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Abstract

The normal forms up to the third order for a Hopf-steady state bifurcation of a general sys-
tem of partial functional differential equations (PFDEs) is derived based on the center manifold
and normal form theory of PFDEs. This is a codimension-two degenerate bifurcation with the
characteristic equation having a pair of simple purely imaginary roots and a simple zero root,
and the corresponding eigenfunctions may be spatially inhomogeneous. The PFDEs are reduced
to a three-dimensional system of ordinary differential equations and precise dynamics near bi-
furcation point can be revealed by two unfolding parameters. The normal forms are explicitly
written as functions of the Fréchet derivatives up to the third orders and characteristic functions
of the original PFDESs, and they are presented in a concise matrix notation, which greatly eases
the applications to the original PFDEs and is convenient for computer implementation. This
provides a user-friendly approach of showing the existence and stability of patterned stationary
and time-periodic solutions with spatial heterogeneity when the parameters are near a Turing-
Hopf bifurcation point, and it can also be applied to reaction-diffusion systems without delay
and the retarded functional differential equations without diffusion.
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1 Introduction

In a dynamical mathematical model, the asymptotic behavior of the system often changes
when some parameter moves across certain threshold values and such phenomenon is called a
bifurcation. The method of the normal forms is a standard and effective tool to analyze and simplify
bifurcation problems, see [12,21,/60]. The main idea is to transform the differential equations to
a topologically conjugate normal form near the singularity. For ordinary differential equations
(ODEs), the methods of computing the normal forms have been developed in, for example, [5,12,/13,
20,21], and for functional differential equations (FDEs), similar methods have also been developed
in, for example, [18/19,25]. In FDEs, due to the effect of time-delays, Hopf bifurcations occur more
frequently which destabilize a stable equilibrium and produce temporal oscillatory patterns [25].
Often a center manifold reduction reduces a higher dimensional problem to a lower dimensional one,
and the normal form can be computed on the center manifold [9,26]40,57]. The method proposed
in [18,/19] has been applied to the bifurcation problems in ODEs or FDEs, such as codimension-
one Hopf bifurcation, and codimension-two Hopf-zero bifurcation and Bogdanov-Takens bifurcation

etc., see [7,281|30}43,58,59.(65L|70].

The methods of center manifolds and normal forms have also been extended to many partial
differential equations (PDEs). For example, the existence of center manifolds or other invariant
manifolds for semilinear parabolic equations have been proved in, for example, [2,3,/14,27]. For
parabolic equations with time-delay or functional partial differential equations (FPDEs), the ex-
istence and smoothness of center manifolds have also been established in [15H17,[34} |56 (63} |64].
In particular, the calculation of normal form on the centre manifold of FPDEs was provided
in |15,/16]. These theories can be applied to reaction-diffusion systems (with or without time-
delays) which appear in many applications from physics, chemistry and biology. For example, the
existence of Hopf bifurcations and associated stability switches have been considered in many recent
work [6],/10},22-24.44.|53/|54166|, 68,69, 71]. More recently with the integrated semigroup theory, the
center manifold and normal form theory for semilinear equations with non-dense domain have also

been developed [35-38].

An important application of normal form theory for PDEs and FPDEs is the formation and
bifurcation of spatiotemporal patterns in reaction-diffusion systems (with delays) from various
physical, chemical and biological models. In the pioneer work or Turing [55], it was shown that
diffusion could destabilize an otherwise stable spatially homogeneous equilibrium of a reaction-
diffusion system, which leads to the spontaneous formation of spatially inhomogeneous pattern.
This phenomenon is often called the Turing instability or diffusion-driven instability, and associated

Turing bifurcation could lead to spatially inhomogeneous steady states [32}/50,/62]. Such Turing



type pattern formation mechanisms have been verified in several recent chemical or biological

studies [31},33,42.|48].

In many reaction-diffusion models, temporal oscillation caused by Hopf bifurcation and spatial
patterns from Turing mechanism can occur simultaneously to produce Turing-Hopf patterns which
oscillate in both space and time [4,39,/41,45,46]. Mathematically the complex spatiotemporal
Turing-Hopf patterns involves the interaction of the dynamical properties of two Fourier modes, and
it can be analyzed through unfolding a codimension-two Turing-Hopf bifurcation, see [49l/51L52}61]
and references therein. It is also a Hopf-zero bifurcation with the zero eigenvalue corresponding to

a spatially inhomogeneous eigenfunction.

The aim of the present paper is to provide the computation of the normal form up to the
third order at a known steady state solution for a reaction-diffusion system with time-delay. This
normal form can be used to unfold the complex spatiotemporal dynamics near a Turing-Hopf bi-
furcation point with one of the unfolding parameter being the time-delay. We follow the framework
of Faria [15,/17] to reduce the general PFDEs with perturbation parameters to a three-dimensional
systems of ODEs up to third order, restricted on the local center manifold near a Hopf-steady state
type of singularity, and the unfolding parameters can be expressed by those original perturbation
parameters. Usually the third order normal form is sufficient for analyzing the bifurcation phe-
nomena in most of the applications. The reduced three-dimensional ODE system can be further
transformed to a two-dimensional amplitude system and the bifurcation analysis can be carried
out following [21] to provide precise dynamical behavior of the system using the two-dimensional
unfolding parameters. Furthermore we give an explicit formula of the coefficients in the truncated
normal form up to third order for the Hopf-steady state bifurcation of delayed reaction-diffusion
equations with Neumann boundary condition, which includes the important application to the

Turing-Hopf bifurcation.

