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Abstract

Two new stochastic variance-reduced algorithms
named SARAH and SPIDER have been recently
proposed, and SPIDER has been shown to achieve
a near-optimal gradient oracle complexity for non-
convex optimization. However, the theoretical
advantage of SPIDER does not lead to substan-
tial improvement of practical performance over
SVRG. To address this issue, momentum tech-
nique can be a good candidate to improve the per-
formance of SPIDER. However, existing momen-
tum schemes used in variance-reduced algorithms
are designed specifically for convex optimization,
and are not applicable to nonconvex scenarios. In
this paper, we develop novel momentum schemes
with flexible coefficient settings to accelerate SPI-
DER for nonconvex and nonsmooth composite op-
timization, and show that the resulting algorithms
achieve the near-optimal gradient oracle complex-
ity for achieving a generalized first-order station-
ary condition. Furthermore, we generalize our
algorithm to online nonconvex and nonsmooth
optimization, and establish an oracle complex-
ity result that matches the state-of-the-art. Our
extensive experiments demonstrate the superior
performance of our proposed algorithm over other
stochastic variance-reduced algorithms.

1. Introduction

In the era of machine learning, optimization problems asso-
ciated with practical applications have a rapidly increasing
data volume. In many scenarios, such optimization prob-
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lems take the following composite form:

mirﬁ F(z) = f(x) + g(z), P)
zeR

n

where f(z) := %Z&(m),

where z € R? is the optimization variable, integer n de-
notes the total sample size, ¢; : R? — R is a differentiable
function that corresponds to the loss on the ¢-th data sample
and g : R? — R denotes a possibly nonsmooth regularizer
function. In particular, solving the above problem (P) can
be demanding due to the tremendous data size n and com-
plex machine learning models (e.g., neural networks) that
result in highly nonconvex and nonsmooth loss landscape
(Goodfellow et al., 2016). Therefore, stochastic gradient-
like algorithms are commonly used in practice to leverage
their sample efficiency and implementation simplicity while
maintaining provable convergence guarantee in nonconvex
optimization.

A variety of stochastic algorithms have been proposed in the
literature for solving the problem (P) without the existence
of the regularizer g (i.e., smooth nonconvex optimization).
The simplest algorithm is the stochastic gradient descent
(SGD) algorithm (Robbins & Monro, |1951; Bottou, [2010)
that approximates the full gradient by one mini-batch of
stochastic samples. Although SGD has a low per-iteration
complexity, its convergence rate can be significantly dete-
riorated by the intrinsic variance of its stochastic estimator.
Such an issue has been successfully resolved by using more
advanced stochastic variance-reduced gradient estimators
that induce a smaller variance, leading to the design of a
variety of stochastic variance-reduced algorithms such as
SAG (Schmudt et al.,[2017), SAGA (Defazio et al., |2014),
SVRG (Johnson & Zhang} [2013), etc. To further handle
the nonsmooth regularizer g, proximal versions of these
advanced algorithms have been developed (Xiao & Zhang,
2014; |Ghadimi et al., 2016; [Reddi et al.| [2016). However,
these algorithms do not yield an optimal stochastic gradient
oracle complexity for generic nonconvex optimization.

Recently, (Nguyen et al.,|2017aib) and (Fang et al., [2018)
proposed a new type of stochastic variance-reduced algo-
rithms called SARAH and SPIDER, respectively. In specific,
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under an accuracy-dependent stepsize, it has been shown
in (Fang et al.| [2018)) that a natural gradient descent step
taken in SPIDER yields the optimaﬂ stochastic gradient
oracle complexity for solving the problem (P) without the
regularizer g. In a subsequent work (Wang et al., 2018a)),
the authors further proposed an improved algorithm scheme
called Proximal SpiderBoost that allows to use a much larger
constant-level stepsize and achieves the same order-level
stochastic gradient oracle complexity for solving the prob-
lem (P) under a convex regularizer g.

Although the aforementioned SPIDER-based algorithms
achieve the optimal stochastic gradient oracle complexity
in nonconvex optimization, their practical performance has
been found in recent works (Nguyen et al.l 2017b; Fang
et al., [2018) to be hardly advantageous to that of the tra-
ditional SVRG. Therefore, it is of vital importance to ex-
ploit the structure of the SPIDER estimator in other algo-
rithmic dimensions to further improve the practical perfor-
mance of SPIDER-based algorithms. Momentum is such a
promising and important perspective. In fact, there are still
two major challenges ahead to design momentum schemes
for variance-reduced algorithms in nonconvex optimization.
First, while momentum scheme has been well studied for
(stochastic) gradient algorithms (Ghadimi & Lanl [2016))
in nonconvex optimization, the convergence guarantee of
stochastic variance-reduced-like algorithms is only explored
for SVRG in certain convex scenarios (Nitanda, 2016 Allen{
Zhul 2017; 2018} |Shang et al., 2018)). Therefore, it is not
clear whether a certain momentum scheme can be applied
to stochastic variance-reduced algorithms based on SPIDER
and yield the optimal oracle gradient complexity for non-
convex optimization. Furthermore, the existing momentum
scheme for stochastic algorithms to solve the nonconvex
problem (P) has convergence guarantee only for convex reg-
ularizers g that have a bounded domain (Ghadimi & Lan,
2016)), which are not applicable to a variety of application
scenarios where regularizers with unbounded domain (e.g.,
{1, 03) are commonly used.

In this paper, we explore momentum schemes for SPIDER-
based variance reduction algorithms that can solve the non-
convex and nonsmooth problem (P) under a much broader
choice of regularizers with convergence guarantee. We sum-
marize our contributions as follows.

Summary of Contributions

We consider solving the problem (P) with nonconvex loss
functions and an arbitrary convex regularizer (possibly nons-
mooth). We propose Proximal SPIDER-M, which is a prox-
imal stochastic algorithm that exploits both the SPIDER
variance-reduction scheme and a momentum scheme for

'In the parameter regime n < ©(e~*), where ¢ corresponds to
the desired accuracy.

solving the problem (P). We show that the output point gen-
erated by the Proximal SPIDER-M satisfies a generalized
e-first-order stationary condition within O(e~2) number of
iterations, and the corresponding stochastic gradient oracle
complexity is in the order of O(n + y/ne~2), matching the
complexity lower bound for nonconvex optimization. To
the best of our knowledge, this is the first known theoretical
guarantee for stochastic variance-reduced type of algorithms
with momentum in nonconvex optimization. We also note
that the design of our momentum scheme is applicable to
arbitrary convex regularizers, which significantly relaxes
the constraint of the existing momentum scheme that re-
quires the regularizer to have a bounded domain in order to
have a convergence guarantee for nonconvex optimization
(Ghadimi & Lan, 2016).

We further propose two variants of the momentum scheme,
i.e., epochwise diminishing momentum and epochwise
restart momentum, for Proximal SPIDER-M. We establish
the same order-level oracle complexity result in noncon-
vex optimization as mentioned above. To the best of our
knowledge, this is the first formal theoretical guarantee
for epochwise diminishing and restart momentum schemes
in nonconvex optimization. Moreover, we generalize the
Proximal SPIDER-M to solve the problem (P) in an online
setting, and show that the algorithm satisfies the generalized
e-first-order stationary condition within O(¢~2) number of
iterations, and the associated stochastic gradient oracle com-
plexity is in the order O(e~?), matching the state-of-the-art
result. Our numerical experiments demonstrate that the mo-
mentum scheme does substantially improve the practical
performance of SPIDER and outperform other momentum-
based variance-reduced algorithms.

