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Abstract

This paper proposes a new algorithm for MIMO cognitive raB&condary Users (SU) to learn the
null space of the interference channel to the Primary Usé&l) (Rithout burdening the PU with any
knowledge or explicit cooperation with the SU. The knowledyf this null space enables the SU to
transmit in the same band simultaneously with the PU byzirij separate spatial dimensions than the
PU. Specifically, the SU transmits in the null space of therfierence channel to the PU. We present a
new algorithm, called the One-Bit Null Space Learning Aigon (OBNSLA), in which the SU learns
the PU’s null space by observing a binary function that iaths whether the interference it inflicts on
the PU has increased or decreased in comparison to the StW®ps transmitted signal. This function is
obtained by listening to the PU transmitted signal or cdrthannel and extracting information from it
about whether the PU'’s Signal to Interference plus Noisegod®atio (SINR) has increased or decreased.
The SU iteratively modifies its null space estimate and theesponding interference it inflicts on the
PU and measures the effect this modification has on the PUNRSh order to refine its null space
estimate.

In addition to introducing the OBNSLA, this paper providesh@rough convergence analysis of
this algorithm. The OBNSLA is shown to have a linear convamgerate and an asymptotic quadratic
convergence rate. Finally, we derive bounds on the intenfgg that the SU inflicts on the PU as a function
of a parameter determined by the SU. This lets the SU corteoirtaximum level of interference, which
enables it to protect the PU completely blindly with minima@emplexity. The asymptotic analysis and

the derived bounds also apply to the recently proposed Blinlil Space Learning Algorithm.

This work is supported by the ONR under grant N0001409100@266, the AFOSR under grant FA9550-08-1-0480, and the
DTRA under grant HDTRA1-08-1-0010. The authors are withErept. of Electrical Engineering, Stanford University, i§tad
CA, 940305.
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. INTRODUCTION

The emergence of Multiple Input Multiple Output (MIMO) cornamication opens new directions in
Cognitive Radio (CR) networkg[ 3] In particular, in unidgrCR networks, MIMO technology enables
the Secondary User (SU) to transmit a significant amount efegpcsimultaneously in the same band
as the Primary User (PU) without interfering with it, if th& Sutilizes separate spatial dimensions than
the PU. This spatial separation requires that the intarferechannel from the SU to the PU be known
to the SU. Thus, acquiring this knowledge, or operating auithit, is a major topic of active research,
as discussed ir[|[4]. We consider MIMO primary and secondgsyesns defined as follows: we assume
a flat-fading MIMO channel with one PU and one SU, as depicte#ig.[d. LetH,, be the channel
matrix between the SU’s transmitter and the PU’s receiveredfter referred to as the SU-Tx and PU-
Rx, respectively. In the underlay CR paradigm, SUs are caingtd not to inflict “harmful” interference
on the PU-Rx. This can be achieved if the SU restricts itsadigm lie within the null space oH,,;
however, this is only possible if the SU knowk,,,. Yi [B], Chen et. al.l\—[LS], and Gao et. al.l[7] proposed
blind solutions to this problem where the SU learns the cbhnmatrix based on channel reciprocity:
specifically, where the SU listens to the PU’s transmittgmai and estimateH,;'s null space from the
signal’'s second order statistics. Since these works requiannel reciprocity, they are restricted to PUs
that use Time Division Duplexing (TDD).

Unless there is channel reciprocity, obtainiHg, by the SU requires cooperation with the PU in the
estimation phase; e.g. where the SU transmits a trainingeseg, from which the PU estimat&s,,
and feeds it back to the SU. Cooperation of this nature ime®the system complexity overhead, since
it requires a handshake between both systems and, in additie PU needs to be synchronized with
the SU’s training sequence. IE| [4], we proposed the Blindl Mgace Learning Algorithm (BNSLA),
which enables a MIMO underlay CR to learn the null spacégf without learning the full matrix.
Furthermore, during this learning, the PU does not coopaaagll with the SU and operates as though
there were no other systems in the medium (the way currentdperte today). However, the BNSLA
requires the following observation constraint: at eachrtstiaining interval, the SU must observe some
monotone continuous function of the PU’s Signal to Noisesgdhterference power Ratio (SINR). For
example, if the PU is using continuous power control, thesRdignal power is a monotone function of
its SINR.

This paper makes two contributions. The first contribut®m@ inew algorithm, called the One-Bit Null

Space Learning Algorithm (OBNSLA), which requires muchsl@gormation than the BNSLA; namely,
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Fig. 1.  Our cognitive radio schemé&l,,; is unknown to the secondary transmitter angl (t) is a stationary noise (which
may include stationary interference). The interferencenfthe SU,H,.x,(t), is treated as noise; i.e., there is no interference
cancellation.

the SU can infer whether the interference it inflicts on the iRld increased or decreased compared to
a previous time interval with a one-bit function. In otherrd®s, in the OBNSLA the SU measures a
one-bit function of the PU’s SINR, rather than a continugahted function as in the BNSLA. Using this
single bit of information, the SU learrd,,’s null space by iteratively modifying the spatial oriempat
of its transmitted signal and measuring the effect of thidifiwation on the PU’s SINR. The second
contribution of the paper is to provide a thorough convecgeanalysis of the OBNSLA. We show that
the algorithm converges linearly and has an asymptotigaligdratic convergence rate. In addition, we
derive upper bounds on the interference that the SU inflictshe PU; these results enable the SU
control the interference to the PU without any cooperatiarite part. Furthermore, all the bounds and
the convergence results apply equally to the BNSLA.

The remainder of this paper is organized as follows: Sedibprovides the system description
and notation. Section ]Il presents the One-Bit Null Spacarhig Algorithm. Sectioi IV provides
a convergence analysis of the algorithm and presents baamdse interference that the SU inflicts on

the PU. Simulations and conclusions are presented in $sfY® and[VIl, respectively.

Il. THE ONE-BIT NULL SPACE LEARNING PROBLEM
Consider a flat fading MIMO interference channel with a sngU and a single SU without interference
cancellation; i.e., each system treats the other systdgriglsas noise. The PU’s received signal is given
by
¥p(t) = Hppxp(t) + Hpsxs(t) + vp(t), t €N 1)

wherex,, x, is the PU’s and SU’s transmitted signal, respectivély,, is the PU’s direct channeEl,
is the interference channel between the PU Rx and the SU Tixy(t) is a zero mean stationary noise.

In the underlay CR paradigm, the SU is constrained not toexkeemaximum interference level at the
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Fig. 2. The time indexing used in this papeindexes the basic time unit (pulse time) whé¥etime units constitute a TC
that is indexed byn. Furthermore K transmission cycles constitute a learning phase (not showinis figure).

PU Rx; i.e.,
[ Hpsxs(8)[1* < 7max; )

wherenmax > 0 is the maximum interference constraint.7if,.. = 0, the SU is strictly constrained to
transmit only within the null space of the mati,,. In this paper, all vectors are column vectors. Let
A be anl x m complex matrix; then, its null space is definedd$A) = {y € C™ : Ay = 0} where
0=1[0,..0TecC.

Since our focus is on constraining the interference caugatid SU to the PU, we only consider the
term H,;x;(¢) in (). Hence H,; andx, will be denoted byH andx, respectively. We also define the
Hermitian matrixG as

G =H'H (3)

The time lineN is divided into N-length intervals, each referred to as a transmission oyigl®, as

depicted in Figurél2. For each TC, the SU’s signal is constant
xs((n — )N+ N')=x5((n —1)N +1) =--- =x2(Nn+ N — 1) £ x(n), (4)

where the time intervah N < t < nN + N’ — 1 is the snapshot in which the SU measures a function
¢(n) that satisfies the following observation constraint.
Observation Constraint (OC) on the function ¢(n): There exists some integé/ > 1, such that

giveng(n —m), ...,q(n), the SU can extract

S _ ) L Hx(n)] = [[HX(n —m)]|
h(X(’I’L), X(TL - m)) - . ) (5)
—1, otherwise
for everym < M.
The SU’s objective is to learw/ (H) from {x(n), ¢(n)}.en. This problem, referred to as the One-bit

Blind Null Space Learning (OBNSL) problem, is illustratedRigure[3 forM = 1. The OBNSL problem

DRAFT



%(n) € C™

2
— |l
(&), %(n — 7
XD e € Iase-n]

Fig. 3. Block Diagram of the One-bit Blind Null Space LeamgiRroblem. The SU’s objective is to learn the null spacéof
by inserting a series ofx(n)},en and measuring(x(n), %x(n — 1)) as output.

is similar to the Blind Null Space Learning (BNSL) problel;L] [@xcept for one important difference.
In the latter, the SU observes a continuous-valued funatiothe PU’s SINR whereas in the OBNSL
problem, it observes a one-bit function. In both problerhg, $U obtains;(n) by measuring the PU’s
transmit energy, or any other parameter that indicates the SINR (see Sec. 1I-B iru4] for examples).
However, in the OBNSL problem, the SU is more flexible sincea obtaing(n) from, for example,
incremental power contﬂybr other quantized functions of the PU’s SINR such as mouuiaize. From

a system point of view, the OC means that betweegonsecutive transmission cycles, the PU’s SINR
is only affected by variations in the SU's signal. The leaghprocess unfolds as follows. In the first TC
(n = 1), the SU transmits(1), and measureg(n). In the next TC, the SU transmifg2) and measures
¢(2) from which it extractsh(x(1),%(2)). This process is repeated until the null space is approeithat
Note that whileh(x(1),%(2)) requires two TCsh(x(n — 1),%(n)) for n > 2 requires a single TC. In
the following section we describe the algorithm that perferthis learning. We will also discuss the role
of M in the OC. This parameter, which indicates the "memory” thiat) has of the PU’s SINR, may

affect the number of TCs required for learning(H); i.e., a largerM reduces the number of TCs.