Our approach in this paper has several new features compared to previous work. First our
basic setup of PFDE systems follows the assumptions (H1)-(H4) in |15] with slight changes to
fit our situation, but we remove the more restrictive assumption (H5) which was used in [15].
Hence our computation of normal forms can be applied to more general situations. Secondly the
normal form formulas here are directly expressed by the Fréchet derivatives up to the third orders
and characteristic functions of the original PFDEs, not the reduced ODEs. Hence one can apply
our results directly to the original PFDEs without the reduction steps. Also our formulas of the
normal form are presented in a concise matrix notation which also eases the applications. Thirdly
we neglect the higher order (> 2) dependence of the perturbation parameters on the system, as

in practical application, the influence of the small perturbation parameter on the dynamics of



the system is mainly linear. This again simplifies the normal form but still fulfills the need in
most applications. Finally we remark that the normal form formulas developed in this paper for
PFDEs are also applicable to the general reaction-diffusion equations without delay (PDEs) and
the delay differential equations without diffusion (FDEs) with obvious adaption, and the unfolding

parameters are not necessarily the time-delay or diffusion coefficients.

Because the coefficients of computed normal form can be explicitly expressed using the informa-
tion from the original system, our algorithm enables us to draw conclusions on the impact of original
system parameters on the dynamical behavior near the Turing-Hopf singularity. To illustrate our
normal form computation and application algorithm, we apply our methods to the Turing-Hopf
bifurcation in a diffusive Schnakenberg type chemical reaction system with gene expression time
delay proposed in [47]. Turing and Hopf bifurcations for this system have been considered in [11,/67],
and Turing-Hopf bifurcation for the system in a different set of parameters was recently considered

in [29].

The rest of the paper is organized as follows. In Section 2, the framework of the system of
PFDEs at a Hopf-steady state singularity and the phase space decomposition are given, and the
reduction of the original equations to a three-dimensional ODE system is introduced. The formulas
of normal form up to third order are presented in Section 3 while the proof is postponed to Section
[6l In Section 4, the precise formulas of the normal forms with the Neumann boundary condition
and the spatial domain Q = (0,{7) are given. The application of abstract formulas to the example
of diffusive Schnakenberg system with gene expression time delay is shown in Section 5, and some

concluding remarks are given in Section 7.

2 Reduction based on phase space decomposition

In this section, we discuss the reduction and the normal forms for a system of PFDEs subject
to homogeneous Neumann or Dirichlet boundary conditions at a Hopf-steady state singularity with
original perturbation parameters following the methods in [18,]19]. We will show that the system
of PFDEs can be reduced to a three-dimensional system of ordinary differential equations defined

on its center manifold.

Assume that €2 is a bounded open subset of R with smooth boundary, and X is a Hilbert

space of complex-valued functions defined on Q with inner product (-,-). Denote by Np the set of



nonnegative integers or positive integers, depending on the boundary condition:

NU {0}, for homogeneous Neumann boundary conditions,

N, for homogeneous Dirichlet boundary conditions.

Let {ux : kK € N} be the set of eigenvalues of —A on  subject to homogeneous Neumann or
Dirichlet boundary conditions, that is

@:0 or u=0, €.

ABk + piBr =0, x€Q,
on

Then we have

O=po < py < - < pp <+ — o0, for Neumann boundary conditions, or

0<py <po<---<pp<---— 00, for Dirichlet boundary conditions,

and the corresponding eigenfunctions {3 : £ € Np} form an orthonormal basis of X. Fixing m € N
and r > 0, define C = C([—r,0]; X™) (r > 0) to be the Banach space of continuous maps from
[—7,0] to X™ with the sup norm. We consider an abstract PFDE with parameters in the phase
space C defined as

u(t) = D(a)Au(t) + L(a)us + G(ug, o), (2.1)

where u; € C is defined by ui(0) = u(t + 0) for —r < 0 < 0, D(«a) = diag(di(a),da(), ..., dn(a))
with d;(0) > 0 for 1 < i < m; the domain of Au(t) is defined by dom(A) =Y™ C X™ where Y is
defined as

Y = {u c W23(Q) : gz =0,z¢€ 8Q} for Neumann boundary conditions, or

Y ={ueW??Q):u=0, z €00} for Dirichlet boundary conditions;
the parameter vector a = (aq,ag) is in a neighborhood V' C R? of (0,0), L : V — L(C,R™) (the

set of linear mappings) is C' smooth, G : C x V' — R™ is C* smooth for k > 3, G(0,0) = 0, and
the Jacobian matrix D ,G(0,0) = 0 with ¢ € C.

Let Lo = L(0) and Dy = D(0). Then the linearized equation about the zero equilibrium of

(2.1) can be written as
i(t) = DoAu(t) + Louy. (2.2)

We impose the following hypotheses (similar to |15]):

(H1) DyA generates a Cy semigroup {T'(t)}:>0 on X™ with |T'(t)] < Me** for all t > 0, where
M >1,w € R, and T'(t) is a compact operator for each t > 0;



(H2) Lo can be extended to a bounded linear operator from BC to X™, where BC = {¢ € C :
lim v(0) exists} with the sup norm.

0—0—
(H3) the subspaces By = {(v(-), Bx)Bk : v € C} C C (k € Np) satisfy Lo(Bg) C span{e;ifr: 1 <i <

m}, where {e; : 1 <i < m} is the canonical basis of R™, and

<Uaﬁk> = (<U175k>7 <U2aﬁk>a SR <Umaﬁk>)Ta ke N37 for v = (Ulav2a v 7Um)T eC.