Related Work

Stochastic algorithms for nonconvex optimization: For
nonconvex optimization, SGD has been shown to achieve an
e-first-order stationary condition with an overall stochastic
gradient oracle complexity of O(e~*) (Ghadimi et al., 2016).
Convergence guarantee for various stochastic variance-
reduced algorithms have been established in nonconvex
optimization. In specific, SAGA and SVRG have been
shown to yield an overall stochastic gradient oracle com-
plexity of O(n?/3¢~2) (Reddi et al., 2016; Allen-Zhu &
Hazanl [2016)) to achieve an e-first-order stationary condition.
More recently, (Nguyen et al., 2017a}b)) proposed a novel
stochastic variance reduction algorithm named SARAH and
showed that the corresponding stochastic gradient oracle
complexity is O(e~*) to attain an e-first-order stationary
point. The SPIDER algorithm (Fang et al., 2018)) is a
variant of SARAH that uses the same gradient estimator
as SARAH but adopts a natural gradient descent update.
(Fang et al.,[2018) showed that SPIDER achieves an overall
min{O(n'/2e=2),0(e=3)} stochastic gradient oracle com-



Variance Reduction with Momentum for Nonconvex Composite Optimization

plexity, which is optimal within the regime n < O(e™%).
(Wang et al., 2018a) further proposed an improved SPI-
DER scheme that allows to use a constant-level stepsize and
can solve composite nonconvex optimization problems. In
(Zhou et al., |2018)), the authors proposed a nested stochastic
variance reduction scheme for nonconvex optimization and
achieve the same order-level oracle complexity result as that
of SPIDER. More recently, (Zhou et al., 2019} Zhang et al.|
2018]) further applied the SARAH and SPIDER estimators
to nonconvex optimization problems over manifolds.

Momentum schemes for nonconvex optimization: Mo-
mentum scheme is originally designed for accelerating gra-
dient algorithms to achieve an optimal convergence rate
in convex optimization (Nesterov, |[2014; Beck & Teboulle,
2009; Tseng, [2010; (Ghadimi & Lan, [2016)). For nonconvex
optimization, (Ghadimi & Lan, |[2016) established conver-
gence of stochastic gradient algorithms with momentum to
an e-first-order stationary point with an overall stochastic
gradient oracle complexity of O(¢~*). The convergence
guarantee of SVRG with momentum has been explored
under a certain local gradient dominance geometry in non-
convex optimization (Li et al., 2017). However, the momen-
tum scheme there requires to compare the objective function
value (and hence calculate the total loss) at each iteration and
hence is not sample efficient. Similar momentum scheme
has also been explored in second-order algorithms for non-
convex optimization (Wang et al., 2018b).

2. Preliminaries

In this section, we introduce some definitions and assump-
tions that are used throughout the paper. Recall that we are
interested in solving the following optimization problem
with composite objective function
min F(z) := f(z) + g(), P
zERY
n

where f(z) := %Z&(m),

where the function f denotes the total loss on the training
data and the function g corresponds to the regularizer that
penalizes the violation of a desired structure (e.g., spar-
sity, low-rankness, etc). We adopt the following standard
assumptions on the problem (P).

Assumption 1. The objective function in the problem (P)
satisfies:

1. Function F is bounded below, i.e.,

F*:= inf F(z)> —oc; 1
2 Fle) >~ ®

2. The loss functions £;,i = 1,...,n are L-smooth, i.e., for
alli=1,...,n, there exists an L. > 0 such that

IVEi(x) = V)| < Lliw -y, Yo,y €RY (@)

3. The regularizer function g is properE] and convex.

Intuitively, item 1 of Assumption [I] guarantees the feasi-
bility of the optimization problem (P) and item 2 imposes
smoothness on the individual loss functions. For the set of
convex regularizers, many of them (e.g., /1, elastic net, etc)
are not differentiable and therefore one cannot use gradient
to evaluate the first-order stationary condition for such a
nonsmooth composite objective function. This motivates us
to introduce a generalized notion of gradient as we elaborate
below.

We first introduce the following proximal mapping that is
useful to handle the nonsmoothness of a function.

Definition 1 (Proximal mapping). For any proper and con-
vex function g, its proximal mapping evaluated at x € R?
with parameter ) > 0 is the unique point defined as

1
prox, () := arg 361%1& {g(u) + %Hu - x||2}

The proximal mapping is uniquely defined for convex func-
tions. Particularly, in the special case where ¢ is the indica-
tor function of a convex set, its proximal mapping reduces
to the projection operator onto the convex set. More impor-
tantly, the proximal mapping can be used to characterize
the first-order stationary condition of nonsmooth composite
functions in the following way.

Fact 1. (Bauschke & Combettes, |2011) Let g be a proper
and convex function. Define the following notion of general-
ized gradient

Gz, Vf(z)) = %(x — prox,, (x - an(x))) 3)

Then, x is a critical point of the function F' = f + g (i.e.,
0 € Vf(x)+ 0g(z)) if and only if G, (x,V f(z)) = 0.

Intuitively, G,,(z, V f(z)) can be understood as a general-
ized notion of gradient for composite objective function.
In the special case where g = 0, the generalized gradient
reduces to the usual notion of the gradient V f ().

Based on the above definition, throughout the paper, we say
that a point x satisfies an e-first-order stationary condition
of the problem (P) if |G, (z, V f(x))|| < e.

3. Proximal SPIDER-M for Nonconvex
Composite Optimization

In this section, we propose a proximal SPIDER algorithm
that incorporates a momentum scheme (referred to as Prox-
imal SPIDER-M) for solving the composite problem (P),
and study its theoretical guarantee as well as the oracle
complexity.

2 An extended-valued function h : R? — R U {400} is called
proper if its domain {x : h(x) < +oo} is non-empty.
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3.1. Algorithm Design

We present the detailed update rule of the Proximal SPIDER-
M in Algorithm [T} where “Unif” denotes the uniform sam-
pling scheme with replacement.

Algorithm 1 Proximal SPIDER-M
Input: ¢, K € N, {)\k}kl,(z_ll7 {ﬂk}sz_ll > 0.
Set: oy = 2y fork=1,..., K — 1.
Initialize: yo = =7 € R%.
fork=0,1,..., K —1do
2k = (1 — apq1)yr + Qpy17,
if mod(k, q) = 0 then

‘ set v = Vf(zk),

else

sample & P {1,...,n}, and compute

Ve = Dice, ﬁ(v&(zk) — Vli(2-1)) + Vi—1.
end
Tj41 = Proxy, 4 (;vk - )\kvk),

_ Br B
Yrt1 = 2k — Komp + 5Eproxy, o (T — Akvk).

end
Unif

Output: z., where { ~ {0,...,K —1}.

To elaborate on the algorithm design, note that Proxi-
mal SPIDER-M generates a tuple of variable sequences
{zk, Yk, 2k} according to the momentum scheme. In
specific, the variables xj, yj, are updated via proximal
gradient-like steps using the gradient estimate vy, proposed
for SARAH in (Nguyen et al., 2017ab) and different step-
sizes A, Ok, respectively. Then, their convex combination
with momentum coefficient a1 yields the variable 2y 1.
We choose a standard diminishing momentum coefficient
o = %ﬂ that serves for proving convergence guarantee in
nonconvex optimization. We also note that the two updates
for x1,41 and Y41 do not introduce extra computation over-
head as compared to a single update, since they both depend
on the same stochastic gradient vy.

We want to highlight the difference between our momentum
scheme design for Proximal SPIDER-M and the existing
momentum scheme design for proximal SGD in (Ghadimi
& Lan| 2016)) and proximal SVRG in (Allen-Zhu, 2017). In
these works, they use the following proximal gradient steps
for updating the variables x1 and yj41:

Ik+1 = prOXAkg (Ik - Akvk)v (4)

Yr+1 = proxg, o (zr — Brok). (5)

Note that eq. (@) and eq. (5) use different proximal gradient
updates that are based on x;, and 2, respectively. As a com-
parison, our momentum scheme in Algorithm | applies the
same proximal gradient term prox,, , (zx — Arvx) to update
both variables z1 and y41, and therefore requires less

computation for evaluating the proximal mapping. More-
over, our update for the variable y;. is not a single proxi-
mal gradient update (as opposed to eq. (3))), and it couples
with the variables zj, and x;,.

