‖( 􏼁.

(20)

Select a Lyapunov function V1 as

V1 �
1
2
s

T
s. (21)

Differentiating (21) and then substituting equations (10),
(17), and (20) into it, we get

_V1 � s
T

f −
s

‖s‖
b0 + b1‖q‖ + b2‖ _q‖( 􏼁􏼠 􏼡

≤ ‖s‖ ‖f‖ − b0 + b1‖q‖ + b2‖ _q‖( 􏼁( 􏼁

≤ − min b0 + b1‖q‖ + b2‖ _q‖( 􏼁 − ‖f‖( 􏼁‖s‖

≤ − ε‖s‖

≤ − εV1/2
1 ,

(22)

where ε � min((b0 + b1‖q‖ + b2‖ _q‖) − ‖f‖)> 0.
*en, (22) can be rewritten as

dV1���
V1

􏽰 ≤ −
�
2

√
εdt. (23)

Denoting tr as the total time from the initial state to
_s � 0, taking the integral of (23) with respect to time, we
obtain

􏽚
V1 tr( )

V1(0)

dV1���
V1

􏽰 ≤ −
�
2

√
􏽚

tr

0
ε dt. (24)

*en, from (24), the fractional fast TSMC manifold will
be attained in a finite time tr, which satisfies

tr ≤

���������������
2 V1(0) − V1 tr( 􏼁( 􏼁

􏽱

ε
. (25)

Remark 2. To prove that it can converge in finite time, a
stopping time is defined as follows:

ts � inf t≥ tr: e(t) � 0􏼈 􏼉, (26)

where tr denotes the reaching time. *en it will be proved
that there exists td ∈ [tr,∞), so that ts < td.
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Considering the fractional integral and derivative op-
erators, using equation (16) yields

D
− 2

D
2
e(t)􏼐 􏼑

� − λ1D
α− 2

e(t) − D
− 1 λ2|e(t)|

csign(e(t))(

− λ2 e tr( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
csign e tr( 􏼁( 􏼁􏼑.

(27)

Referring to [50], one can obtain that

e(t) − trDte(t)􏼂 􏼃t�tr

t − tr

2
− [e(t)]t�tr

� λ1D
α− 2

e(t)

+ D
− 1 λ2|e(t)|

csign(e(t)) − λ2 e tr( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
csign e tr( 􏼁( 􏼁􏼐 􏼑.

(28)

Define C � λ2|e(tr)|
csign(e(tr)).

According to [51], we can get

λ1D
α− 2

e(t) + D
− 1 λ2|e(t)|

csign(e(t)) − C( 􏼁

≤K1 λ1e(t)
����

���� + K2 λ2|e(t)|
csign(e(t)) − C

����
����.

(29)

*en

e(t) − trDte(t)􏼂 􏼃t�tr

t − tr

2

������

������ − [e(t)]t�tr

�����

�����

≤K1 λ1e(t)
����

���� + K2 λ2|e(t)|
csign(e(t)) − C

����
����.

(30)

Note that e(td) � 0 and _e(td) � 0at t � td, which yield

trDte(t)

2
􏼢 􏼣

t�tr

���������

���������
td − tr( 􏼁≤ [e(t)]t�tr

�����

����� + K2‖C‖. (31)

*en, we have

td ≤
2 e tr( 􏼁

����
���� + K2‖C‖􏼐 􏼑

_e tr( 􏼁
+ tr. (32)

*us, the proposed controller guarantees the finite-time
stability.

Remark 3. *e discontinuous control Δu will bring the
chattering phenomenon, which is undesirable in the control
procedure, so Δu is replaced by the following expression in
the actual controller design:

Δu1 �

−
s

‖s‖
b0 + b1‖q‖ + b2‖ _q‖( 􏼁, ‖s‖≥ δ,

−
s

δ2
‖s‖ b0 + b1‖q‖ + b2‖ _q‖( 􏼁( 􏼁, ‖s‖< δ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(33)

where δ > 0 is the size of dead zone.
*en the controller applied to the microgyroscope is

designed as

u′ � ueq + Δu1. (34)

It should be noted that the continuous fast TSM control
attenuates chattering effect at the expense of robustness
properties, and the upper bound of the lumped uncertainties
should be known.

