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MIMO Systems With Low-Resolution ADCs:
Linear Coding Approach

Song-Nam Hong, Yo-Seb Jeon, and Namyoon Lee

Abstract—This paper considers a multiple-input multiple-
output (MIMO) system with low-resolution analog-to-digital

transmitter (CSIT) and perfect channel state informatibn a
receiver (CSIR)[[10].

converters (ADCs). In this system, the paper presents a new Recently, several authors have proposed specific symbol-

MIMO detection approach using coding theory. The principal
idea of the proposed approach is to transform a non-linear
MIMO channel to a linear MIMO channel by leveraging both a p-
level quantizer and a lattice code wherey > 2. After transforming
to the linear MIMO channel with the sets of finite input and
output elements, efficient MIMO detection methods are propsed
to attain both diversity and multiplexing gains by using algebraic
coding theory. In particular, using the proposed methods, e
analytical characterizations of achievable rates are devied for
different MIMO configurations. One major observation is that
the proposed approach is particularly useful for a large MIMO
system with the ADCs that use a few bits.

Index Terms—Multiple-input  multiple-output  (MIMO),
analog-to-digital converter (ADC), Low-resolution ADC, one-bit
ADC, lattice modulation.

|. INTRODUCTION

detection algorithms for massive multiple-input multiple
output (MIMO) systems by incorporating the effect of low-
resolution ADCs [[1B]-+[15]. For example, assuming perfect
CSIR, a near-maximum-likelihood (nML) detection method
was proposed for one-bit quantized signals [13]. Furtheemo
the symbol-detection error of the MIMO systems with one-bit
ADCs has been analyzed using linear-type detectors such as
maximal ratio combining (MRC) or zero-forcing (ZF) when
employing a least-squares channel estimatbr [9].

Although MIMO detection algorithms that use one-bit
ADCs are well understood due to their simplicity, efficient
detection algorithms are not yet available for quantizbet t
use more than one bit. The detection algorithms_in [9]-[13]
have difficulty in increasing quantization bits, because th
algorithms usestair-type(uniform or non-uniform) quantizers,
and therefore create a non-linear MIMO channel with a finite

There is an increasing demand for ultra-wideband corset of output elements. In such a non-linear MIMO channel,
munication systems to support hundreds of Gbps data rafles computational complexity of the ML detector increases
for future wireless networks, because the system capaaity @xponentially with both the number of transmit antennas
increase linearly with its bandwidth. To implement commuand the quantization levels [13]. The major limitation o&th
nication systems that use a very large bandwidth, high spesdsting linear-type MIMO detection algorithmisg [9] is thhey

analog-to-digital converters (ADCs) are indispensable tide

provide a reasonable performance only when the number of

speed of ADCs increases, however, it is very challenging teceive antennas is much larger than the number of transmit
satisfy the power requirements of ADCSs [1]] [2]; specifigall antennas.

the energy efficiency of ADCs dramatically drops when sam- In this paper, we consider a MIMO system with transmit
pling rate is beyond 100MHZ[2]. To reduce circuit complgxitantennas andV, receive antennas. Considering ralevel

and power consumption, the use of very low-resolution ADGSDC per receive antenng (> 2), we propose a different

(e.g., 1-5 bits) for ultra-wideband communication systéras
received increasing attention over the past years([1]-[8].

approach for developing efficient MIMO detection algorithm
The key idea of the proposed approach is to transform a

Once very-low-resolution ADCs are employed, the channebn-linear MIMO channel to alinear MIMO channel by

capacity is fundamentally limited by a quantization level.

using coding theory. Specifically, instead of combatinghwit

the extreme case when one-bit ADCs are used, QPSK moducomplicated non-linear MIMO channel induced by stair-

lation is information-theoretically optimal for the simginput type quantizer, we propose a modulo-type quantizer and

single-output (SISO) fading channgl [4], i.e., 2 bits/sislthe a modulation/demodulation method based on lattice coding

maximum spectral efficiency in a communication system thtteory, which is motivated by the quantized compute-and-
uses the one-bit ADCs. This limitation to spectral efficiencforward method introduced in_[16], [17]. By using finite
by the use of low-bit ADCs can be overcome using multipleumbers of outputs and inputs, this approach creates & linea
antennas[[9]+[13]; for example, for a single-input mukipl MIMO channel over a finite field,,. After transforming to the
output (SIMO) channel, the spectral efficiency can increaeear MIMO channel with the sets of finite input and output
logarithmically with the number of receive antennas, asegm elements, we propose efficient MIMO detection methods by
the availability of perfect channel state information ae thusing algebraic coding theory.

« We first consider the SIMO case, i.el\; = 1, to
introduce the notion of receive diversity over finite-field
operation when using limited ADCs. After the channel
transformation, the SIMO system can be regardedas
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parallelp-ary symmetric channels. Utilizing this fact, we T# 1

present a simple receive-antenna-selection method Y

chooses the best subchannel with the minimum no X

entropy (MNE). Then we provide a characterization of tt Thansmit Y Receive
achievable rate of the SIMO channel wijtHevel ADCs. processing | * processing
The key idea of this analysis is to treaf, quantized TH# N,

output signals as a codeword when repetition coding

used over a spatial domain. Using this result, then wh
p = 2, we show that the proposed method is optimal
under the assumption that the modulo-type quantizerﬁ@' =
used in the SIMO system.