The momentum scheme introduced in (Ghadimi & Lanl
2016)) based on eq. (@) and eq. (5) was shown to have con-
vergence guarantee in nonconvex composite optimization
only for convex regularizers g that have a bounded domain.
Therefore, it cannot yield a provable convergence guarantee
for regularizers with unbounded domain, which are com-
monly used in practical applications, e.g., ¢1, {5, elastic net,
etc. On the other hand, the momentum scheme introduced
in (Allen-Zhul 2017) was not proven to have a convergence
guarantee in nonconvex optimization. In the next subsection,
we prove that our momentum scheme in Algorithm[T|has a
provable convergence guarantee for nonconvex composite
optimization with arbitrary convex regularizers, therefore
eliminating the restriction on the regularizers in (Ghadimi
& Lan, [2016)).

3.2. Convergence and Complexity Analysis

In this subsection, we study the convergence guarantee as
well as the stochastic gradient oracle complexity of Proxi-
mal SPIDER-M for solving the problem (P). We obtain the
following main theorem.

Theorem 1. Let Assumption |l hold. Apply the Proximal
SPIDER-M (see AlgorithmlI) to solve the problem (P) with
— _2 — — — 1
parameters o, = 5, ¢ = [§k| = V/n, B = g and
Xk € [Br, (1 + ar)Bi]. Then, the output z¢ produced by the
algorithm satisfies E||Gx (z¢, V f(2¢))|| < € forany e > 0
provided that the total number K of iterations satisfies

K29<L(F(x°)F*)). ©6)

€2

Moreover, the total number of stochastic gradient oracle
calls is at most ©(n + \/ne=2) and the total number of
proximal mapping oracle calls is at most ©(e~2).

Theorem (1| establishes the convergence rate of Proximal
SPIDER-M to satisfy the generalized first-order stationary
condition and the corresponding oracle complexity. Specif-
ically, the iteration complexity to achieve the generalized
e-first-order stationary condition is in the order of ©(¢~2),
which matches the state-of-art result of stochastic nons-
mooth nonconvex optimization (Wang et al., 2018a). Fur-
thermore, the corresponding stochastic gradient oracle com-
plexity ©(n + /ne~?) matches the lower bound for non-
convex optimization (Fang et al.,|2018)). Therefore, Proxi-
mal SPIDER-M enjoys the same optimal convergence guar-
antee as that for the Proximal SpiderBoost (Wang et al.,
2018a) in nonconvex optimization, and it further benefits
from the momentum scheme that can lead to significant
acceleration in practical applications (as we demonstrate
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via experiments in Section[6). We also note that the design
of Proximal SPIDER-M allows to use constant stepsizes
Ak, B = ©(1) as opposed to the accuracy-dependent step-
size ©() adopted by the original SPIDER (Fang et al.,
2018)). This also facilitates the convergence of the algorithm
in practice.

Outline of Proof for Theorem[l] As the technical proof is
involved, we briefly outline the key intermediate steps below
to convey some intuition on the analysis. The detailed proof
is provided in the supplementary materials.

Based on the definition of generalized gradient (see Fact[I),
we can rewrite the updates for {x, Yk, 2k } & in Algorithm
as follows:

2k = (1 — apq1)yr + app12n,
Tpy1 = Tk — MGy (Th, V),
Yrt1 = 2k — BeGx, (Tr, i)
It can be seen that the term G, (xf, vi) serves as a gen-
eralized gradient in the updates. Then, under the above
momentum scheme, we can characterize the per-iteration

progress of Proximal SPIDER-M by bounding the progres-
sive function value gap F'(xgy1) — F'(zk) as

o)~ Flay) < —@(Akn% <xk7vk>||2)

k—1
At — B
+@<r, Bl s
ktz: at+1rt+1

=0

N (xt,mn?)

+e<Ak||Vf<zk> . vk||2>,

where T, = ﬁ and we have hidden the constant factors
for simplicity of presentation. The next key step is to bound
the estimation error term ||V f(zx) — vg||? in terms of the
generalized gradient term ||G, (xk, v )|? as

k—1

2

i=(r(k)—1)q

+ QOQ_A,_QFH-I Z
t=0

L2
&l

— B)?

Q41 Ft+1

E[IVf(z) —vxl?] <

[2631@@,«%)”2

L E[Gx, (e, ve) I

where 7(k) denotes the index of the period that iteration
k belongs to. Then, combining the above two inequalities,
telescoping and simplifying with much effort yield that

Z

Based on the above result, we further exploit the randomized
output strategy and finally obtain that

L(F (zo) F*))
K )

E[F( <F .ro EHG)\k xk,vk)H .

E|[Ga (¢, v)| < @(

where ( is selected from {0, ..., K — 1} uniformly at random.
Then, the desired convergence rate and oracle complexity
results follow. O

From a technical perspective, we highlight the following
three major new developments in the proof of Theorem I]
that is different from the proof for the basic stochastic gradi-
ent algorithm with momentum (Ghadimi & Lan 2016)) for
nonconvex optimization: 1) our proof exploits the martin-
gale structure of the SPIDER estimate v, which allows to
bound the mean-square error term E||V f(2x) — vg||? in a
tight way under the momentum scheme. In traditional anal-
ysis of stochastic algorithms with momentum (Ghadimi &
Lan} 2016)), such an error term corresponds to the variance
of the stochastic estimator and is assumed to be bounded by
a universal constant. 2): Our proof requires a very careful
manipulation of the bounding strategy to handle the accu-
mulation of the mean-square error E||V f(2x) — v ||? over
the entire optimization path. 3): Our design of the momen-
tum scheme allows to prove the convergence under arbitrary
convex regularizers, whereas the proof of (Ghadimi & Lan,
2016) requires the regularizer to have a bounded domain.

4. Other Momentum Scheduling Schemes for
Proximal SPIDER-M

It turns out that the design of Proximal SPIDER-M in Al-
gorithm|[T] allows to use more flexible momentum schemes
in nonconvex optimization. In this section, we explore two
variant momentum schemes for Proximal SPIDER-M that
can be useful in practice and study the corresponding con-
vergence guarantees.

4.1. Epochwise-diminishing Momentum

The Proximal SPIDER-M in Algorithm|ljuses a momentum
coefficient o, that diminishes to zero iterationwisely. As the
epoch length ¢ usually consists of many inner iterations (e.g.,
multiple passes over the data), the momentum coefficient
a, can be very small after several epochs and hence leads
to limited acceleration. Therefore, one strategy to alleviate
such a problem is to set the momentum coefficient oy, to
diminish epochwisely, i.e., set

(Epochwise-diminish momentum):

2
[k/q] +17

where ¢ € N corresponds to the number of inner iterations
within each epoch and ‘[-]” denotes the ceiling function.
Under such a momentum setting, the momentum coefficient
«i, remains to be constant within each epoch and diminishes
slowly along progressive epochs. We note that a similar mo-
mentum coefficient setting is adopted in (Allen-Zhu, 2017}

ap = k:].,...,K—].,
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Shang et al., 2018)) for accelerating SVRG. However, the
focus there is to solve convex optimization problems and
no convergence guarantee was established for nonconvex
optimization.

4.2. Epochwise-restart Momentum

Another widely used momentum setting is to restart the mo-
mentum scheme after a fixed number of iterations. Specifi-
cally in the context of Proximal SPIDER-M, we synchronize
the variables x4 and yj to be the zj, obtained in the pre-
vious iteration after every epoch, i.e., we add the following
algorithmic code to the Proximal SPIDER-M in Algorithm([T]

If mod(k,q — 1) = 0 then

set Ypt1 = Thy1 = Tk

This can be understood as a reinitialization of the variables
epochwisely. On the other hand, we restart the momentum
coefficient o, after every epoch as

2

t=1,..,¢—1
t+1’ i ’q

Qg = Qmod(k,q), Where oy =

Under such a momentum scheme, the momentum coeffi-
cient o, reboots at the beginning of every epoch, injecting
a periodic momentum into the algorithm dynamic consis-
tently. Finally, the algorithm outputs the point z; where ¢
is selected from {k : 0 < k < K — 1,mod(k,q — 1) # 0}
uniformly at random.

The momentum scheme with restart has been applied to the
gradient descent algorithm in (O’donoghue & Candes| 2015).
There, it has been justified that a proper restart scheme
can significantly accelerate the practical convergence of
the algorithm. However, it is unclear whether a restart
momentum scheme can have a convergence guarantee in
nonconvex and nonsmooth optimization, especially under
the more sample-efficient SPIDER scheme. We establish
such a theoretical result in the next subsection.