I1l. THE ONE-BIT BLIND NULL SPACELEARNING ALGORITHM (OBNSLA)

We now present the OBNSLA by which the SU approximatégH) from {x(n),q(n)}._, under
the OC, where the approximation error can be made arbytraniall for sufficiently largel’. Once the
SU learnsV/ (H), it can optimize its transmitted signal, regardless of tpé&noization criterion, under
the constraint that its signal lies iV (H). Let UXV* be H’s Singular Value Decomposition (SVD),
whereV andU aren; x n; andn, x n, unitary matrices, respectively, and assume that- n,. The

matrix X is ann, x n; diagonal matrix with real nonnegative diagonal entrigs..., o4 arranged as

1This is power control that is carried out using one-bit comchavhich indicates weather to increase or decrease the power
by a certain amount.
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o1 > 09,>--- > 04 > 0. We assume without loss of generality that= d(= Rank(H)). In this case
N(H) = span (Vn'r“l'l? EX3) VTLt) ) (6)

wherev; denotesV’s ith column. From the SU’s point of view, it is sufficient to leak/’(G) (recall,

G = H*H), which is equal to\V'(H) since
G = VAV*, @)

where A = XT3, The decomposition if{7) is known as the Eigenvalue Decaitipa (EVD) of G.
In order to obtain\/(H) it is sufficient to obtainG’s EVD. However, in the OBNSL problenG is not
observed, so the SU needs to obtain the EVD using only ongdoitmation. The OBNSL algorithm
does so by blindly implementing the well-known Cyclic Jaicdbchnique (CJT) for Hermitian matrix

diagonalization. We begin with a review of that technique.

A. Review of the Cyclic Jacobi Technique

The Jacobi technique [see 41; 8] obtains the EVD ofrthe& n; Hermitian matrixG via a series of
2-dimensional rotations that eliminates two off-diagoelEments at each step (indexed By It begins
by settingA, = G and then performs the following rotation operatiohs, ; = VALV, kE=1,2,...,
where

Vi =Ryn(0,9) (8)

is ann; x n; unitary rotation matrix that is equal t,, except for itsmth andith diagonal entries that
are equal tacos(), and its(m, 1)th and (I, m)th entries that are equal 0 sin(f) and —e'® sin(6),
respectively. For each, the values off, ¢ are chosen such thaA,];,,, = 0, or stated differentlyf
and ¢ are chosen to zero thiem and m,( off diagonal entries ofA, (which are conjugate to each
other). Note that in am; x n, Hermitian matrix, there arén, — 1)n;/2 such pairs. The values éfm
are chosen in step according to a functio/ : N — {1,....;n:} x {1,...,n:}, i.e Jp = (lx, my). It is
the choice ofJ, that differs between different Jacobi techniques. In theicylacobi techniquéy, my
satisfyl < [, < n,—1 andl; < my < n; such that each paif, m) is chosen once in evefy:, — 1)n;/2
rotations. Suchin, — 1)n;/2 rotations are referred to as a Jacobi sweep. An example aofgéessweep
of the CJT forn, = 3 is the following series of rotationsf; = (1,2), Jo = (1,3), J3 = (2,3). The next
sweep is Jy = (1,2),J5 = (1,3), Js = (2,3) and so forth.

The convergence of the CJT has been studied extensivelytlwdast sixty years. The first proof of
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convergence of the CJT for complex Hermitian matrices wasrgby Foster and Henric|£|[9]. However,
this result did not determine the convergence rate. The exgawnce rate problem was addressed by
Henrici and ZimmermannﬂO], who proved that the CJT for reginmetric matrices has a global
linear convergence raidhat depends on the matrix sizg if 0, € [—n /4,7 /4] for every k. Fernando
] extended this result to complex Hermitian matriceswéts later shown by Henricl [12], and by
Wilkinson B] that in the case of a complex Hermitian matnith well separated eigenvalues, the CJT
has a quadratic convergeHoate. Hari Eﬁl] extended the results of Henrici and Wilkindzy proving a
quadratic convergence rate under more general conditiocisding identical eigenvalues and clusters of
eigenvalues (that is, very close eigenvalues). Studies Bagwn that in practice the number of iterations
that is required for the CJT to reach its asymptotic quadrednvergence rate is a small number, but
this has not been proven rigorously. Brent and L@ [15] hagpied heuristically that this number is
O(logy(ny)) cycles forny x n, matrices. Extensive numerical results show that quadratizvergence

is obtained after three to four cycles (see eug [8, page,ldﬁ] page 197]). Thus, since each Jacobi
sweep hasi;(n; — 1)/2 rotations, the overall number of rotations in the CJT roygiiows asn?. For
further details about the CJT and its convergence, the raadeferred to EEUGJj?].

B. The One-Bit Line Search

The learning in the OBNSLA is carried out in learning stagesiexed byk, where each stage

performers one Jacobi rotation. The SU approximates thexmst by W _, where
Wi =W 1Ry Ok, d1), k=1,.... ks, 9)
and W, = I. Recall that in the Cyclic Jacobi technique, one observesrhtix
A1 =W;_ GW;_, (10)

and chooses the rotation angles which zArgs (I, m)th off diagonal entry; i.e.,

R}, (07, 80) Ap—1Rym (07, 82)]1m = 0 (11)

A sequencen, is said to have a linear convergence rate)af 8 < 1 if there existsno € N such thatlan+1| < f|ax| for
everyn > no. If no = 1, a, has a global linear convergence rate.

3A sequence is said to have a quadratic convergence rateréf &xistsg > 0,no € N such thatja, 1| < Blan|?,Vn > no.
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In the OBNSL problem, the SU needs to perform this step usitg (), ¢(n)},—=1, without observing
the matrixA;_;. The following theorem, proved iv|;|[4], is the first step todsusuch a blind implemen-
tation of the Jacobi technique. The theorem converts thiel@mo of obtaining the optimal Jacobi rotation
angles into two one-dimensional optimizations of the florCiS(A_1,r;,,, (6, ¢)) (which is continuous,
as shown inljél , wheres(A, x) = x*Ax andr; ., (0, ¢) is Ry, (0, ¢)’s ith column.

Theorem 1: dj Theorem 2] Consideray xn; Hermitian matrixA_; in (10), and letS(A, x) = x*Ax
andr;,,,(0, ¢) be R;,,(0, #)’s ith column. The optimal Jacobi parametéfsand¢], which zero out the

(I, m)th entry of R}, (67, ¢}) Ax—1Re,m (6], ¢}), are given by

qﬁi = 2r%mi1}5(Ak_l,rl7m(7r/4,qﬁ)) (12)
c|—m,T
0] = Ti(¢}) (13)
where
- {W) ~ it — 7 <0u(0) <] s
Or(¢p) — sign(0x(¢))m/2 otherwise

wheresign(xz) = 1 if > 0 and—1 otherwise, and

Or (o) = in S (A1, 1m0, 15
k(@) =arg  min S (Ax-1,11m(0,0)) (15)

The theorem enables the SU to solve the optimization prablen{12) and[(15) via line searches
based on{x(n), ¢(n)}L_,. This is because under the OC, the SU can extiék{n), x(n — m)), which
indicates whethef (G, x(n)) > S(G,x(n—m)) is true or false. It is possible, however, to further reduce
the complexity of the line search, which is important, sieeeh search point requires a TC. To see this,
consider the line search ii(12) and denatep) = S(Ag,rm(7/4,0)) = |[HWr_1r,m(7/4,8)|%.
According to the OC, for each, ¢, the SU only knows whethew(¢;) > w(¢2) or not. Assume that
the SU tries to approximatﬁ,l by searching over a linear grid, with a spacing;obn the interval—m, .
The complexity of such a search is at leé¥tl /) since each point in the grid must be compared to
a different point at least once. The two line searche$ ih &) (15) would be carried out much more
efficiently if binary searches could be invoked. Howeverjraaly search is feasible only if the objective

function has a unique local minimum point, which is not theea [12) and[(15) because

S(G, 11, (0,9)) = cos?(0) |gua| + in®(0) [gimm| — |g1,m|5in(260) cos(d + Lgim) (16)
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Thus, before invoking the binary search, a single-minimaterval (SMI) must be determined; i.e, an
interval in which the target function in_(112) dr (15) has aginlocal minimum. This is possible via the
following proposition:

Proposition 2: Let w(¢) = ||Hr,,(7/4,$)||> wherer,,, is defined in Theoreil 1. Let € [, 7]

be a minimurfl point of w(¢), then

(@) ¢ [-3n/4,—m/4] if w(—m),w(0) > w(—m/2).