« Next, we consider a symmetn(_: MI.MO channel, .8, = a constellation sef . The received signal vector before ADC
N,. We present a successive-interference-cancellation =~ T N,
(SIC) decoding algorithm when a family oested linear quantizationy = [y1, g2, ... yn,] T € R, is
codesis used for encoding. We demonstrate that the pro- y = Hx + z, 1)
posed method of encoding and decoding achieves the ca-
pacity of the transformed linear MIMO channel, providetvhere H € R™>*": denotes a channel matrix and =
that the quantized noise signals at the receive antenfas 22; - - .,2n,]" € R s real Gaussian noise with zero-
are statistically independent. Furthermore, to reduce tiean and unit variance i.eA(0,1). We assume that the
decoding complexity, we introduce a simple ZF decodinghannel remains constant during a finite resource block;, i.e
method, which essentially inverses the linear chann@lblock fading model is assumed. We also assume ktha
matrix over the finite field. Although the proposed zrknown to the receiver. In this paper, we only consider a real-
method achieves a lower achievable rate than the previo@ued channel for the ease of understanding of the proposed
one, the proposed method’s computational complexig@ding method, but it can be straightforwardly applied to a

scales linearly wittp, and is therefore particularly usefulcomplex-valued channel by using the real-valued reprasent
whenp is high. tion for complex vectors as

« Finally, we consider the asymmetric MIMO case in which R Re(H) —Im(H R R
N; > N, and explain how to obtain both multiplexing {Imeg;] = [ImeEH; RQ&I))} {Imeg};g] [Imeg;

and diversity gains in a finite-field MIMO system. With
this purpose, we present a scheme that combines thibere Réa) and Im(a) denote the real and complex part of

proposed antenna selection method in Section 1V, amdcomplex vector, respectively.

then present the MIMO detection methods in Section V.

The_ idea_ is to_use the MN_E criterion to expl_oit antennase- ||| THe PROPOSEDADCS FOR ALATTICE CODE

lection diversity by selecting a set 8f; receive antennas )

among N, antennas; this approach creates a symmetric/Vé Ppresent an ADC architecture and a modula-
MIMO channel. Then we apply the MIMO detectiontmn{demoduIat|on meth_od based on lattice theory, which is
method introduced in Section V. Next, we generalize tHgotwated by the guantized compute-and-forward introduce

scheme to obtain both diversity and multiplexing gain® [16], [17]. This approach can transform a Gaussian MIMO

simultaneously. The key idea of the proposed scheme isgiaannel with low-resolution ADCs into a linear MIMO chan-

treat the finite-field MIMO channel as a generating matrig€! over a finite-field, whereas the use of a conventional
of a linear block code of block length, and code rate stair-type ADC yields a non-linear MIMO channel. Therefore

N: Using this scheme, we provide a characterization §i€ use of the proposed ADC enables development of low-
o i ’ i mplexity MIMO detection methods wheN; and N, are
an achievable rate of the MIMO system as a function GOMPIeXity t r

the minimum distance of the linear code whip > N;. large; this result will be presented in the sequel.
Notation: Lower and upper boldface letters represent col-
umn vectors and matrices, respectively. For any two vectoks Preliminaries

x andy of the same lengthdy(x,y) represents Hamming £q 4 |attice A, we define the lattice quantized, (x) as

distance which is the number of places at which they diffelhe point of A at minimum Euclidean distance fros, and

AIs_o, f_or any vectorx, wy(x) denot(_es Hfimming weight, he voronoi regionV of A as the set of pointsx such that
which is the number of nonzero locationssin O(x) = 0 and

lllustration of a MIMO system with low resolution ABC

| @

Il. SYSTEM MODEL x]a 2 [x] mod A =x—Qa(x). 3)

As illustrated in Fig.[]l, we consider a MIMO system irLetting x € R, we consider the two nested one-dimensional
which a transmitter equipped witlVy antennas send#’; lattices as
information symbols to a receiver equipped with antennas.
Let x = [x1,22,...,2n,]" be the channel input signal As={z=rpz:2€Z}
vector in which each element; is uniformly selected from Ae={zx=kz:2z€Z}. (4)



Here, x is chosen according to a transmit power constraimtheree,,, = Zév:tl(Hmyg—Am_’[)Ig. Applying lattice demod-
SNR asx = V2SNR for p = 2 andx = Y223 for p > 3 as  ulation mapping to[{9) yields

in [17]. Let Z, = [Z] mod pZ denote the finite-field of size

p, with p a prime number and : Z,, — R be a function that um = ¢ (Gm)

maps the elements &, onto the points{0,...,p — 1} C R. N,
Throughout the papet; denotes an addition over a finite-field. = ¢~! lz Am,€¢(cé)‘| ®o ! ( [Qa, (em + 2m)] )
{=1 As
. . Ny
B. Lattice Modulation and Proposed ADC -
pA = @ Qm,fcf D Zm,
Define the constellation st = A. N V,, where) is the (=1

Voronoiregion of A;, i.e., the interval—xp/2, kp/2). Then

the lattice modulation mapping : Z, — T is defined as where a system matrix is defined as

v =¢(u) 2 [kg(u)],. - Qe =g ' ([Ame mod pZ), (10)

The inverse functiony~1(-) : T — Z, is referred to as the and an effective noise is defined as
lattice demodulation mapping, and is given by . )
Zm =@~ ([QAC (em + Zm)]AS) : (11)

— A
u=¢"'(v) =g~ ([v/r] mod pZ), (5) _ - _
. ~ Here, the marginal probability of mass function (pmf) of
with v € 7. For an ADC, we proposejalevel scalar quantizer z,, can be calculated as follows. Lettin,(t) denotes the

called asawtooth transfornas depicted in Fid.12, which canprobability distribution ofe,, 4 z,,, the pmf of%,, is obtained
be implemented by scalar quantization followed by a modulgs

operation as b - . .
Un() = Q. ()], ©) - (1) = /tevq)(wfk() , 12)

. - where foru € Z, we defineVs,) = {y € R: Qa,(y) =
C. Building a Finite-Field MIMO Channel ®(u) + xpm, for somem € Z}.

