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Towards Stabilization of Distributed Systems under Denial-of-Service

Shuai Feng, Pietro Tesi, Claudio De Persis

Abstract— In this paper, we consider networked distributed
systems in the presence of Denial-of-Service (DoS) attacks,
namely attacks that prevent transmissions over the commu-
nication network. First, we consider a simple and typical
scenario where communication sequence is purely Round-robin
and we explicitly calculate a bound of attack frequency and
duration, under which the interconnected large-scale system is
asymptotically stable. Second, trading-off system resilience and
communication load, we design a hybrid transmission strategy
consisting of Zeno-free distributed event-triggered control and
Round-robin. We show that with lower communication loads,
the hybrid communication strategy enables the systems to have
the same resilience as in pure Round-robin.

I. INTRODUCTION

Cyber-physical systems (CPSs) are increasingly appealing
for industry nowadays thanks to the development of com-
putation and communication infrastructures. The application
of CPSs ranges from local control systems to large-scale
systems, examples being house temperature control systems
and regional grid control systems. Owing to the advances in
economic and possibly reliability reasons, systems tend to be
large-scale, interconnected and spatially distributed, among
which communications are operated via wireless network
[1]. This triggers the attention towards networked control
of large-scale interconnected systems, which are possibly
safety-critical and potentially exposed to malicious attacks
[?].

The concept of cyber-physical security mostly concerns
security against intelligent attacks. One usually classifies
these attacks as either deceptive attacks or Denial-of-Service
(DoS). Deceptive attacks affect the trustworthiness of trans-
mitted data [3], [4]. Instead, DoS compromises the timeliness
of information exchange, e.g. in the presence of DoS, com-
munications are not possible [5], [6].

This paper investigates DoS attacks. We consider a large-
scale system composed of interconnected subsystems, which
are possibly spatially distributed. The information exchange
between distributed systems and controllers takes place over
a shared communication channel, which implies that all the
communication attempts can be denied in the presence of
DoS.

The literature on distributed/decentralized networked con-
trol [7]-[13] and centralized system under DoS attacks [6],
[14]-[26] is large and diversified. In [12], based on a small-
gain approach, the authors propose a parsimonious event-
triggered design, which is able to prevent Zeno behavior and
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stabilize nonlinear distributed systems asymptotically. In [8],
[10], event-triggered approaches are discussed within large-
scale interconnected systems. By introducing a constant in
the triggering condition, the authors prove that the system
converges to a region around equilibrium without the oc-
currence of Zeno behavior. In [14], the authors consider a
scenario where malicious attacks and genuine packet losses
coexist, where the effect of malicious attacks and random
packet losses are merged and characterized by an overall
packet drop ratio. In [25], the authors formulate a two-player
zero-sum stochastic game framework to consider a remote
secure estimation problem, where the signals are transmitted
over a multi-channel network under DoS attacks. A problem
similar to zero-sum games between controllers and strategic
jammers is considered in [16]. In [18], the authors investigate
DoS from the attacker’s viewpoint where the objective is to
consume limited energy and maximize the effect induced by
DoS attacks. The paper [26] considers a stabilization problem
where transmissions are event-based and the network is cor-
rupted by periodic DoS attacks. In [20], [21], a framework is
introduced where DoS attacks are characterized by frequency
and duration. The contribution is an explicit characterization
of DoS frequency and duration under which stability can be
preserved through state-feedback control. Extensions have
been considered dealing with dynamic controllers [22], [23]
and nonlinear system [24].

In this paper, we consider networked distributed systems
under DoS attacks, which has not been investigated so far
under the class of DoS attacks introduced in [20], [21].
Previously in [20]-[24], the authors analyze the behav-
ior of systems in a centralized-system manner, where the
major characteristic is that all the states are assumed to
be collected and sent in one transmission attempt. In this
paper, we analyze the problem from the distributed system
point of view, where the interconnected subsystems share
one communication channel and transmission attempts of
the subsystems take place asynchronously. The contribution
of this paper is twofold. First, we consider a simple but
typical scenario where the communication sequence is purely
Round-robin and we explicitly compute a bound on attack
frequency and duration, under which the large-scale system is
asymptotically stable. Second, trading-off system resilience
and communication load, we design a hybrid transmission
strategy. Specifically, in the absence of DoS attacks, we
design a distributed event-triggered control using small gain
argument, which guarantees practical stability of the closed-
loop system while preventing the occurrence of Zeno behav-
ior. During DoS-active periods, communication switches to
Round-robin, aiming at quick communication restore. This
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hybrid communication strategy surprisingly ends up with the
same bound as pure Round-robin transmission but promotes
the possibility to save communication resources.

