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Abstract—Distributed network utility maximization (NUM)
has received an increasing intensity of interest over the =
few years. Distributed solutions (e.g., the primal-dual gadient
method) have been intensively investigated under fading @mnels.
As such distributed solutions involve iterative updating ad ex-
plicit message passing, it is unrealistic to assume that theireless
channel remains unchanged during the iterations. Unforturately,
the behavior of those distributed solutions undertime-varying
channels is in general unknown. In this paper, we shall invegyate
the convergence behavior and tracking errors of the iteratve
primal-dual scaled gradient algorithm (PDSGA) with dynamic
scaling matrices (DSC) for solving distributive NUM problems
under time-varying fading channels. We shall also study a sgxific
application example, namely the multi-commodity flow contol
and multi-carrier power allocation problem in multi-hop ad hoc

networks. Our analysis shows that the PDSGA converges to a

limit region rather than a single point under the finite state

Markov chain (FSMC) fading channels. We also show that the
order of growth of the tracking errors is given by O (T'/N),

where T and N are the update interval and the average
sojourn time of the FSMC, respectively. Based on this analys,

we derive a low complexity distributive adaptation algorithm

for determining the adaptive scaling matrices, which can be
implemented distributively at each transmitter. The numerical

results show the superior performance of the proposed dynain

scaling matrix algorithm over several baseline schemes, sh as
the regular primal-dual gradient algorithm.

Index Terms—Distributed Network Utility Maximization,
Primal-Dual Scaled Gradient Algorithm, Time-Varying Chan-
nel, Region Stability, Tracking Error Analysis, Tracking E rror
Optimization

|. INTRODUCTION

The Network Utility Maximization (NUM) framework has
been widely adopted for network resource allocation proisle
in wireline and wireless networks over the past few years.
In such NUM problems, the network control problem is
formulated as an optimization problem, in which the utility
function of the network (e.g., efficiency, user satisfagtor
etc.) is to be maximized, under some resource constraints

(e.g., power constraint, link capacity constraint, et@])-[7].

There are a lot of works that focus on solving the NUM
problems (e.g., se€l[4] for a comprehensive survey). Based o

the primal-dual decomposition framewofK [Z]] [3], distrtlve
algorithms such as the dual-gradient algorithim [1]—[7] &mel
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primal-dual gradient algorithni [8]=[10], have been progs
These distributive algorithms are quite useful for praitic
networks, which consist of randomly placed nodes and lack
of centralized coordination. However, the implementatidn
the distributive algorithms involvegerative solutions with
explicit message passiramong nodes, which means that the
algorithm may not converge within a negligible time esplgia

in the wireless networks. In the existing literaturé [L]}-fhe
convergence and the optimality properties of these distrib
tive algorithms are established under tipeasi-staticfading
channel assumption, i.e., the channel coefficients betaagn
pair of nodes in the network are assumed to dmmstant
during the updates of the iterative algorithms. Howevergei
the wireless channel is time-varying by nature and explicit
message passing between network nodes is required for each
iteration, it is a limiting assumption to assume that thencha
nels remain unchanged during a significant number of itexati
steps before the algorithm converges [11]. As a result, df is
great importance both theoretically and practically todgtu
the behavior of the distributive algorithms under timeyuag
channels. In this paper, we are interested in the behavior of
the generalizedprimal-dual scaled gradient algorithnfi8]—

[10] for solving the distributed NUM problem in multihop
wireless networks under time-varying channels (e.g., dinit
state Markov channel). For such multihop wireless networks
with time-varying channels, the optimal solution of the NUM
problem, which depends on the channel state information
(CSlI) across the network, would also be time-varying. Hence
there are some technical challenges which require further
investigation in order to understand the behavior of these
distributive iterative algorithms in time-varying CSlitions.

For example,

o« How to quantify the performance penalty due to
time-varying channels? Most of the NUM algorithms
are designed assuming the channel is static during the
iterations of the algorithms. Hence, it is important to have
a better understanding of the performance penalty due to
the time-varying channels. For example, due to the time-
varying channels, it is not possible to guarantee that the
problem constraints (such as the power constraints or flow
balance constraints) will be satisfied at every time slot.

« What is the cost-performance tradeoff? It is also
important to study the tradeoff relationship between how
fast the iterative algorithm updates (the message passing
overhead), the speed of the time varying channels and
the performance penalty of the NUM problem. However,
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doing so involves careful analysis of the transient of ththe PDSGAbased on the current CSThe proposed solution
iterative algorithms, which is highly non-trivial. has low complexity anccan be implemented distributively
o How to enhance the existing NUM solutions?Fur- at eachreceiver nodeutilizing the local CSI only. As an
thermore, based on the understanding of the performarilbgstration, we consider an application example, namély t
penalty, we are interested to enhance the existing iteratjpint multi-commodity flow control and multi-carrier power
NUM algorithms (designed for quasi-static channels) tallocation (MCFC-MCPA) problem[1]/]4]. We compare the
improve the associated tracking performance in timg@erformance of the PDSGA witthe proposedynamic scaling
varying channels. matricesagainstvarious baseline references.
The paper is organized as follows. In Sectloh II, we in-
Due to the stochastic nature of the wireless channel and thsquce the general NUM formulation, FSMC model, and an
nonlinear dynamics of the iteration processes encountiied example. In Sectiofilll, we elaborate the primal-dual stale
highly nontrivialto answer the above questions in geneéral [11}5dient algorithm(PDSGA)and its convergence behavior. In
There are some preliminary works which study the impacts Stection[lﬂ, we shall derive low complexity solution of the
time-varying inputs to the algorithm. In Kelly’s classicabrk adaptive scaling matrices. Sect[ch V demonstrates thkitrgc
[12], the author introduced stochastic perturbations mdh ,erformance of the PDSGAIsing the proposed dynamic
gorithm to represent random load entering the network.In [caling matrix algorithmand verifies the analytical results by
the authors studied a stochastic NUM driven by the stoahasgimyiations. Finally, we conclude with a summary of the main
noisy feedback. Howeverl [12] and] [5] did not consider thgsyits in Sectiofl V1.
impact of time-varying CSI and their system models have apotations Matrix and vectors are denoted with capitalized
unique equilibrium point. To study the impacts of time-vayy 514 small boldface letters, respectively’ (a”) denotes the
CSI on distributive algorithms, the authors lof [11] havedgtd transpose of matrix (vectork (a). [A], . denotes théi, ;)"
the performance of thdistributed scaled gradient projection entry of matrix A, and Iy, denotes lt’rjweNF % Np identity
algorithm for tracking themoving Nash Equilibrium (NE) matrix.C, andR, denote the set of complex numbers and non-
of the multicarrier interference game under the finiteestaﬁegative real numbers, respectively.denotes the operation
Markov channel (FSMC) model, based mmdomly switched yf taking expectation@® denotes the operation of Cartesian

system modelingl3]. In [14], the hybrid systenmodel was p-oquct;a > b denotes componentwise comparison. Finally,
used to study the multicell CDMA interference game. Whil¢ yenotes a column vector of all ones.

these works[[11][114] provide some preliminary results loa t
behavior of the distributed algorithms for solving gamedem
time-varying channels, to the best of our knowledge, there i . _ . o
no related work studying the behavior of distributed algoris [N this section, we shall introduce the general networktutil
for NUM problems under time-varying CSI. Furthermore, duglaximization (NUM) formulation, the finite state Markov
to the decomposition techniques! [2[)] [3], the dynamics &hannel (FSMC) model, as well as the application example.
the distributed algorithms for the NUM problems are quite
different to those for solving non-cooperative games. Qn thy Network Utility Maximization under Time-varying Chan-
other hand, there are also some works on estimation theggs
concerning parameter tracking in nonstationary envirammse . . . . .
[5], [16]. However, the techniques and results [ofl [151][16 ConS|d_er a multihop wireless network witki nqdes, Wlth