Each antennd transmitsz, = ¢(c,) € T with ¢, € Z,,. Finite-Field MIMO Channel:Applying the above process to
Let h|, denote then-th row of H. Then the output signal of all received signals, we finally obtain a linear MIMO channel

the m-th receiver antenna after ADC quantization is over finite-fieldZ,, as
Im = Pp (X + 2m) = [Qa, (hpx+20)], o (7) u=Qcoz, (13)
where the second equality is from the proposed ADCIn (@here ¢ = [a cx,]T denotes a transmit signal
andy,. N T o . , . u = [uy,...,uy,|" denotes a receive signad represents the
Receiver operationThe receiver first selects aimteger N x N, channerl matrix of which thém, £)-th elementQ
coefficient matrixA € Z“*™* and then it produces the isrdefinted in D), and the noise vec’tﬁrf z ZNmﬁ
) = |#1,---, 2N,
sequences of demodulated outputs as follows a joint distribution function?;, ..z, . The capacity
tm = ¢ (i) € Zp, @8 of the MIMO channel in[(IB) is determined as a function

of our choice of an integer coefficient matriX. Thus, the
for m € {1,..., N;}. In detail, the output of ADC quantizationoptimal choice ofA is to minimize the joint entropy of the
is obtained as noise vector (i.e.H(z1,...,%n,)). However, this approach
N, does not lead to a tractable numerical method. Instead,
G = (Z H,, 020 +zm> we resort to minimizing the variance of unquantized noise
=1

em + zm in (@), as performed iri [16].
= |Qa. (

- N
= |Qa. ( A e + Z(Hm,e — A o)z + Zm>

1 (=1

2

t

Remark 1: Whenp = 2, the proposed modulation method
AL is to send a binary symbol from the séd,/2}, i.e., on-
off keying modulation. Thus, the proposed method causes 3-
dB shaping loss compared to the conventional binary phase
A, shift keying (BPSK) modulation. Fop > 3, this shaping

Hm,lxl + Zm)

~
Il

1

z

~
Il

r N, loss reduces to 1.24 dB compared to quadrature amplitude
= |Qa, ( Ao+ e, +zm> modulation (QAM) modulation. As a result, while the pro-

L =1 AL posed approach transforms the non-linear MIMO channel to
[N & the equivalent linear MIMO channel over a finite-field at the
= ZA’W“ + [QAC (em + Zm)} , (9) expense of the shaping loss in the modulation, and the loss is

=t AL As not significant wherp > 3.




leave the case aWV, > N, for future work. In the SIMO case,
by() this function maps aV,-dimensional output vector toaary
. signal, i.e.,
2 a=f(u) €Z,. (18)

This function can be interpreted as a combiner to obtain
. receive diversity in the finite-field SIMO system. The optima

= receiver combining function can be obtained by solving
Ta maximizel(c; f(u)), (29)

sawtooth transform wherel(A; B) represents the mutual information between two
random variablesd and B. Unfortunately, this optimization
problem is sophisticated to obtain a closed-form solutian.
the sequel, we will present two methods to design a receive
combining functionf(-) in Sections VI-A and1V-B.

i) Channel coding:After applying the receive combining

IV. FINITE-FIELD SIMO CHANNEL: N; = 1 AND N, > 2  function to observationu, we can yield a point-to-point

In this section we consider a special case of the MlMgwannel ,W'th mpu_b € Zy and outputii = f(u) € Z,. Using
channel in [(IB) with\V; = 1. In contrast to the conventional® cf’;\paC|ty—ach|eV|r_1g outer code (_e.g., F_’O'ar COF’e)v we can
MIMO channel, it is not clear how to harness additiona(’1‘Ch'eVe the capacity of the resulting point-to-point chednn

receiver observations in the finite-field SIMO channel. Thinere the complexity of polar code is independent/f

goal of this section is to introduce the notion of the receivEn®N the achievable rate of the proposed scheme is

diversity in the context of finite-field SIMO channels, and to R =I(c; f(n)). (20)
illustrate how we can obtain two different types of receive
diversity gains. For a SIMO case, the input-output relaiop  A. Antenna Selection with Minimum Noise Entropy (MNE)

in (I3) can be simplified to One intuitive strategy to obtain receive diversity gains is
u=cq®z. (14) antenna selectiorfor the finite-field SIMO system. To get
. an intuitive understanding of the proposed antenna setecti
This channel model can be seen &s parallel p-ary sym- method, we recall a conventional antenna-selection sglyate
metric channels. Suppose that a single antenna of the egcepy, 3 Gaussian SIMO channel. The key principle of antenna
acts as a sub-channel fésg p-bit information transfer. This sejection is to choose the receive antenna with the highest
allows connection ofV, channels in parallel, where each subghannel gain between it and a transmitter antenna to receive
channel corresponds to oneary symmetric channel. From gntennas. Intuitively, this simple strategy increasesatttgev-
this connection, the output signal of the-th sub-channel is gple rate due to channel diversity, provided that the chianne
U = CGm B Fm, (15) gains are not perfectly corre_lated_. Accordingly, in theténi
field SIMO system, the receiver is capable of observivig
assuming thag,, # 0 and that the values af,, are statistically different output signals, each of which experiences a wiffe
independent. |ﬁm values are indeed statistically independenﬁoise entropy_ Our antenna-selection strategy is to chthese
the receiver is capable of exploitiny, independent observa-syb-channel that yields the highest sub-channel cap&cityn

Fig. 2. lllustration of the proposed ADC quantization.

tions. ] _ o the N, parallel p-ary symmetric channels ih_(IL5), it is well
From [22], the capacity of the above channel is given byknown that the capacity of thei-th channel is
N, ~
SN Cp =logp — H(Z,,). 21
C =H(u,...,un,) = 3 H(E), (16) _ gp = H(Zm) . _ (21)
=1 Because selecting the best sub-channel with the highest cha

(,mel capacity is equivalent to choosing the sub-channel with
minimum noise entropy, the proposed antenna-selection
rategy is to identify a receive antenna indeX such that

whereH(+) represents an entropy function. This capacity ¢
be achieved by a polar code [20], [21] as well as by a rand
linear code and joint decodin@_[22]. Although a polar cod®
is known to be a low-complexity coding scheme, it may not ml = argmin  H(Z,,). (22)

have low complexity wherV, becomes large (e.g., in massive me{l,...,Ny}

MIMO systems), because the size of output alphabet growgr the proposed antenna-selection method, we can define the
exponentially withN;.. To reduce the complexity, the propose@utput combiner function as a linear vectgy: in which the

approach operates in two steps: mfith component is 1, and all other elements @rée.,
i) Output dimension reductionTo reduce the complexity, T
define a function f(u) = e, u. (23)
) pNe = phe (17) As a result, the achievable rate of the proposed antenna

for some integedV, > 1, where N, does not grow with.. selection strategy for the finite-field SIMO channel is