The paper is organized as follows. In Section II, we
introduce the framework of interest along with the considered
family of DoS attacks. In Section III, we present the main
result. We first use small gain approach to study large-scale
system under Round-robin. Subsequently, we introduce the
main result of this paper: the characterization of frequency
and duration of DoS attacks, under which the large-scale
system is asymptotically stable. Section IV briefly introduces
a hybrid transmission design, which achieves the same result
as in Section III with lower communication load. Section
V discusses numerical simulations and Section VI ends
the paper with conclusions and possible future research
directions.

A. Notation

We denote by R the set of reals. Given o € R, we let
R~ . (R>,) denote the set of reals greater than (greater than
or equal to) a. We let Ny denote the set of nonnegative
integers, Ny := {0,1,...}. The prime denotes transpose.
Given a vector v € R", ||v|| is its Euclidean norm. Given a
matrix M, ||M|| is its spectral norm. Given two sets A and
B, we denote by B\ A the relative complement of A in B,
i.e., the set of all elements belonging to B, but not to A.

II. FRAMEWORK

A. Networked distributed system

Consider a large-scale system consisting of N interacting
subsystems, whose dynamics satisfy

JEN;

where A;, B; and H;; are matrices with appropriate dimen-
sions and ¢ € R>¢. x;(t) and w,(t) are state and control
input of subsystem ¢, respectively. Here we assume that all
the subsystems are full state output. N; denotes for the set of
neighbors of subsystem 7. Subsystem 7 physically interacts
through .\ H;jx;(t) with its neighbor subsystem(s) j €
N;. Here we consider bidirectional edges, i.e. 7 € N; when
i€ N je

The distributed systems are controlled via a shared net-
worked channel, through which distributed plants broadcast
the measurements and controllers send control inputs. The
computation of control inputs is based on the transmitted
measurements. The received measurements are in sample-
and-hold fashion such as x;(t) where ti represents the
sequence of transmission instants of subsystem 7. We assume
that there exists a feedback matrix K; such that &, =
A; + B; K; is Hurwitz. Therefore, the control input applied
to subsystem i is given by

Kizi(t) + Y Lijw;(t]) 2
JEN;

where L;; is the coupling gain in the controller. Here we
assume that the channel is noiseless and there is no quanti-
zation. Moreover, we assume that the network transmission
delay and the computation time of control inputs are zero.

B. DoS attacks—frequency and duration

We refer to Denial-of-Service as the phenomenon for
which transmission attempts may fail. In this paper, we do
not distinguish between transmission failures due to channel
unavailability and transmission failures because of DoS-
induced packet corruption. Since the network is shared, DoS
simultaneously affects the communication attempts of all the
subsystems.

Clearly, the problem in question does not have a solution
if the DoS amount is allowed to be arbitrary. Following
[21], we consider a general DoS model that constrains the
attacker action in time by only posing limitations on the
frequency of DoS attacks and their duration. Let {h, } nen,»
ho > 0, denote the sequence of DoS off/on transitions, i.e.,
the time instants at which DoS exhibits a transition from
zero (transmissions are possible) to one (transmissions are
not possible). Hence,

Hy, :={hn} Ulhpn, hyp + 7] 3)

represents the n-th DoS time-interval, of a length 7, € R>,
over which the network is in DoS status. If 7,, = 0, then H,,
takes the form of a single pulse at h,,. If 7,, # 0, [hy, by, +
Tn| represents an interval from the instant h,, (include h,,)
to (hy, + 7,)~ (arbitrarily close to but exclude h,, + 7).
Similarly, [7,¢[ represents an interval from 7 to ¢t~. Given
T,t € R>o with t > 7, let n(7,t) denote the number of DoS
off/on transitions over [r, ¢[, and let