(b) ¢ € [~n/4,7/4] if w(—7) > w(—7/2) > w(0).

(©) ¢ € [n/4,3m/4] if w(—m),w(0) < w(—m/2).

(d) ¢ € [3n/4, 7] U [—m, —3n/4] if w(—7) < w(—7/2) < w(0).

Proof: From [16),w(¢) can be expressed ag¢) = B — Acos(¢ — @), A, B > 0. If B =0, every
¢ € [—m, ] is a minimum point and the proposition is true. We now assuraeR > 0. By substituting
w(0) = B— Acos(¢),w(n/2) = B— Asin(¢) andw(r) = B+ Acos(¢) into w(—n), w(0) > w(—mr/2),
one obtains that the latter is equivalenttcos(¢) > sin(¢) which is equivalent to(—37/4 < ¢ <
/4 N ((—7 < ¢ < —m/4) U (31/4 < ¢ < 7)). The last set can be written @s< (—3r/4, —m/4),
which establishesya). The proof of (b)-(d) is similar. O

Note that unless is a horizontal line, it is &x periodical sinusoid. In the latter case, there cannot be

more than a single local (and therefor global) minimum withn interval ofr/2. If w is a horizontal
line, every point is a minimum point. In both cases, a binagrsh can be invoked; i.e., the SU can

efficiently approximated;, ¢ by 8] and ¢}, respectively, using a binary search, such that

108 — Te (B0, |01 — o] <, (17)

wheren > 0 determines the approximation accuracy. In order to involk®nary search, the SU uses
Propositioi 2, to determine an SMI vig (r, 7/2) andu,, (1/2,0), whereu,, (¢, ¢n—1) = b (v m(7/4, 61,
(74, Pn-1)), andh is defined in[(5). The one-bit line search is given in Algariffl. In determining
the SMI, the one-bit line search requires 3 TCs: two TCsupfr,7/2), and one more fou,(r,0).
Given an SMI of lengthu and an accuracy of > 0, it takes| —logy(n/a)] + 1 search points to obtain
the minimum to within that accuracy. In the search &g, a = 7/2, thus ¢} € ¢} — n, ¢ + 7] is
obtained using— log(2n/7)]+1 TCs, plus the 3 TCs required for determining the SMI and 2 nde
to compare the initial boundaries of the SMI. Théj, can be approximated to within in the same

way.

4Sincew is a2r periodical sinusoid, such a point always exists, thoughhinimt be unique.
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We conclude with a discussion of parameiérin the OC. The proposed line search can obtaip)’s
minimum even forM = 1. However, the number of TCs is lower ff is larger. Assume that the SU
has obtained an SMp™®, ¢max], It takes the SU two TCs where, in the first, it transmits, (7 /4, ¢1),
whereg; = ¢n,in and measureg(1), and in the second TC, it transmits,, (7/4, ¢2), Wheregs = ¢dmax

and measureg(2). Theseg’s are sufficient for determining whether

w(‘bmax) > w(¢min) (18)

If (L8) is false, pmax iS S€t aSpmax = (Gmin + Pmax)/2- In the next phase of the binary search the
SU transmitsry ,,, (7/4, ¢3), wheregs = ¢max and measureg(3). However, becaus@/ = 1 it cannot
useq(1) to check [(IB); it needs an additional TC to do so. This extrai¥ 6ot required ifA > 1. In
general, M > |—log(n/m)+ 1] (which is the maximum number of search points required ferkimary

search) guarantees that each search point requires one TC.

C. The OBNSLA

Now that we have established the one-bit line search, we msept the OBNSLA. In the OBNSLA,
the SU performs two line searches for edchThe first search is carried out to fing, that minimizes

[HWry, 1, (7/4,6))]|?, where each search point,, is obtained by one TC in which the SU transmits
xs(t) =x(n) = Wiry, m, (7/4,0,) € C™ [ V(n—1)N <t <nN, (19)

and measureg(n). In first line search, the SU obtairzisi which is then used in the second line search
to obtainék(q%i) according to[(Ib), and then to obta&j according to[(IB). The indicel, my) are
chosen as in the CJT.
After performingk, iterations the SU approximates the matNx (see [(¥)) byWy_. It then chooses
its pre-coding matrixXT;, as
Ty, = [w), oWy, (20)

217 Zn,t —ny

wherew? is W;'s ith column, andi, i, ..., i,, is an indexing such thatw!*)*Gw; < (wi*)*Gw;

for everyq < v. Thus, the interference power that the SU inflicts on the Pboisnded ag/Hx|? <
pSHwa; » I%,V|x||> = ps, wherep, is the SU’s transmit power. The OBNSLA algorithm is given

in Algorithm (2. It is important to note that since only,(x(n),%(n — 1)) is observed, rather than
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|[Hx(n — 1)||?> and |[Hx(n)||?, the eigenvalues o6 cannot be obtained by the OBNSH.A
Although the SU becomes “invisible” to the PU after it leai$H,,;), it interferes with the PU during

this learning process. Furthermore, this interferencenisngportant ingredient in the learning since it
provides the SU with the means to leaki(H,;), i.e. ¢(n). Nevertheless, the SU must also protect the
PU during the learning process. Hence we assume that thests ex additional mechanism enabling
the SU to choose&(n)'s power to be high enough to be able to extra@t), but not too high, so as to

meet the interference constraihi (2). We give examplesuoh snechanisms irD[4, Sec. II-C].

Algorithm 1 [z, n] = OneBitLineSearch({A; }iex, Zmax, 1, 7, X(2))
Initialize: L < zmax,
un (21, 22) < hn(x(21),%(22))
a+ up(—L,—L/2),n+ +.
b up(0,—L/2), n++
Zmax < (3+ 20— 2a(1 + 2b))L/4;
Zmin < Zmax — L/2
while ’Zmax - Zmin’ >n do
Z (zmax + zmin)/2
a <— u(zma)n zmin)> n—++
if a=1then
Zmax € %
else
Zmin < 2
end if
end while

IV. ALGORITHM CONVERGENCE

The OBNSLA is, in fact, a blind implementation of the CJT whaonvergence properties have been
extensively studied over the last 60 years. However, thevargence results of the CJT do not apply
directly to the OBNSLA. This is because of the approximaiioifl?); i.e., due to the fact that for every
k, the rotation angleég, ¢i are obtained by a binary search of accuracyrhus the off diagonal entries
are not completely annihilated; i.§Aj1];, m, ~ 0 instead of[A;1];, m, = 0. Moreover, we would
like to make this line search accuracy as low as possiblg {#hao maken as large as possible) in
order to reduce the number of TCs. It is therefore crucialndeustand how, affects the performance

of the OBNSLA algorithm, in terms of convergence rate andititerference reduction to the PU. In this

®In [18] it is shown that ifS(G, x) is known, the problem can be simplified drastically wh&ecan be obtained precisely
by a finite number of TCs.
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Algorithm 2 The OBNSL Algorithm

Input: {hy }ven, defined in [(b).
Output:W

initialize: n =1

[W,n] = OBNSLF({hy }ven, s, n)
End

Function: [W, n]= OBNSLF({h, }ven, ne, 1)

Initialize: k=1, W =1,,, A; =2n,Vj <0

while (max;e fx—n,(n,—1)/2,...k} Aj > 1) do
xX(¢) = Wry, o, (1/4, 9)
[qgk, n| + OneBitLineSearch ({ﬁl}leN, T, n, n,x((b))
X(@) <— erk,mk (9, (ﬁk)
[0, n] < OneBitLineSearch ({ﬁl}leN,ﬂ/Zn,n,x(ﬂ))
A < [0 o
W < WRy, i, (O, )
k< k+1.

end while

, otherwisedy, « 6, — wsign(6},) /2.

section, we extend the classic convergence results of thiet@Cthe OBNSLA and indicate the required
accuracy in the binary search that assures convergencecamd$the maximum reduction level of the
interference inflicted by the SU on the PU. It will also be shothiat the same convergence analysis

applies to the BNSLA proposed inl [4].

A. Global Linear Convergence Rate

The following theorem shows that for a sufficiently good lisearch accuracy, the OBNSLA has a
global linear convergence rate.

Theorem 3: Let G be a finite dimensionah; x n; complex Hermitian matrix and®, denotes the
Frobenius norm of the off diagonal upper triangular (or lowengular) part ofA;, = W;_ GW;_;
where W, is defined in[(®) and letn = n;(n; — 1)/2. Let n be the accuracy of the binary search (see
(I72)), then the OBNSLA satisfies

PR < PE (1= 2700 m20mD2) 4 (nf — ) (7T + 2v2)0%| G (21)

Proof: See AppendiXA.