Let A be the infinitesimal generator associated with the semiflow of the linearized equation

(2.2). It is known that A is given by

(49)(8) = ¢(6), dom(A) = {¢ € C: ¢ € C,$(0) € dom(A),$(0) = DoAG(0) + Lo},

and the spectrum o(A) of A coincides with its point spectrum op(A). Moreover A € C is in op(A)
if and only if there exists y € dom(A) \ {0} such that X\ satisfies

ANy =0, with A(X) = A — DoA — Lo(e]). (2.3)

By using the decomposition of X by {fk}ren, and B, the equation A(N)y = 0, for some

y € dom(A) \ {0}, is equivalent to a sequence of characteristic equations
detAR(A\) =0, with Ap(\) = Al — upDo — Lo(eM 1), k € Np. (2.4)

Here Lo : C — C™ where C £ O([—7,0];C™). Then for any k € Np, on By, the linear equation
(2.2)) is equivalent to a Functional Differential Equation (FDE) on C™:

2(t) = —purDoz(t) + Loz, (2.5)

with characteristic equation (2.4), where 2z:(-) = (us(-), Bx) € C. For any k € Np, we also denote
by nx € BV ([—r,0],C™) to be the m x m matrix-valued function of bounded variation defined on

[—7,0] such that
0

— 1k Dop(0) + Loy = [ dm(0)9(0), o € C. (2.6)

b

The adjoint bilinear form on C* x C, where C* = C([0,r]; C™*), is defined by
0 0
. =000 = [ [ ule-0)an@pe vec pec 27)

We make the following basic assumption on a Hopf-steady state bifurcation point:

(H4) There exists a neighborhood V' C R? of zero such that for o := (a1, as) € V, the characteristic

equation with & = k; € Np has a simple real eigenvalue y(«) with v(0) = 0, 88(32(0) # 0,
and with k = k2 € Np has a pair of simple complex conjugate eigenvalues v(a) &+ iw(a)
with v(0) = 0, w(0) = wp > 0, ailjl(O) # 0, all other eigenvalues of have non-zero real
part for a € V.



Definition 2.1. We say that a (ki, k2)—mode Hopf-steady state bifurcation occurs for (2.1f) near
the trivial equilibrium at o = (0,0) if assumptions (H1)-(H4) are satisfied, or briefly, a Hopf-
steady state bifurcation occurs. Moreover, if k; # 0, we say that a (ki, ko) —mode Turing-Hopf

bifurcation occurs, or briefly, a Turing-Hopf bifurcation occurs.

Let Ay = {0}, Ay = {£iwo}, and A = A; U Ay. Then the phase space C' is decomposed by A;:
where Q; = {¢ € C: (¥, ¢)r, =0, for all ¢ € P}, i =1,2. We choose the basis

1 = ¢1, Uy =1, Po = (¢2,92), ¥ = v (2.8)

o
in Pi, P}, P», Py respectively, such that (V;, ®;),, =1, i = 1,2, (I is the identity matrix), and
®; =®;B; and —V; =BV, i=12 with B; =0, By = diag(iwo, —iwp).
We know from [25] that

$1(0) = ¢1(0), ¢2(0) = ¢2(0)e™*?, 0 € [—r,0],

2.9
V1(0) = ¥1(0), a(s) = Pa(0)e 0%, s € [0,7]. 29
Now we use the definitions above to decompose C by A:
C=PoQ, P=Imm, Q=Kerr,
where dimP = 3 and 7 : C — P is the projection defined by
w7 = > Bi(Ti, (A(), Br) )k, B, - (2.10)

i=1,2

We project the infinite-dimensional flow on C to the one on a finite-dimensional manifold P.
Following the ideas in [15], we consider the enlarged phase space BC introduced in (H2). This
space can be identified as C x X, with elements in the form ¢ = ¢ + Xyc, where p € C, ¢ € R",
and X is the m x m matrix-valued function defined by Xo(0) = 0 for 6 € [—r, 0) and X,(0) = I.

In BC, we consider an extension of the infinitesimal generator, still denoted by A,
A:Cy CBC— BC, A¢=d+ Xo[Lop + DoA¢(0) — $(0)], (2.11)

defined on C§ £ {¢p € C: ¢ € C, ¢(0) € dom(A)}, and (-, -)g, can be continuously defined by the
same expression (2.7)), i = 1,2, on C* x BC, where

BC = {1/1 : [-7,0] = C™|¢ is continuous on [—7,0), lim () exists} .

0—0—



Thus it is easy to see that 7, as defined in ([2.10]), is extended to a continuous projection (which we
still denote by ) m : BC — P. In particular, for ¢ € X™ we have

m(Xoc) = > iW;(0){c, By, ) Br, - (2.12)

i=1,2

The projection 7 leads to the topological decomposition
BC =P @ Ker, (2.13)

with the property Q & Kerr.

In the space BC, ([2.1)) becomes an abstract ODE

dv
Frie Av+ XoF (v, o), (2.14)
where
F(v,a) = (Lo — Lo)v + (D(a) — D(0))Av(0) + G(v, o), (2.15)

for v € C, o € V. We decompose v € C} according to (2.13) by

v(t) = ¢121(t) Br, + (d222(t) + P2za2(t)) Br, + y(t),

where 2;(t) = (s, (v(t)(-), B, )k, (i = 1,2), and y(t) € C} NKermr =Ci N Q £ Q.
Since 7 commutes with A in C}, we see that in BC, the abstract ODE is equivalent to a
system of ODEs:
21 = P1(0)(F(pr121 8k, + (¢222 + $222)Bry + ¥, @), By ),
2 = iwoz2 + Y2(0)(F($121 6k, + (4222 + 272) B, + 4, ), By ) o1
Zp = —iwoZ2 + Y2(0)(F (121 8k, + (P22 + 0222) Bk, + 4, ), By ), 10

d _
Y= Ay + (I — m)XoF (p121 8k, + (9222 + ¢222) B, + y, @),

for z = (21,20, 22) € P C C3, y € Q' C Kerm, where A; is the restriction of A as an operator from
Q! to the Banach space Kerm: A; : Q' € Kerr — Kermr, A1¢ = Ag¢ for ¢ € QL.

3 The formulas of second and third terms in the normal forms

In this section, we present the formulas of the second order and third order terms of the normal

form of ([2.1)), and the proofs will be postponed to Section @



First we neglect the dependence on the higher order (> 2) terms of small parameters o, ag in
the third order terms of the normal forms of (2.1)). By doing the Taylor expansion formally for the

operator L(«) and diagonal matrix D(«) at a = 0, we have
1
L(a)v =L(0)v+ =Li(a)v +---, forweC,

z (3.1)
D(«) =D(0) + §D1(a) 4+

where Ly : V — L(C,R™), and Dy : V — R™ x R™ are linear. As in [26], we write G in (2.15) in
the form of

1 1
G(v,0) = o (v,v) + 50(1},1},1}) + O(|v|4), vedl, (3.2)

where @, C are symmetric multilinear forms. For simplicity, we also write Q(X,Y) as Qxy, QxY
or QyX, and C(X, Y, Z) as CXyz.