To further illustrate the differences among these three mo-
mentum schemes, we plot and compare the scheduling of
the momentum coefficient o, of these momentum schemes
in Figure|l} The area below each curve roughly corresponds
to the total momentum that is injected into the algorithm
dynamic by the corresponding momentum scheme. One
can see that the original momentum scheme that dimin-
ishes oy, iterationwisely has the smallest total momentum,
whereas the epochwise-diminishing momentum scheme has
the largest total momentum (within a considerable num-
ber of epochs). We further demonstrate that the practical
performance of these momentum schemes is highly cor-
related with the accumulative momentum via numerical
experiments in Section [f]

“¥-ite-diminish
—epoch-diminish
0.8 epoch-restart

momentum coefficient oy,

Number of epochs

Figure 1: Momentum coefficient scheduling of different
momentum schemes.

4.3. Convergence and Complexity Analysis

In this subsection, we present the convergence result and the
corresponding oracle complexity of Proximal SPIDER-M
under the variants of momentum schemes introduced in the
previous subsections. We obtain the following main result.

Theorem 2. Let Assumption (I| hold. Apply the Proxi-
mal SPIDER-M with either epochwise-diminishing momen-
tum or epochwise-restart momentum to solve the prob-
lem (P). Set parameters ¢ = |&| = /n, B = 8% and
i € B, (1+ ag)Br). Then, the output z; of the algorithm
satisfies B||G . (z¢, Vf(2¢))|| < € for any € > 0 under the
same complexity requirements as those in Theorem![l]

From Theorem |2} it can be seen that the Proximal SPIDER-
M maintains the optimal stochastic gradient oracle com-
plexity in nonconvex optimization under the more flexible
epochwise-diminishing and the epochwise restart momen-
tum schemes. Therefore, this demonstrates that the algo-
rithmic structure of SPIDER provides much flexibility in
designing compatible momentum schemes in the nonconvex
regime.

5. Proximal SPIDER-M for Online
Nonconvex Composite Optimization

The objective function 2 37 | £;(x) in the optimization
problem (P) contains a finite number of data samples that
are typically drawn from an underlying data distribution.
Therefore, it can be viewed as a finite-sample approxima-
tion of the population risk E,y[¢,(x)], where the data
sample v is generated from an underlying distribution U.
In this section, we study the following online composite
optimization problem that involves the population risk:

min F(x) := f(x) + g(z), (R)

zERC

where f(x) := Eyullu(2)],
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where the function g corresponds to the regularizer. As the
problem (R) depends on the population risk that contains
infinite samples, we propose a variant of Proximal SPIDER-
M that can solve it in an online setting. We summarize the
detailed steps of the algorithm in Algorithm [2} where we
refer to it as Online Proximal SPIDER-M.

Algorithm 2 Online Proximal SPIDER M
Input: ¢, K € N, {)\k}k 1 ,{Bk}
Set: ozk—k_Hfork‘—l LK —
Initialize: yo = zo € R%.
fork=0,1,..., K —1do
2 = (1 — apg1)yk + 1Tk,
if mod(k, q) = 0 then
draw ¢ data samples from U and compute

= & S Ve, (@)

else
draw 52 data samples from U and compute

e ‘52 2‘52 (Vlu, (2k) — VA, (21-1)) + Vk—1.

end

Thy1 = prox)\kg(xk /\kvk)

Ykt1 = 2 ﬁk Tl v prox)\kg( )\kvk).
end

Output: z¢, where ¢ Eo {0,..., K

~ 1)

Note that unlike the Proximal SPIDER-M for the finite-sum
case, the Online Proximal SPIDER-M keeps drawing new
data samples from the underlying distribution U (uniformly
at random) to construct the gradient estimate vy. To study
its convergence guarantee, we make the following standard
assumption on the variance of the random sampling.

Assumption 2. There exists a constant o > 0 such that for
all z € R? and all random samples u ~ U, it holds that
Eyv ||V (2) — Vf<x)||2 <o’

Based on Assumption [2] we obtain the following conver-
gence guarantee for Online Proximal SPIDER-M.

Theorem 3. Let Assumptions|[Ijand 2 hold. Apply Online
Proximal SPIDER-M (see Algorithm[2)) to solve the problem
(R). Choose any desired accuracy € > 0 and set parameters

wra = &l = Vil = /%% B = g and
M € [Br, (1+ ak)Br). Then, the output z;: of the algorithm
satisfies E||G . (z¢, V f(2¢))|| < € provided that the total
number of iterations K satisfies

Kz@CMmg_p». )

Moreover, the total number of stochastic gradient calls is
at most ©(e~2) and the total number of proximal mapping
calls is at most ©(e~2).

Q. =

The orders of the results in Theorem [3lmatch those of state-
of-arts (Fang et al.l 2018; |Wang et al., [2018a). Our result
demonstrates that the momentum scheme can be applied to
facilitate the convergence of Proximal SPIDER for solving
online nonsmooth and nonconvex problems with a provable
convergence guarantee. Moreover, we obtain a similar com-
plexity result for Online Proximal SPIDER-M under the
other two momentum schemes proposed in Section[d]in the
following theorem.

Theorem 4. Let Assumptions [I) and [2] hold. Apply On-
line Prox-SPIDER-M with either epochwise-diminishing
momentum or epochwise restart momentum to solve the
problem (R). Choose any desired accumcy € > 0 and set

parameters ¢ = |&2| = /|&1] = 52 , = 7 and
M € [Br, (1 + ag)Bk]). Then, the output z; ()f the algo-
rithm satisfies E||Gx (2¢, Vf(z¢))|| < € under the same
complexity requirements as those in Theorem

6. Experiments

In this section, we compare the practical performance
of the following stochastic variance-reduced algorithms:
SVRG in (Johnson & Zhang} 2013), SpiderBoost in (Wang
et al.,|2018a), Katyusha™® in (Allen-Zhu, 2017), ASVRG
in (Shang et al 2018), RSAG in (Ghadimi & Lan, [2016)),
Proximal SPIDER-M (Algorithm [T in this paper), Proxi-
mal SPIDER-MED (epochwise-diminishing momentum)
and Proximal SPIDER-MER (epochwise restart momen-
tum). We note that all algorithms use certain momentum
schemes except for SVRG and SpiderBoost. For all algo-
rithms considered, we set their learning rates to be 0.05. For
each experiment, we initialize all the algorithms at the same
point that is generated randomly from the normal distribu-
tion. Also, we choose a fixed mini-batch size 256 and set
the epoch length ¢ to be 2n/256 such that all algorithms
pass over the entire dataset twice in each epoch.

6.1. Un-regularized Nonconvex Optimization

We first apply these algorithms to solve an un-regularized
nonconvex optimization problem. The first problem is the
following nonconvex logistic regression problem

min
weR

TOTSED S +a21+w
i=1

where z; € R denotes the features and y; € {1} corre-
sponds to the labels, and we set the loss ¢ to be the cross-
entropy loss and o = 0.1. For this problem, we use two
different datasets from the LIBSVM (Chang & Lin, |2011):
the a9a dataset (n = 32561, d = 123) and the w8a dataset
(n = 49749, d = 300). We report the learning curves on
the function value gap of these algorithms in Figure 2}
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In this experiment, one can see from Figure [2] that our
SPIDER-MED with epochwise diminishing momentum
achieves the best performance and significantly outperforms
other algorithms. Also, we note that the performances of
both Katyusha™® and ASVRG do not achieve much accel-
eration in such a nonconvex case, as these algorithms are
originally developed to accelerate solving convex problems.
This demonstrates that our design of SPIDER-M has a stable
performance in nonconvex optimization as well as provable
theoretical guarantee. We note that the curve of SpiderBoost
overlaps with that of SVRG (both algorithms have similar
performance). On the other hand, among all SPIDER-M-
type of algorithms, the one that uses the epochwise diminish-
ing momentum (SPIDER-MED) has the best performance,
whereas the one that uses the iterationwise diminish mo-
mentum (SPIDER-M) is the slowest. This corroborates
the comparison of the total momentum that we illustrate in

Figure[T]

—— SVRG
ASVRG
Katyusha_ns|

— RSAG

—— SpiderBoost
SPIDER-M

~—— SPIDER-MER

—— SPIDER-MED

—— SVRG
ASVRG
Katyusha_ns|

— RSAG

—— SpiderBoost
SPIDER-M

—— SPIDER-MER

—— SPIDER-MED)|

Loss(f-f*)
Loss(f-f*)
g

[ 20 40 60 80 [ H 10 15 20 25
# of epochs # of epochs

(a) Dataset: a9a (b) Dataset: w8a

Figure 2: Comparison among stochastic variance-reduced
algorithms for solving nonconvex logistic regression.