Comment: Forn = 0, we obtain the well known convergence result by Ferna@l@; [11
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B. An Asymptotic Quadratic Convergence Rate

So far, it has been shown that for the right choicejathe OBNSLA converges and that for sufficiently
smalln it has an approximately global linear convergence rate.Hatviollows, it will be shown that for
sufficiently smalln, the OBNSLA has an asymptotic quadratic convergence rateinborder to obtain
this, we modify the algorithm slightly as follows. Lét: {1,...,n;} — {1,...,n¢} be the identity operator,
i.e. I(z) = z. At the beginning of each sweep, i.e. for evéry q(n? —n;)/2 wereq € N, the SU sets
I, = I and for eachk € {q(n? —n;)/2 +1,...,(¢ + 1)(n? — n;)/2}, the SU modified, as follows

Ug 1F ag1, > amy m,

Iy(lk) = (22)
my, otherwise

At the end of each sweep, i.e. far = (¢ + 1)(n? — ny)/2, the SU permutes the columns &,
such thatWy's ith column becomes itg,(/)'s column. Note that this modification does not require
extra transmission cycles since all the additional catmnia are carried out at the SU’'s transmitter.
Furthermore, the convergence result in Theofém 3 is stlidvaVe refer to the OBNSLA after this
modification as the modified OBNSLA.

Besides the fact that this modification is necessary forajteeing the quadratic convergence rate, as
will be shown in the following theorem, it will also be showmat it helps the SU to identify the null
space (the last, columns of W) blindly without taking extra measurements.

Theorem 4: Let ) be the accuracy of the binary sear¢h, };*, be G’s eigenvalues and let

6 = min |\ — Ay 23
Algélgl\l /3 (23)

s

Let P, be the Frobenius norm of the off diagonal upper triangulat phA;, = W;_,GW,,_;, where
W, is defined in[(P) and letr = (n? —n;)/2. Assume that the modified O/BNSLA has reached a stage
k, such thatP? < §2/8, then

2 2 3/2 2pl/2
om0 (%)) v 0 (W55 ) w0 (P42 ) w2t -m)Rlel (28

Furthermore, the last;—n,. columns ofWy_ ,,, inflict minimum interference to the PU; i.eH.Hpswf*mH <
HHpSWfJFmH, V1<j<n, <i<ny.
Proof: See AppendixB.

Theorem # shows that to guarantee the quadratic convergateethe accuracy;, should be much
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smaller thanP;; that is, letk, be an integer such tha? < §2/8, then

Prysom <O ((P%mf) (25)

if n << P,fo. This implies that once’, becomes very small such th&f, = O(), one cannot guarantee

that Py, 5,, will be smaller thanP?

irem SiNCE atk + 1 it will be O(n).

The asymptomatic quadratic convergence rate of Theglemdétermined byl /6 where 34 is the
minimal gap betweeK’s eigenvalues. In addition, the quadratic convergenae taltes effect only after
P2 < §/8. Such a condition implies that &is very small, it will take the modified OBNSLA many cycles
to reach its quadratic convergence rate. This is problemsaice MIMO wireless channels may have very
close singular values (recall thkf;5's square singular values are equal@ds first n, eigenvalues). If
we were using the optimal Cyclic Jacobi technique (i.e. morerbecause of finite line search accuracy)
this would not have practical implications since a quadrdg@crease i, which is independent of,
occurs prior to the phase whef& < §/8 [Q]. In the following theorem, we extend this result to the
modified OBNSLA.

Theorem 5: Let n be the accuracy of the line searchy;};”, be G’s eigenvalues such that there
exists a cluster of eigenvalues; i.e., there exists a supsgt;_, C {\;};"* such that\; = X\ + &, for
l € Ly = {i1,...,in }, where}";_, & = 0 and the rest of the non-equal eigenvalues safisfy 16,/ &7,
where

30, = min(A1 U Ag) (26)

Alz{’)\l_)\r‘ :ZEL\LQ, )\175)\,»}
Ay ={\ =)\ :l€eL\ Ly} (27)
L:{l,...,nt}

Then, once the modified OBNSLA reacheg auch that

20, |y &< P<6/8 (28)
€Ly
it satisfies

P =0 (%)) + 0 ((%=)) + 0 (7)) + 2 —n) lGI @9

Proof: See Appendix .
Theorem[b states that in the presence of a single eigenvéliseer i.e. />, & << 4, and if
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n. = o(P), the modified O/BNSLA has four convergence regions: The fiegion is PZ > §2/8,
the second i26.4/>",&7 < P2 < 62/8, the third is§/8 < P? < 25.,/>,& and the fourth is
P,f < min; 512/8. In the first and the third regions, the modified OBNSLA hasast a linear convergence
rate while in the second and fourth regions, it has a quadcativergence rate. This means that from a
practical point of view, a close cluster of eigenvalues; '\7@/&; << 1, is not a problem. This is
because once the algorithm enters the second convergagion;ree., it reaches the stage= ko such
that2d.,/>, & << PZ < 6,./8, P will decrease quadratically until = k3 such thatP? < 26.4/>, 7.
But the latter inequality implies thaf,, << Py,, a fact that guarantees a significant reductian i.e.,
from P, to P, with a quadratic rate.

NeverthelessP; will eventually decrease quadratically & becomes smaller thﬁas required

by Theoreni¥4. This phenomenon is also a characteristic o€tladic Jacobi technique [14].

C. The Asymptotic Level of the Interference to the PU

In the previous theorems, we discussed the convergencefréite sequencé; i.e., the root sum of
squares ofA’s off diagonal entries. We now consider the maximum levelndérference that the SU
inflicts on the PU. Our aim here is to relate the asymptoticabih of the maximum interference to
that of P;, and to obtain bounds on the maximum interference as a aimai . We begin with the
following proposition:

Proposition 6: Let Tj be the SU's pre-coding matrix defined in 2@}, be its ith column,@ =
{1,...,n — n,}, and P, be the norm of the off diagonal upper triangular (or lowearigular) part of
A (where A, is defined in[(ID)). Then

k12 2
max [Hioty|” < 2P; (30)

Proof: This is an immediate result cJELIlQ, Corollary 6.3.4] whichtss that for every eigenvalue
of B+ E, whereB is ann; x n; Hermitian matrix with eigenvalues;,i = 1, ..., n;, there exists\; such
that |\ — ;|2 < ||E||2, where]| - || is the Forbinus norm. Thus, if one expresges as A, = B + E,
whereB = diag(Ay), E = offdiag(Ay), (30) follows. O

Since the maximum interference to the PU is boundedBy (from Proposition(B), it is possible
to apply the results of Theoreri$ 4 and 5 and to bound the mawimterference. These bounds are
valuable since they relate the asymptotic level of interiee to the accuracy of the line seafcfwhich
is determined by the SU), thus enabling the SU to control titerfierence reduction to the PU.

Before obtaining the first bound on the interference, we rthedollowing corollary of Theorerh] 3:
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Corollary 7:
(ni —ne) (7 +2V2)*|| G|

. 2 <
lim Sl]ippk < o= (e —2)(n:—1)/2 (31)
Proof: See AppendixD.
From Corollaries6 and 7 we obtain the following bound:
: 2(nf —n4)(7 + 2V2)n?| G2
k(2 < ¢ t
hmsgpr;le%(HngtqH = 2—(ne=2)(ne—1)/2 ’ (32)

We now derive a tighter bound thah {32) which is valid only hetconditions of Theorerl 4 are
satisfied; i.e., that the OBNSLA is replaced by the modifiedNSBA and that there exists such that
P? < §%/8. In this case, by combining Propositibh 6 and Theokém 4, ditails

2\ 2 3/2 5 l/2
maxgeq [Hioth]2 < 0 () + 0 (25=) + 0 (Z55) +2 (nF —ni) PIGI2 - (33)

Furthermore, ifP, becomes sufficiently small such that> P, the dominant term in the RHS df (33)

will be O(n?); i.e., we effectively have:
max [ Hioty|* < 2 (nf —ne) ?lIGI* + O(*?) (34)

V. THE REDUCED COMPLEXITY BLIND NULL SPACE LEARNING (RC-BNSL)

In this section we present the Reduced Complexity MBNSL (RBNSL) algorithm. In the BNSL
algorithm, each step requires two binary searches, whete s=arch point is obtained by a transmission
cycle. These transmission cycles are the dominant latesxcipif in the learning process since the rest
of the calculations are performed offline at the secondawjcdegorocessing unit. Roughly speaking (as
discussed in Sectidn 1I[HA), the number of rotations (rettet each Jacobi rotation is a learning stage in
the M/BNSL algorithms) of the Cyclic Jacobi technique, faigbnalizing a Hermitian matritxz grows
like n2, the dimension of the matri&. In this section it is shown that @& is low rank, its diagonalization
can be simplified tos{; — n,.) diagonalizations, each one of a singlex n,. matrix. This is possible due
to the fact thatG = H*H is ann,-rank matrix and therefore has &n; — n,.)-dimensional null spate
The resulting number of stages of each Jacobi sweep gro@grik— n,)n? where in the M/BNSL
it grows like n?. Therefore, the proposed RC-BNSL algorithm is more efficttan the BNSLA ifn;

is sufficiently larger tham,., that is, if the SU has more antenna at its transmitter thenPd has in

®If the matrix G was known, the fact thatank(G) = n,. could have been utilized by QR decomposition (which canmot b
done blindly) prior to the diagonalization. Note while the) 8oes not knowG, we assume that he know its rank. This is
possible if the SU know what kind of PU uses the channel.
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its receiver. This complexity reduction is significant ifetl8U is a very large MIMO i.e. for wireless
communication with tens or even hundreds of anterthh [

The idea behind the RC-BNSL algorithm is described in théofghg observation:

Observation 8: Let H € C™*™ be ann,-rank (; > n,) matrix and letU = [uy,...,u,, +1] €
Crx(n-+1) he an orthonormal matrix (that is, a matrix whose columnsaarerthonormal set i.dJ*U =
I) and letH = HU. If @ € N (H) thenu = Uu € N (H).