E(rt) = |J Ha (71 “)
neNy

denote the subset of [7, t] where the network is in DoS status.
The subset of time where DoS is absent is denoted by

O(r,t) :=[1,t] \ (7, 1) 5)

We make the following assumptions.
Assumption 1: (DoS frequency). There exist constants 1 €
R>o and 7p € R such that

t—T1
n(r,t) < n+

(6)
TD

for all 7,¢t € R>o with ¢t > 7. [
Assumption 2: (DoS duration). There exist constants x €
R>p and T' € R+ such that

B0l < st ™

for all 7,¢t € R>o with t > 7. [

Remark 1: Assumptions 1 and 2 do only constrain a
given DoS signal in terms of its average frequency and
duration. Actually, 7p can be defined as the average dwell-
time between consecutive DoS off/on transitions, while n
is the chattering bound. Assumption 2 expresses a similar
requirement with respect to the duration of DoS. It expresses



the property that, on the average, the total duration over
which communication is interrupted does not exceed a cer-
tain fraction of time, as specified by 1/7T'. Like 7, the constant
k plays the role of a regularization term. It is needed because
during a DoS interval, one has |Z(hy,, hy, + 7)) = 7 >
7n/T. Thus k serves to make (Z) consistent. Conditions
7p > 0 and 7" > 1 imply that DoS cannot occur at an
infinitely fast rate or be always active. [

III. MAIN RESULT

In this section, our objective is to find stability conditions
for the networked distributed systems under DoS attacks. We
first study the stabilization problem of large-scale systems
under a digital communication channel in the absence of
DoS.

A. A small-gain approach for large-scale systems under
networked communication

For each subsystem 7, we denote by e;(t) the error between
the value of the state transmitted to its neighbors and the
current state, i.e.,

ei(t) = zi(ty) — zi(t),

Then combine (@), @) and (8), the dynamics of subsystem 7
can be written as

i=1,2,.,N 8)

.’L‘l(t) = (I)il'i(t) + B, K;ei(t) + Z (BiLij + Hij)xj (t)
JEN;
+DB; Z Lije;(t) 9
JEN;

from which one sees that the dynamics of subsystem i
depend on the interconnected neighbors x;(t) as well as
ei(t), e;(t) and the coupling parameters. Intuitively, if the
couplings are weak and e remains small, then stability can
be achieved. Here, the notion “smallness” of e can be char-
acterized by the z-dependent bound |le;(¢)|| < o;||x;(¢)|], in
which o; is a suitable design parameter. Notice that this is
not the network update rule.

We implement a periodic sampling protocol, e.g. Round-
robin, as our update law. In this respect, we make the
following hypothesis.

Assumption 3: (Inter-sampling of Round-robin). In the ab-
sence of DoS attacks, there exists an inter-sampling interval
A such that

e < ailli (D)l

holds, where o; is a suitable design parameter. [

For centralized settings, values of A satisfying a bound
like (10D can be explicitly determined. On the other hand, in
[11], [27], the authors compute and apply a lower bound of
time elapsed between two events to prevent Zeno behavior,
where the distributed/decentralized systems are asymptoti-
cally stable. The problem of obtaining A is left for future
research.

As mentioned in the foregoing argument, o; should be
designed carefully. Otherwise, even if there exists a A under

(10)

which (I0) holds, in the event of an inappropriate o;, stability
can be lost as well.

Given any symmetric positive definite matrix @;, let P;
be the unique solution of the Lyapunov equation ® P; +
P;®; + @Q; = 0. For each i, consider the Lyapunov function
V; = oI Piz;, which satisfies

Amin (P) |2 ()] < Vi(@i (1)) < Amax(P)|2:(6)[ (1)
where Apin(P;) and Apax(P;) represent the smallest and
largest eigenvalue of P;, respectively. The following lemma
presents the design of o; guaranteeing stability.