Next, we compare these algorithms in solving the following
nonconvex robust linear regression problem

min f(w) := %if(yi —wTz;),
i=1

weRd

where we use the nonconvex loss function £(z) := 1og(f’“’—22 +
1). We report the learning curves on the function value
gap of these algorithms in Figure 3] One can see that our
SPIDER-MED with epochwise diminishing momentum has
a comparable performance to that of Katyusha™?®, and they
both outperform other algorithms.

6.2. Nonsmooth and Nonconvex Optimization

We further add an ¢; nonsmooth regularizer with weight
coefficient 0.1 to the objective functions of the above two
optimization problems, and apply the corresponding prox-
imal versions of these algorithms to solve the nonconvex
composite optimization problems. All the results are pre-
sented in Figures ] and[5] One can see that our Proximal
SPIDER-MED still significantly outperforms all the other
algorithms in these nonconvex and nonsmooth scenarios.
This demonstrates that our novel design of the coupled up-
date for {yy, } in the momentum scheme is efficient in the

—a— SVRG
ASVRG 10°

—— SVRG
ASVRG
Katyusha_ns|

— RSAG

—— SpiderBoost
SPIDER-M

—— SPIDER-MER

SPIDER-MED

Katyusha_ns|
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SPIDER-M

—— SPIDER-MER

—— SPIDER-MED)|

Loss(f-f*)
Loss(f-f*)

0 5 10 15 20 25 30 35 40 [ 10 20 30 40 50
# of epochs # of epochs

(a) Dataset: a9a (b) Dataset: w8a

Figure 3: Comparison among stochastic variance-reduced
algorithms for solving robust linear regression.

nonsmooth and nonconvex setting. Also, it turns out that
Katyusha™® and ASVRG are suffering from a slow con-
vergence (their convergences occur at around 40 epochs).
Together with the first two experiments, this implies that
their performance is not stable and may not be generally
suitable for solving nonsmooth and nonconvex problems.

—e— PrOXSVRG
PrOXASVRG 10t
PraxKatyusha_ns

— PrOXRSAG

—— ProxSpiderBoost 10°
ProXSPIDER-

—— PrOXSPIDER-MER

—— ProxSPIDER-MED

—e— PIOXSVRG
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ProxKatyusha_ns

— |PrOXRSAG.

—lProxSpiderBoost
ProxSPIDER-M

—— ProXSPIDER-MER
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Loss(f-f*)
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(a) Dataset: a9a (b) Dataset: w8a

Figure 4: Comparison among stochastic variance-reduced
algorithms for solving logistic regression with ¢; regualar-
izer.
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Figure 5: Comparison among stochastic variance-reduced
algorithms for solving robust linear regression with ¢y
regualarizer.

7. Conclusion

In this paper, we design an efficient proximal stochastic
variance-reduced algorithm with momentum to solve non-
convex composite optimization problems with provable con-
vergence guarantee. Under a basic momentum scheme, we
show that our Proximal SPIDER-M achieves the best pos-
sible stochastic gradient oracle complexity for nonconvex
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optimization. Our algorithm design further allows to apply
other momentum schemes and to solve online composite
optimization problems with an optimal oracle complexity.
We anticipate our algorithm design to inspire the develop-
ment of more advanced momentum acceleration schemes
for stochastic nonconvex optimization. On the other hand,
it is also interesting to explore whether our algorithm can
achieve the best possible convergence rate in convex opti-
mization.

References

Allen-Zhu, Z. Katyusha: The first direct acceleration of
stochastic gradient methods. Journal of Machine Learn-
ing Research, 18(1):8194-8244, January 2017.

Allen-Zhu, Z. Katyusha x: Simple momentum method
for stochastic sum-of-nonconvex optimization. In Proc.
International Conference on Machine Learning (ICML),
volume 80, pp. 179-185, 10-15 Jul 2018.

Allen-Zhu, Z. and Hazan, E. Variance reduction for faster
non-convex optimization. In Proc. International Confer-
ence on Machine Learning (ICML), pp. 699707, 2016.

Bauschke, H. and Combettes, P. L. Convex Analysis and
Monotone Operator Theory in Hilbert Spaces. Springer,
2011.

Beck, A. and Teboulle, M. A fast iterative shrinkage-
thresholding algorithm for linear inverse problems. SIAM
Journal on Imaging Sciences, 2(1):183-202, March 2009.

Bottou, L. Large-scale machine learning with stochastic gra-
dient descent. In Proc. International Conference on Com-
putational Statistics (COMPSTAT), pp. 177-186, 2010.

Chang, C. and Lin, C. LIBSVM: A library for support vector
machines. ACM Transactions on Intelligent Systems and
Technology, 2(3):1-27, 2011.

Defazio, A., Bach, F., and Lacoste-Julien, S. Saga: A
fast incremental gradient method with support for non-
strongly convex composite objectives. In Proc. Advances
in Neural Information Processing Systems (NIPS), pp.
1646-1654. 2014.

Fang, C., Li, C., Lin, Z., and Zhang, T. SPIDER: Near-
optimal non-convex optimization via stochastic path-
integrated differential estimator. In Proc. Advances in
Neural Information Processing Systems (NIPS), pp. 687—
697.2018.

Ghadimi, S. and Lan, G. Accelerated gradient methods for
nonconvex nonlinear and stochastic programming. Math-
ematical Programming, 156(1-2):59-99, March 2016.

Ghadimi, S., Lan, G., and Zhang, H. Mini-batch stochastic
approximation methods for nonconvex stochastic com-
posite optimization. Mathematical Programming, 155(1):
267-305, Jan 2016.

Goodfellow, 1., Bengio, Y., and Courville, A. Deep Learning.
MIT Press, 2016.

Johnson, R. and Zhang, T. Accelerating stochastic gradi-
ent descent using predictive variance reduction. In Proc.
International Conference on Neural Information Process-
ing Systems (NIPS), pp. 315-323, 2013.

Li, Q., Zhou, Y., Liang, Y., and Varshney, P. K. Convergence
analysis of proximal gradient with momentum for noncon-
vex optimization. In Proc. International Conference on
Machine Learning (ICML), volume 70, pp. 2111-2119,
2017.

Nesterov, Y. Introductory Lectures on Convex Optimization:
A Basic Course. Springer, 2014.

Nguyen, L., Liu, J., Scheinberg, K., and Tak4¢, K. Stochas-
tic recursive gradient algorithm for nonconvex optimiza-
tion. ArXiv:1705.07261, May 2017a.

Nguyen, L., Liu, J., Scheinberg, K., and Taka¢, M. SARAH:
A novel method for machine learning problems using
stochastic recursive gradient. In Proc. International Con-
ference on Machine Learning (ICML), 2017b.

Nitanda, A. Accelerated stochastic gradient descent for
minimizing finite sums. In Proc. International Confer-
ence on Artificial Intelligence and Statistics (AISTATS),
volume 51, pp. 195-203, May 2016.

O’donoghue, B. and Candes, E. Adaptive restart for accel-
erated gradient schemes. Foundations of Computational
Mathematics, 15(3):715-732, June 2015.

Reddi, S. J., Sra, S., Poczos, B., and Smola, A. Proximal
stochastic methods for nonsmooth nonconvex finite-sum
optimization. In Proc. Advances in Neural Information
Processing Systems (NIPS), pp. 1145-1153. 2016.