Proof: This is due toHu = HUu = 0 sinceu € N (HU).

The RC-BNSL algorithm is carried out as follows: The secoydaser begins with an initial pre-
coding matrixU®) ¢ C*(—n) which is composed of the last, — n, columns of some unitary
matrix W e Cm*m |et Hé}f = HU© ¢ ¢cn->(+1) then there exists at least one degree of freedom
in this channel. The SU can apply the BNSL algorithm@h) = Hgl)*H%) and obtains a pre-coding

matrix U,(:) such thatU®) = limy_, fjl(j) and that

0 0 . 0
e e 0 Y
AD =W eoW = | 7 (35)
1
o 0 )

Now thatG () is diagonalized, the first degree of freedom is givenvby = U@ a" wherea!" is the
first column of UM (that lies in the null space d&(Y)). The SU then can gain an additional degree of

freedom by applying the BNSL algorithm on the followitig; + 1) equivalent channel
2 1
H? =HUW, (36)

whereU(M) ¢ cmx+1 js obtained by concatenating the — 1 columns of the initial unitary matrix
W with the lastn, column of UM multiplied by U©), i.e. let UM = [af",..,al", ], then UM =
Wy, 1, UOUO)]. This equivalent channel is then diagonalized using the BMBorithm to obtain
U®). We now have two degrees of freedom givenwy) = UM a!® andv(!). This process is repeated
until all W’s columns are used. The RC-BNSL algorithm is summarized lgoAthm[3.

We conclude with the following corollary, which extends tbenvergence analysis presented in this
section to the BNSLA.

Corollary 9: Theorem$13/14.15, Propositioh 6 and Corollaty 7 apply to theSBN presented inD4].

Proof: The proofs of Theorems| 8] &] 5, Propositidn 6 and Corolldnely on the fact that the

only difference between the CJT and the OBNSLA is in the iotaangles. In the OBNSLA, the CJT’s
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Algorithm 3 The RCBNSL algorithm

Input: ng, 1y, {hy boen, defined in[(B),W € C*™, st W*W =1
Initialize: U©) = [wy,, 5., ..., Wp,]
form=1,...,n, —n, do

an(X1,%3) < hy, (UM Dx)

U™ = MBNSL({a, }ven, nr + 1,n)

tjm::[ﬁgn% >ﬁéﬁlﬂ
Ul = [wy, L, U]
end for

rotation angles ¢y, ¢}, are approximated according {0117). Furthermore, notetteaBNSLA and the
OBNSLA are identical except for the way in which each aldoritdetermines its SMI (which are not
identical SMIs) before invoking the binary search. Howe@&l) is satisfied as long as each SMI contains
the desired minimum point. Because the latter is satisfieddtly algorithms, as indicated by Proposition
for the OBNSLA and by Proposition 3 nm[4] for the BNSLA, Thems[3,[#[b, Proposition 6 and
Corollary[7 apply to the BNSLA. O

VI. SIMULATIONS
A. Non-Asymptotic Comparison of the BNSLA and the OBNSLA

In this section we compare the OBNSLA to the BNSLA. In this siation the PU performs a power
adaptation every 1 msec to maintain a target 10 dB SINR atebeiver, and the SU inflicts interference
on the PU and measureén) by listening to the PU signal’'s power at the SUEREig.IZI. presents the
interference reduction of the BNSLA and the OBNSLA as a fiomcof H,,,'s Doppler spread. The result
shows that both algorithms have similar performances.

An important practical issue in the implementation the OBNSand the BNSLA is granularity in
the PU’'s SINR,; i.e., letSINR(n) be the PU’'s SINR at theith TC, and letSINR, = [SINRgli“,
SINRP™), ¢ = 1,...,Q, be the granularity of the PU's SINR, that is,STNR(n), SINR(n + 1) €
SINR,, the PU will not modify its transmission scheme. Note thafHx(n)||* < |Hx(n — 1)|?
and the difference between them is small, such $&V R(n), SINR(n — 1) € SINR,, the SU will
observeh(x(n),%(n — 1)) = 1, which falsely indicates thatHx(n)||? > |[Hx(n — 1)|?. Such errors

may be significant since the binary search is directed to tleagvinterval. A full theoretical convergence

"The SU setg(n) = & S VEN =1 ||y, (1) —y.||?, wherey, is the average of , (t) overt = N(n—1)+N’,... Nn+N'—1.

The consideration for choosing sughare described in [4, Sec 1I-B1].
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Fig. 4. Interference reduction after a single Jacobi sweea dunction ofH,,'s Doppler spread. The maximum power

constraint of each Tx is 23 dBm. The channels’ path-lossescalculated ag28.1 + 37.6log,,(R), whereR is the distance
between the Rx and the TX in meters as used by the 3GPP (sesp&fePP Technical Report 36.814). The locations of the
PU-TX is randomly chosen from a uniform distribution over @3n disk, and the locations of the SU-Tx and the SU-Rx are
randomly chosen from a uniform distribution over a 400 m dBkth disks are centered at the location of the PU-Rx. The
minimum distance between the PU-Rx to the PU-Tx, and the RWeRhe SU-Tx is 20 m and 100 m, respectively. For each
the entries of the channel matricEk,, (t), Hsp(t), Hss(¢) are i.i.d. where each entry is 15 KHz flat fading Rayleigh ctedn
with 15 Hz Doppler spread inH,.(t) has distribution as the other channel, except for its Dapgeead which is given by
the horizontal axes of both subfigures. All channels are ge¢eé using the Improved Rayleigh Fading Channel Simul2@j:

The noise level at the receivers is -121 dBm and the SU trdrnsmaier during the learning process is 5 dBm. The numbers of
antennas are;, = 2 n¢, = 2, Ny, = 1 nr, = 2.

analysis of this problem is an important topic for futuree@sh. In this paper, we test this problem
using a simulation. Fid. 4(p) presents simulation reswits& scenario where the PU’s power control
process is based on a quantized measurement of the PU’s &Ittie range-5 dB to 20 dB. It is shown

that the interference reduction is not improved for morentabit quantization. This means that small

granularity does have a practical affect on the performaridcee O/BNSLA.

B. Asymptotic analysis

We now compare the asymptotic properties of the OBNSLA tolibands derived in Sectidn ]V.
Figure[® presents simulation results for the OBNSLA undeinog conditions; i.e,q(n) is perfectly
observed, for different levels of line search accuraciegure[5(a) depicts?, and the bound on it as
given in [32), versus complete OBNSLA sweeps; (e — n;)/2 learning phases. It shows that for
sufficiently smalln the OBNSLA converges quadratically. The quadratic deeréasaks down when the
value of P, becomes as small as an order of magnitude).oThis result is consistent with Theorem
[d. Figure[5(0) depicts the interference decrease and thedbon it as given in[(34) versus the number
of transmission cycles. It shows that the asymptotic le¥ehe interference to the PU is bounded by
o).

The bounds in this paper are derived under the assumptiothin@®C holds perfectly. In practice, how-
ever,q(n) is affected by measurement error such as noise. Furthertinerehannel matriceH,,,,, H,

vary with time, a fact that may also affect the functigim). For example, consider a case whekg,), is
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Fig. 5. Simulation results for different valuesof the OBNSL algorithm to obtain the null spaceHfwith n, = 3 transmitting
antennas ane, = 2 antennas at the PU receiver. The matiix= H*H was normalized such thiG||*> = 1. The unmarked
lines in (a) and (b) represent the asymptotic upper boun@2¥ 4nd [[3%) respectively on the corresponding marked kng:;
the solid unmarked line is a bound on the solid line with sgsaWWe used 200 Monte-Carlo trials where the entrieblcdire
i.i.d. complex Gaussian random variables.

a scalar and the SU extraaién) by listening to variations in the PU’s transmit power. Assufarther
that the gain ofH,, is decreased between the two consecutive transmissioescyrld that the PU
compensates for this by increasing its transmit power. i ¢hse the SU might mistakenly deduce that
the interference it inflicts on the PU has increased. In aufdiH, is also time-varying, which leads to
some discrepancy between the estimated null space andutnenuitl space. In what follows, we show
in simulations that the derived bounds are still useful iactice if the values of; are not “too”. A
full theoretical convergence analysis of the O/BNSLA ingiieal conditions, which extends the bounds
derived in this paper to account for measurement noise amel ¥ariations in the channel is a topic for
future research, beyond the scope of this paper.