; L C denoting the set of all nodes. We shall first consider
which are based on the special linear structure of the upder] . S . -

the following optimization problem with uncoupled utiés

‘N9 dynaml_cs (g, linear regression model and the I'Wl and coupled constraint§1[1]3[7]. We shall illustrate with a
square estimates), cannot be applied to the general digb o . . X S
; LN application example in Section IIFC how this optimization
NUM problems we considered in this paper.
) ) problem corresponds to general NUM problems.
In this paper, we shall attempt to shed some light on proplem 1 (General Network Utility Maximization Problem):

the above technical challenges by studying the behavior &f time-siot ¢, the network-wide resource allocation problem
an iterative primal-dual scaled gradient algorithm (PD3GAg given by

[8]-[10] under time-varying CSI. We model the CSI by a

Il. SYSTEM MODEL

finite state Markov chain (FSMC) [17]=[19]. Using sample- maximize Sy fr (ki3 h(t)) (1)
path analysis on thalgorithm trajectory we derived closed- subject to g (x;h(t)) > 0,

form expressions for the algorithm tracking errors, whicé a ,

defined as the difference between the algorithm trajectody avhere fi (xx; h(t)) : RY* — R denotes the concave utility
the moving target optimal solution of the associated NUNunction of thek*" node;x; € R}™ is the resource allocation
problem at a given time. Due to the time varying channels, tNector at thek* node, with M dimensions; the vector
NUM problem constraints may not be satisfied at every time= [x] x} --- x|’ € RY is the collection of all the
slot and we define such event esnstraint outageWe have resource allocation vecto@k}szl, with M = Zszl My;

also quantified the probability of constraint outages imtr g (x;h(t)) = [g1 (x;h(t)) g2 (x;h(t)) - - gn. (x;h(2))]"

of the speed of the time-varying CSI as well as tlomstraint are concave functions (which are related to the flow-balance
backoff marginsBased on these results, we shailbpose a constraints in the wireless networks), wifli. representing
novel algorithm to dynamically adjushe scaling matrixn the number of inequality constraints; aid¢) denotes the
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collection of the global channel fading coefficients (GC&) have the following structure:
the network.
t ] ) ) v e 0 0 0 0 ¢
. Such .optlmlzanon problgm |ﬂ1) has been W|(;Iely studied c v £ 0 0 0 0
in the literature for quasi-static CSJh(¢)}. For.mstanc_:e, T -0 v o0 00| yiee
the GCSI{h(t)} are assumed to beonstants while solving ! S ’ ’
the NUM problem in [[1]H[7]. A common approach to solve oo - 0
Problem[1 (with constanth(t)) is the dual decomposition e 0000 - v
approach[IR],[[B], which is based on thagrangian multiplier ] ©)
(LM) theory [20]. Specifically, the_agrangianof Problem[1 wherev =1 —2¢ ande = O(fur), with f; and
can be written as: 7 denoting the doppler frequency shift and symbol
duration, respectively.
K Leth(t) € H denote the collection of all the channel fading
L(x,A;h(t)) = Z fe (xx;h(1) + ATg (x;h(t)), (2) coefficients (GCSI), thefih(t)} is also an ergodic finite-state
k=1 Markov chain. Thestate spaceH and transition probability

matrix T of the FSMC{h(¢)} are given by
where) are the LM associated with the inequality constraints. ~
H= ) H, and T= X) T, € R$*?, (4)

Before preceding further, we make the following assump-

tions. {legy {leg}
(A1) fi (x1:h(t)) is a twice-differentiable strictly con- Where @ = [H| = [[cg) Qi is the cardinality of the
cave function inx; = 0, and {g; (x;h(t))}Y, aggregate state spad¢ = {h"),h(®, ... h(@} of the
are twice-differentiable concave functions in= FMSC {h(¢)}. For notational convenience, we shall use
0,Vk € K. Q =1{1,2,---,Q} as the indexing variable for enumerating

(A2) There exits a vectorx (h(f)) = 0, such that the realization offh(t)} in the rest of the paper.
g (x;h(t)) > 0.

(A3) Primal and dual optimal values dfroblem[lcan ¢C. Joint Multicommodity Flow Control and Multicarrier
be attained[[20]. Power Allocation

Under Assumption (A1)Problemladmits a unique global As an application examplewe considera joint multi-
optimal solutionx* (h(t)), and undeAssumption (A2)strong commodity flow control and multicarrier power allocation
duality holds for Problem[d i.e., the duality gap is zero (MCFC-MCPA) problem [[1], [[4] inProblem[1 Consider a
[20]. Moreover, the three assumptions together suggest thaultihop wireless network modeled bydirected graph [1],
the Kuhn-Tucker theorem[8]=[10] applies fBroblem(d i.e., [4] G = (K,&), whereK is the set of nodes andl is the set
a vectorx* (h(t)) = 0 is an optimal solution ofProblem of directed edges (i.e. delivering flows for the correspogdi
[ if and only if there is a vecton* (h(¢)) = 0 such that commodities), with|| = K and || = L. Fig.[ illustrates
(x* (h(t)),A* (h(t))) is a saddle point of the Lagrangianan example wireless network with® = 6 nodes and. = 8
L (x,X; (h(t))) [B]-[10]. As a result, solving the concavedirected links.
programming Problem [ and finding the saddle point of
the LagrangianC (x, A; h(t)) are equivalent[8]£[10]In the
literature, primal-dual algorithms are widely used to solv
Problem[ We shall discuss this through a specific example

in Section 1I-D.

B. Finite State Markov Channel Model Fig. 1. A specific example of the multihop wireless networkhwl = 6
nodes andl = 8 directed links, where each of the source nodes (i.e., node
In this section. we shall elaborate the statistic model fdr 2. 4 and5) has two data flows. Destinations of the data flows and the
. L ~ routing information are summarized in the Table shown in. Biglf a node
the time-varying CSI. Lethl(t) € M, denotes the Channelhas multiple outgoing links (e.g., node 1), we assume thie&s [e.g., link
fading coefficients between the transmitter-receiver paithe 1 and link 3) occupy different subbands and do not interfeita @ach other.

I*" link at time-slott, VI € £. Motivated by the simplicity

of the FSMC modell[17]£[19] for time-varying channels, we |n our problem, we consider the system to be operating in
model the channel fading proce%hl (t) € ”Hl} as an ergodic N > 1 independent subbands between any pair of nodes. For

finite-state Markov chain (FSMC), with state speﬁ&e and each link, it seeii\fp channel gain coefficients and we denote
cardinality [H;| = Qu, Vi € €. For the FSMC{h(t)}, we the CSIashi(t) = [hun(t) hiz -~ hiy, (1)]". We denote the
make the following assumptions. power allocation to thé" link asP, = [Py P2 -+ Pin.|",
where P, is the transmit power of link on then” subband.
(A4) Similar to [17]-[19], the transition probability m&tr Furthermore, to deal with the interference across links, we
T; € REZXQZ of the FSMC{h,(¢)} is assumed to apply multiuser detectioMUD) at each receiving node to
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Sources Links Desti- {re}e,, power control variables{P;};, and the auxil-
#1|#2|#3 | #4) #5| #6 | #7 | #8 | nations iary variables{c;,,Vl € £,1 <n < Ng} in Problem[2 with

Node 1 Z‘)W;: 21 ofojrjojojolrjr] Nodes M, = Ry + 2Ng|Py|. Similarly, the concave objective

W M) 111 101010]0]0]0] Nodes3 functions { . (xx; h(t))} . in Problem rm n

Node 2 Fowl: X [ o | 2 ] ofo]o|ofo] o] Nodes . C;:) s i (Xk}( (ﬁ?)}kzl oblem 1. correspond t.O