Lemma 1: Consider a distributed system as in (1) along
with a control input as in ). Suppose that the spectral radius
r(A"'B) < 1. The distributed system is asymptotically
stable if o; satisfies

o< 2 (12)
Ji

where [; is the i-th entry of row vector L := u’' (A — B) =

(11, l2,...,In] and j; is the j-th entry of row vector J :=

pwI'T = [j1, ja, ..., jn]. o € RY is an arbitrary column vector

satisfying u”(—A + B) < 0. The matrices A, B and I are

given by

C
A= (13)
. aN
[0 B2 Bin ]
Bor 0 Paz Pan
B = ) ) . (14)
: : 0 :
| Bv1 Bnz - 0]
Y11 Y12 YIN ]
Y21 Y22 Y23 V2N
= ) ) ) . (15)
TN1 N2 INN
with
@i = Amin(@Qi)—d— > 26 (16)
JEN;
Pi|1?||BiLij + Hij |
P|I?|B; K;||?
Yii = w (18)
B BiLij |
- (B ||6 ill (19)

where ¢ is a positive real such that a;; > 0 and A\pin(Q;) is
the smallest eigenvalue of @; fori = 1,2, ..., V.

Proof. Recalling that V; = :ciTPi:ci, the derivative of Vj



along the solution to (9) satisfies

—Amin(Q4) ||z (1)1

HI2PBi Kl[|i (t) [ es (¢)

+ Y 2Pi(BiLij + Hi)l[ | ()| (2)
JEN;

+ D 12PBiLi || (8) [l (2]
JEN;

Vi(ai(t)) <

(20)

Observe that for any positive real d, the Young’s inequalities
yield

12 Bi K[|z ()l es (£)]]

< ooty + LEBEE e
12P;(BiLij + Hij) |||z ()| |25 (2) |

< slato + LEEEL LIl 2 o)
12 B; L[| ()| le5 ()

< o+ BEBLGE e )

Hence, the derivative of V; along the solution to (9) satisfies

Vile(®) < —aillz@®))®+ Y Billz (o))

JEN;

+illeON” + Y ville;@I1F @4
JEN;
where oy, (ij, vii and -y;; are as in Lemma 1. Notice that
one can always find a § such that o; > 0 fori =1,2,..., N.
By defining vectors

Viee(@i(t)) 1= [Vi(x1 (1)), Va(@a(t)), ... Viv (an ()]
lz@llvec = [lzs @I lz2@), ..., lan (17
le@llvec = Ilex @I llea@)II*, ..., llen ®)II*]

the inequality (24) can be compactly written as

Viee(2i(t)) < (A + B)||z(®)[[vec + Tlle(®) |vee (25)

with A, B and T" being as in Lemma 1.

If the spectral radius satisfies 7(A~1B) < 1, there exists
a positive vector 1 € R” such that p”'(—A + B) < 0. We
refer readers to [28] for more details. We select the Lyapunov
function V(2(t)) := pu’ Vyee(xi(t)). Then the derivative of
V yields

V(@z(t) = p"Viee(wi(t))
< MT(_A + B)[|2(t)|vec + NTI‘He(t)”vec
(26)
By noticing that u7(—A 4+ B) < 0, we have
V(@(t)) < =Lljz(t)vee + Jlle(®) | vee @27

where L := p?(A — B) and J := pIT are row vectors.
Denote [; and j; as the entries of L and .J, respectively.

Then, @7) yields

Vi) < =D Lllw@®+ Y sillei®)]?
iEN iEN
= = Ulle®P® = jille@)*) @8
iEN
which implies asymptotic stability with o; < \/é: . u

Remark 2: Lemma 1 can only deal with the case where
ji > 0. The case j; = 0 is only possible whenever every
entry in the column ¢ of I' is zero. In fact, j, = 0 implies that
the error ||e;(¢)|| never contributes to the system dynamics
via (28)), which in turn implies that ||e;(¢)|| does not affect
stability at all. Therefore, in the case j; = 0, no constraint
on ||e;(t)] is imposed. =

B. Stabilization of distributed systems under DoS

In the previous analysis, we have introduced the design
of a suitable o; and hence error bound, under which the
system is asymptotically stable in the absence of DoS. By
hypothesis, we also assumed the existence of a Round-
robin transmission that satisfies such error bound. In the
presence of DoS, (I0) is possibly violated even though the
sampling strategy is still Round-robin. Under such circum-
stances, stability can be lost. Hence, we are interested in
the stabilization problem when the Round-robin network is
under DoS attacks.