The formulas of the third order normal form of (2.1 are given in the following theorem, and
the detailed proof of the theorem is provided in Section 6.

Theorem 3.1. Assume that (H1)-(H4) are satisfied. Ignoring the effect of the perturbation pa-
rameters in high-order items (> 3), then the normal forms of (2.1|) restricted on the center manifold
up to the third order is

1 1
Z=Bz+ ig%(z, 0,a) + ggé(z, 0,a) + h.o.t., (3.3)

or equivalently
Z =ai(a)z1 + anz% + a232222 + +a1112% + a1232122%72 + h.o.t.,
) =i b b br1222 20 + boagz37s + h.ot (3.4)
2o =iwpza + ba(a)ze + biaz122 + bi1227 22 + bao325Z2 + h.o.t.,
22 = —iwgZzs + bQ(O&)EQ + @2122 + bllgz%fg + bQQgZQZ% + h.o.t.,

Here a;j, bij, aiji, bijx are given by

a1l Z%%(O)Qmm (B> Bry)s a23 = 11(0)Q 4,5, (Biy: Brr)s b2 = 12(0)Qg,1 60 (Br: Bra» Bra)s  (3-5)

ain :éw1(0)0¢1¢1¢1 (B3, Brn) + ©1(0){Q1 hoooBer » B )

+ 51O Qoro2(0) + @y, 02(0)Qurin (B By B8R, B,
123 =U1(0)Cl, 4,5, (Bri By Brr) + Z.uljolbl (0){[—Qp162%2(0) + Qp,5,%2(0)]Q 5, (B Bra» By ) (3-6)
(B> Bry) + %[—Qmm%(o)@m@z + Q5,5,02(0) Q1 65 ) (Br B> Bra) By Bra )}

+ 1/}1(0)(<Q¢>1h011 57?1 ) Bk1> + <Q¢2h101 6[627 5k1> + <Qq§2h110/8k2 > 5161 >)7



bi12 :%1/12 (O)C¢>1¢1¢2 <ﬁl%1 /Bkw /8k2> + o (0){[2Q¢1¢1 (01 (O) <Bk1 /Bk27 /Bkl > </BI%1 ) ﬁkz)

1
2iwg
+ Q4,5,02(0) (Bry Bra» Bra) 21 Q16 + [ Qi 02(0) + Qy 5, 2(0)] Q161 (BRy > Bra) (Biy» B )}
+ ¢2(0)(<Q¢1h110/6k175k2> + <Q¢2h2ooﬁk‘27/6k2>)v

brss =5 12(0)Cy5 s B + 75— 2(0H Q5,1 (0) Qe (B B ) R, B+

§Q¢325Q¢2(0)Q¢2¢2 (Brys Bra)® + [—2Qp00512(0) +4Q,5,12(0)]Q, 5, Bty Bra)*}

+ w2(0)(<Q¢>2h011/8k‘27/8k2> + <Q$2h020ﬁk276k2>)'
(3.7)

respectively, and hyji, (i+j+k =2, 4,5,k € Ng) are determined by (6.32) and (6.34).

Remark 3.2. For the normal form up to the third order, we only need to calculate the eigenvectors
which are given by (2.8)), the linear parts L;(a) and D;(«) in (3.1]), and the multilinear forms @
and C which are given in ((3.2)).

For the reduced system (3.4)), the bifurcation structure can be distinguished into the two main
types: Hopf-transcritical type and Hopf-pitchfork type, which we will discuss separately below.

3.1 Hopf-transcritical type

Following [28], we have

Definition 3.3. Assume that (H1)-(H4) are satisfied, a;; # 0, as # 0, Re(b12) # 0, and
a11 — Re(b12) # 0. Then we say that a Hopf-steady state bifurcation with Hopf-transcritical type
occurs for (2.1)) (or referred as a Hopf-transcritical bifurcation) at the trivial equilibrium when

a=0.

Moreover we adopt the same coordinate transformation (23) and (25) in [28], then (3.4) can
be reduced to the planar system (see [28])

i =r(e1(a) + az + cr® 4+ dz?),

(3.8)
s =eo(a)z + br? — 22 fer’z + 23,
where
Re(b .
e1(a) = Re(ba()), e2(a) = a1(a), a = — a(nm)’ b = —sign(ajyas3),
.o Re(ba23) J— Re(bi12) _ i3 _
la11ags]’ apn? lai1ags]’ ann?’

10



Now (3.8)) has the same form as (36) in |28]. By [21] and [2§], there are four different topological
structure for (3.8)) with the Hopf-transcritical bifurcation depending on the signs of a and b:

Case I: b=1,a>0; Casell: b=1,a<0;
CaseIll: b=-1,a>0; CaselV: b=-1,a<0.

The results in [28] can be directly applied to analyze the equation ({3.8) and the dynamical properties
for original system (2.1)) can be revealed with the help of the analysis in [1, Section 4].

3.2 Hopf-pitchfork type

Following [21], we have

Definition 3.4. Assume that (H1)-(H4) are satisfied, a;; = ags = bi2 = 0, aj11 # 0, ajzs # 0,
Re(bllg) 7& O, Re(bggg) 75 O, and alllRe(bggg) - a123Re(b112) 75 0. Then we say that a Hopf—steady
state bifurcation with Hopf-pitchfork type occurs for (2.1)) at the trivial equilibrium when « = 0.