Flow2 X, [0 [0 [ o[ o[ 2] oo 1] Noces {25:1 fks(rks)} __in Problem[2 The concave constraint

Node 4 ;'OW; :‘” S N I I L :":ez functions {g; (x; h(t))}, in Problem[1 correspond to the
SACE B L N N R AL constraints specified byl(7)1(8) and (9) Rroblem[2 with

Flowl: X3l o Jo ol o] o] o] o] 1] Nodeé N — K I K 2|Zk\ 1). Observe that th it

Node S rowz: X olofofo]o|lz1|o] o] Nodes c=K+L+3, ( o ) serve that the capacity

region given by the above formulation is a convex simplex
Fig. 2. Summary of the destinations of data flows and routirigrmation and _thanks to th_e aUXIIIary Varllab@"’ which denotes t_he
of the example network shown in Figl 1. feasible rate at link and then'” subband, the constraints
are strictly convex. Hence the optimization problem isciyi

convex, provided that we have a set of strictly concavetyatili
recover the data from all the interfered links by succe$givefunctions f;.,.

canceling the interference. This technique can be appked a
Iong as th? transmitting rate for each I.|nk lies in t.he CaﬂBY"’IC'D. Primal-Dual Iterative Solution for Quasi-Static CSI
region Cy,,*. Let Z;, denote the set of interfered links at the - i i _
receiving nodek. For exampleZ, = {1,4}, Zs = {2,6} in In the existing literature, Lagrangian primal-dual algjoms
Fig. . Then the capacity regiofiy, (P’. h(t)) seen’by the are widely used for solving convex constrained optimizatio
receiving nodek on then' subband at time-slot is given problems. Speciﬁcall3‘/,I j[‘he Lagrangian Bfoblem[2is given
by [21] (Vk € K,1 < n < Np) in (I0), where{Jk,i}f:f ~! denote all the nonempty subsets
) f 7, the collection of all the forwarding links to node
>ogjegy (@O Pin et vectorsx = [P r ¢]7 and XA = [A(P) \(x) \(MUD)|T
Chn - Z ¢jn < log (1 + o2 VTS Iy enote the collection of primal variables and dual variable
5) espectively. The primal-dual gradient algorithm is giumn

where the vectoty, £ [c1, can -+ cz,n]  denotes the x(t4+1) = [x(t) + aViL (x(£), At): h (t))]", (11)
achievable data rate vector of all the interfered links & th ) +
nt" subband at receiving node, and o2 denotes the noise Al+1) =) —aVaL x(t), AR O], (12)
variance. For exampley, = [c1, C4R]T, Can = [con cGn]T wherea denotes the stepsize; the projection operation, namely
in Fig. . The MCFC-MCPA problem can be formulated ag]" = max{a, 0}, shall be understood componentwisely;
follows. the vectorsV L (x(t), A(t); h (¢)) andV AL (x(t), A(¢); h(t))
Problem 2 (MCFC-MCPA under Time-varying CSI): denote the gradients of the Lagrangién-,;h (¢)) w.r.t. x
Suppose that source nodehas R, commodities (i.e.,kR, and A, respectively. It has been shown th@at(t), A(t)) in
different data flows), the MCFC-MCPA problem is given by(@1)-(I2) converges t¢x*, A\*) ast — co under quasi-static
GCsSi for a strictly convex problem [8]=[10], [20].

JjeJ

K Ry
maximize ks (Ths 6
{r.z0},{P: 20} ;;f () © E. Distributive Implementation Considerations
_ Nr, Note that, inProblen{2 although the objective function has
subject to D <) e, VIEE, (7) " a decomposable structure, the constraints, such as the flow
(k,s)ERy n=1 balance constraint§l(7), the link constraitifs (8) and thegpo
Cin € Crn (Pih(t)), Vk € K,n < Np(8)  constraints[{9), are coupled among nodes. As a result, the
Z 1"P; < Prmaz, Yk €K, (9) computations of iterative updatds [1[)4(12) require glaioa
1P, ordinates. For distributive implementatiaiyal decomposition
N T _ methods are commonly used [1]*-[4] to allocate the coupled
where vy, = [ri1 rio - 7km,] = 0 is the vector of roqqrces by pricing, in which the price levels (Lagrangian

data flows of theR, commodities at source node ¢ =
{en, VI € £,1 <n < Np}is the collection of all the auxiliary
variables which are the achievable rates of ttelink at the
nt" subbandP, denotes the set afutgoinglinks? at thek!"
node; Py, .. denotes the per-node sum-power constraint.
Note that Problem [2 is a special case ofProblem X R

@ Specifically, the optimization variables{xk}f:1 in (c, \) = maxzsz‘(rk?)_ Z Z )\l(r)rk‘

Multipliers (LM)) control the resources allocated to each
subproblem and the price levels (LMs) are updated by a master
problem. By these methods, the original problér (6) can be
decomposed into three separate subproblems,

Problem [ correspond to the data rate control variables?''® {r=0}
7 k=1s=1 (K, s) l:(k,s)ERy
1For example, we assume there is MUD at the receiving ribde that Np
Link 1 and Link4 do not interfere with each other as shown in fib. 1. () (MUD)
2All the outgoing links operate on different subbands. Foareple, we 91T (A\) = {12133(} Z Z cn | A7 — Z Z Ao
haveP; = {1,3} and P4 = 4,7 in Fig.[. —llegn=1 k:k€Ry i:1€Tk:
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Ry
‘C(Pv r, c, >‘) = fks(rks)
k=1 s=1

K Np 2%kl-1 (MUD) Zjejk,i |hjn|2Pjn
D I £33 Db DRVl I PR -3 e a0

K
x
NS

F

le& n=1 (k, s)ERy k=1n=1 i=1 JE€ETk,i
and ) o) S )
N+ = INTO = [ D= D e
grrr(A) = n=1 (k, $)ER,
Np 2%kl 1 3. hjn|?P;
max SN AP og <1+ ]6‘7—;]) « Each receiving nodé: updates the powerP;, to the
PO} f k=1 i1 7 corresponding transmittgrby iterating one step to solve
S.t. Z 1TPl < Pk,mam Vk € K @3) as
1Py, Pi,(t+1)=

The master problem is to minimizg;(c, \) + grr(\) +
grrr(A\) with respect to auxiliary variablegc > 0} and

+
|2 ? P)
Pin(t) +ap [ 3 AP — A0
dual variables{\ > 0}. Note that given the data ratds} ! 3 ( p 0%+ 3 |hjnl?

and the prices{\}, the maximization problem iry;(c, \) (MUD) - o
is decoupled into each source commodity s), i.e. it can Akni 1S also updated by minimizing the master
be computed distributively in each source noke Note problem with one step in the iteration
that to avoid trivial solutions ing;;(\), we requireAl(T) =
Dok keRy D €Tk 1 AMUD) “Eor g77()), since it still has cou- )\Ec'\rflltlD)(t +1) =
pling power constriants, we apply a further dual decompmsit , +
and obtain second level subproblems as: A%?D)(t) o [ 10g <1 N Zj |hj,21| P]n> B chn
grv(A) = -
N 9lZkl_
max Z ZF ? Z ' )\ECML)D) log <1 I Zjem hJ’"|2Pjn> whereay,, ym > 0 are constants ankfv'\:';m together with
(Pro} fo i o~ ™ o? AP) are quantified by message passing.
_Z)\ép) Z 17P, (13) o Each transmit nodej updates LM )\,(QP) based on
ek P messagesP;,, from the receiving node with constant
value~, by

One remark is that the objective function in the subproblem
(I3) is coupled by the interfering multi-access links tosgar
the receiving nodes. However, the subprobléni (13) can still )\ECP) (t+1)= l)\ép) ) —p <Pk7m,u. - Z 1TPl>
be solved locally at each receiving node running MUD and 1EPy,
hence, the subproblem{13) can be solved locally.