Robbins, H. and Monro, S. A stochastic approximation
method. The Annals of Mathematical Statistics, 22(3):
400407, 09 1951.

Schmidt, M., Le Roux, N., and Bach, F. Minimizing finite
sums with the stochastic average gradient. Mathematical
Programming, 162(1):83-112, Mar 2017.

Shang, F., Jiao, L., Zhou, K., Cheng, J., Ren, Y., and Jin,
Y. Asvrg: Accelerated proximal svrg. In Proc. Asian
Conference on Machine Learning, volume 95, pp. 815—
830, 2018.



Variance Reduction with Momentum for Nonconvex Composite Optimization

Tseng, P. Approximation accuracy, gradient methods, and
error bound for structured convex optimization. Mathe-
matical Programming, 125(2):263-295, Oct 2010.

Wang, Z., Ji, K., Zhou, Y., Liang, Y., and Tarokh, V. Spi-
derBoost: A class of faster variance-reduced algorithms
for nonconvex optimization. ArXiv:1810.10690, October
2018a.

Wang, Z., Zhou, Y., Liang, Y., and Lan, G. Cubic regu-
larization with momentum for nonconvex optimization.
ArXiv:1810.03763, October 2018b.

Xiao, L. and Zhang, T. A proximal stochastic gradient
method with progressive variance reduction. SIAM Jour-
nal on Optimization, 24(4):2057-2075, 2014.

Zhang, J., Zhang, H., and Sra, S. R-SPIDER: A Fast Rieman-
nian Stochastic Optimization Algorithm with Curvature
Independent Rate. ArXiv:811.04194, 2018.

Zhou, D., Xu, P., and Gu, Q. Stochastic nested variance
reduced gradient descent for nonconvex optimization. In
Proc. Advances in Neural Information Processing Sys-
tems (Neurlps), pp. 3925-3936. 2018.

Zhou, P., Yuan, X., and Feng, J. Faster First-Order Methods
for Stochastic Non-Convex Optimization on Riemannian
Manifolds. 2019.



Variance Reduction with Momentum for Nonconvex Composite Optimization

Supplementary Materials

A. Auxiliary Lemmas for Analysis of Algorithm 1]

In this section, we collect some auxiliary results that facilitate the analysis of Algorithm[I} Throughout, for any k € N,
denote 7(k) € N the unique integer such that (7(k) — 1)g < k < 7(k)g — 1. We also define Ty = 0,T'; = 1 and
Iy = (1 — ag)lk_; for k = 2,3, .... Since we set a, = %ﬂ, it is easy to check that ', = ﬁ
We first present an auxiliary lemma from (Fang et al., |2018)).
Lemma 1. (Fang et alll 2018) Under Assumption[l] the estimation vy, of gradient constructed by SPIDER satisfies that for
all (t(k) —1)g+ 1<k <7(k)g—1,

L2
Eljor, — Vf(z)||” < @EH% = zi—1|® + Ellog—1 — V£ (ze-1)I*-

Telescoping LemmalT|and noting that v, = V f(z;,) for all k such that mod(k, ¢) = 0, we obtain the following bound.
Lemma 2. Under Assumption[I} the estimation vy, of gradient constructed by SPIDER satisfies that for all k € N,

F=l o
Ellos = V)< > @EH%H — =% (8)
i=(1(k)—1)q "

Next, recall the following definition of the gradient mapping for some 7 > 0 and z, v € R%:
1
Gy(z,u) = 5(93 — prox,,(z — nu)).

Based on this definition, we can rewrite the updates of Algorithm [T]as follows:

2z = (1 — ap+1)yr + apy12k,
Tpy1 = T — MG, (Tr, Vi),
Ykt+1 = 2k — PG, (Tr, vk).

Next, we prove the following auxiliary lemma.

Lemma 3. Let the sequences {xy } i, {yr } 1, {21 } . be generated by Algorithm(l] Then, the following inequalities hold

& )\tfl - ﬁtfl
Yk — 1) = rkzritcat_l(xt,hvt,n, ©)
t=1
a A -1 = ﬁt—l
lye — axl* < Tw Y F——="—[Gx,_, (@e—1, 0-1)II%, (10)
—1 oLy
k+1 A 2
2541 = 261 < 267G, (@r, o) 1P + 207 40T kg1 Y %”GM—Axt*lvvtfl)H? (11)
t=1

Proof. We prove the first equality. By the update rule of the momentum scheme, we obtain that

Yk — Tk = Zk—1 — Be—1Gx_, (@h—1,Vk—-1) — (@h—1 — Ae—1Gx_, (Tg—1,Vk—1))
= (1 —ar)(Wr—1 — r—1) + (Ae—1 = Br—1)Gxr_, (Th—1,Vk—1). (12)

Dividing both sides by I';, and noting that 1;% = I',_1, we further obtain that

Yk — Tk _ Ykol T Tho1 A—1 — Br—1
'y 'y 'y

G, 1 (Th—1,v5-1). (13)
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Telescoping the above equality over k yields the first desired equality.

Next, we prove the second inequality. Based on the first equality, we obtain that

k
2 )\tfl - ﬂtfl 2
lye — zl]” = \\szirt G (@1, vea) ||

=1
k
ar Ai—1 — Be—1 2
= || — G _ _
| k; T, o Aot (Te—1,00-1) ||
(@) "oy (A1 — Bi—1)? 2
< Fk;ﬁ—af G,y (-1, ve-1) |
r Zk: Ces =iy, ¢ )I? (14)
= At Y A Ty_1, U
k 2 Toa, Ao (@1, ve1)]5,

[0

where (i) uses the facts that {I';, }, is a decreasing sequence, Zle ™= ﬁ and Jensen’s inequality.
Finally, we prove the third inequality. By the update rule of the momentum scheme, we obtain that zx1 — 2z =
Yk+1 — 2k + @kt2(Tr+1 — Yk+1)- Then, we further obtain that
k1 — 2kl < [lye+1 — 2l + arsollTe1 — Yt |
< Brll G (@ vi) | + akto vV 1 Tr41 — yraa [

(A1 — Bi—1)?
Ftat

k+1
< BillG (@i o) | + hray | Trin Y

t=1

||G>\t—1 (It—lv Ut—l) ”2

The desired result follows by taking the square on both sides of the above inequality and using the fact that (a + b)?
2a2 + 2b2.

CTIA

We also need the following lemma, which was established as Lemma 1 and Proposition 1 in (Ghadimi et al., 2016)).

Lemma 4 (Lemma 1 and Proposition 1, (Ghadimi et al., 2016)). Let g be a proper and closed convex function. Then, for all
u, v, € R% and 1 > 0, the following statements hold:

(u, Gy (2, 1)) = [|Gy (@, w)[|* + %(g(proxng(fv —1u)) — g()),

|Gy (2, u) = G2, v)|| < [lu = vl

B. Proof of Theorem 1|

Consider any iteration k of the algorithm. By smoothness of f, we obtain that

F@r) < F(@no) + (V@) 26 — Tp1) + §||xk P

L)\2_
1)+ (VF(xr-1), = A-1Grp_s (Th—1,v6-1)) + ML Gy (@1 ve—1) ||

= f(ok- 5
= f(Ik—l) — A1 <Vf($k—1) — V-1, GAk—l(‘rk_l’ Uk_1)> — Ap—1 <vk_17 G)\kfl(xk—l, Uk—1)>
L)\2_
; G (@1, e )|
(1)
< fler-1) = M1 (VF@r-1) = k-1, Gy (@o—1, k1)) — Aee1 |Gy (@1, vp—1) |2

LAi

2 1Gre_y (Th—1, ve—1)|?