By using the same coordinate transformation in (23) of [28] and the coordinate transformation

v/ |Rebaas| 7 — r, \/|ai11| z — 2, sign(Re(baas))t — t, (3.9)

we obtain a planar system (see [21] and [59)):

i =r(e1(a) + 12 + bg2?),
(3.10)

5 =z(e9(a) + cor? + do2?),
where

e1(a) = Re(ba(a))sign(Re(baa3)), e2(a) = ai(a)sign(Re(baes)),

b
b(] — MSigH(Re(b223))7 Co
laii]

@123

= o sien(Re(b , do = sign(a111Re(b _
|Re(b223)| gn(Re(bz23)), do = sign(ainRe(b2zs))

For system (3.10)), there are possibly four equilibrium points as follows:

E, = (0,0), for all 1,92,
Ey = (\/—¢1,0), for e1 < 0,

EF = (0,+, /—2—2), for 2—2 <0, (3.11)
0 0

Ei B \/5062 — d0€1 CoE1l — €2 b0€2 — d0€1 CoEl — €2
4 — ( - 7 - 5 ) fOI‘ 3
do — boCo do — boCo do — boCo do — boCo

> 0.

Based on |21} §7.5], by the different signs of by, co, do, dyg — boco in Table (1} Eq. (3.10) has twelve

distinct types of unfoldings, which are twelve essentially distinct types of phase portraits and

11



Case |la Ib I T IVa IVb V Vie VIb VIle VIIb VIII
do +1 41 41 41 +1 41 -1 -1 -1 -1 -1 -1
bo + + + - - - 4+ + 4+ - - -
co + + -+ - -+ - - 4+ 4+ -

do—boco | + - + + + - - + - 4+ = -

Table 1: The twelve unfoldings of (3.10)) [21]

bifurcation diagrams. The results in [21] can be directly applied to analyze the equation (3.10))
and the dynamical properties for original system ([2.1)) can be revealed with the help of the analysis

in [1, Section 4]. For the convenience of application to the example in Section 5, we show the

bifurcation digram in parameters (¢1,£2) and phase portraits of Case III of Hopf-pitchfork type

(see Table [1]) in Figure

L
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0 .
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Figure 1: The bifurcation set (a) and the phase portraits (b) for Case III of Hopf-pitchfork type.

In the next section, we will give the exact expressions of h;ji in (3.5)), (3.6) and (3.7]) under the
Neumann boundary condition and © = (0, i7) for I > 0.

4 Explicit formulas for Neumann boundary conditions

In this section, we give more explicit formulas of coefficients h;;, in (3.5)), (3.6) and (3.7)) of
the normal form (3.4)) restricted on the centre manifold in the case of spatial dimension n = 1 and

Q = (0,Ir) for some [ > 0, and we consider (2.1)) with Neumann boundary condition.

It is well known that the eigenvalue problem

B" 4+ up =0,

x € (0,ln),

12
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has eigenvalues i, = n?/I? for n € Ny with corresponding normalized eigenfuctions

Bo(x) =1, Bn(z) = V2cos %m, n €N,

where (B, (), Bn(2)) = £ Ol” B () Bn(x)dx = dpy- In what follows, we denote

ht = (hg,Bk), ¢€NG, lal =2, k€N

According to the different situations of k1, k2 in (H4), for the convenience of applications, we
will give the exact formulas of a11, as3, ai11, ai123, bi2, bi12, b2es in (3.4) for the following five

cases.
Case (1) k1 = ko = 0.

In this case,

(BR, Bry) = (5k2,5k1> (Bky Bras Brs) = (Bos Bo) = 1,

(B Bra) = (Brys Bra) = (BraBra» Bra) = (Bo, Bo) = 1

(B> Bry) = <5k27/6k2> (Br By Brr) = (BR, Bras Bra) = (B0, Bo) = 1,
(QohyBrs» Br,) = Qahld, ¢ € {d1,d2, 02}, i,j=1,2, ¢eNg, [q| =2

By (6.32)) and (6.34]), h’;i = hg for i = 1,2 and ¢ € N} with |g| = 2, which is needed in (3.5)), (3.6)
and (3.7)), are as follows:

h9oo(0) = 3[061(0)11(0) + 75 (¢2(6)12(0) — G2(8)¥2(0))]Qgy 6, + 200,

hg11(8) = [0¢1(0)11(0) + 755 (62(0)12(0) — 2(8)12(0))]Q4,5, + Eor1,

hiao(0) = —5i55[361(0)91(0) + ¢2(8)2(0) + 562(0)12(0))]Qpy 4, + Eonoe®?, (4.1)
h10(0) = zwo[ 1(0)¥1(0) + iwof2(0)12(0) — %Q_S (0)12(0))]Qg, 4 + Ey10€™0,

h802(9) = h020(9)7 h101(9) = ma

where 6 € [, 0] and the constant vectors E, for ¢ € N} with |g| = 2, satisfy the following conditions

[fi)r dno(6)] Eaoo = 5[—1+ (I - fET 0dno(6))1(0)¥1(0)] Qg ¢, »
[0, dno(0)Botr = [~1+ (I — [, 0d1(0))$1(0)1(0)] Q5+
Epo = 3[2iwl — fEr 2000 (0)] 7 Qg
[iwol — [°, €0%dno(0)] Erio = [I = ¢2(0)12(0) + [, 6cdno(0)d2(0)1(0)] Qs 6,

Thus we have the following result.
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Proposition 4.1. For ky = ko = 0 and Neumann boundary condition on spatial domain €} =

(0,Im), I > 0, the parameters ai1, as3, aiil, ai23, biz, bii2, boes in (3.4]) are given by

V1(0)Qpyg,5 a23 = 11(0)Q3,4,, b2 = 12(0)Qp, 45,

D1(0)Cp10101 + %1 (0)Re(1Q4,6,92(0)) Qo1 + ¥1(0) Q1 h3go,

amoz = P1(0)Cy, 4,5, + 21(0)Re(iQp,4,92(0))Qy, 5,
‘h}owl(O)Re(iQ¢z¢z¢2(0)Q¢1q’s2) + 91(0)(Qgy hory + Qo1 + Qagh?lo),

biiz = 592(0)Co6165 + 375 02(0){[2Q,6,91(0) + Qy, 5,92(0)] Qg1 6
H[—Qp0,¥2(0) + Q¢2¢‘>21/12(0)]Q¢1¢1} +12(0)(Qp, h19 + Qpyh9n0),

baoz = 512(0)Cy, 45, + 1 02(0){Q4, 5,01 (0)Qursr + 5Q5,5,%2(0) Qs
+[=2Q50,12(0) +4Qy,5,12(0)]Q 5,5, 1 + ¥2(0)(Qp, h11 + Qj,h000)-

1
ail = 35
1

ail = g

(4.3)

Case (2) k1 = ko #0.