Theorem I: Consider a distributed system as in (1) along
with a control input as in @). The plant-controller informa-
tion exchange takes place over a shared network, in which
the communication protocol is Round-robin with sampling
interval A as in Assumption 3. The large-scale system
is asymptotically stable for any DoS sequence satisfying
Assumption 1 and 2 with arbitrary 1 and s, and with 7p
and T if

1 A* w1
<

T+TD

29
w1 + w2 ( )
in which A, = NA, w; := mm{kli—ﬂ

A G masx (Pi) i
maxy Jqi . - X X .
Tl (POT li, ji» pi and o; are as in Lemma 1.

Proof. The proof is divided into three steps:

Step 1. Lyapunov function in DoS-free periods. In DoS-
free periods, by hypothesis of Assumption 3, (I0) holds true
with o; as in Lemma 1 and 28)) is negative. Therefore, the
derivative of the Lyapunov function satisfies

}and wy =

V) < = (- jiod)|ait)]?
iEN
li —a}ji
< - —uV;
ieN )\max(‘Pi)Mi
li—03ji

where w; 1= min{m}. Thus for ¢ € [hy, + T, bt

(DoS-free time), the Lyapunov function yields
V(a(t) < e IV (w(hy + 7)) (31)

Step 2. Lyapunov function in DoS-active periods. Here
we let z;, denote the last successful sampling instant before



the occurrence of DoS. Recalling the definition of e;(t), we
obtain that

e;(t) = xl(z;n) —x;i(t) = xi(hp) — xi(1) (32)
and
i1 < s (ha)1* + 2]l ()] (ha) || + [J2: (8] (33)

for t € H,,. By summing up ||e;(¢)||* for i € N, we obtain

Yollei®I? < > lwilha)l? + Y llza(0)]?

ieEN ieN ieEN
+ 3 (li(ha) I* + llzi (2)]1%)
ieEN
= 2 Jzilha)ll? +2) [z:()lI334)
i€eN i€EN

If ZieN H%(hn)l\z < ZieN Hxl(t)”2’ we have that
Sien lea®)|? < 43, oy lzs(t)[]*. Otherwise, we have
Yien eI <437 n llzi(ha)|I?

Recalling (28), it is simple to see that

Vie®) < D dille)?

ieN

(35)

Thus, for all ¢ € H, (DoS-active time) in the case that
Sien lzi(hn)[? < Dicn i), the derivative of the
Lyapunov function yields

V() < max{ji} ) lle(t)]?

ieN
< dmax{ji} Y [l ()]
=y
4 max{ j;
< min{ui/\m{i(;i)}iez;vmV(xi(t))
= woV(x(t)) (36)
amax{ji}

with wy = ST (POT On the other hand, for all ¢ €
H,, such that Y, [|@i(hn)||* > > ,c v [|@i ()%, one has

V(2(t)) < wV(x(hy)) (37)

Thus, (36) and @) imply the Lyapunov function during H,,
satisfies

V(z(t)) < e2t=h)V (z(hy,)) (38)

Step 3. Switching between stable and unstable modes.
Consider a DoS attack with period 7, at the end of which
the overall system has to wait an additional period with
length NA to have a full round of communications. Hence,
the period where at least one subsystem transmission is
not successful can be upper bounded by 7,, + NA. For all
7,t € R>¢ with ¢ > T, the total length where communication
is not possible over [, [, say |Z(, )|, can be upper bounded
by

20l < [E(n 01+ (1 +n(r 1)A,

t—T

T

IN

Ky +

(39)

T

where A, = NA, =+ (1 +n)A, and T} := 2o
Considering the additional waiting time due to Round-
robin, the Lyapunov function in (BI) yields V(z(t)) <
et =NXNV(h, + 7, + NA)) for t € [h, +
T + NA, hyyr[ and V(z(t)) < e*2(t=m)V (h,,) for t €
My oy + 7o + NAJ.