The following summarizes the distributive iterative sajat In the existing literature[J2]£[4], the channel coefficient
for solving the MCFC-MCPA problem in{6) based on thg€h;,} (channel state information CSI) are assumed to be
above decompositions. Here we ignore the algorithm initiadjuasi-static and there is a long enough time for the algorith
ization in which all the parameters can take arbitrary v&lueto converge before the CSI changes. However, in practiée, th
At each time slott, we implement the following updatesquasi-static assumption is difficult to achieve and the ritigm
simultaneously. may only be ableto iterate very few times before the CSI

« At each source nodg, based on the received messagehanges, for explicit message pass{sgch as the Lagrangian

)\l(r) the commodity rate;,, is updated by locally solving multipliers Al(r) and /\,(vp)) between nodes are involved in the
solution above. While the traditional notion of convergenc
max fis(Trs) — Z )\l(”rks discusses whether an iterative algorithm will converge to
Tks20 Li(ks) ER the targets (P; and r;,), we need to extend the notion of
convergence when dealing with time varying CSI because the

« Each link{ calculates and broadcastgand )\1(7') by the targetsP;(h(t))* andrys(h(¢))* becomemoving targetsFur-

received message Qﬁc’:"”L,’D) as thermore, the time varying CSI also causes a subtle problem
in that the constraints of the problem (such as flow balance
constraints, link constraints and power constraints) natybe
cn(t+1) = |an(t) +ar [ A7 =3 AMID satisfied withP;(h(¢))*, cin(h(t))* andris(h(t))* at every

+

+

kni

ki time slot and this refers to thmnstraint outageThe issues of
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convergence w.r.t. moving targe#sd constraint outagewill In Section[1V, we shall propose a low complexity algorithm
be addressed in the following sections. to dynamically adjust the scaling matrix according to thé.CS
Remark 1: (Tradeoff between Message Passing Overhead
I1l. RANDOMLY SWITCHED MODELING AND and Performance)n the iteration proces$ (14) and{15), the
CONVERGENCEBEHAVIOR ANALYSIS network nodes update their resource control vecewery T

| | Id the (traditional) orimal-duak time-slots This parametef’ controls the underlying tradeoff
(1N general, oné could use e (traditional) primal-dua 9Qetween message passing overhead and the performance. For
dient update in[{11) and.{12) to solve the NUM proble xample, when theupdating period7 = 1, new resource

for quasi-static CS.I' Thg transient behavior of the PM3Eontrol results will be used in each time-slot at the expaise
dual update equations i {11) arl}12) can be charactﬁlrgh message passing overhead. On the other hand, When
ized by analgorithm trajectory of an associated nonlinear. ' f

g . o —_ is large, the same resource control vecttr) will be applied
dynamic system and the optimal solution is tbguilibrium 9 on PPle

. i ) . . for T time-slots before the next update at time-s{ot- T
point of the nonlinear system. Since the optimal solution b Sq t )

) . . . nd hence, this corresponds to low message passing overhead
o () ((0) depends on e S tne 19 CSLy e expense of some performance 05,
P y 9 op Remark 2 (Impact of the Time-Varying GCSAs the

randomly moving equilibrium point) and the convergen SMC {h(t)} jumps from one state to another randomly,

behavior of the algorithm can be measured by how well tt{ﬁ . B N .
) . . A e saddle pointx* (h(t)), A* (h(t of the Lagrangian
algorithm trajectory could track the moving equilibriumipo L(xA; h(t))palsg ch(an(g>e>s With( ti(m)(z, )randomly. A?s a ?esult,

In this section, we shall firsgeneralizethe basic primal- ; . . :

. . the primal-dual scaled gradient iteration processl (14) and
orablem 03 undr tme-vanying CS1 e shallthen ciize i (L9 YOUId 1ot converge (o a sngle pointbut ratheck the
P ying : moving saddle pointx* (h(t)),A* (h(¢))). The convergence

randomly switched systt_am)nllnear con_trol theory to analyzepmperty and tracking performanceof the PDSGA in [[TH)
the convergence behavior of tigeneralized algorithm .
and [I5%) are the focus of this paper.

A. Primal-Dual Scaled Gradient Algorithm under Time-B Randomly Switched System Modeling

Varying CSI _ _ . I
Randomly switched systems apgecewise deterministic

: ; ~ ) stochastic systems, i.e., between any two consecsititehing

type primal-dual gradient methotl [8]=J10] for CornpUtIn@thinstants the dynamics are deterministic [13]. Formally, a

sadd_le point of the L_a_grangiaﬁ (X’_)‘5h(t)) _under tir_ne- discrete-time randomly switched systésrdefined as follows
varying channel conditions. In particulascaling matrlceséﬂ]
D

D« (t) and A(t) are introduced into the primal-dual iteration
as follow:

In this section, wegeneralizethe Arrow-Hurwicz-Uzawa

efinition 1 (Discrete-time Randomly Switched System):
A discrete-timeandomly switched systeaonsists of a family
x (t+T) = [x(t) + Dy (t) VL (x(t), A(t); h (¢ +T))]+ of subsystemsand a randonswitching signalthat specifies
(14) theactivesubsystem at every time-slot. Mathematically,
A(t+T) = [A(1) = A(OVAL (x(1), M) b (¢ + T))](Is) y(t +T) = Z, (y(t)) ,whenr (t) =u e, (16)
where the integer constaf > 1 denotes theperiod (in Wherey(t) denotes the system staté&, (y(¢)) denotes the
terms of time-slots) of updating the resource allocation-veu" subsystemand  (n) is the switching signal with state
tors x(t) as well as the LMA(t); the symmetric positive SPacel/. u
definite matrix Dy(t) € CMexMs and A(t) € CNexNe For the FSMC{h(t)}, the channel fading process stays in
are thescaling matrices which are introduced to speed upa Stateh(®) for arandom sojourn timé of 7, time-slots, and
the convergence rate under time-varying C8le vectors then jumps to another state randomly. During thgtime-
VL (x(t), A(t);h (t +T)) and VAL (x(t), \(t); h(t + T)) s_lots, the channel fading coefficien_{h(t)} remz_iin_ constant
denote the gradients of the Lagrangiafy, - h (t + 7)) wrt.  (i.e., h(t) = h(?) and the system is deterministic. We thus
x(t) and(t), respectivelyThe iterative algorithm in{14) and can model the dynamics of the proposed primal-dual scaled
(@8) is called the PDSGA. gradient iteration proceds{14) afd](15) aardomly switched
Note that the concept of using the scaling matrix to speed ggstemwith the FSMC{h(t)} being theswitching signaand
the convergence rate of iterative algorithms in quasiestad- the channel stata(®) corresponding to the/" subsysterfi3],
ing channels has appeared in previous literature. For ebeampor all ¢ € Q.
when Dy (t) = diag{a} and A(t) = diag{a}, the iterative ~ TO obtain the dynamics of the randomly switched system
algorithm in [I2) and[{d5) reduces to the standard Arrov@f the proposed primal-dual scaled gradient iteration @ssc
Hurwicz-Uzawa algorithm [8]5[10]. On the other hand, fin,[1](X4) and[[Ib) explicitly, we rewrititerationsgiven by equation
[22], the scaling matrices are chosen to be the diagonakentiI4) and [(15) into one vector form, i.e.,
of the inverse Hessian. Irn_[20][_[R3], the scaling matrices = ) =1+
are chosen to be the inverse Hessian matrix. In this section, y(t+T) =[y() +DOVL(y(t):h (1 +T))] ", A7)
we shall focus on analyzing the tracking performance of theSSojourn time for a switched system is the total time a sulesysipends
PDSGA under time-varying CSI for general scaling matrices. a state before leaving it.
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wherey(t) = [x(t) A@#)]" € RiMJrNC) is the collection of  For analyzing the convergence behavior of PIBSGA in
all the iterates,D(t) = blkdgl{Dx(t), A(¢)} is the scaling (17), we shall firsitonsider the casehen the channel fading
matrix for the vectory(t), andV L (y(t);h (¢ +T)) denotes process{h(t¢)} is in a particular channel stata’® for a
the overall fictitious gradient of the Lagrangianﬁ(x,)\; sojourn time of7;, time-slot,Vq € Q. Here the sojourn time