4. Robust Adaptive Fractional Fast Terminal
Sliding Mode Control

Prior knowledge of the upper bound of the lumped un-
certainties is necessary when applying the TSM control to
the microgyroscope. However, it is difficult to determine this
bound beforehand for the unpredictability and complexity
of the structure. *e larger δ selected to eliminate the
chattering problem may generate the loss in robustness.
Besides, in previous step, the control law (34) is developed in
the case of available parameter variations D, K,Ω which are
unknown in practice systems. So, a robust adaptive frac-
tional-order TSM control strategy is designed for the
microgyroscope described by equation (13) to solve the
problems above, and the block diagram of the designed
controller is depicted in Figure 2.

Adaptive control is integrated to estimate the upper
bound of the lumped uncertainties b0, b1, b2 with 􏽢b0,

􏽢b1,
􏽢b2

and to estimate the system parameters D, K,Ω with
􏽢D, 􏽢K, 􏽢Ω, respectively. *en the control law (34) can be
modified as

u�( 􏽢D+2 􏽢Ω) _q+ 􏽢Kq+€qr− λ1D
α
e− λ2cdiag |e|

c− 1
􏼐 􏼑 _e+Δu2, (35)

where Δu2 is described as

Δu2 � −
s

‖s‖
􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑. (36)

Define the parameter estimation error as

􏽥D � 􏽢D − D,

􏽥K � 􏽢K − K,

􏽥Ω � 􏽢Ω − Ω,

􏽥bi � bi − 􏽢bi, (i � 0, 1, 2).

(37)

Substituting the control law (35) into equation (17)
results in

_s � ( 􏽥D + 2 􏽥Ω) _q + 􏽥Kq + f −
s

‖s‖
􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑. (38)

Define a Lyapunov function candidate as

V �
1
2
s

T
s +

1
2

tr 􏽥DM
− 1 􏽥D

T
􏼚 􏼛 +

1
2

tr 􏽥KN
− 1 􏽥K

T
􏼚 􏼛

+
1
2

tr 􏽥ΩP
− 1 􏽥ΩT

􏼚 􏼛 +
1
2

􏽘

2

i�0
x

− 1
i

􏽥b
2
i ,

(39)

where M � MT > 0, N � NT > 0, and P � PT > 0 ; they are all
positive definite matrices and tr ·{ } denotes the matrix trace
operator.

Taking derivative of equation (39) with respect to time
and then using (38) yield
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_V � s
T

_s + tr 􏽥DM
− 1 _􏽥D

T

􏼚 􏼛 + tr 􏽥KN
− 1 _􏽥K

T

􏼚 􏼛 + tr 􏽥ΩP
− 1 _􏽥Ω

T

􏼚 􏼛 + 􏽘
2

i�0
x

− 1
i

􏽥bi
_􏽥bi

� s
T

( 􏽥D + 2 􏽥Ω) _q + Kq + f −
s

‖s‖
􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑􏼠 􏼡

+ tr 􏽥DM
− 1 _􏽥D

T

􏼚 􏼛 + tr 􏽥KN
− 1 _􏽥K

T

􏼚 􏼛 + tr 􏽥ΩP
− 1 _􏽥Ω

T

􏼚 􏼛 + 􏽘
2

i�0
x

− 1
i

􏽥bi
_􏽥bi

� s
T 􏽥D _q + tr 􏽥DM

− 1 _􏽥D
T

􏼚 􏼛 + s
T 􏽥Kq + tr 􏽥KN

− 1 _􏽥K
T

􏼚 􏼛 + 2s
T 􏽥Ω _q

+ tr 􏽥ΩP
− 1 _􏽥Ω

T

􏼚 􏼛 − 􏽘
2

i�0
x

− 1
i

􏽥bi
_􏽢bi + s

T
f − ‖s‖ 􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑.

(40)

Since D � DT, K � KT,Ω � − ΩT and sT 􏽥D _q � _qT 􏽥Ds are
scalar, we have

s
T 􏽥D _q �

1
2

s
T 􏽥D _q + _q

T 􏽥Ds􏼐 􏼑 � tr
1
2

􏽥D _qs
T

+ 􏽥Ds _q
T

􏼐 􏼑􏼚 􏼛. (41)

Simultaneously, one can obtain

s
T 􏽥Kq �

1
2

s
T 􏽥Kq + q

T 􏽥Ks􏼐 􏼑 � tr
1
2

􏽥Kqs
T

+ 􏽥Ksq
T

􏼐 􏼑􏼚 􏼛,

2s
T 􏽥Ω _q � s

T 􏽥Ω _q + _q
T 􏽥Ωs􏼐 􏼑 � tr 􏽥Ω _qs

T
+ 􏽥Ωs _q

T
􏼐 􏼑􏽮 􏽯.