In this paper, we restrict ourselves to chodgg = N, and anse = 10gp — H(Z,,1), (24)



wherem/ is the solution of the optimization problem{22). Th
following lemma shows that the proposed antenna select
strategy is optimal when restricted to a linear functiff) —HB—Antenna Selection
where —¥#— Receiver Combinin
f(u) =w'u (25) —@—Optimal Method

for some vectow € Zi,v".
Proposition 1: The proposed antenna selection strategy
the optimal linear scheme.
Proof: Let m' denote the solution of the proposed ar
tenna selection strategy from_{22). Then, for any combini
vectorw,

[

4
©

o
©

Achievable rates
o o o o o
© = & S iy

o
N
T

Nr
' <C; @wU> =logp — H(wiZ1 @ - ®wn,2N,)
i=1

(a)
< logp — min{H(%;) : w; = 1}

b -
(:) lng - H(me)a
where (a) is due to the fact thht(zi) is obtained by addmg Fig. 3. N = 2. Achievable rates of various receive diversity schemes

conditions toH(a1z; © --- @ aNr'?Nr) and the .C.O_ndition for a SIMO system ovetZ, where both sub-channels have the same cross-
decreases the entropy, and (b) is by the definition of thebability.

proposed antenna-selection strategy. This completesrtiud. p
[ |
From Propositiori 11, we observe that when restricted tovéhere Ha(o) = —aloga — (1 — a)log(l — a) denotes a
linear function f increasing the number of observations cahinary entropy function and’. denotes the error-probability
degrade the performance in the finite-field channel, whi¢lder majority decoding (which is equivalent to the cross-
is totally different from conventional Gaussian channéls. probability of the corresponding BSC with inptiand output
can be seen in Fif] 3, the proposed antenna-selection scheémas
provides a better achievable rate at all cross error préibedi
that does the linear combining method in (25). Althoughfe = (1—€1)ezes+(1—e2)eres+ (1 —es)erer+ereses, (27)
the propqsed aptenna-selegtmn_ scheme is thg opt|m§!rl|n9v%er66m — B(%, = 1) for m € {1,2,3}.
scheme, its achievable rate is still far below optimal, wh& X .
. . . Now, we consider a general case with receive antennas.
obtained by the numerical computation of (16). Thus, a Iovxi_— S . : .
. . . ; . he majority decoding function can be defined as
complexity non-linear functiorf should be considered; we do
this in Sectior TV-B. N 1
1 Zm:l Um 2 J

o= f(u) = {5 + N
B. Repetition Coding over Receive Antennas !

We present a new receive diversity technique in a finitgjg decoding function is able to correct at |64§¥3;1J
field SIMO system, by using a simple repetition coding ov&rrors amongV, observationa1. We define ak-combination
a spatial domain. This coding can be represented as a ngp-get {1,..,N;} as a subset ofc distinct elements of
linear function(-). To explain the main idea of the proposedy ... N,}. Therefore,("*) k-combination subsets exist. Let
coding method, we first assume a binary case- ). Sk = {mj(1),7;(2),...,7;(k)} with |Sy ;| = k < N, be the
Consider the simple case aN, = 3. Suppose that jth j-combination subset. Here, (m) is themth element of
transmitter sendg = 1 and the received output vector ise jth k-combination subset. Using this notation, the effective
u = [ug, uz,u3]" = [1,1,0]". The conditionu,, = ¢ ® Zn, error-probability of the proposed receive diversity sckemith
for m € {1,2,3} implies that the first two sub-channels argsymmetric error probabilities per sub-channel is
good while noise in the last sub-channel flips the output, (i.e

o
-

I I I I
0.35 0.3 0.25 0.2 0.15 0.1 0.05 0

Cross error probability

(28)

% = %, = 0 and 33 = 1). Because the same information was N, (%)
sent through the three different sub-channels, it is natora P, (N,) = Z Z H €r H (1—e€m), (29)
determine the output of the combiner function= f(u) = 1 fe| Ne=1 |41 J=1 LS, mEST,

2 ’ ,

by the majority decoding principlel [25]. By constructing

the combiner functionf(-) based on the majority decodingwhereS; ; = {1, ..., N;} \ S, ;. Therefore the achievable rate
rule, the receiver is capable of correcting at least onererig

among the three sub-channel outputs. ket f(u) be the

output obtained by the majority decoding function. Then the Reep = 1 = Ha(Pe (V). (30)

achievable rate is . o :
Because this expression is complicated, we present an ésamp

Rrey=1—Ha(P.), (26) that clearly shows receive diversity gains as a functioof



m € {1,..., N;} whereP(z,, # 0) = €, form € {1,..., N, }.

Then the repetition coding method achieves the rate of
£oe Ry = logp — Ha(P.(Ny)) — Po(Ny) log (p — 1),
EO-S 1 where
-
0 ] G
§ Pe(Nr): Z H €¢ H (1_6m)-
S 0.6 —%— Capacity B k:LNr{lJJrl j=1LeSyk,; mGSg’j
0] .
| -9 ‘Antenna Selection | Proof: The decoding procedures exactly follow the binary
5 —®—Repetition Coding Methogl case in the above. Then the receiver performs the majority
9 . . o T .
§ 0 AL P O ---- Y R decoding with an observation = [uq,...,un,]', i.€.,
i i i i i i i ’EL = f(u) € ZP‘ (34)
1 2 3 4 5 6 7 8 9 10 11 i . o .
# of receiver antennas Based on this, we define the transition probabilities as
Biz =P =z ®ilc=x). (35)

Fig. 4. Achievable rates of the proposed antenna selectiohrepetition

coding method fop =2 ande = 0.15. Due to the symmetry of the channel, it can be easily shown

that 5, o = ;. for anyz € Z,, so for ease of notation, we
éu'op the subscript as g, = §;, for all x € Z,. Similar to
t

Under the premise that the noise entropy is identical in . . . .
e binary case, we can yield a point-to-point channel:

sub-channels, i.e¢,, = e for all m € {1, ..., N, }, the effective

cross-probability of the BSC with input and outputi is i=c®( (36)
Ny . . . .
: N\ L whereP({ = i) = §; for i € Z,. Then this scheme achieves
Ront)= 3 (F)e0-0v @) et :
i=155
: : : . R =logp — H((). (37)
Consequently, the achievable rate of this symmetric case is
Here, the computation d(¢) is quite complicated especially
Reep om= 1 — Ha(Pe,sym (Nr)). (32) for a largeN.,. Instead, we will compute the lower bound of