Figure[® presents simulation results for an identical seerss in Figurd ¥ except foH,,, which is
generated assuming that both the SU-Tx and PU-Rx are fidgd.was generated according J;I[Zl],
which represents a fixed Rx-Tx channel where one antennd@%sm.in height and the second antenna is
25 m in height. The Rician factor and the Doppler sprealigf were determined according to Equations
(23) and (14) in 1]. The result shows that for an interfeeeneduction smaller or equal to 37 dB, the
bound in [3%) predicts the behavior of the interference céido (i.e., it decreases ag) of both the
OBNSLA and the BNSLA. Furthermore, it is shown that the BNSaAd the OBNSLA have the same

asymptotic properties; i.e. convergence rate and asyiopiaerference reduction.

VIlI. SUMMARY AND FUTURE RESEARCH

This paper proposed a new algorithm termed the One-bit Nadic8 Learning Algorithm (OBNSLA),
which enables a MIMO CR SU to learn the null space of the ieterice channel to the PU by observing
a binary function that indicates the variations (increasdexrease) in the PU’s SINR. Such information

can be extracted, for instance, from the quantized versidheovariation in the PU’s SINR, or in the
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Fig. 6. Interference reduction (marked lines) of the OBNSBA a function of Jacobi Sweeps (a), and as a function (&f).
The unmarked lines represent the bound[inl (34) for the qooreting marked lines with the same pattern, e.g., in Sulsfigur
(a) the dotted-dashed unmarked line represent the boundleo®@BNSLA's interference reduction with = —8 dB, which is

represented by the dotted-dashed line that is marked withesi The numbers of antennas arg = 2 ny, = 2, n,, = 1
n,, = 2. The results were averaged over 1000 Monte-Carlo trials.

PU’s modulation. We also provided a convergence analysih@fOBNSLA, which also applies to the
Blind Null Space Learning Algorithm (BNSLA) that was reclgnproposed E|4]. It was shown that the
two algorithms maintain the “good” convergence propertiéghe Cyclic Jacobi technique, namely a
global linear and an asymptotically quadratic convergetate. It was also shown in simulations that
just like in the Cyclic Jacobi technique, the OBNSLA and tHéR A reach their quadratic convergence
rates in only three to four cycles. In addition, we deriveginagtotic bounds on the maximum level of
interference that the SU inflicts on the PU. The derived bsumave important practical implications.
Due to the fact that these bounds are functions of a parardetermined by the SU, it enables the SU
to control the maximum level of interference caused to the Pk gives the OBNSLA (or the BNSLA)
a useful stopping criterion which guarantees the protaatibthe PU. The analytical convergence rates
and interference bounds were validated by extensive stinoka

We consider the theoretical analysis of the OBNSLA and BNSimdler measurement noise as an
important topic for future research. Note that in the presesf noise, the analysis of the two algorithms
is not identical since the BNSLA relies on a continuous-gdlfunction of the PU’s SINR, whereas the
OBNSLA relies on a binary function. Noise, which is continigevalued, will thus affect these functions

and hence the performance and convergence of the two dlgsriguite differently.
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APPENDIXA

PROOF OFTHEOREM[3

Consider the first sweep of the BNSL algorithm; ike= 1,2, ..., n;(n¢ — 1) /2. Denote the number of

rotated elements in thi#h row by b; = n, — [ and let

a=>t_1bj =20 —1 =012 Z(Lk) =1 Al WL k) =Y Z3G k) (387)

Note thatW (0, k) = P,f. In every sweep, each entry is eliminated once; we therelermteA.’s p, g
entry before its annihilation ag, ,(t) wheret denotes the number of changes sitce 0. After g, ,(¢)

is annihilated once, it will be denoted iy ,(f) wheret is the number of changes after the annihilation.
The diagonal entries oA, will be denoted byr since we are not interested in their values in the course

of the proof. This is illustrated in the following example @t x 4 matrix

Ay=G Ay
911(0)  912(0) g1,3(0) ¢1,4(0) T e qi3(1) g14(1)
921(0) 922(0)  g2,3(0) g2,4(0) € r ga3(l) goa(l)
931(0)  g32(0) g33(0) g34(0) 931(1) g32(1)  x  g34(0)
94,1(0)  942(0)  94,3(0) 94,4(0) ga1(1) ga2(1) ga3(0) x (38)
A, Aj
12000 € g14(2) v gi2(1) q13(0) e
921000 = g23(2) g24(1) G21(1)  x g23(2) 924(2)
€ g3202) x  gza(l) 931(0) g32(2) x  g34(2)
921(2) g12(1) ga3(l) @ e 012(2) 9a3(2) =
For arbitraryn,, after the firstc; sweepsA.,’s first column is equal to the following vector:
[, G2,1 (e — 3), ey Gry—1,1(0), €6, ] (39)
and
Z(1,e1) < g2 (ne = 3 + oo+ |Gn, 11 (0)* + e, |? (40)
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From [I0) it follows that forg = 2, ..., n;

Gga(ne —q—1) = co8 (O, 1) Gg1(n —q—2) — er1gg,, (1) sin (6n, 1)
. (41)
gq,l(l) = COos (9q+1) gq,l(o) - €Z¢39q,q+2(1) sin (93)
Gq1(0) = €g—1co8(fy) — 6i¢ng7q+1(1) sin (0q)
ns—q—1

whereg, 1(—1) = 1. The following bounds 0dg,1(/)},2,? "~ are obtained recursively (i.e., by obtaining

a bound ony, 1(0), substituting and obtaining a bound gn;(1) and so on)
Goa(ne —q = 1) < leg1 [T, cos (8,) — X751 €% sin (65) gg,j1(1) TT5 41 cos (6,) |
< [v(@)Ty(g) + eIp2," cos (6,)

where v,y € C™~? such that[v(q)]; = €+11g,i14(1), [y(q)]; = sin (0441 Hz;;iq cos (6,),

(42)

j=1,..,n; — ¢, ande = max, |¢,|. It follows that

Ga1(ne =g =D <[y (@v(@) + [ TT5, cos® (80) < [y @I IIV(@)1* + el T35, cos® (6.)

(43)
Proposition 10:
ly(@l* =1~ H cos (6 (44)
Proof: This is shown by induction. By definition

n—1
ly(q)||* = Zsm H cos?(6,) (45)

v:i—i—l

where

[[vi2tif1>m (46)

1=l

Assume that[(44) is true fat = m € N, then, form + 1 (44) and [(4b) yields

> ity sin?(6;) [Tyt cos?(6y) = Z;’l;l sin?(6;) TToe ;1 cos?(6y) + sin®(0,) TToe,,0q cO8%(60)
= cos?(0n) S0 sin?(0;) [T 1 cos?(6,) + sin?(0,,),

i=q
(47)

where the last equality is due o {46). According to the ssjiom (44)
cos?(0,,) (1 - H;i;l COSZ(HZ')) +sin?(0,,) =1 — [~ q cos?(6;), (48)
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which establishes the desired result. O

By substituting Proposition 10 intd_(¥3) one obtains

ne—q ng—1
a1 — g =P < (Z |gq,i+q<1>|2> (1= T o) + e [T cos*0) o
=1 v=q
:Z@,Cl) Sl
thus,
Gaa (= q = DI < (1= TT ), c0s(6) Z(q. 1) + [ef? (50)
and by summing both sides ¢f {50) over 2, ..., n;
Z(1er) < Xty (1= TIie g c0s(6)) Z(a.1) + (g = 1) (5)
< (1 =TIy 2 005%(0:) > Z(g,e1) +(ny — 1)]e]?
q=2 (52)
———
W(l,cl)
< (1 =TI 2 co8*(0:))W(0,0) + (ng — 1)lef” (53)

where the last inequality is due t8,, = W(1,¢1) + Z(1,¢1), W(0,0) = Py, and becausé’; is a

monotonically decreasing sequechHe follows that
Z(1,¢1) = sin® (Wey19.6,) W(0,0) + (ny — 1)]¢]? (54)

where

sin? (We, 42,6) =1 - T, Locos?(6;) (55)
and#@; is an angle that satisfig8;| < |6;|. Thus,
Pcl = W(l, Cl) + Z(l,Cl) < W(O, 0) =F (56)
substituting [(E¥) we obtain
W(1,c1) < W(0,0)cos? (Tae,) — (ng — 1)]ef? (57)

8Forsythe and Henricl [9] showed that the sequefds a monotonically decreasing sequence.
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Now that this relation is established, it can be appliedtg's lower (n; —1) x (n; — ) block-diagonal,

thus
W(l,e) <W({I—1,¢-1) cos? (\1101714_270[) — (ny — l)|e|2 (58)

By substituting [(BB) recursively into itself, one obtains

l l
W(l,¢;) < W(0,0) H cos? (We, 4o.,) Z

H cos® (e, ,42.,) (59)
Jj=1 Jj+1

v=

Thus

Z(l,¢) =sin? (g, 40.6,) W —1,¢21) + (ng — 1)|€2] < W(0,0) sin? (¥, ,40.0,) Hg.;ll cos? (We, ,42.c;)
— le IQZ b T, —j+1 COS 2 (We,_y42.0,) + (ne — 1)|€?|