— (g(proxy,  4(@p—1 — Ap—1vp-1)) — g(zr—1)) +
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= f(@r-1) = M1 (Vf(zr-1) — vh—1, Grp_, (T—1,06-1) ) —

LN, 5
— (9(ar) — glzr-1)) + 5 Gy (-1, v6—1) |7,

Me—1l|Gay (Te—1, ve—1)|?

where (i) follows from Lemmafd] Rearranging the above inequality and using Cauchy-Swartz inequality yields that

L
F(rg) < Fzg—1) — Ae—1(1 - ; NG res (@1 o) 12+ Mect [V (@h-1) = ve—1 1| Ga_y (r—1, v5—1) -

(15)
Note that
IV f(@k-1) = v—1ll < [V F(zr-1) = VI (ze-1) | + IV f(26-1) — vk—1]]
(_2 Ll|zg—1 — zi—1|| + |V f(2k=1) — ve—1]|

(#1)
< L= ap)llye—1 — opall + IV F(2e-1) — v,

where (i) uses the Lipschitz continuity of V f and (ii) follows from the update rule of the momentum scheme. Substituting
the above inequality into eq. (I5) yields that

L1
2

F(zy) < F(or-1) — Ae—1(1 — MGx_y (@r—1,v6-D)I* + LAk—1(1 — ar)|Gr,_y (-1, vi—1) | lyr—1 — Zo—1 ]

+ M1 l|Gay_y (Tr—1, v ) IV f (26-1) — ve—1 ]|

L L2 Ll — ar)?

; NGy (@1, vr—1)[|* + %HGAk_l(xkfl»kal)Hz + %Ilykq — a1 |)?
SV (2r-1) — vl

1 L(1 — ay)?
= F(zg-1) — )‘kfl(§ - L)‘kfl)”G/\k_l(xkflvkal)”z + %Hykq — a1 |? +

< Fxg—1) — Ae—1(1 —

Ak— )\
+ TG (ko o) [P+ S

)\kl

IV £ (1) = v |f?
1 5 R W
< Flais) = Mot = I Grey (@, vem) [P+ 50 37 22 G, (e, ve)

2
)\kl

| 2

t=1

IV f(z-1) = k-1l

where the last 1nequahty uses item 2 of Lemma 3|and the fact that 0 < «;, < 1. Telescoping the above inequality over k
from 1 to K yields that

K-1 LT —8)? K-l
F(ri) < Fzo) = 3 A5 = LA G (zx, v I + Z . Z (|G, (e, v)|1* + Z *I\Vf(Zk) — velf?

k=0 k=0 Tipraen

K—-1 K—-1 K—1

1 L Ak —
= P~ 3 Ml — I G el + 2 3 Y 6 oy (3T
= 2 2 = Drpiapn Pt
+ Z —IIVf %) — vel|?, (16)

where we have exchanged the order of summation in the second equality. Furthermore, note that Z I‘t =2 ZK ! 1 —

o +1 <z 2 Then, substituting this bound into the above inequality and taking expectation on both s1des yield that

K-1
1
E[F(zk)] < F(zo) Z Me(5 = LA)E[|Gx, (2, vk) )|Z +

20w =Bl gy sor) |12
Z g1, (oo

+Z ZER |V f(zk) — vil? (17)
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Next, we bound the term E||V f(z;) — vi||? in the above inequality. By Lemma we obtain that

k—1

LQ
E[IV£(zx) — orl* < Z |§‘Ellzz+1 zi)?
i=(7( ¢
S B’ .
< 262G, (x4, v:)]|? + 202, ,T" Gy, (zg,v , (18)
3 I )l 4 20k z+1;amml G, (o1, w0) ]

where the last inequality uses item 3 of Lemma 3] Substituting eq. (I8) into eq. (I7) and simplifying yield that

E[F(zx)] < F(xo) KE 1 [)\k 1 — L) — 7(/\’“ _ﬁl@>2}[€||G,\,c(a:k,Uk)||2
—~ 2 El 10041
K—1
Ak [ [ 2 2 ﬁt) 2”
+ —E 282G, (x4, v; —|—2al T; G, (x4, v . (19
> 3 T[22 ?0: S e el a9)

Before we proceed the proof, we first specify the choices of all the parameters. Specifically, we choose a constant mini-batch

size |€x| = [€], a constant ¢ = ||, a constant 5, = 8 > 0, A\, € [8, (1 + ax1)5]. Based on these parameter settings, the
term 7 in the above inequality can be bounded as follows.

(i) K1 Ak 7(k)g—1 12 k— 1 —B,)?
TEY SRS el ¢ 208 Y S e
k=0 i=(r(k)—1)q " t=0
@) = A L2qB° . N, L2
< — E[G ; + E G, (z4,v,)]?
> < ‘§| || Ak(CEk Vg | Z | [( ( )_1 q—|— ; at+1Ft+1 H A (fL't vt)”
(443) K1 LQIB K— K-1 )\k
< L2 BPE|| G, (ki) |* + 7 Z +1E||GM (1, vr) || 2( COBSTESIE 0)
k=0 =k
(iv) K1 . 2y L2ﬁ3 - ) T(K)q 1
< A\ L2B2E||G k+ 1E|G f
>~ k:o B || Ak (xknvkr)” |£‘ kz::o( + ) || Ak (xkyvk)H (t:(ﬁr(k)il)q [(T(t) . 1)q + 1]3)
K-1 K-1 T(K)
4L2ﬂ3 q
= 3" MI*BE||Ga, (zi, v + " 3" (k + DE|Ga, (. o) |3 TESEL
k=0 k=0 t=7(k)—1 1
K-1 2L253 K—1 1
< N7 ML2B%E||Ga, (i, v1) || + > (k + DE||Ga, (w, vi) || EEESTESIE
k=0 k=0
DRSS 202 2 2 3K_1 9 7(k)
< M L? BB G, (wr, ve)I” + 2228 Y E[|Ga, (2, vi) | COEDTESE
k=0 k=0 q
K-1 K—-1
< Y MIPBE| Gy, (wr, vi) |12 + 2028 Y | ElGa, (i, vi) |2, (20)
k=0 k=0

where (i) follows from the facts thati < k — 1 and k — 1 < 7(k)g — 1, (ii) uses the fact that Z:szq(k)l iy o Tiv1 <
2

G OESATESIED (iii) uses the parameter settings ¢ = |£| and A\ — B; < ayf3, (iv) uses the facts that A, < 23 and
(t(k) = 1)g < k < 7(k)q and (v) uses the fact that £ < 7(k)g — 1. Substituting the above inequality into eq. and
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simplifying, we obtain that

=

1 22 L()‘k _ﬁk)z 23 2
E[F(ex0)] < Flao) = Y [Aul(g — LA = L26%) = T —2028° | E|[Go, ()| 1)
=0 k+1C0k+1
K-l
< F(wo) = Y [B(5 — 208 — 126%) — L§* — 2028 E|IGi, (o, )| 22)
k=0
Choosing 3 < ¢ L, the above inequality further implies that
K—1 3
E[F( < F .’I,‘O TG HG>\I€ mk,vk)H . (23)
k=0

Then, it follows that + k 0 L E|Ga (o) |2 < 16(F(x0) — F*)/(KB).  Next, we bound the term
E[|Gx. (2¢, Vf(2))||?, where ¢ is selected uniformly at random from {0, ..., K — 1}. Observe that

El|Gx. (z¢, Vf(z))II? = E[|Gac (¢, V(2¢)) = Gac (2¢,v¢) + Gag (2¢, v |12
< 2E|| G, (z¢, Vf(z¢c)) — G (z¢, vo)|I” + 2E[Ga (2¢, ve) 1P

0)

< 2E(|Vf(z¢) — vell? + 2E[|Ga (2¢, v¢) — G, (¢, v¢) + Ga (e, vo)|IP

< 2E|V£(z¢) — vell? + 4E[|Gx, (2, v¢) — Ga (¢, vo) I + 4E|| G (¢, ve) |12
< 2E|V£(zc) — vel|” + 4E|| G, (w¢, ve) 1P

4
+ 32 Bllze = 2¢ + prox, 4z = Acvg) — prox, 4(z¢ — Acve)|)?
¢
< 2E(V f(z¢) — vcl” + 4E(| G (z¢, ve) |12
8 8
+ A?E”ZC —ac|” + /\*E]Ellpfox&g(xc = Acug) = prox, g (z¢ — Acve)|I?