This evidently demonstrates that the proposed majority-(g)' We first compute the error probability as

decoding method over the spatial domain increases the 1 - 3, < P(wn(z) > t)
achievable rate asV, increases, becausk. ¢y, (N;) is a N ()
decreasing function ofV,. This trend can be understood as Z Z H
= €0 H (1 —em),

receive diversity gain in a finite-field SIMO channel. (38)

k=t+1 j=1 (€Sy,; meSE,
Example 1: We compare the achievable rates of the proyheret = L%J- Contrast to the binary case, equatibnl (38)
posed antenna selection strategy and the repetition codjgn upper bound on the error probability because, for some
method as a function oN,. For simplicity, we assume thaterror patternse with wy (e) > t, the majority decoding can
p=2,P(zn=1)=cforme {1,..,N;}, and thatV; is an provide a valid output. For example, wher= 5 and N, = 5,
odd number. Then the capacity of this channelinl (16) can B¢ received signdD, 0, 1,2, 3]T can be correctly decoded as
simply computed as 0 although the number of errors is 3 (larger thaa 2). Note
N, that [38) is equal taP.(V;). We let 3}, = 1 — P.(IV;) and
C = Z (Nr) (—ajlogaj) — NyHa(e), (33) Bi = %(f\“) for i € {1,...,p — 1}. We define a random
o \J variable¢’ with P(¢' = i) = 8 for i € {0, ...,p— 1}, then we
can obtain the lower bound df (37) as

where a; = 1 (M I(1—e€) +e(1—¢)N77). This

formula is used to plot the capacities in Fig. 4. In Fily. 4, the R =logp — H(¢)

repetition coding method achieves higher achievable trap t (a)

the antenna selection strategy, and almost achieves thwabre > logp — H({")

capacity. Further, both the capacity and the achievabéeaht =logp — Ha(P.(Ny)) — Pe(Ny)log (p — 1), (39)
itssrerzgzzflon coding method improve logarithmically s where (a) is due to the fact tha > 5 and uniformization

of a probability distribution can increase the entropy. sThi

Generalizing the above coding method into an arbitraﬁpmpleteS the proof. u

prime p, we obtain the following theorem: Example 2: Fig.[3 shows the achievable rates of the proposed
Theorem 1:Consider a SIMO channel with a channel corepetition coding method for various field-size In Fig. 5,
efficient vectorq = [q1,...,qn,]" € Z;V‘ with ¢,, # 0 for as the error probability decreases, the achievable rate is



Decoding proceduresErom thew; = EB,{,\L Qice ® 71,
the receiver first decodes the linear combination of coddsior
as

2.5F

N,
¢t =P Quicr, (43)

=1

wherec) € C;. Then the receiver can successfully decode the

1.5r ;-
c if

r1 <logp — H(Z1). (44)

Achievable rates

Using thec) previously decoded, the receiver can eliminate
the terme; from us = @), Qu.eci @ 2 as

uh =u © Qy Qo101 =ch @ 2, (45)

0.45 0.4 0.‘35 0‘.3 O,‘25 0‘,2 0.‘15 0‘.1 0.‘05 . /
Crossover error probability where © denotes subtraction ovef, and we letc, =

@évzrz Q5 4co. Becauser; € Cs, the receiver can successfully

Fig. 5. N, = 7. Achievable rates of the proposed repetition coding methodecode it if
as a function of field-size.

o

ry <logp — H(Z). (46)

By repeatedly applying the above procedures, the recearer ¢
increased by increasing. This is equivalent to increasingdecode theN, codewordsc!, = G}é\[;m Q) ,ce € Cy, for
the order of modulation in communication systemsS&R m € [V,], if the following N, constraints are satisfied:
increases. Thus, we should choose an appropriate field size _

p by considering the tradeoff between achievable rate and "m < 10gp —H(Zn), forallm € {1,.., N;}. (47)

complexity. From the N, decoded codewords], for m € {1,...,N;},

the receiver can obtain the desired codewatgsfor m &
{1,..., N;} by using simple matrix inversion witlQ’. This

V. FINITE-FIELD MIMO CHANNEL: Ny = N, operation is possible becau€g has a full rank as long a€)
We consider a MIMO channel ové,,, defined in[IB) with has a full rank. Then this scheme can achieve the sum-rate of
Ny = N,. For such a channel, the sum-capacity is obtained Ny
[16, Theorem 4] as R = Nylogp— > H(Zm). (48)
m=1

Csum = Nrlogp — H(z1,..., 2n,), (40) Based on this observation, we have:

whereH(-) denotes the joint entropy of random variables. This Proposition 2: The proposed SC achieves the capacity of
capacity can be achieved by a random linear codebook dfg¢ MIMO channel in [(IB) ifz,, values are statistically
a joint decoding[[22] but its complexity is not manageabléldependent.

Thus, in the next subsections, we present two low-complexit ~ Proof: Becausez,, values are assumed to be statistically
schemes: Matrix inversion (a.k.a., zero-forcing recdierd independent, the capacity in(40) is equal to

successive coding, then show that the successive coding can N,
achieve the capacity in_(%#0) if,, values are statistically C = N,logp — Z H(Zm). (49)
independent. 1

From [48), we can see that this capacity is achieved by the
A. Successive Coding SC. This concludes the proof. ]

The idea of successive coding (SC) is to combine a MIMO
receiver with channel coding efficiently. For the ease ®. Zero-Forcing

explanation, we assume that . . .
P For Gaussian channels, linear MIMO receivers such as ZF

H(Z) < H(%) < --- < H(Zw,). (41) and minimum mean square error (MMSE) have been widely
. . used due to their satisfactory sum rates and low complsxitie
We use a family ohested linear code§; 2 C; O --- 2 Cn, Therefore, in this section, we consider the ZF method for

of respective code rates > r, > --- > ry,. Each member 3 finite-field MIMO channel in which the goal of ZF is to
of the family can achieve the capacity of the underlyingliminate the all interferences as

symmetric channel [19]. To transmit thexth stream, we R . L
employ the linear codé,,. Letc,, € C,, denote the codeword 1=Q 'u=coHQ 'z (50)
corresponding to thenth stream. Due to the use of neste