h(t+T)), evaluated afx(t), A()), i.e., T, is defined to be the time period in which the channel
_ stateh(?) remains unchanged. Lgt; = (x}, ;) denote the
VL (y(t):h (t+T)) = VL (x(t), A(t);h (t +T)) equilibrium point of the iteratio {47) when the channelifay
=VaL (x(t), A(t);h(t +T) process{h(t)} is in stateh(?), Vg € Q. Wefirst introduce the
L2VL(L). (18) following lemma, which summarizes tlw@ntraction property
of the PDSGA in[(I7).
Moreover, we denote thequilibrium point of the ¢'" Lemma 1 Contraction Property of the PDSGA Suppose

subsystem ay; = (x;,A;), ¢ € Q. As a result, we end thatp (h(?) is designed in a way such that
up with a randomly switched system witf) subsystems,

whose dynamics is given by {17) and thkg equilibrium B(D(t) 2 maXH1+ D(t)V2L (}—,;h(q))H <B, <1,
y 2

points are given by{y;}le. For notational convenience, (19)
VL (x(t), A(t); b (t +T)) will be simplified asVL () here- wherey e R is the collection of primal and dual
after. variables. For one iterative update under the same channel

Remark 3 (Interpretation of the Equilibrium PointsNote  stateh(?), we have
that, an equilibrium point of the dynamical system defined in _ i .
(@7) is a saddle point of the Lagrangi&n(x, X; h(t)) defined |y (t+T) =i, <Bqlly®) —vyill,, (20)
in (). Moreover, for each equilibrium point; = (x;, %), ~ (MAN)x (M4+N.)
the first componenk; is the unique global optimal solutionWhere V2L (7:h(?) e RY denotes the

of the NUM problem [{IL), when the channel fading procesicond-ordederivative of the Lagrangiad (Y(t>§_h(q)) W.I.L.
{h(t)} is in stateh®, Vg € Q. y, evaluated ay; 3, is referred to as theontraction modulus

at the ¢** channel statefYq € Q; and thematrix-2 norm
is defined as||A|l, = MAX (), =1} |AX|[,, with || -2
denoting the standard Euclidean norm.

The region stabilityis a widely adopted performance mea-  Proof: Please refer to Appendix]A for the proof. ®
sure of iterative algorithms in time-varying environments Remark 4 (Geometric Convergence of the PDSGW¥)te
especially for randomly switched and hybrid systems! [11fhat the contraction modulusg, depends on the scaling
[14], [24]. When the CSI is time-varying (e.g., the FSMGnatrix D(t¢), which may exceed for some inappropriate
model), the equilibrium point of the network is also chamginchoice of D. Hence, we shall restrict the domain Bf such
and hence, thalgorithm trajectoryof the primal-dual scaled that 5, < 1. Table[] summarizes the worst-cageunder the
gradient algorithm will not converge to a single point buhex  adaptive scaling matrix (in Sectidn]IV) for th&node joint
a limit region as illustrated in Figld3 for the one dimensionahetwork flow and power control problem as illustrated in Fig.
case. We shall formally definegion stabilityas follows. [ and Fig[2. Observed from Talle 3, is always less than

Definition 2: (Region Stability of Randomly Switched Sys-for all ¢ and hence, there exists at least one scaling matrix
tems) A discrete-time randomly switched system with stateontrol policy that satisfie§ (19).
vector y(t) is said to be stable w.r.t. &mit region Y, if Moreover, since the sojourn timg, of the channel state
for every trajectoryy (t,y(0)), there exists a point of time h(?) is a random variable (which is geometrically distributed
To (y(0)) such that from then on, the trajectory is always iwith parameter), Vg € Q , and the network nodes update
the limit region€. Mathematically¥ y (¢, y(0)), 3 To (y(0)), their resource allocation vectaxgt) and the LMA(t) everyT
such thaty (¢,y(0)) € Y,V ¢t > Tp (y(0)). B time-slots, there may be several updates, or only one update
or evenno update during theél;, time-slots. The number of
updatesN, of the PDSGA in [(IIV) during the sojourn time
T, of the channel stath(?, Vg € Q, is given by N, =

%J ,Vq € Q, where|-] denotes the floor function.
77777777777777 Using Lemma[]l we can derive theegion stability of
the PDSGA in [(17), which is summarized in the following
theorem.

Theorem 1 Region Stability of the PDSGAUnder  the
Fig. 3. Anillustration of the region stability of a randomiyitched system Cconditions thatg (D(t)) < 5, < 1,Vq € Q (see equation
with one-dimensional state spa¢el[24]. From time-dlptand onwards, the (19)), at steady state (i.e., for sufficiently larg® the
E%()e.ctorygoes outsidehe limit region with probabilityPy; given in equation .pro-bablllty- th_at th_e |terate_§r(t) generated byﬂJ?) being

insidethe limit region)’ is given by:

C. Convergence Analysis of the PDSGA

A

|
|
: ——> Algorithm Trajectory
i To

t

“Note thatV £(t) defined in[(IB) is the search direction in the primal-dual

. : : \ : T
fgrad|_ent algorithm. It is, however, not the actual gradiehthe Lagrangian Py 2 lim Pr{y(t) € ¥} > 1 —min< 1, ﬂi_ 21)
unction £. t—-+o0 (1-8)N
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where 3 = maxqvgeqy {8 (D(t))} is the maximum contrac- the expected-absolute-error EA(t)) and mean-square-error
tion modulus of all channel statea} = 171L2 is theaverage MSE(y(t)) at steady state (i.e., for sufficient lareare given

sojourn timeof the FSMC{h(¢)}; and the limit regiorny is  by:
given by

EAE (y(1) = O ((1_5%)

Q
y=U plly-v T(1- p)N
q_l{ B2 (28+T(1 6)N)>, 24)

2 —-—2
whered = maxqy,reo .42y |5 — ¥i||, denotes the maxi- (1-62)(1 =N
mum distance between two equilibrium points in set of aWwhere3 = maxy,eq) {8 (D(t))} is the maximum contrac-
equilibrium points{y;,v g€ Q}. tion modulus of all channel states.
Proof: Please refer to AppendixIB for the proof. m Proof: Please refer to Appendix|C for the proof. ®
Remark 5: (Region Stability versus Average Sojourn TimeRemark 6: (Tracking Errors versus Average Sojourn Time
and Update PeriodY he upper boundivenin 1)) in Theorem and Update Period)he expressions of the asymptotic tracking
@ depends on the average sojourn tifeof the channel fading errors EAE and MSE given imheorem Rdepend on the
process(h(t)} and the update peridfl. The average sojourn average sojourn timeév of the channel fading procesgh(t)}
time N can be thought of as an indicator of the channel fadirand the update period. The average sojourn tim&/ can
rate. The larger thé/ is, the channel changes more slowly anfie thought as an indicator of thehannel fading rate The
the larger the B is. On the other hand, the update peribd larger the N is, the slower the channel changes and the
represents the tradeoff between the message passing astergnaller the tracking errors are. On the other hand, the epdat
and the tracking performance of the PDSGA [nl(17). TheeriodT represents the tradeoff between the message passing
smaller the update pericHis, the greater the message passingverhead and the tracking performance of the PDSGAh (17).
overhead becomes and theger the B is. In particular, we The smaller the update peridd is, the greater the message
havePy =1- O (T/N). passing overhead becomes and the smaller the tracking error
are. In particular, we have EA&(t)) = O (T/N) and
MSE (y(1)) = O (T/N).