Thus, the overall behavior of the closed-loop system can
be regarded as a switching system with two modes. Applying
simple iterations to the Lyaponov functions in and out of DoS
status, one has

=180, 220,011 (5(0))
e“*(w1+w2)6_6*tV(:v(O))

V(x(t))

IAIA

(40)

where B, = w; — (w1 + wg)(fD* + +). By constraining
B+« < 0, one obtains the desired result in (29). Hence, stability
is implied at once. [

Remark 3: The resilience of the distributed systems de-
pends on the largeness of w; and the smallness of wy. To
achieve this, one can try to find K; and L;; such that || B; K,||
and ||B;L;;|| are small. On the other hand, the sampling
interval of Round-robin also affects stability in the sense
that it determines how fast the overall system can restore the
communication. One can always apply smaller Round-robin
inter-sampling time to reduce the left-hand side of (29) at
the expense of higher communication load.

IV. APPROXIMATION OF RESILIENCE WITH REDUCED
COMMUNICATION: HYBRID TRANSMISSION STRATEGY

In the foregoing argument (cf. Remark[3), we have shown
that system resilience depends on the sampling rate of
Round-robin. The faster the sampling rate of Round-robin,
the quicker the overall system restores the communication.
On the other hand, in DoS-free periods, we are interested
in the possibility of reducing communication load while
maintaining the comparable robustness as in Section III. To
realize this, we propose a hybrid transmission strategy: in
the absence of DoS, the communications of the distributed
systems are event-based; if DoS occurs, the communications
switch to Round-robin until the moment where every sub-
system has one successful update.

The advantage of event-triggered control is saving commu-
nication resources. However, the effectiveness of prolonging
transmission intervals, in turn, appears to be a disadvantage
in the presence of DoS. The main shortcoming concerns that
event-triggered control could potentially prolong DoS status.
For example, consider that the sampling strategy is purely
event-based. After a DoS attack, there is a short period where
communications are possible, during which the error bounds
as in (I0) are not violated so that systems do not update.
If DoS appears soon, this is equivalent to the scenario that
systems face a longer DoS attack. This indicates that a better
strategy is to save communications in the absence of DoS
and restore communications as soon as possible when DoS is
over, which leads indeed to a hybrid communication strategy.



A. Zeno-free event-triggered control of distributed systems
in the absence of DoS

Abusing the notation, in this section we denote {t{} as
the triggering time sequence of subsystem ¢ under event-
triggered control scheme. For a given initial condition x;(0),
if ¢! converges to a finite ¢"*, we say that the event-
triggered control induces Zeno behavior [11], [12]. Hence,
Zeno-freeness implies an event-triggered control scheme
preventing the occurrence of Zeno behavior. The following
lemma addresses the Zeno-free event-triggered control.

Lemma 2: Consider a distributed system as in (1) along
with a control input as in ). Suppose that the spectral radius
r(A71B) < 1. In the absence of DoS, the distributed system
is practically stable and Zeno-free if the event-triggered law
satisfies

l[e: ()]l < max{ol|lzi(t)]], ci} 4D
in which ¢; is a positive finite real and
. li
o; < min{,/—,1} (42)
Ji

where [; and j; are the same as in Lemma 1.

Proof. By Lemma 1 if spectral radius (A~ B) < 1, 28)
holds true. Then one can observe that the event-triggered
control law (&) would lead 28) to

V() < =Y llzi®))? = ji max{o?||lz:()[|, ¢;})

€N

< maxt— S (b — G0 0P,

€N
= Ll @+ g}

€N €N

< _Z ”xz H2+Z]z (43)
i€EN €N

which implies practical stability with o; < min{ \/é; ,1} and
finite c;. ‘

Then we introduce the analysis about Zeno-freeness of this
distributed event-triggered control law. Since é;(t) = —&;(t),
then the dynamics of e; satisfy

&it) = Asei(t) — ii(ty) —

+ > Hyes(t)

JEN;

> (BiLij + Hij)z;(t],)

JEN;
(44)

From the triggering law (@I), one can obtain ||z;(t}) —
2;(t)|| < max{o;||z;(t)||,c;} and further calculations yield
llz: ()] = o (t2)] < oillzi(t)|| + ci. Thus, it is simple to
verify that [le;(t)|| < &i|2i(t})]| + 7ici, where 7; == -

For each i, at the instant ¢}, |le;(t)]| satisfies

et )l < fill®allllz ()]
+fi Z |BiLi; + H;j;||m
JEN;