; q‘his yields NV, parallel (interference-free) channels as
linear codes,

Cm € Cp for all k < m. (42) Um = Cm + Cm (51)



for m € {1, ..., N;}, where coding in Sectiofi_ VA to the selected observations yields th
sum-rate of

N:
i =P Q.5 (52) Rpse= Nilogp— > H(zn), (55)
=1 melu*

Applying a capacity-achieving linear code (e.g., polar&ad  where /* denotes the optimal solution of the optimization
each channel independently, this scheme achieves theaem-+sroblem in [54).

of
Ry = N, logp — i H(Cpn)- (53) B. Proposed Scheme That Uses Linear Block Codes
el The key idea of the proposed scheme is to treat the MIMO
This observation implies channel matrixQ = [qi,q2,...,an] € Zy ™ as a
Proposition 3: The SC achieves higher sum rate than z@€nerating matrix Ef a linear block code of block length
ie., N, and code ratejt. Specifically, letc = [e1,-- . en T

denote the channel inputs from th& transmit antennas. The

receiver knows the channel mati@} and can therefore create
Proof: Because the condition decreases the entropy, \a# possible codeword vectors of lengif} in a codeC as

have

Rsc 2> Ry

Ny
H(Cn) > H(Cnl{Zici € {1,..., N} \ {m}}) C= {g}lqm icp € Z,,}.

= H Nm ) .. .
(Zm) After acquiring a set ofp’t codewords, the receiver can
which shows thaf "™ | H(¢) > SN H(%,,). This com- compute the minimum distance of titeby finding a mini-

pletes the proof. m mum weight non-zero codeword (h The minimum distance
dmin(Q) of the codeword set is completely determined by
VI. FINITE-FIELD MIMO CHANNEL: N, > N; the channel matrixQ. Therefore, the goodness of the channel

. . . atrix can be defined with its associated minimum distance
In this section, we present a method to attain both mul- o
. : . : S L in the finite-field MIMO system.
tiplexing and diversity gains in a finite-field MIMO system. . .
; o o ... Now, we explain the proposed scheme that uses linear block
Unlike the SIMO case, it is unclear how to obtain diversit :
L : odes. The receiver observes
gains in the MIMO case, because multiple data streams are
simultaneously transmitted by a transmitter and they fater u=Qcaz (56)
with each other at the receiver. Then it can be rewritten as

— ol Nr
A. Proposed Scheme That Uses Antenna Selection u=rdzecl,’, (57)

This scheme consists of antenna selection and succes¥ffire the encoding is performed with the generator magyix
decoding as €.,
« Find N, observations among, observations such that r=QceC. (58)
the sum-capacity of the resulting, x Ny MIMO channel We can define a non-linear functigff-) : ZZZ,VT — Z;V“ as the
is maximized. minimum distance decoding, i.e.,
« Perform the successive coding in Sectlon MV-A on the . . .
resulting MIMO channel. ’ ue Z;V = f(uw) = argg}i? dn(Qx, ), (59)
In this section, we will explain how to chood¥§; observa- xS
tions (i.e., antenna-selection strategy), because trendguart where in repetition code, minimum distance (MD) decoding is
exactly follows the procedures in Sectibn V-A. The antenrgfluivalent to majority decoding. Because the achievalite ra

selection problem can be represented as of the MD decoding can be fully characterized by a minimum
distance of an underlying code and block length, wéPlgt #~
U* = argmin Z H(z;) (54) c¢) = P.(N,,dnin(Q)) represent its error probability.
UL Neb ey As in Sectior[IV-B, we can now creat¥, parallel BSCs
subject to RankQ(U, {1, ..., N¢})) = N;. in which each sub-channet is
This problem consists of the minimization of linear func- Um = Cm @ (m (60)

tion subject to a matroid constraint, where the matroi%r m
(Q,7) is defined by the ground se¢t = {1,..,N,} and
by the collection of independent ses = {{/ C Q :
QU,{1,..., N;}) has linearly independent rojus A greedy
algorithm finds an optimal solution, where at each step, the Risc = Nt logp

index that corresponds to the minimui{Z;) among the val- N:

ues of which the corresponding row is linearly independént o — Z(HQ(P(Q #0))+P( #0)log(p—1)). (61)
the rows previously chosen [23], [24]. Applying the sucoess i=1

€ {1,..., N;}. By applying a capacity-achieving outer
code to each sub-channel independently, an achievable sum-
ate is



This value can be computed numerically, but it is too cormeceived observation can be written as

plicated to compute the error probability of each sub-clednn 110007
(i.e.,P(¢; #0)) as a closed-form expression. 0100
Therefore, we consider another decoding approach for 0010
which we can derive a closed-form expression of an achievabl u=[0001]c+z,
rate as follows. We leP(ia # ¢) = P.(NV;, dmin(Q)) denote 1101
the error-probability of the above MD decoding. Note that 1011
P.(N,,dmin(Q)) is easily computable. We yield a (scalar) 1110
point-to-point channel defined over an extension filg, —_——
by using the one-to-one mappidy: Zi,v“ — [~ as Q
whered.,in (Q) = 3 [25]. In this example, the receiver is able
®(1) = ®(c) @ ®(¢), (62) to correctly decode a codewotdif the number of erroneous

sub-channels is at most one. Suppose that a transmit sgnal i
where P(®(¢) # 0) = P.(Ny, dmin(Q)). Exactly following ¢ = [0,0,0,0]" and a noise vector i% = [0,1,0,0,0,0,0]".
the proof technique in Theordrh 1, we can obtain a lower bouriien the receiver observes = [0,1,0,0,0,0,0]" and per-

of the achievable rate of the above channel as forms the MD decoding as
r = argmindy(r, u). 65
R = N, logp — H(@®()) gmin du(r, u) (65)
> Nilogp — Ha(Pe(Nr, dinin(Q))) This decoding obviously finds a correct codeword
— P.(Ny, din(Q)) log (p™t — 1), £ = [0,0,0,0,0,0,0]T becausedy(#,u) = 1, and because