, <4} (22)

MSE(y(t)) = O (

D. Asymptotic Analysis of the Tracking Errors

of the asymptotic order of growth of the tracking error&: Analysis of Constraint Outage Probability and Backoff

associated with the PDSGA in{17) under the FSMC chann prom

model. Here, we shall study both the expected-absolute-err Beside the convergence error, the time varying CSI may

(EAE) and the mean-square-error (MSE). We first give tH@@use constraint outage in which the constraints of the NUM

formal definitions of EAE and MSE below. problem may not be satisfied at every time slot. To quantify
Definition 3 (EAE and MSE)The EAE (or MSE) is de- this undesirable penalty of time varying CSI, we shall qifant

fined to be the expectation of the distancegguareddistance) the probability ofconstraint outagen this section. Moreover,

between the iteratg(t) and the corresponding target optimafithough the constraint outage is unavoidable due to the tim

In this section, we shall derive the closed-form expreSio%

solutiony?, i.e., varying.CSI, we would Iikg to minimize t.he probal_oility of the
constraint outage and this can be achieved by introducing a
EAE (y(t)) = Eqne)y {Hy(t) - Y, HQ} : constraint backoff marginSpecifically, letl’ be the constraint
9 backoff margin corresponding to the constraifk) < 0.
MSE(y(t)) = E{n()} {HY(t) - ¥, HQ} ; (23)  The following lemma summarizes the probability of consttai

aorvtage given a constraint backoff margin.

Lemma 2: (Probability of Constraint Outage with Backoff
Margin) Assume that there is an inequality constraifit) < 0
in the NUM problem, whergy(x) : x € D C R" — R
satisfies conditions (i)(x) is convex and (iiy(x) is Lipschitz
c%ntinuous orD with Lipschitz constant > 0 such thatvx €

where the expectation shall be taken over the station
distribution of the FMSC{h(t)}.

Note that as the switched systertt) is driven by switching
signal CSlh(t) = h(, taking expectation oveh(t) and
taking expectation over subsystew§) = y; are equivalent
in (Z3). Due to the randomness of the channel fading proc
{h(t)} and the nonlinear dynamics if{17), it is impossible”’
to derive the exact expressions for the tracking errors. How
ever, we can derive the asymptotic order of growth of thehen, given a backoff margik > 0, at the steady state {+
expected-absolute-error EAf(t)) and the mean-square-errorx), the constraint outage probability fofx) < 0 is bounded
MSE (y(t)), which are actually good enough to design they
tracking error optimal scaling matrices, as shall be shawn i OBT
the next section. We now summarize the main results of thislim Pr{g(x(t)) > ¢} < min {1, = } (25)
section in the following theorem. free (e + K)(1 = AN

Theorem 2: (Asymptotic Order of Growth of the EAE andhere 5 < 1 is the maximum contraction modulus of all
the MSE)Under the conditions that (D(t)) < 8, < 1,Vq € channel states for the optimization variab¢t), ¢ is the
Q (see equation[(19)), the asymptotic order of growth @haximum distance between equilibrium points from any two

llg(x1) = g(x2)[| < ellx1 = xa]|.
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adjacent channel states, is the algorithm update period andwherey(t) is the iterate generated by {17) at tHé time-
N is the average sojourn time of the channel states. slot. To facilitate distributive implementation of the adisae
Proof: Please refer to AppendixID for the proof. m scaling matrixwe partition the whole network int6' groups
Remark 7: (Tradeoff between Performance and Constraiot nodes, and partition the collection of optimization eailes
Outage) Lemmal2ndicates that there is a tradeoff betweew(t) = [y1(t) |y2(t)| - - | ya(¢)] accordingly. We then im-
system performance and constraint outage viacihestraint pose a block diagonal structure to the scaling mabif),
backoff margin For example, when the constraint backofivhich is given by
margin K is large, the constraint outage probability is small
but the performance drops, because the margin restricts the ~ (f) = blkdig{Dy, (t) ), - )} (29
optimization variables to stay within a shrunk optimizatiowhereyi(t), Vi =1,---,G is the collection of variables for
region and hence excludes some optimal solutions. On g ;-th group of nodes. A convenient choice for the scaling
other hand, the margin also reduces the outage probabiliggtrix blocks in [2D) isDy, (1) —V2 L(y(t); h(t))~*,
that the instantaneous points from the algorithm trajgctmr which can be computed using local information within the
beyond the original optimization region (i.e. the feas#¢ of ;i» group of nodes. Note that in wireless communication
the problem). Note that for the same target constraint @itagetworks, nodes usually have weak connections when they
probability, a larger backoff margin is needed for fast @fing  are far away and henc&?2L(y(t), h(t)) is actually a sparse
Csl. matrix. Hence, imposing the block diagonal structurdDgf)
in (28) does not cause too much performance loss as illestrat
IV. TRACKING ERROROPTIMIZATION AND SCALING in Fig. [4f7 in the simulation section. We shall illustratee th
MATRIX ADAPTATION design with an example in Sectién 1V¥-B
In the previous section, we have established the region
stability property of the PDSGA iriL{17) and derived the ordes. Example: Adaptive Scaling Matrices for the MCFC-MCPA
of growth of the tracking errors. In this section, we propoSergblem
a low complexity distributive algorithm fodetermining the
dynamic scaling matricegD(¢),V ¢ > 1} to minimize the
tracking errors. Specifically, we shall show that the scali
matrixes shall be adaptive to the time-varying Gft) and
can be computed distributivelyy each small group of nodes
based on the local information only.

D

? Y2

D

’ pel

The Lagrangian ofProblem[2w.r.t. the specific network
topology in Fig.[l in the MCFC-MCPA example is given by
Ne.g. Nr =2, Ry = 2,Vk € {1,2,4,5)):

Ry
Z Zlog(l + Ths)
ke{1,2,4,5} s=1
Z 1TPl>

(P)
)\k Pk,?naw -
1EPy,
Z C3n —T11

Np
) FAY (
n=1

L(r,P,c, )

A. Tracking Error Control Problem

Using the results of the tracking error analysis [in] (24) as
well as constraint outage probability [n {25), the trackamgpr
and the constraint outage probability are both shown to be an
increasing function of the paramet@r= max vy, 8 (D(m)),
where3 (D(m)) denotes the contraction modulus at thé"
stage, which is defined as

>

ke{1,2,4,5}
Np

A (
n=1

E Cin — T12

)

B(D (m)) = max [T+ D (m) V2L (3 h(m))||,, (26) o (2 o [
Ay Cam — T + A5 Csp — T
wherey < RiMJ“NC) is the collection of primal and dual ! Zl ! 41) ° (7; ’ 22)

variables. As a result, this suggests that the dynamicregali
matrices D(m) should be chosen to minimizg (D(m)),
which is a function of the time-varying C3i(m). This is
formally cast into the following optimization problem.

— (752 + 7“42))

)

— (rs1 +ro2 + T11))

mi}g%m)ize B (D(m)) (27)
subject to D(m) = 0,Vm > 1.

From [26), we canobtain the intuition that the optimal

solution of [2T) should bd(m) = —V2L (§(t); h(m)) .
However, the computation of inverse Hess®RL requires

global information, which is difficult to be implemented.