+fi Y | Hijlloj(m +¢))

JEN;

(45)

where f; = f% A= dr, m = max{[|z;(#])]} for
ti < t7 <t [ and J € N;. Meanwhile, the triggering law
in (E]]) implies that ||e; (¢}, ,)|| > ¢;. Then, one immediately
sees that

tZ

b1 t;zzi, if pa, <0,

tk+l - t}c Z #i_ log(Zl,U,AZ + 1)7 if HA; > 07 (46)
in which
Cq
Zi = 7 —
1al[llzi (B +m > ien, G + D jen, 1Hislloje;
where (;; = ||BiLij + Hin + HHij”&j and g4, is the

logarithmic norm of A;. Notice that the system is practically
stable, so that |lz;(¢:)| and m are bounded. This implies
that z; > 0 and hence ¢}, —t} > 0. .

B. Stabilization of distributed systems with hybrid transmis-
sion strategy under DoS

As a counterpart of Assumption 3, here we assume that
there exists a Round-bobin sampling interval A satisfying
ID). Now we are ready to present the following result.

Theorem 2: Consider a distributed system as in () along
with a control input as in (). The plant-controller infor-
mation exchange takes place over a shared network imple-
menting the event-triggered control law (@) in the absence
of DoS. Suppose that there exists a Round-robin sampling
interval A such that (#I) holds. The network is subject
to DoS attacks regulated by Assumption 1 and 2, during
which the communication switches to Round-robin until
every subsystem updates successfully. Then the distributed
system is practically stable if (29) holds true.

Proof. Similar to the proof of Theorem 1, considering
the additional waiting time NA due to Round-robin for
the restoring of communications, in DoS-free periods the
Lyapunov function satisfies

V(z(t)) < e «rt=ha=ma=NAV(p(h, + 1, + NA))
+— @7)
w1

fort € [hy + 7m0+ NA , Nnt1[, where wy is as in Theorem 1
and c := va L jic3. On the other hand, (38) still holds for
t € lhn, hp+ 1 +NA[.

Applying the very similar calculation as in Step 3 in the
proof of Theorem 1, we obtain

V(z(t) < —w1|é(07t)\ew2|é(07t)\v( (0))
1+ N7 e @1lO(hnt)] gwa|E(hat)] € 4 €
< e“*(“*”) ’WV( (0))
efor (witws) Z —Bx(t=hn ) + — (48)

where n € Ny, ¢ := sup{q € Ng|h, <t} and f, is as in the
proof of Theorem 1. Notice that ¢t — h,, > Tpn(hy,t) —7pn



by exploiting Assumption 1. Then, the Lyapunov function
yields

V(z(t)) < ef@itw2)e=fty(5(0)

q
_|_em(w1+w2)+5*‘rp77 Z e~ B«on(hn,t) <
n=0 w1

&

+_

w1
Recalling the definition of Assumption 1, one has that

(49)

n(hp,t) —n(hps1,t) > 1 for t > hy,41. This implies that
- (o) « 1
—B«mpn(hy,t
Finally, (49) can be written as
V() < em@itee=Bdy(4(0))
K (W1tw2)+BxTDN
e c c
— + — 51
1 — e*ﬁ*"'D + w1 ( )
If @9) holds, it is simple to verify that ﬁ* < 0, which
implies practical stability. [
V. SIMULATION
A. Example 1

The numerical example is taken from [29]. The systems
are open-loop unstable such as
a1(t) = @1(t) +ur(t) + 22(t)
ia(t) = wa(t) +ua(t)
under distributed control inputs such that
ur(t) = —4.521(t;) — LAzy(t3)
u(t) = —6aa(ty) —a1(ty)

Solutions of the Lyapunov equation <I>iTPZ-+Pl-<I>Z-+QZ- =0
with Q; =1 (i = 1,2) yields P, = 0.1429 and P, = 0.1.
The matrices are A = [0.7 0;0 0.9], B =1[0 0.0327;0.1 0]
and T' = [4.1327 0.4;0.1 3.6] according to Lemma 1.
From these parameters, we obtain that the spectral radius
r(A71B) = 0.072, 0y < 0.3765 and 02 < 0.4657. We let
01 = 02 = 0.2. Based on Assumption 3, we choose Round-
robin sampling interval A = 0.01s.