Here we have

(BL. Bry) = (5k275k1> (Bri Bras Prs) =
(B s Bra) = (B Bra) = (Bra By Bry) =
(B Br) = (B k275k2> (Br. By Bry) = <r8k16k275k2> g,
(QhgBris Br;) = Qg(hY + \%hﬁ’“)v ¢ € {p1, 02,02}, i=1,2, ¢eNG, |g| =2

It also follows from (6.32)) and (6.34) that h’;i = hg for i = 1,2, ¢ € N} with |q| = 2, are given by

Woo(8) = —31/°, dmo(O)] ' Qorors Hony(6) = =525 [/7, dnaes (0)] ' Qv
h811 0) = —[fi an(e)]leqbzd?z’ hg’ﬂ(&) =-2 fo d772k1(9)]71Q¢2<£2a

hoo(0) = %[QWOI - fo 208 dno (0)] " Qgogue MOH

5o (2iwol = [2, €200 dnyy, (0)] 7! Qpygp ™", (4.4)
W1o(0) = [iwol — [°, €0 (0)] 7 Qg gp ™,
(0) = Jgliwol — [2, €00dnar, (0)] 7 Qpppe™”,

Moa(0) = hao(0),  ioh(6) = ks (6), hioa(6) = 01p(0),  Pi51(6) = Ml 6).
where 6 € [—r,0]. Thus we have the following result.

Proposition 4.2. For ki = ko # 0 and Neumann boundary condition on spatial domain ) =
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(0,im), 1 > 0, the parameters a11, a3, @111, @123, biz, biia, baoz in (3.4) are

ann = agg = bz =0,

i = §91(0)Cor616, +¥1(0)Qu: (W00 + J3h500):

ajeg = %¢1(0)0¢1¢2¢2 +91(0)[Qg, (hG11 + 5 h(%’ﬂ) + Qg (P01 + \lfh%](ﬂ) + Qég(h[ﬁo + \I[h?f(l))]
bz = §12(0)Coy10, + ¥2(0)[Qp, (hl1o + 5 h%]ftl)) + Qoo (Mo + \}hgl&l))]

baoz = %¢2(0)C¢2¢2¢2 +12(0)[Qg, (A1 + 5 h(%’ﬂ) +Qg, (R + \}hglé%)]

(4.5)

Case (3) ko =0, k1 # 0.

Here we have

(B, Br
(8%, Brs
(B3, Br
Q b1 haoo Bk1 » Biy

) </81%2,5k1> = (Bry Bras Brs) = 0,

)

)

)
Qahr01 Bz Bry)

)

)

)

)

(Brys Bra) = (Bry Bras Bry) = 1,

2, </3k275k2> (Bry Bitys Bra) = (Bit, Bra» Br) = 1,

Qp, (h3g0 + \I[hggé) (Qg1ho1s By s Bry) = Qgsy (hyy + \I/hglﬁ)
Qoaisrs  {(Qiaag B B ) = Q3 Mo

(
(
(Qérmio Brus Bra) = Qi (QorningBias Bra) = Qqﬁlh’fio,
(Qoshane Bras Bra) = QohB00s  (Qoohons Bras Bra) = Qi1
(Qashaoo Bz Pra) = Q35,1900 (Qyhor, Bkas Bra) = Q3,011
(Qhono Bras Bra) = Q@ ha0r  (QonhooaBras Bra) = Qa2
and
hSo0(0) = —31J°, dno(0)] Qo0 + gis (02(0)12(0) — $2(0)12(0))] Qg1 64
hioh (6) = %f dn%( )7 Qorsr
Wy (0) = —[/°,d ()] Qpu5, + 7 (D2(0)12(0) — $2(0)12(0))]Q 4,5,
hori(6) = 0,
hao(0) = 3[2iwol — [°, €200 (0)] 7! Qpnp, 0 — 5=[2(0)152(0) + 562(0)12(0)] Qs
hito(0) = [iwol — [°, €00dny, ()]~ Quy00¢™” = 561(0)41(0) Q1
Mos(0) = M0, Mty (6) = R (6).

(4.6)

where 0 € [—r,0]. Then we have the following result.

Proposition 4.3. For ko = 0, k1 # 0 and Neumann boundary condition on spatial domain Q) =
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(0,im), 1 > 0, the parameters a11, a3, @111, @123, biz, biia, baoz in (3.4) are

ann = ag = bz =0,
a1 = 101(0)Cs,6,6, + %01#1(O)Re(iQm%%(O))Qm% + ¥1(0)Qg, (h99o + xlfhglgcl))
arzs = Y1(0)Cy, 4,5, + w%?ﬁl( JRe(1Qg,¢,%2(0))Q .5, +