(42)

Substituting (41) and (42) into equation (40) yields

_V � tr 􏽥D M
− 1 _􏽥D

T

+
1
2

_qs
T

+ s _q
T

􏼐 􏼑􏼒 􏼓􏼚 􏼛

+ tr 􏽥K N
− 1 _􏽥K

T

+
1
2

qs
T

+ sq
T

􏼐 􏼑􏼒 􏼓􏼚 􏼛 + tr 􏽥Ω P
− 1 _􏽥Ω

T

+ _qs
T

+ s _q
T

􏼒 􏼓􏼚 􏼛

− 􏽘
2

i�0
x

− 1
i

􏽥bi
_􏽢bi + s

T
f − ‖s‖ 􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑.

(43)

In order to guarantee that _V≤ 0, the online adaptation
laws for the parameters are designed as

_􏽥D
T

� _􏽢D
T

� −
1
2

M _qs
T

+ s _q
T

􏼐 􏼑,

_􏽥K
T

� _􏽢K
T

� −
1
2

N qs
T

+ sq
T

􏼐 􏼑,

_􏽥Ω
T

�
_􏽢Ω

T

� − P _qs
T

+ s _q
T

􏼐 􏼑,

_􏽢b0 � x0‖s‖,

_􏽢b1 � x1‖s‖‖q‖,

_􏽢b2 � x2‖s‖‖ _q‖.

(44)

Substituting the adaptation laws (44) into (43) yields
_V � s

T
f − ‖s‖ 􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑

− 􏽥b0‖s‖ + 􏽥b1‖s‖‖q‖ + 􏽥b2‖s‖‖ _q‖􏼐 􏼑

� s
T
f − ‖s‖ b0 + b1‖q‖ + b2‖ _q‖( 􏼁

≤ ‖s‖‖f‖ − ‖s‖ b0 + b1‖q‖ + b2‖ _q‖( 􏼁

� ‖s‖ ‖f‖ − b0 + b1‖q‖ + b2‖ _q‖( 􏼁( 􏼁

≤ 0,

(45)

where _V is the negative semidefinite, which implies that the
Lyapunov function decreases gradually and the fractional
fast TSM surface converges to zero in finite time. Namely,
V, s, 􏽥D, 􏽥K, 􏽥Ω, 􏽥bi are all bounded.

Remark 4. Assume that the upper bound of the lumped
uncertainties b0 + b1‖q‖ + b2‖ _q‖ � ‖f‖ + ε; then _V1 ≤ − ε‖s‖.
Integrating _V with respect to time, we have
􏽒

t

0 ‖s‖dt≤ 1/ε[V(0) − V(t)]. Since V(0) is bounded and
V(t) is both bounded and nonincreasing, it is concluded that
􏽒

t

0 ‖s‖dt is bounded. According to Barbalat’s lemma,
limt⟶∞s(t) � 0 and limt⟶∞e(t) � 0can be achieved,
which means the tracking error and fractional fast TSM
surface will converge to zero in finite time.

Remark 5. In the adaptive control system design, the per-
sistent excitation (PE) condition is an important factor to
estimate parameters correctly. *e reference trajectory that
the gyroscope must follow is generated such that the

Reference 
model

Fractional fast 
TSM controller

Microgy-
roscope

Adaptation
laws

Estimation of 
parameters

qr e u q

–

d (t)
Fractional fast 
TSM surface

s

+
D, K, Ω, b

D
·
, K

·
, Ω

· 
, b

·

Figure 2: *e block diagram of the robust adaptive fractional fast TSM controller.
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resonance frequency of the x-axis is different from that of
the y-axis, which satisfies the PE condition. If reference
signals are persistently excited, then adaptive laws (44)
guarantee that 􏽥D⟶ 0, 􏽥K⟶ 0, 􏽥Ω⟶ 0, which means
D, K,Ωwill converge to their true values.*en the unknown
angular velocity as well as all other unknown parameters can
also reach their actual values.