dmin(Q) = 3, no other codeword has dy(r,u) < 1.
which is obtained only using. (N, dwin(Q)). Based on this However, for noise vectorg with wy(z) > 1, the MD
result, we have: decoding finds a wrong codeword with the Hamming weight
Theorem 2:Consider a MIMO channel with a full-rank 3. For example, ifz = [0,1,0,0,0,0,1]", this decoding finds
channel matrixQ € Z)~" where P(3,, # 0) = ¢, awrong codeword = [0,1,0,0,1,0,1]T,
for m € {1,..., N,}. Then the proposed linear block coding

method achieves the sum-rate of Remark 2: The proposed approach is useful wh¥pand
N, are very large angp > 3, in which the computational
Rese = Nilogp — Ho(P.(Ny, dmin(Q))) complexity of the conventional ML detection methods|[13]

grows exponentially with botV; andp, whereas the computa-
tional complexity of the proposed detection methods insgea
linearly with both Ny andp, because they estimate a symbol
vector over the equivalent linear MIMO channel, instead of
over the non-linear MIMO channel.

- Pe(Nra dmin(Q)) 1Og (ch - 1)a (63)

where

Pe(Nh dmin Q)) =

N

A
-
&

VII. NUMERICAL RESULTS
., -2)—1 — “ 1;[ (L—em). (64) For the simulation, we consider a random effective channel
k= | Tming =t |1 I E€SKG MESL 5 matrix Q € Z"*"*, where each element d) can take a
) ) o ) value from{0,...,p — 1} uniformly and independently from
Proof: Any linear codeC with minimum distancelmin  gther elements. For each sub-chanmelwe assume that

can correct at least = L%J errors. Therefore, for

given channel matrixQ, the proposed scheme can decode P(Zy =0) =1—¢€p

c correctly, provided the number of errors among sub- P(3 —k) =™ forke {1 1
channels is less than equal t¢==(2=1| Based on this G -1 {Lep =13

fact, the probability of erroneous symbol decoding is uppgthus, each sub-channel is specified by one pararagtewe

bounded by[(64). The rest of the proof exactly follows thgonsider an average achievable sum rate, where the average

proof of TheoreniL. B s with respect to a random effective channel maft@ix For
Intuitively, for a givenN;, the achievable rate can increaséhe decoding methods, we consider the antenna selection

as the minimum distance of the generating maftdxtends with successive coding (AS) in Sectibn VI-A, and two linear

to increase. Because the repetition coding in Se¢tionlI'¥-B thlock coding methods in Sectién VI-B where one (LBC) uses

a linear block code with minimum distand¥,, Theorem( 2 N, outer codes and the other (eLBC) uses one outer code

can be reduced to Theorem 1 by settidd = 1 and over an extension field. The achievable sum rates of AS,
dmin(Q) = N:. LBC, and eLBC are given ir.(55). (61), arld [63), respectively
Example 3: We consider the MIMO system withvy = 4 Example 4: (Effect of minimum distanceh this example,

and N, = 7. Suppose that the effective binary channel matriwe see the impact of minimum distance Qf on achievable
is a generating matrix of7,4] Hamming code. Then, the sum rates. Consider the MIMO system wifli, = 2 and



10

N, is large enough. This result occurs because whegris
small the minimum distance d is small (in this example,
dmin(Q) < 3 for N, < 12), so the achievable rate of the
coding method is inferior. Thus, we much considér and
N; when choosing a MIMO detection method.

-850 4, (=3

- eLBC, dmin (Q)=3

—@LEC, d_ (Q)=2
@ cLBC, d . (0)=2

From Example 4 and 5, we can see that the achievable
sum rate of LBC less than 0.5 bits lower than that of eLBC;
therefore we recommend use of LBC in practice because it
has much lower complexity than eLBC.

Achievable sum rates

VIII. CONCLUSION

In this paper, we have presented a novel detection approach
&3 o5 03 oE o1 for the MIMO system with low-resolution ADCs by exploiting
Cross error probability coding theory. In particular, by using the proposed quan-

tizer and lattice modulation-demodulation technique, \aeeh

Fig. 6. Ny = 2, N = 5 andp = 5. Achievable sum rates of the created an equivalent linear MIMO system with finite-field

Qgﬁgsiﬁge?eerfgggfff;& f:'(‘g')on ©hin (Q). The achievable sum rate of input-output values. Then, applying algebraic coding theo

we have introduced a set of detection methods that apply to

different antenna configurations, and have characteried t

corresponding achievable rates.

One possible future work would be to develop channel
estimation techniques that are suitable for the proposed ap
proach. For instance, it may be beneficial to directly estima
the effective integer channel matri® instead of H using
pilot signals. Although we have concentrated on single-use
MIMO systems, the approach propounded in this paper can
be extended to the multi-user scenario in which multiple
transmitters equipped with a single antenna send indepénde

17

16

15

14

13

Achievable sum rates

K ST 'ﬁ-’ data streams (codewords) to a receiver equipped with nhultip

1 _._p=7: ciad] antennas when adopting limited ADCs. Other extensions can
—4-p=7, as || also be explored; for instance, in the SIMO case, one can

° ——p-5, LEC further improve the achievable rates by using a modified

_e_p=5: orpdl majority decoding rule that exploits the fact that each ixese

¥ - X- p=5, AS signal contains different reliability information.

88 é 1‘0 1‘1 £2 £3 14 15 16

# of receiver antennas REFERENCES

[1] B. Murmann, “ADC performance survey 1997-2016," [O=l]nAvailable:
Fig. 7. N; = 6. Achievable sum rates of the proposed methods as a function |http://web.stanford.eds/murmann/adcsurvey.htinl
of number of receiver antennas. [2] R. H. Walden, “Analog-to-digital converter survey andadysis,” |[EEE J.

Sel. Areas Communvpl. 17, no. 4, pp. 539-550, Apr. 1999.
[3] J. A. Nossek and M. T. Ivrlac, “Capacity and coding for gtized MIMO
o . systems,” inProc. IEEE Int. Wireless Commun. Mobile Computing Conf.