V1(0)[Q, (A1 + ﬂ%ﬁ) + Qoahity + Qg, M),

biiz = 592(0)Co16160 + 355 %2(0){2Q4, 6, ¥1(0) Q16 + [~ Qs 12(0) 0
+Q,5,02(0)] Qo161 } + ©¥2(0)(Q, Ao + Qi hd0)
baoz = 592(0)Cy, 4,5, + T5s 2(0){3Q5,5,%2(0)Qgrgr + [—2Qp,6,2(0)
+4Q¢252@2(0)]Q¢2$2} + 2(0)(Qg, 111 + Qg,h020)-
Case (4) k1 =0, ko # 0.
Here we have
(B Br) = (Brys Bra) = (Bry Bra» Bra) = 1,
(B, Bra) = (Biys Bra) = (Bry Bra» Bry) = 0,
(B2, Br) = 1, (B Bra) = 3, (Bru By Bra) = (B, Bra» Pro) = 1,
(QérhaooBrrs Br) = QorhBoos  (Qrhons Brrs Br) = Qoyhdun,
(Qéohios Bras Bry) = Qa3 (Qsh110Bk2s Bry) = Q@hlfio,
(Qorhioi B Bra) = Qunhidrs  (QaihiieBris Bra) = Qoo
(QéahaooBzs Bra) = Qun (W00 + J5h308)s  (Qohon Bias Brs) = Qoo (W11 + J5hion?),
(Q 331200 Bras Brs) = Qég(hgoo + \I[hgg?)) (Qyh011 Bras Bry) = Qég(hgn + \I[h(z)lfzf)
(QaahoaeBis Bra) = Qay (oo + J5his)s  (QoahonaBhas Bra) = Qoo (hoz + J5hio3):
and
h900(8) = 3061 (0)1(0)Qp, 4, + Ea00, hig3(0) =0,
W1 (0) = 061(0)¢1(0)Qu,5, + Borts hgyi(0) = = J51/°, iy (0)] ' Qi
(4.8)

2\/[22‘”0[ f 200 dnar, (0)] ! Qg7
= o liwofea(0)12(0) — 562(0)12(0))]Qg, ¢y + Er10e™°?,

Q)
(0)
hiao(0) = =370 61(0)11(0)Qp,, + Eoaoe® 0%,
(0)
Q)
(0) = hly0), hZ3(0) = hama(0),  h3,(0) = Kl (0),
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where 6 € [—r, 0] and the constant vectors Eg for ¢ € N3 with |q| = 2, satisfy the following equations

L2, (@)oo = §
[, dno(0))Eoir = [T
1
2

[+ ( —fi,edno<0)>¢1(0>w1<0)162¢1¢1,
— [°0dn0(8))61(0)¢1.(0)] Q5

Eyzo = [QMOI f 2400 dno ()] 7 Qg

liwol — [, e0%dny, (0)]Erio = [I — ¢2(0)2(0) + [°, 0, (0)d2(0)162(0)] Q1

Then we have the following result.

Proposition 4.4. For ky = 0, ko # 0 and Neumann boundary condition on spatial domain Q) =

(0,Im), I > 0, the parameters ai1, as3, ai11, ai23, bi2, bii2, beos in (3.4]) are

an
ai11
a123

b112

boo3 =

:%(o

)
= 6¢1(0)

Qd)ld)la ag3 = ¢1(0)Q¢32¢27 b12 - wQ(O)Qd)lqﬁz?
Corp161 + ¥1(0)Qp, Moo,

= (0 )Cqslqsgq?g + ;10¢1(0)R6(1Q¢2¢2¢2(0)Q¢1q32) +91(0 )(Q¢1h811 + Q¢zh101 + Q(;_Szhll?o)’
= %1/}2(0 Co1102 + Zzwo ¥2(0 )Q¢1¢32¢2(0)Q¢1¢2 +12(0 )[anhllo + Qg, (hgoo + \}hglg(ﬁ)]

+Q3, (i +

)
¢2(0)C¢2¢2¢2 + 4MO P2(0 )Q¢1$2¢1(0)Q¢2¢2 + ¢2(0)[Q¢2(h811 \lfhglﬁ)
(

J5hiosy)]-
(4.10)

Case (5) ]{31 75 ]{32, /{71, ]{22 75 0.

Here we have

{
{
{
{
{
{
{
(@

(B, Bra

(Bry» Bre

(BR Bra
Q1 hogo B » B
Qpah101 Bks s Bky
Qpyh1108ks> Bia
Q1101 Bk1» B
Qp1h1108k1 > Bks
Qp2h200 k2 B
Q 33 h200 Bk > Bks

QhOQO/BkQ ) ﬁkg

)
)
)
)
)
)
)
)
)
)
)

0, (B2, Bri) = (Brr Bras Bro) = 7 750(k1 — 2ky),

0, (8%, Bra) = (Br Bra» Brr) = 5(k2 2ky),

(B3, Bra) = 5, (BruBi Bry) = (B Bra» Bra) = 1,
T3Qa M0y + Qo hB00s (Qorhon Brrs Bi) = J5Quhigrt + Qanhbiy
Q¢2( h‘l%ll k2| \I[hlf(l)fb + o),

Q¢2( ‘1k110 bl 4 }h’fio*'” h910);

Qs (5 Phor !+ \}h’f(l);rkz M)
Qun (2 h‘ffo fol 4 LRl + h),
ﬁcz@h%éa + QahS00, (Qoahons Bras Bra) = F5Quahith + Qouhly,
%Q@h%é + Qa,1300: (Qazhor Bras Bra) = %Q@h%]ﬁ + Qg, M1,
\qusg hoss + Q53,1020 (Qshoo2Bras Bra) = \/Qm hoes + Qpuhdos,

)

where §(z) = 1, for 2 = 0 and §(z) = 0, for = # 0. And h2E1, p2ka p2ki p2kz g0 o plis kol
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BEGTE2 h, BiSo L BB, h3ks, hitd are given by
Woo(0) = —31/°, dno(0)] ' Qoys, + 370 (02(0)12(0) — $2(0)12(0))] Qg1 61
h3oh(0) = =525 (/2 ok, ()] 7' Qo1
h3e3(0) = 0, hé’ﬂ—o
hoi2(0) —%ff dn2ny (0)] ' Q35
h3E(0) = Sis(2iwnl — [°, €200y, (0))7 Qe (4.11)
W 0) = sliwel — [°, e 00dny, g, ()] Qg™
W2 0) = Jsliwol — [2, €™00dny, 14, (0)] 71 Quyp,e™”,
M) = 0, hiy(0) =0,
n0) = ha0), K le) = al e e),  rinte) = it ).

where 0 € [—r,0]. Thus we have the following result.