With those parameters, we obtain the bound JM ~
0.0175 with wy ~ 3.0149 and ws =~ 169.3061. Th1s implies
that a maximum duty cycle of 1.75% of a sustained DoS
would not destabilize our systems in the example. Actually,
this bound is conservative. The systems in inspection can
endure more DoS without losing stability. As shown in
Figure [Tl lines represent states and gray stripes represent the
presence of DoS. Over a simulation horizon of 20s, the DoS
corresponds to parameters of 7p ~ 1.8182 and T =~ 2.5, and
~ 40% of transmission failures. According to (29)), we obtain
f—; + % = 0.411 , which violates the theoretical bound, but
the system is still stable.

Meanwhile, the hybrid transmission strategy is able to
reduce communications effectively. As shown in Figure [1I
the transmissions with the hybrid transmission strategy is
only 10% of the transmissions with the pure Round-robin
strategy.

T DOSJ

To DoS

0 2 4 6 8 10 12 14 16 18 20
Time(s)

Fig. 1. Example 1: Top picture—States under pure Round-robin communi-
cation where there are 1200 transmissions in total; Bottom picture—States
under hybrid communication strategy where there are 112 transmissions.

B. Example 2

In this example, we consider a physical system in [30]. The
system is composed of N inverted pendulums interconnected
as a line by springs, whose states are z; = [7;, ;|7 for i =
1,2,..., N. Here, we consider a simple case where N = 3.
The parameters of the pendulums are

0 1 0 1
—3.75 0]’A2_[—2.5 0]

0
31_32_33_[025}

Al_Ag_[

Hip = Hoy = Haz = Hjp = [ 1.(;5 8 }
The parameter of designed controllers are given by
Ky =K3=1[-23 —12], Ky =[-18 —12]
Lis = Lgas =[5 0.25], Loy = Loz = [—4.75 — 0.25]

With the solutions of Lyapunov function @?Pi +PP,4+Q; =
0 where Q; = I and i = 1,2, 3, we obtain

[ 067 0 0
A = 0 045 0 ,
0 0 0.67
0 0.0608 0
B = 0.1217 0 0.1217
0 0.0608 0
[ 47.7983 24.4007 0
r = 22.0276 33.2386 22.0276
0 24.4007 47.7983



With A, B and T' we obtain that r(A~'B) = 0.2216,
o1 < 0.0646, 0o < 0.0844 and o3 < 0.0646. We select
01 = 02 = 03 = 0.01. The Round-robin sampling interval is
chosen as A = 0.001s according to Assumption 3. Follow
the same procedures as in Example 1, we obtain wl“jrlw2 ~
0.00012, which is considerably conservative. In fact, if the
systems are under the same DoS attacks as in Example
1, they are still stable, which can be seen from Figure
The conservativeness is due to the unstable dynamics of the
inverted pendulums, the feedback gain K; and the coupling
parameter L;; in the controllers. It is worth investigating
how to design suitable K; and L;; to mitigate this effect (cf.
Remark 3).

3 ] . . | . L | . |
0 2 4 6 8 10 12 14 16 18 20

Time(s)

Fig. 2. Example 2: Top picture—States under Pure Round-robin communi-
cation during which there are 11997 transmissions; Bottom picture—States
under hybrid communication strategy where there are 254 transmissions .

VI. CONCLUSIONS

In this work, we investigated the problem of stabilizing
distributed systems under Denial-of-Service, characterizing
DoS frequency and duration under which stability can be
preserved. In order to save communication resources, we also
consider a hybrid communication strategy. It turns out that
the hybrid transmission strategy can reduce communication
load effectively and prevent Zeno behavior while preserving
the same robustness as pure Round-robin protocol.

An interesting research direction is the stabilization prob-
lem of networked distributed systems, where only a fraction
of subsystems, possibly time-varying are under DoS. It
is also interesting to investigate the problem where DoS
attacks imposing on systems are asynchronous with different
frequencies and durations. Finally, in the hybrid transmission

strategy, the effect of event-triggered control with commu-
nication collision can be an interesting direction from a
practical viewpoint.
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