(60)
After a complete sweep
Pcznt—l = lnfz2 Z(l Cnt—l) + | |2 = lnfz2 Z(l Cl) < W(O 0) lTLtI2 sin? (\Ij0171+2,cl) Hé_:ll cos? (qlcj71+270j)
= S el 25 b T 08% (Wevpe,) + 121 Sy (e = )
(61)

where the first equality is due to the fact that fox= ¢; + 1, ..., ¢,,,, the sum of squares of thiéh column
remains unchanged; thug(l,k) = Z(l,¢),Vk > ¢;. Similar to propositiod 10, it can be shown that
S 181n2(n)]—[l ! cos? (1) =1 - [T}=; cos 2 (7). Thus

P2 < W(0,0) (1= TI2F os? (Ve o) ) = S0 € 000 by T c05? (Ve y2e,) + €2 7 b

(62)
From [55) we have i
cos” (We, ,42.0,) > ﬁ cos®(6,) (63)
v=c;_1+2
and therefore
P2 < W(0,0) (1—H T, 2 cos(6)) o

D ‘ |2 Zé_:ll(n—J)Hu —j+1 I L, 40COS 2(0, )+M

Recall that|¢;| < /4, therefore

$
A

W(0,0) (1 —2-(=2(=1)/2) _|e2| ( o Zé.‘:ll(n — j)2F intsHn—a5 _ (n22—n)>
W(0) (1 — 2~ (n=2)(n=1)/2) 4 |2) (2

IN

(65)
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It remains to relate to the accuracy of the line seargh Note that the erroe in (65) is due to[(1l7)
which is a result of the two finite-accuracy (gfaccuracy) line-searches ih (12), and](13)znlivere

zero, Ay’s [, m off diagonal entry would be zero after tii¢h sweep, i.e.

(03, 47) =0 (66)
where
u(@, ¢) é |[Rl,m(07 ¢)AkRim(07 ¢)]l,m|2 = U1 (07 ¢) + u2(07 ¢)7 (67)
ui(8,¢) = 4(af,,)? sin® (y,m + @)
2 (68)
us(6,¢) = (2 cos(20)ay,, cos (Zal I (b) + sin(26) (al : a%m))

and (6}, ¢}) is the value given in Theorefl 1 when substitutiig= A ;.. Recall that(d}, ¢]) (see [IV))
is the non optimal value that is obtained by the two line deascthen

el = maxu(By, 67) (69)
The erroru(fy, 4}) can be bounded becaugg¢ = Zaf,, thus ¢}, = —Zaf, + 1, where|n,| <7, and
w0, 81) = a(af,,)?sin? (Zaf,, + 1) < 4(af,,)n? < 2]Gn? (70)
& 2
us(0], &) = (2af,, cos () cos(20]) + sin(20]) (af; — ok, )) (71)

To boundus (6}, ¢1), note that ifal; = ok, thend] = 6] ¢ {0,7/4} since the line search will not miss

mm?

these points. Now for the case wherk # a*,,, we haved; = 65 + ny where

1
0; = 5 tan~! () (72)
and i
2lay, | cos(ng)
Amm — Ay
Note that

us(0].81) = (2cos () af., (cos (207) — 2psin (20%) + (af, — b, . ) (sin (26) +2cos (20%) )
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where (6*, ¢*) is a point on the line that connects the poitdg, ¢7), (4}, 4}). By substituting [[72) we
obtain

2

us (8, 4)) = <2COS(7’¢)“;€"\YL/J;’_‘:?Z_IW — 4mg sin (20%) cos (ny) af, . + 2ng cos (20%) ( - afn’m>
(74)

Using (73) and the fact that the sinusoidal is bounded by and,becauséy| < 7, it follows that

JUA 2
ug(Qg, qﬁi) < 4n? (2\ sin(29*)]affm + cos(260%) afl — aﬁ%mD
< 4n? <4 sin2(29*)]afm]2+2 sin(40*)]afmﬂafl — afnm] + cos2(29*)]afl — afnmP) (75)

< 4 (2laf, [ + 25in(46")af, afy — ab| + laly = ok +2laf,, )

up(01,67) < 4n” (2|G|1* + V2| GIG]| + | G]?) (76)
Thus
[ef* = maxy, u(0], 41) < 27+ 2v2)7°|| G| (77)
This expression is substituted info [65) and the desiredltrésliows. O
APPENDIX B

PROOF OFTHEOREMM

Without loss of generality, we assume th&t0, 0) < §2/8 whereW (k, 1) is defined in IZEI‘B We first

prove the theorem assuming th@ts eigenvalues are all distinct. From {42) it follows that

|Gg.1(ne — q — D)* < 20 sin® (0) |gq 1 (1)) 2 + 2 T, cos? (6,) (78)

Similar to the derivation of[ {30), but without applying Posgition[10, one obtains

1Gg1(ne —q—1)|? < Z(q,c1) Z?;;l sin? (6;) + || < Z(g, 1) > 21 sin? (6;) + |e|? (79)

and by summing both sides &f {79) (similar to the derivatioif&d])) overq = 2, ..., n; it follows that

Z(1,e1) < (S5 sin? (07)) D Z(a,e0) +(ne = el < (X755 sin? (6)) W(0,0) + (g — 1)lel?
=2
W (1,c1)
Now that we have established this relation we can apply ithe reducedn; — [ + 1 lower block

° l.e. letko be the smallest integer such thigt, < 52/8 and (Ix,, mr,) = (1,2), we setA;, = G).
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diagonal matrix and obtai (I, ¢;) < ( A sin? (; )) W(0,0) + (n; — 1)|e[>. After a complete

sweep we have

P2 < X2 en,) e = 007 2 ) e

Cne—1 80
< W(0,0) X0 sin?(8)) + €2 2y (e — D) o)

n( nt 1)/2

We now related " sin?(0;) to W (0,0) ( recall thatP? = W (0,0)). Note that|al; —

Iall—/\z—amm+>\m+>\z—/\ml2 > (A= A | = Jaf — Ni|? = |ak,,,, — Am|?, furthermore, byl[12, Theorem

> =
mm

1], there exists a permutation {o\;}*, such that

laf; — \il < V2P, (81)
thus,
lag; — X <6/2, (82)
and
lak —ak | >20—6/2—6/2=0. (83)

Recall that the optimal rotation angle satisfiea(20;) = 2[a; . |/|a}; — am,m,| While the actual the

rotation angel is
O = 03+ mo (84)
It follows that

|sin?(67)] < |sin(67)] + |ngsin(260)] < %1201 |* + |no| tan(267)| < 3= tan?(267) + || tan(267))|
< lohgi o o] o o, 2\n9|\/ 00

(85)
Therefore

ne(ne—1)/2 . 2.4 ne(ne—1)/2 [ laf m, | 2 e«/ 0.k)\ o (n2—n,
p P sin2(0]) < Sl < i ') = FW(0,k) + 2= /W0, k)
(86)
By substituting [(86) into[(80) one obtains

P2 <W(0,0) (512W(0 0) + tiznolml /770, % ) el 2 —ny), 87)

It remains to relatey in ([84) to the accuracy of the line searghRecall that the calculation q?f,l relies

on the calculation oﬁsi. Thus, as a result of the finite accuracy of the line searojedepends om, as
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well, as we now show. Form the proof (H [4, Theorem 2] we knoat tifian accurate line search were
invoked, it would produce; = —Zaf, . However, the actual line search yields = —Zaf +1,, where
Ine| < n. Thus,6y is obtained by searching the minimum of a perturbed versfofi(A, r; (0, 7)),
ie.

S(Ap,rm (8, 91)) = hi(cos®(9)ag — cos(n) sin(20)af’, + sin® (8)ay, ) (88)

We first assume that} # af, . From the proof ofmél, Theorem 2] , the optimal value tbis 6} =

k
a,fla“”;'k . If one takes into consideration the non-optimality of tmeisearch

m,m YL

$tan~! (py), wherez;, =
which obtain&;@i and ignores the non-optimality of the line search that mistag then the minimizer
of (88) would bed; = 1 tan~! (x4 cos(n,)) and the differences] — 65| is

J [ Lgap—1 11 o sin(mz)pel o Jau]
|0, — 07| = |§tan (w1, cos(ny)) — 5 tan (mk)‘ < 0052(%);%“ < 77d>cos2(n:)xi+1 (89)
where|r;| < 7. It can be easily shown the&ész(lik)tﬁﬂ < Tesstry]» @nd becausé] = 0] +60; — 0] + 1,
k

and|n4| < n, the accumulated effect of the finite accuracy of both linarsiees is bounded byy <

n+ % Assuming that; is sufficiently small, (e.gy < 7/20) we obtain
g < 61/5 (90)

By substituting [(9D) and (77) intg_(B7) it follows that

P2 S W(0,0) (FW(0,0) + ) JW(0,0)) + (10 +2v2)(nf —m)n?|GIP (91

Cntfl

Thus, as long ag is negligible with respect td/(0,0), the BNSLA will have a quadratic convergence
rate for G that does not have multiple eigenvalues; i.e all eigenwdre distinct. This is not sufficient
since we are interested in a matiix n; — n, with zero eigenvalues.