Remark 6. Similarly, in actual controller design, Δu2 is
designed as

Δu2 �

−
s

‖s‖
􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑, ‖s‖≥ δ,

−
s

δ2
‖s‖ 􏽢b0 + 􏽢b1‖q‖ + 􏽢b2‖ _q‖􏼐 􏼑􏼐 􏼑, ‖s‖< δ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(46)

where δ is a positive constant. A small boundary layer
around the sliding surface will be created by this modifi-
cation and then the chattering can be eliminated.

5. Simulation Study

In this section, the efficiency of the proposed robust adaptive
fractional fast TSM control method is evaluated on a z-axis
microgyroscope using Matlab/Simulink. Parameters of the
microgyroscope are selected as follows:

m � 1.8 × 10− 7 kg,

dxx � 1.8 × 10− 6 Ns/m,

dyy � 1.8 × 10− 6 Ns/m,

dxy � 3.6 × 10− 7 Ns/m,

kxx � 63.955N/m,

kyy � 95.92N/m,

kxy � 12.779N/m.

(47)

Suppose that the reference length q0 is 1 μm, ω0 is 1 kHZ,
and Ωz is 100 rad/s; then, the nondimensional gyroscope
parameter matrices can be derived as follows:

D �
0.01 0.002

0.002 0.01
􏼢 􏼣,

K �
355.3 70.99

70.99 532.9
􏼢 􏼣,

Ω �
0 − 0.1

0.1 0
􏼢 􏼣.

(48)

*e objective of this controller is to track the desired
motion trajectories qr1 � sin(πt), qr2 � cos(0.5πt) with the
initial states of the system:

q1(0) � 0.5,

_q1(0) � 0,

q2(0) � 0.5,

_q2(0) � 0.

(49)

*e initial conditions of D, K,Ω matrices are

D0 � 0.95∗D,

K0 � 0.95∗K,

Ω0 � 0.95∗Ω.

(50)

Select the fractional fast TSM surface parameters as

λ1 � 10,

λ2 � 0.5,

c � 0.5.

(51)

*e initial conditions of the upper bound of the lumped
uncertainties are

b00 � 0.1,

b10 � 0.2,

b20 � 0.3.

(52)

*e adaptive gains are

M � N � P � diag(150, 150),

x0 � 1,

x1 � 1.6,

x2 � 1.6.

(53)

*e boundary layer δ is designed as 0.06 so as to alleviate
the chattering phenomenon. When the fractional-order α is
set as 0.9 and the lumped uncertainties are applied as
random signal f � [randn(1, 1); randn(1, 1)], the corre-
sponding simulation is conducted to demonstrate the per-
formance of the proposed adaptive fractional fast TSMC and
compare it with existing conventional fast TSMC and
fractional SMC [52]. Simulation results are plotted as
Figures 3–16.

*e plots of position tracking trajectory are shown in
Figure 3. It is intuitive to see that the states of the system
track the desired trajectories completely within a short time.
Figures 4–6 show the tracking errors under the robust
adaptive fractional fast TSM control scheme, the adaptive
fractional sliding mode control, and the conventional fast
TSM control scheme, respectively. It is observed that frac-
tional fast TSMC makes tracking error converge to zero in
less than 5 seconds, while fractional SMC needs about
10 seconds to do that, which means fractional fast TSMC
obtains faster convergence. Meanwhile it can follow desired
trajectories with higher accuracy compared to integer-order
fast TSMC by comparing the tracking error.

*e corresponding fractional fast TSM surface is illus-
trated in Figure 7. It is obvious that the designed sliding
surface converges to zero in finite time, which confirms the
fast convergence of the system and guarantees that the states
of the system attain to the sliding surface. In contrast, the
convergence of conventional fast TSM surface drawn in
Figure 8 is not as smooth as fractional fast TSM surface.
Figure 9 plots the control input signals of the micro-
gyroscope without any chattering using a boundary layer. In
Figures 10 and 13, the estimations of the system parameter
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Figure 3: Tracking trajectory using fractional fast TSM surface.
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Figure 4: Tracking error using fractional fast TSM surface.