Furthermore, the value ¢f(¢) is not known and the solution
is not attainable. To facilitate low complexity solutioneiirst

takey = y(¢) in (28) ands (D(m)) in (1) is replaced by:
B(D(t+T)) =|[I+D(t+T) V2L (y(t):h(t))]], (28)

2
1+ > gjegiy [hin(@)]” Pin

n Z \(MUD) —

kni

log <

E Cjin,

{jeTi}

)

where the sets of interfering links argé; = ¢ (i.e. empty
set), T, = {1,4}, Ty = {2,6}, Z, = {3}, Zs = {5,7}, and

k,n,i
(MUD)
7)\kni
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TABLE |

Zg = {8}; the vectorc = fan +1 <1 <81 <n< COMPARISON OFCONTRACTIONMODULUS /3 IN DIFFERENT
2} = 0; and the vectol is the collection of{Al(r)}, {)\,EP)} ALGORITHMS OVERALL STATE OF CSIh(?)
and {)\%UD)}. Observed that interfering transmission links Algorithm Averagef | Worst Cases
towards a common receivi_ng node are couplgd together via gg:{_i%%/z 8:33(1)2 8:;38;
the link constraints to achieve a MUD capacity. Hence, wi Dia-PDUA 0.9401 0.9865
can partition the network via links in different MUD blocks. | PDSGA with proposed scaling matrix  0.5876 0.8309
Specifically, the adaptive scaling matrix can be chosen with
the following structure,
D(t) = blkdIg{D (mup. 1 (), Dgmup .23 (), -+ » Dywup k3 (1)} Ia:l)lg?lrlAthm has a better performance than Con-PDUA and Dia-
(30)
where {MUD,k} is the collection of variables 105
coupled at the MUD node k. For example,
P 1f - -
{MUD,1} = {r, %Sg M, {MUD,2} = D
{ro1, re2, c12, ca1, D1, D4, )\g,u )a )\gr), )\z(;)a )\é )} for the e PDSGA
network realization in Figl11D iup, £} (t) is the adaptive ool | ;
scaling matrix associated with the collection of variables z | con-fous Target Optima—
{MUD, k}. 70
Using the solution in [[29) and the block diagonal % 08|
structure of D(¢) in (30), the adaptive scaling matrix g .
at MUD node k is given by Diyyp 4 (t+ T) = g Dia-PDUA
-1 0.7
_ (V%MUD, nL (r(t),P(t), A1) where the computation i i
does not require global information but only local inforioat ' ‘
from the neighboring nodes. 08
055 ! ’ . y ! . ! ! !
V. NUMERICAL RESULTS AND DISCUSSIONS O et tetiony a0 020

In t_hIS section, }Ne shall compa_re the_PDSGA with threl-elg. 4. Tracking performance comparison of the PDSGA andbieline
baseline schemes: (I) Bru-PDUA, i.e., primal-dual updaie achemes: Bru-PDUA, Dia-PDUA and Con-PDUA, where Bru-PDUhates
gorithm with scaling matrices obtained by brute-force Bajv the primal-dual update algorithm with scaling matricesagi®d by brute-
the optimization probleni(27) witi(26); (Il) Dia-PDUA, i,e force solving the optimization problefi(27) wifh{26); CRDUA denotes the

. B Ly ’ . .77 primal-dual update algorithm witiagonal scaling matrices, whose diagonal
primal-dual update algorithm wittiagonalscaling matrices, entries are given by the diagonal entries of the correspgntiessian matrix
whose diagonal entries are given by the diagonal entrielseof {23]; and Con-PDUA denotes the primal-dual update algorithith constant
corresponding Hessian matr23]' (III) Con-PDUA, i.ehet stepsize¢ = 0.005 [23]. The sum-utility is normalized to the maximum

. ) . . . sum-utility obtained across all the time-slots.
regular primal-dual update algorithm with constant stepsi
£ = 0.005 [23]. We also show the performance and constraint
outage probability tradoff under different channel fadiates. _ N
Our simulations are based on the MCFC-MCPA exampfe Region Stability Property
described in SectidnI[4C and further analyzed in SedfioBlV ~ Fig.[§ shows the simulation results of region stability. The
Fig. 1 shows the network topology of the problem, whersimulation results are consistent with the analytical ltesu
the network consists off = 6 nodes andL = 8 directed stated inTheoreml1l i.e., the probability that the algorithm
links, and Fig[®2 shows the routing table. We consider ontrajectory at steady state being out of the limit reg)dr(see
hop data transmission. In additidine average receiving SNRequation[(2R)) is proportional to the normalized updaterivel
per-subband i40 dB, the number of subband¥z = 2, and T /N. Moreover, as the scaling matrices in the PDSGA are

the number of data streams of a source n&ge= 2. adaptive to the time-varying CSlI, the PDSGA performs better
than the baseline schemes Con-PDUA and Dia-PDUA. On the
A. Tracking Performance Comparison other hand, the performance of the PDSGA and the brute-force

Fig. [@ illustrates the normalized sum-utility versus time§0|mIon Bru-PDUA are similar.

slot index for the PDSGA and the three baseline schemes. As )

illustrated, the PDSGAusing the proposed dynamic scalind=- Order of Growth of the Tracking Errors

matrix has a much better tracking capability than the baselineFig. [ and Fig.[]7 show the simulation results of the
schemes Con-PDUA and Dia-PDUA, which are designed fexpected-absolute-error (EAE) and the mean-square-error
guasi-static CSI. On the other hand, the PDSGA has simil@SE), respectively. Both figures are consistent with the
performance as the brute-force solution Bru-PDUA, whicanalytical results given ifheoreniRi.e., the tracking errors,
shows that the approximation if_(28) indeed works welhamely EAE and MSE, are proportional to the normalized
We also compare3 among the proposed PDSGA and thepdate interval’/ N. Moreover, as the scaling matrices in the
three baselines in Tablé I. The results also indicated that ?DSGA are adaptive to the time-varying CSI, the tracking
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0.14 T 1 A
Con-PDUA S
S Asymptotic Order of Growth o (T /N
Asymptotic Order of GrowthO (T/N) | N 0.9 | o(T/m) q
0.12f | ‘
0sl Con-PDUA Y
Dia-PDUA 7 /
0.14 | 0.7 1

o [Asymptotic Order of Growth O (T/N ia—
/Asymptotic Order of Gruw[h(’?( /N) ( / ) Dia-PDUA
|

0.6

Region

PDSGA

Normalized MSE
2

=152

Asymptotic Order of Growth O (T/N)

0.04 |
Bru-PDUA

‘ 0.2

| TN R
Asymptotic Order of Growth© (T/N) 7 q Asymptotic Order of Growth O (T/N)

i 0g il
Bru-PDUA
0 L L L L L L L L 0 Il Il Il Il Il Il Il Il
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Normalized Update Interval (T/N) Normalized Update Interval (T/N)

Fig. 5. Region stability property of the PDSGA and the basechemes: Fig. 7. Mean-square-error (MSE) versus Normalized Updaterval of the

Bru-PDUA, Dia-PDUA and Con-PDUA, where Bru-PDUA denotese th PDSGA and the baseline schemes: Bru-PDUA, Dia-PDUA and RDDA

primal-dual update algorithm with scaling matrices okedirby brute-force [23]. The asymptotic order of growth refers to the resultgest in Theorem

solving the optimization problen{(R7) wit (P6); Dia-PDUAenbtes the [ (see equation{24)). The MSE is normalized to the maximum NSEIl

primal-dual update algorithm witdiagonal scaling matrices, whose diagonalthe schemes.

entries are given by the diagonal entries of the correspondiessian matrix

[23]; and Con-PDUA denotes the primal-dual update algorithith constant

§§§f§§?§The‘;ﬁ%ﬁ%ﬁ;‘;iﬁﬁﬂgﬂ‘;gﬁ%;j;if“ﬁ“l rff‘,i'j,m the resunsls large), the performance has to be sacrificed to meet with
some target constraint outage probability by introducing a
large backoff margin according to equati@nl(25).