N, = 5. LetH denote the sample space containing all possible wcmc), July 2006.
realizations ofQ and Ay = {Q € H : dnin(Q) = ¢} C H. [4] J. Singh, O. Dabeer, and U. Madhow, “On the limits of conmigation

e . with low- precision analog-to-digital conversion at theewer,” IEEE
Here, we compute the conditional achievable sum rates for ;.o Communyol. 57, no. 12, pp. 36293639, Dec. 2009.

which the average is with respect to a random mafx [5] 0. Dabeer and U. Madhow, “Channel estimation with lovegision

with dnin(Q) = £. The corresponding numerical results are analozgc-)toddigital conversion,” ifProc. IEEE Int. Conf. Commun. (ICC),
. . : : . May 2010.
provided in Flg.[ﬁ. It is observed that both coding metho gﬂ M. T. Ivrlac and J. A. Nossek, “On MIMO channel estimatiaith single-

can yield a better achievable sum rate than AS and the bit quantization,” inProc. ITG Workshop on Smart Antennas (WSaJ7.

performance gap increases %H(Q) increases. [7]1 A. Mezghani and J. Nossek, “Analysis of Rayleigh-fadicigannels with
1-bit quantized output,” ifProc. IEEE Int. Symp. Inf. Theory (ISITJul.
2008.
Example 5: (Effect of number of receiver antennaéle [8] A. Mezghani, F. Antreich, and J. Nossek, “Multiple pamter estima-
consider the MIMO system withV; = 6 and N, > 16 tion with quantized channel output,” iRroc. ITG Workshop on Smart

. . . Antennas (WSAR010.
where ¢; is a random variable which can take a valug; ¢ Risi D Persson. and E. G. Larsson. “Massive MIMO with

between0.05 and0.15 uniformly and independently of other ~ bit ADC,” arXiv:1404.7736 [cs.IT], Apr. 2014. [Online]. Ailable:
cross-probabilities. The corresponding numerical resalie . hgtp?v:lléaz(r?gOgla:/k\)/ylagfh??;e Capacity analysis of onedanized
prowded n F'g-U- We first observe that both LBC an&l MIMO systems with transr’nitte‘r channel state informatidEEE Trans.

eLBC can give higher achievable sum rates than AS when Signal Processyol. 63, no. 20, pp. 5498-5512, Oct. 2015.


http://web.stanford.edu/~murmann/adcsurvey.html
http://arxiv.org/abs/1404.7736

[11] S. Jacobsson, G. Durisi, M. Coldrey, U. Gustavsson, @ndstuder,
“Throughput analysis of massive MIMO uplink with low-restbn
ADCs,” larXiv:1602.01139 [cs.IT], July 2016. [Online]. Alable:
https://arxiv.org/abs/1602.01139

[12] S. Wang, Y. Li, and J. Wang, “Multiuser detection in massspatial
modulation MIMO with low-resolution ADCs,"IEEE Trans. Wireless
Commun.yol. 14, no. 4, pp. 2156-2168, Apr. 2015.

[13] J. Choi, J. Mo, and R. W. Heath, Jr., “Near maximum-iikebd detector
and channel estimator for uplink multiuser massive MIMOteyss with
one-bit ADCs,”IEEE Trans. Communyol. 64, no. 5, pp. 2005-2018,
May 2016.

[14] N. Liang and W. Zhang, “Mixed-ADC massive MIMOJEEE J. Sel.
Areas Communyol. 34, no. 4, pp. 983-997, Apr. 2016.

[15] C. Mollen, J. Choi, E. G. Larsson, and R. W. Heath, Jrnédit ADCs
in wideband massive MIMO systems with OFDM transmission,Pioc.
IEEE Int. Conf. on Acoust., Speech and Signal Process. (BPA®ar.
2016.

[16] S.-N. Hong and G. Caire, “Compute-and-forward stregedor cooper-
ative distributed antenna systemt£EE Trans. Inf. Theoryyol. 59, pp.
5227-5243, Sep. 2013.

[17] N. Lee and S.-N. Hong, “Coded compressive sensing: coen@and
recover approach,” iRroc. |IEEE Int. Symp. Inf. Theory (ISITuly 2016.

[18] J. Zhan, B. Nazer, U. Erez, and M. Gastpar, “Integecifag linear

receivers,”|EEE Trans. Inf. Theoryyol. 60, no. 12, pp. 7661-7685, Dec.

2014.

[19] R. L. Dobrushin, “Asymptotic optimality of group and sgmatic codes
for some channels,Theory of Probability and its Applicationsjol. 8,
pp. 47-59, 1963.

[20] E. Arikan, “Channel polarization: A method for constting capacity-
achieving codes for symmetric binary-input memorylesshokés,” IEEE
Trans. Inf. Theoryyol. 55, pp. 3051-3073, July 2009.

[21] E. Sasoglu, E. Telatar and E. Arikan, “Polarization &obitrary discrete
memoryless channels,” iRroc. IEEE Inf. Theory Workshop (ITWpp.
144-148, Oct. 2009

[22] A. El Gamal and Y.-H. Kim, “Network information theotyCambridge
University Press, 2011

[23] R. Rado, “Note on independence functions,” Fmoc. of the London
Mathematical Societypp. 300-320, 1957.

[24] J. Edmonds, “Matroids and the greedy algorithilathematical Pro-
gramming 1,pp. 127-136, 1971.

[25] F. J. MacWilliams and N. J. A. Sloane, “The theory of efcorrecting
codes,” Bell Laboratories Murray Hill.

11


http://arxiv.org/abs/1602.01139

	I Introduction
	II System Model
	III The Proposed ADCs for a Lattice Code
	III-A Preliminaries
	III-B Lattice Modulation and Proposed ADC
	III-C Building a Finite-Field MIMO Channel

	IV Finite-Field SIMO Channel: Nt=1 and Nr2
	IV-A Antenna Selection with Minimum Noise Entropy (MNE)
	IV-B Repetition Coding over Receive Antennas

	V Finite-Field MIMO Channel: Nt = Nr
	V-A Successive Coding
	V-B Zero-Forcing 

	VI Finite-Field MIMO Channel: Nr>Nt
	VI-A Proposed Scheme That Uses Antenna Selection
	VI-B Proposed Scheme That Uses Linear Block Codes

	VII Numerical Results
	VIII Conclusion
	References