(74) 8 8
< 2E(Vf(z¢) — vell” + 4E||Ga, (w¢, ve)[|* + VEHZC — x|’ + F]E“ZC — zc|?
¢ ¢

@) 16
< [V f(z¢) = vel® + 4E[I G (e, v P + T3 Ellye — zc]® (24)
¢
where (i) uses the non-expansiveness property of the operator G in Lemmaf] (ii) follows from the non-expansiveness of the
proximal operator, and (iii) uses the update rule and the fact that 0 < ay, < 1.

Next, we bound the three terms on the right hand side of the above inequality separately. First, note that

K—1
1 16(F (o) — F)
2= 2
E||Gx (e, vo)|* = ’; E|Ga, (zk, vi)|% < e
Second, note that eq. (I8) implies that
) ¢—1 L2 ) ) /Bt) i
E|Vf(z¢) —vell" <E Z (282G, (24, v3) | +2al+2Fl+1Z 1G (@, w0)I]
i=(1(¢)—1)g |£Z‘ =0 at+1]_—‘t+
21,232 7({)g—1 12 -1
< BE( Z ||G)\i($iavi)2) + E( Z 2061+2F1+1 Z HG/\t(mtyUt)H )
|£| i=(7(¢)—1) ‘€| Ozt+1I‘t+1
o ? i=(7(¢)—1)g t=0

2L262 1 K-1 T(¢)g—1
ZEEY (X oGl

(=0 “i=(r(¢)—1)q
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L1252 1 K-1 7(¢)g—1 -1
+ W? ( Z 20‘1‘2—0—2Fi+1 Z(t + DE||Gy, (24, vt)||2)
(=0 “i=(r(¢)—1)q t=0

2L252 = - LgﬁQ K1 o1

=

L252 K-1 K—

EHGAC(%,U()HQ) e KZ<+1E||GAC e, o) Z
=¢

=[ =

202
SQLﬁ( q+1]

(e}

(=
K—

=

K-1

1
ElGsc (26,00 ) + L2 o 3 BlGc (a0 s g0

22 1
<25 K 2 GRS

¢=0
16(F (o) — F*)
< 3L25#

)

where we have used the fact that { is sampled uniformly from O, ..., K — 1 at random.

Third, note that by item 2 of LemmaE], we know that

Ellye — 2l < E( 2016, o) )

+1

H(—‘-MJ\
JP Q

=

At — By

S - -
Q41 Ft+1

E|| G, (ze, 01|

™
b=

~+
i
(=]

IA

=% ==
0
Y
i

Le ) (t+DE[Gx, (e, v0)?

=
ol
~ o
~
Il
o

K-1

¢+ DBIG, (o) 3 1)

t=¢+1

Il
=1
=
Ll

IA
==

E(| G (z¢,ve) . (25)

Y
Il
o

Combining the above three inequalities and note that L3 = ©(1) and < 1, we finally obtain that

|G, (20, VIO < @(L(F(”K)‘F)) 20

This further implies that

|G (26, V£ ()| < /BIGac (a6 VI ()| < @( L(F(”CK)_F))

Setting the right hand side of the above inequality to be bounded by ¢, we obtain that K > © W) . Then, the
total number of stochastic gradient calls is bounded by (K + q) 7 + K¢ < O(n + Vne2).

C. Proof of Theorem 2|

The convergence proof of Proximal SPIDER-M with both epochwise-diminishing momentum and epochwise restart
momentum follow from that of Proximal SPIDER-M, and therefore we only describe the key steps to adapt the proof.

We first prove the result of Proximal SPIDER-M with epochwise-diminishing momentum. Under the epochwise-diminishing
momentum scheme, the momentum coefficient is set to be oy, = W. Consequently, we have T}, = W.
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First, one can check that eq. still holds, and now we have Zt i Ff < /(ﬂ Then, we follow the steps that bound

the accumulation error term 7" in eq. 1.| In the derivation of (ii), we now have that Z:gz)f( k)l—l)q a? Ty < W'

0’k+1

+ = ([k/q] +1), one can follow the subsequent

steps and show that the upper bound for T in eq. 1| still holds. Moreover, in eq. we should replace % with
%, and consequently eq. is still valid. Then, one can follow the same analysis and show that eq. 1i is still

valid. In summary, the convergence rate and the corresponding oracle complexity remain in the same order.

Substituting this new bound into (ii) and noting that in (iii) we now have

The convergence proof of Proximal SPIDER-M with periodic restart follows from that of Proximal SPIDER-M. The core idea
is to apply the result of Proximal SPIDER-M to each restart period. Specifically, consider the iterations £ = 0, 1, ...,q — 2.
As no restart is performed within these iterations, we can apply the result in eq. (26) (note that F'* is the relaxation of
F(zk)) obtained from the analysis of Proximal SPIDER-M and conclude that

—E[F(z4-1)])
q—1

E|Gy, (26, VI () < e(L(F(IO) ) where ¢ 2 {0, ...q - 2}, @)

Due to the periodic restart, the above bound also holds similarly for the iterations k& = tq,tq + 1, ..., (t + 1)g — 2 for any
t € N, which yields that

E|Gx, (z¢, VF(z)I? < @(L(F@’”) — E[F(@(41)0-1)])

1 ), WhereCU£if {tq,...,(t +1)qg — 2}. (28)

Next, consider running the algorithm with restart for iterations £ = 0, ..., K — 1, and the output index ( is selected from
{k:0<k<K-1mod(k,qg— 1) # 0} uniformly at random. Let T = [L—‘ Then, we can obtain the following

q—1
estimate
T (t+1)g—2
EHG,\C(Zc,Vf(Z() SK TZ Z E‘Gkk Zk,Vf(Zk))||2
t=0 k=tq
T

(1)
S 6( _T ;L]E Sﬁ'tq (x(t+1)q1)))

2 o ULl 1))

where (i) uses the results inductively derived from eq. (@ and (ii) uses the fact that ;4 1)q—1 = T(44-1)q due to restart.

Therefore, it follows that E||G'\ (z¢, V f(2¢))|| < € whenever K > © (W) , and the total number of stochastic

gradient calls is in the order of ©(n + /ne~2).

D. Proof of Theorem

Note that when mod(k, ¢) = 0, the Online Proximal SPIDER-M samples £; data points to estimate the gradient, and we
obtain the following variance bound based on Assumption [2}

[€1]
Ellox — Vf(z)|? = HK'Zwulm — Vf(xk)

2 |€1] 2

. 2 o
) W;E”w’“(“) = VIl < ey

By telescoping Lemma [I] and using the above bound, we obtain the following lemma.

Lemma 5. Under Assumptions[I|and 2] the estimation of gradient vy, constructed by Online Proximal SPIDER-M satisfies
that for all k € N,

k—1
Eloy - VI(z)IIP < Y
i=(7(k)—1)q

5, 0°
7EHZH—1 — Zz” + —. 30)
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Then, one can check that eq. (T7) still holds in the online case. Therefore, we can apply the bound in Lemma5]to eq.
23).

and follow the proof of eq. . One can check that there is an additional term 252—01 ;fg’j in the online case, and we
obtain the following bound.

K-1 5 K-—1 )\k0'2
E[F(u50)] < F(20) = Y =ElGx, (a,ve) | + o

k=0 k=0

K-1 Ko

k=0

Then, it follows that & S 7 VB[ G, (x5, vi)||> < 16(F(x0) — F*) /(K B) + %. One can check that eq. || still holds,

and we only need to update the bound for the term E||V f(z¢) — v¢||? as follows

16(F — F* 2
B[V f(z) - ve]? < 322 0D =) = 32

Then, we finally obtain that

UF - F) , o) @

|G (2¢, VI (z))1? < @< K Tl

To make the right hand side be smaller than €2, we can set K > W and || > 2;%2 This proves the desired
iteration complexity. On the other hand, the total number of stochastic gradient oracle calls is at most (K + q) l%‘ + K&l
By setting ¢ = |£2| = 1/|€1], we obtain the total oracle complexity as ©(e~3).

E. Proof of Theorem [4]

The proof follows exactly from that of Theorem [2|(the same treatment of the momentum schemes apply).
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