8 Complexity



0 10 20 30 40 50 60 70 80
Time (s)

–0.5

0

0.5

Tr
ac

ki
ng

 er
ro

r o
f x

-a
xi

s

(a)

0 10 20 30 40 50 60 70 80
Time (s)

–0.6

–0.4

–0.2

0

0.2

Tr
ac

ki
ng

 er
ro

r o
f y

-a
xi

s

(b)

Figure 6: Tracking error using conventional fast TSM surface.
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Figure 5: Tracking error using fractional sliding surface.
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Figure 7: Fractional fast TSM surface.
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Figure 8: Conventional fast TSM surface.
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Figure 9: Control input signals using fractional fast TSMC.
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Figure 10: Adaptation of damping coefficients using fractional fast TSMC.
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Figure 11: Adaptation of damping coefficients using fractional SMC.
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Figure 12: Adaptation of damping coefficients using conventional fast TSMC.
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Figure 13: Adaptation of spring constants using fractional fast TSMC.
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Figure 14: Adaptation of spring constants using fractional SMC.
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Figure 15: Adaptation of spring constants using conventional fast TSMC.
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Figure 17: Adaptation of angular velocity using fractional SMC.

14 Complexity



matrices D and K using fractional fast TSMC are depicted,
respectively, which have been verified to converge to their
true values in a shorter time compared to fractional SMC as
seen in Figures 11 and 14. In addition, Figures 12 and 15
show the estimate of spring and damping coefficients under
conventional fast TSMC whose estimation accuracy is rel-
atively lower than that of fractional fast TSMC and fractional
SMC. Figures 16–18 compare the adaptation of angular
velocity among fractional fast TSMC, fractional SMC, and
conventional fast TSMC whose estimates converge to the
true values fleetly. However, it is observed that the estimate
of angular velocity using fractional fast TSMC has better
convergence performance in comparison with fractional
SCM and conventional fast TSMC. Figure 19 describes the

adaptation of the upper bound parameters 􏽢b0,
􏽢b1,

􏽢b2, which
also shows stable convergence. According to the comparison
above, it is obvious that fractional calculus incorporated into
control method can improve the accuracy and performance
of the system. Meanwhile, convergence time of the fast
terminal sliding mode control is shorter than that of tra-
ditional sliding mode control.

A universal standard is adopted to quantify tracking
error by calculating root mean square error (RMSE). *e
RMSE reflects how much the measured value deviates from
its true value and the smaller the RMSE is, the higher the
measurement accuracy is. For intuitively comparing the
tracking performance under adaptive integer-order fast
TSMC and adaptive fractional fast TSM controller, we added
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Figure 18: Adaptation of angular velocity using conventional fast TSCM.
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data comparison by calculating the RMSE under these two
methods. Table 1 describes the RMSE along x-axis and y-axis
under different orders, where α � 1 means it is an adaptive
integer-order fast TSMC, and when α is a fraction it is an
adaptive fractional fast TSM controller.

It is clear from Table 1 that the trajectories of adaptive
fractional fast TSM controller are closer to the reference
signal than the integer-order fast TSMC. Meanwhile,
better tracking performance can be achieved by adjusting
the fractional-order α. *e RMSE seems to be minimal in
the case of α � 0.9; that is the reason why we select α � 0.9
in the previous controller design. However, the compu-
tational load of the fractional order is larger than integer-
order ones.

6. Conclusion

In this paper, a novel fractional intelligent control strategy
comprised of adaptive control and fast terminal sliding
mode control is designed to achieve the fast response
performance with robustness against uncertainties for
trajectory tracking of microgyroscope in the presence of
uncertainties and external disturbances. A fractional
differential fast terminal sliding surface is defined, which
ensures finite convergence and higher control accuracy
compared to conventional integer-order ones. For
achieving no chattering, a boundary layer around the
switching manifold is added and continuous control laws
are utilized inside the boundary. In addition, adaptive
schemes are used to estimate the unknown system pa-
rameters and the upper bound uncertainties. Simulations
under different fractional orders are performed to find the
best fractional order for the better performance, and
comparison with the other exiting methods demonstrates
the superiorities of the proposed algorithm. *e next step
is to implement and verify the proposed robust adaptive
fractional fast terminal sliding mode controller on a real-
time hardware experiment.
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