To extend the proof to the case where the matixhasn; — n, zero eigenvalues and, distinct
eigenvalues we use the following theorem:

Theorem 11 ([@] Theorem 9.5.1): Let A be ann; x n, Hermitian matrix with eigenvalueg\;};",
that satisfy

/\17é/\2?é"‘7é>\nr7é>\nr+1:/\nr+2:"‘:/\nt:>\ (92)
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Consider the following partition:

A= (93)
B A,

whereA; is n, x n, and Ay is (n; — n,) x (n; — n,) and lets’ > 0. If ||(A; — AI)7!|| < 1/¢, then
lA2 — AT|| < ||BJ|*/d' (94)

To apply Theoreni 11 to the modified O/BNSLA, we need to show tha satisfies its conditions.
This however is only satisfied in the next Jacobi sweep; ileofemIll can be applied t4; with
k > m + 1. To show this, note thal (82) and {83) are satisfiedAyy k¥ < m for some permutations of
the eigenvalues. Thus, due to the permutatiofih (A2),k > m satisfies[(82) and(83), for the ordering
of @2). For the rest of the proof, it is assumed that m. Let A%, A5 B¥ be A,’s submatrices that
correspond to the partition ih_(P3). Recall that in our case; 0, thus, [82) implies that

IAT] >0, (95)
and also implies that} > 55/2,V0 < I < n,. Furthermore, bylﬂg, Corollary 6.3.4]
IN(AT) = aj| < [ Agllor < 0/2 (96)

Thus
N(AK) >0, VO <1 <n, (97)

and therefore, the matriA¥ is invertible, and from[(35), it follows that(A%)~!| < 1/§, which enables
us to apply Theorem 11 to obtain
IAS] < IIBk]I?/3 (98)

To show that[(9B8) leads to quadratic convergence, one must it the affiliation of the diagonal
entries in the uppen, x n, -block of A, remains unchanged and that the eigenvalue that correspond

are arranged in decreasing order, i.e.
| = i k _ : E+1
=arg min |\ —ap,,| =arg min |\ —a,|, VI€{l,...n.} (99)
1<m<n; 1<m<n;

and
N> Ay VI <m (100)
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To show [99), note that

2 2
‘ai,lk — aﬁmmk‘ < sin? (0k) (2 cos(@k)aimk cos ((ﬁk - éaimk) + sin (6) (af)ﬁlk — afmk,mk)>
(101)

and that for every,, such thatl, < n,, (88) is satisfied. Thus

2
k k+1 .2 k . k k 2
‘alk,lk —a, | <sin (0k) (alhmk + sin (0) (alk,lk — Gy s )

< sin? (6) <alk e T <(afk7mk>2/52 + 2ng aimk/a) 1/25) 2
< sin? (6) (alk me T ((aimk) 24+ 25n9aﬁ7mk> 1/2> 2 < sin? (6) (alk me (8% 44 26196/2) 1/2) 2
< sin? (6)) (af ,, +0(1/4+00)2) < 2 (14 ang) (1724 VI T )

(102)
By restrictingn < 1/100 and considering (90) it follows that

lafi 1, — ai [ < 0.656 (103)

which establisheg (99).
Now that [99) is established, (100) immediately follows &od every I, m such that! # m and

1 <1< n,, we have|al —ak,,,| > 6. And (80) can be written as

Peyom < 32055 Z(Len, +m) + €] 7 (e — 1)
< W(0,m) Y250 sin®(60;) + 3272, 4y Z(Ln, +m) + €] 00 (ne = 1)
Recall thate|?> < mazpu(y, or) Whereus (0, ¢1.) andus (g, ¢) are defined in[(70) and(¥1). From{70)
and [BB)u(0y, ¢r) < 4* (5P + 4P, ||G| + ||G|?). Becausda) , —af, .| > 6 form <k <m+cy,,
(89) is satisfied and similar tG_(P1) we obtain

(104)

Poy sm < W(0,m) (EW(0,m) + 05" /W(0,K) )
+2 (2ngny — n? = ny) N2 (BW(0,m) + 4/ W (0,m) |G| + |G|?) + E?;;}H Z(l, ¢y, +m)

ns—1
l:cn,~+1

(105)

It remains to bound the terin, Z(l,cn,+m). Note that for everyy, such thatn < k < ¢, +m,

(89) is satisfied. Le®) = {(I,m) : 1 <1 < n, < m < n;}. Note that for every: such that(l;, mx) € Q,

k

af, andaf, . are located inA} and A} respectively. Thus,

my

|ak+1 |2 < |a

s 12 + sinz(ﬁk)|afk7q|2, forn, < g <my

q,mMk

(106)
lagt 1P < lak,, of* + sin®(0r)|af |2, for my < g <ny
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and from [85)
abt P <l o2 (it 2l Y 1ok 2 formy < g < g on
1 < P (P + 200 )l s for < g <
These can be bounded by
2
s P < W20,m) (L4 35) + 2 W32(0,m) (109)

Thus, for everyk € {m,....m + ¢, },
nyg—1 2
n,—1 2 < (0,04+m) e W3/2(0,04+m)
il Al +m) = %M;Hyaqty o((i) >+O((7é )) @o9)

This, together with[(135) and (P0) show

rz <o ((Megem)) o (e o (P 2 () IGE
(110)

Since P, is a decreasing sequence, the desired result follows. O

APPENDIXC

PROOF OFTHEOREM[E

We first prove the theorem for the case where the non-clusgenvalues are the largest; i.8;,>
Aiv1+0c andX;— A > 4. fori = 1,...,n, —v. Note that\; = \+&,_,,,_, fori € Ly = {n,—v+1,....,n,}
and\; = 0 for i = n, + 1,...,n;. Without loss of generality, we assume tH&t(0,0) < §2/8 where
W (k,1) is defined in[(3F). LetV, AV} = A, be A;’s EVD, and letA¥ = V, AV}, AF = V, AV}

where
A dlag()‘la )\n7—va)‘"')‘7 0---0 )
S~ =~
v Ne—V—", (111)
A dlag( 617'”761)7 \0"'0,7)

Let L1 = {1, ey N —v}, Ly = L\(L1UL2) andL, = (Ll X L)U(LQ XLg), L.= Lsﬂ{(l,m) < m}
By combining [81) and the conditio®? < §2/8, it follows that [82) and[(83) hold fos = .. Thus,
due to the permutation if_(22), the inequalities] (82) dnd (3@ satisfied forA,, k > m, V(I,m) € L.

and§ = 4. In the rest of the proof, we assume that> m. Becaus€al, — a%, . | < 6.,V(l,m) € L,
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A, can be partitioned as

Al AL, Al

A=A A, Al (112)

Al A5, Al
where A%, € C—v)x(=v) and Ak, € Cv*v. The idea behind this partition is that the diagonal entries
of A%, are separated by more thap, and two diagonal entries such that each belongs to a differe
diagonal block (i.e.A11, Ago, As3) are also separated by more thén Now it is possible to usJ__[_h,
Lemma 2.3] which asserts that

}ﬁ
| Aillofr < 55 for 1=2,3. (113)

where|| A% |.¢ is the sum of squares at}’s off diagonal entries.
To show that[(11I3) establishds [29) we first show that theiaifih of the diagonal entries in the
upper A%, -block remains unchanged and that no diagonal entry ledeaA%, and A%, blocks. To be

precise, fori =1,2,3
Rii1(v) € L if ve Lj,andRi(v) = v if v € Ly, (114)

where

_ ; _ .k
Ry(v) = arg min [Av — ag]| (115)

This follows from [101) and because for evekysuch that(lx,my) € L., (B8) is satisfied with

2 2
% (1+4np) (1/2 +/1/2 4+ 179> . By takingn < 1/100 and considering (90) it follows thatsz’lk —
aﬁfzi’ < 0.654,., which establishes (115); and therefore, for ev@ryn) € L,
Similar to the derivation of {105),

2
replacingd by 6.. Thus, similar to [(I02), for every such that(ix,my) € Ls ai,lk —af:li <

ko k
ag = Gy | > de.

Poppovoim < W(0,m) (FW(0,m) + 05" /W(0,5))
+ e, —o—r? (W (0,m) + 4/W(O,m)|G| + |GI?) + X0t it Z(L eny—oer +m)

and similar to the derivation of (11L0), we obtain

P2 ,.<O (<W)2) +0 ((WR0mY) 4o ((PWLOmY) 49 (nF — ny) G2

Since P, is a decreasing sequence, the desired result follows. O

(116)
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APPENDIXD

PROOF OFCOROLLARY [7]

The corollary follows from Theorerin 3 and from the followingoposition:

Proposition 12: Letb > 0,0 < p < 1 and leta,, be a non-negative sequence that satisfies
an+1 < pan +b, Vn € N, (217)

then,

lim sgp an < pr (118)
Proof: We first assume that for somee N q,, > 1%[). In this case we have,; < a, which
means that,, is a monotonic decreasing sequence as long,as 1pr- In the case where,, < l%p
we havea, 1 < l%p. These mean that eithet, converges to a limit > 1%,)1 or that it satisfies
(118). Assume that the previous statement is true, thenvierye > 0, there exists:, € N such that
¢ —e<a, <&+e Vn > n. By substituting it into[(T17), i.e., substitutirlg— ¢ for a,+1 and& + € for
a,, it follows that for everye > 0, £(1—p) < b+¢e(1+p). This is equivalent tg < fbp + 6((11f[f’)), Ve >0
which is a contradiction. O
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