errors associated with the PDSGA are much smaller than the
baseline schemes Con-PDUA and Dia-PDUA. On the other

hand, the performance of the PDSGA and the brute-force  osF ]
solution Bru-PDUA are quite similar.
. i T/N =0.05
0.6
0.9 - Asymptotic Or‘derofGrow\h O (T/N) 4 >
| z
o8l | \ ] g osf T/N =0.03
Con-PDUA i %
07 50.4—
]
9(1 0.67A5ymplouc O‘[der of Growth O (T/N) .§
] | g 0.3
B ) s}
N 05k
£ P 0.2
2 0.4
0.1
0.3
02 = 00(‘)7 0.08 069 0‘1 0‘11 0‘12 0‘13 0‘14 0‘15 0‘16 0.17
Asymptotic Order of Growth O(T,f.\') . i . } MSE.forthet.racking.error - - . .
ME Bru-PDUA )
Q05 01 o015 02 02 03 03 04 045 05 Fig. 8. Constraint Outage Probability versus Mean SquarerEMSE).
Normalized Update Interval (/) The curves show a tradeoff between the Constraint OutageaPBiliy and

the performance in terms of the MSE under different chanadinfy rates
Fig. 6. Expected-absolute-error (EAE) versus Normalizgutiate Interval which are in terms ofl'/N.
of the PDSGA and the baseline schemes: Bru-PDUA, Dia-PDUé @an-
PDUA [23]. The asymptotic order of growth refers to the résudtated in
TheorenfXsee equatior{24)). The EAE is normalized to the maximum EAE

of all the schemes. VI. CONCLUSIONS

In this paper, we havanalyzed the convergence behawbr
) - a primal-dual scaled gradient algorithm (PDSGAt solves
D. Constraint Outage Probability and Performance Tradeoff, hatwork utility maximization (NUM) problem under time-

Fig.[8 shows the tradeoff between constraint outage proharying fading channels. We have shown that tpeneral
bility and performance under different channel fading satePDSGA converges to a limit region rather than a single
For slow varying CSI, (i.eI/N is small), it is easy to point under the FSMC model. Furthermore, the asymptotic

maintain a low constraint outage probability while achieve tracking errors, namely the expected-absolute-error (Eskie

good performance. However, for fast varying CSI, (f¢.N the mean-square-error (MSE), are b&fh(7'/N). We have
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also analyzed the constraint outage probability due to tindes a result, the distancdge(m)|,,1 < m < n} between the
varying CSl and introduced a backoff margin to the constraiiteratey(m) and the target optimal solution at the end of each
to reduce the outage probability. Based on these analysis, stage can be bounded by

have proposed a novel low complexity distributive algorithm )

to dynamically adjust the scaling matrix based on the time le(l; < lly ()l 8y

varying CSI in the PDSGASimulations have been carried le(m)[ly < lle(m — 1)l By + Gm—1,m (31)

out to verify the analytical results as well as to demonetra‘;\lhereém . denotes the distance between the target optimal
the superior performance of the PDSGA over the basellgglutlon of the(m—l)th stage andn®™ stage, i.e., the jump of

schemes. the equilibrium point of the switched system; aiNg, denotes
the number of updates during theé” stage. Iterating equation
APPENDIXA (1) fromm =1 to m = n, we can get
PrROOF oFLemme[l
To proveLemmd ]l namely the contraction property of the ”e(”)HQS{ [HY(O B + 01 2} 27+ 02, 3} 30
PDSGA, we start with the left hand side (LHS) of equation

@0) directly, i.e., =[ly (0)]] H B+ Z H Sm—1,mBm"
=1 m=l
ly (¢ +7) = ¥ill,
<|ly(0)||B=m=1Nm 4§ BNm (32)
= |y +D (69 V2 (0:00)] - 3;], ol >l

4 ; . whered = max;, {dm—1.m} IS the maximum distance between
= ”(Y( ) - yq) any two equilibrium points.
+D (h(”) (VE (y(t);h(”) - VL (yz;h(q))) |, Leta=[n ¢ --- g)Jandl =[T1 T, --- T,], then
take expectation of both sides of equatibnl (32) wiit, '},

(@)
where < follows from the non-expansiveproperty of the we can get

iection [-1+ ' i g
projection [-]* operation [[23]. Moreover, using mean-value Eiqry {lle(n)],} < E{q,r}{ 0)5% m}
theorem[[23],

92 (s0070@) - 92 (y7:00) | “Bar) { N IENCE
=2 m=l
= [[v2£ (3:0@) || ly(®) - ;]|

where V2L (3(t);h(@) e R{MHNI*MEN) genotes the
second-ordederivative of the Lagrangiad(y(¢); h(?) w.r..

y, evaluated a (t); and§(t) is given by§(t) = y(t) + (1 — Pr{N,, = I} = y£* (=D (1 _ VLZ) VI=1,2,--
@)y, With @ € [0, 1]. Hence we obtain

Hy (t+T) 73’2”2
_ H (1+ D (h<q>) V2L (y;h@)) (y(t) —y;)

Under the assumption thdf] = VW g € Q (see
equation[(B)), then we know th#i, 15, - - - , T}, are identically
distributed with probability mass function (PMF) given by

)

Then, we have

]2 E(qr} {52 I1 5N’”} =E(q) {]E{r} {52 18"

=2 m=l =2 m=l
2 * _ . n—1
v HI+D (h@) v ,c( )H ly® - v:ll, _dp(L-p )7 (34)
I—p
S B(IHY(t)_y;HQv Tﬂ(l— L2) =
_ No v _ T8
" wherep = E {gN=} = 5 = a_g Therefore,
where < follows from the property of the standard matex- '€t n — +oc, we get
. < oo T3
norm; and_ follows from the contraction condition given in E(qry {lle(co)|l,} < _ _ (35)
equation [(IP). l-a (1-pB)N
Then, by virtue of the Markov inequality we can
APPENDIXB et Pr{|le(c0)|, > o < BT~ which means
PROOF OFTheorentIL ? {”P( Mo >0t = (175)Nﬁ
. e . o iMoo t >1—mi {1, _}.
Consider a time interval0, T with n switchings, i.e., Mmoo PPy (f) € V} 2 i (1-B)N
there aren stages in the intervd0, 7). Let {q1,q2, - ,qn},
{T\,Ts,--- ,T,} and {B1,p2,---,B,} denote the channel APPENDIXC
states, (random) sojourn times and contraction moduluseof t PROOF OF Theorent P
n stages, respectively, as shown in Hig. 9. As in Appendi{B we consider a time intervad, 7' with

Under the conditions that (D(m)) < 1, the iteration[(Tl7) n switchings, i.e., there are stages in the intervaD, 7.
is contraction mapping in thex'" stage { < m < n) [23]. Let {qi,q2, - ,qn}, {11, T2, , T} and {B1, B2, -+, Bu}
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A B Sageim O From condition (ii), since||g(x(¢)) — g(x* ()] < c||x(t) —
Stage #2 o x*(t)||, we obtain
Stase #1 A , | Stage #(m+1)
YR Pr{g(x(t) — g(x"(t) > € + K}
Niybesea-- Pepedenen < Pr{[lg(x(t)) —g(x* ()] > e + K}
bebad T TTTTTTTT . e+ K
JELLEER t < Pr{[lx(t) =x"(®)]| > } 37)
5$ >
Nt) =====-- V) Taking the intermediate result from the proof BheoreniiL
(see equatior (35)), we finally get
Fig. 9. An illustration of the concepstage of channel states and the e+ K céﬂT
associatedarget optimal solutiorin one dimensional space [11]. The length  lim Pr{||x(t) — x* ()| > } _
T, of the m!" stage is a random variable, which can be one or several t—oc c “(e+ K)(1-p58)N
time-slots ; and the number of updates during th&" stage is denoted as (38)

nm; the distance between the target optimal solution ofthé stagey;, Combinin we complete the proof
and the target optimal solution of then + 1)* stageyz‘mﬂ) is denoted g KB:B)‘EEB) p p :
asdm,m+1; and the contraction modulus of in thet" stage is denoted as
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