Proposition 4.5. For ky # ks, k1,ke # 0 and Neumann boundary condition on spatial domain

Q= (0,Ilr), I >0, the parameters ai1, azs, aii1, a123, b1z, bi12, baog in (3.4) are

ai1 = 0, axg = %5(16 = 2k2)¥1(0)Q 4,5 b12 = %5(/?1 — 2k2)12(0)Qgp, 6,5
i = §01(0)Coip6: + 7 0(kz — 2k1) 1 (0)Re(1Qp16,82(0)) Q161 + J591(0) Qs h3h,
a123 = ¥1(0)Cy 4,3, + ﬂ¢l( )0 (k1 — 2k2)Re(1Qg,4,42(0)Qy, 5,) + 1(0 )[[Q¢1h’gll+
chz( h'f?ﬁ s \}hlf(lﬂrb hio1) + Q¢2( h|1k110 ol }h'ﬂ(?’” + hlyo)l,
302(0)Co,6165 + 0 2(0)[26 (k2 — 2k1)Qg,6,11(0) + (k1 — 2k2) Q4 5,42(0)] Qg
+¢2(0)[Q¢1( st "+ J5hH + o) + J5Quh33).
bazs = 512(0)Cy, 4,5, + gis 0 (k1 — 2k2)102(0)Qy, 5,91 (0) Qs

+¢2(0)[Q¢2(h011 \1[h(2)’1€21)) + Q3,(hi + \/hg%)]

bi12 =

(4.12)

5 Example

In this section we apply our results above to the Turing-Hopf bifurcation of a diffusive Schnaken-

berg chemical reaction system with gene expression time delay in the following form (see [11,/47,67]):
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(

u(z,t) = edugy (v, t) + a — u(z,t) +u?(x,t — 7)v(z,t —7), x€(0,1), t >0,
vi(2,t) = dvge(x,t) + b —u? (2, t — T)v(z,t — 7), x € (0,1), t >0, 5.1)
Uz (0,1) = ug(1,t) = v.(0,8) = v, (1,¢) =0, t>0, .
ku(ﬂs,t) = ¢(z,t) > 0,v(z,t) = @(x,t) >0, (x,t) € [0,1] x [—7,0],
System has a unique positive constant steady state solution E, = (u,,vs), where
ur=a+b, v.= L, (5.2)
(a+0b)?

Recalling that py, = k*m? are the eigenvalues of the —A in the one dimensional spatial domain
(0,1), k € Ng. Then, a straightforward analysis shows that the eigenvalues of the linearized operator

are given by the roots of

DN == XN+ oA+ 7 + (spA + q)e M =0, ke N, (5.3)
where,

pp =(e + D)dk*m2 + 1, 1, = ed?k*nt + dik?n2,

Sk :ui — 2Uy s, Q. = (6u3 — 2u*v*)dk:27r2 + uf

By analyzing the characteristic equations (5.3) with a = 1, b = 2, d = 4 (see |29, Theorem 2.12

and 2.15] for details on general results), we have

Theorem 5.1. For system (5.1) with a =1, b =2, d = 4, there is a constant positive steady state
(us,v4) = (3,2/9), and there exists . ~ 0.2014, €, ~ 0.0022, w, ~ 7.6907 such that

1. when T = Ty, € = €4, Do(\) has a pair of purely imaginary roots tiw,, D1(\) has a simple
zero root, with all other roots of Di(\) having negative real parts k € Ny.

2. the system (5.1]) undergoes (1,0)—mode Turing-Hopf bifurcation near the constant steady state

(Us, Vx) QL T = Ty, € = E4.

3. the constant steady state (us,vs) is locally asymptotically stable for the system (5.1) with

T €[0,7) and € > e, and unstable for 0 < e < e, or T > Ty.

Hence we have k; = 1 and ko = 0 at 7 = 7, defined in Theorem m which corresponds to
Case (3) in Section 4. We normalize the time delay 7 in system (5.1)) by time-rescaling t — ¢/7,
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and translate (u.,vy) into the origin. We also introduce two bifurcation parameters a = (aq, a2)
by setting

T=Te+a1, €=¢s+aa. (5.5)

Then, system ({5.1)) is transformed into an abstract equation in C'([—1,0], X):

d 1 1 1 1
%U(t) = LoUs+ Do AU (t)+ §L1(Oz)Ut+§D1(oa)AU(t)+ EQ(Ut’ U)+ §C(Ut, U,U)+..., (5.6)
where
Do=dr | © . Di(a)=2d| TR ,
0 1 0 a1
LoX — 7. —21(0) + 2usvex1(—1) + uxo(—1) |
—(2uavix1(—1) + ulzo(—1))
—21(0) + 2usvex1 (—1) + ux9(—1
Ly(a)X = 20, x1(0) U1 (—1) + uiza(—1) |
—(2uavix1(—1) + ulao(—1))
and
1
Qxy = 27u[vsr1(=1)y1(—1) + us(z1(=1)y2(—=1) + z2(=1)y1(—=1))] L]
1
Cxvz = 2nfr1(=Dy1(=1)z2(=1) + 21(=1D)ya(=1)z1(=1) + z2(=1D)y1(=1)z1(-1)] ,
-1

x
with X = Y = , 2=
T2 Y2 22

From routine calculation, we obtain the eigenfunctions (as defined in ([2.8)):

¢1(0)( : >,¢2<0>( : )
—0.0274 —1+ 0.1298i (5.7)

¥1(0) !

(1,0.1849), v5(0) = (1,6.7502 — 0.8761i) .

T 11734 ~ _8.1518 — 6.9779i

By (4.6]), we obtain that

0 —0.0062 0 —0.0055 ) ) 0.4506
h200(0) = ) hzoo(_l) = ) hzoo(o) = hzoo(—l) =
0.0004 —0.0018 —0.0038
(5.8)
0 1.2336 0 1.0906 | 0y , 0
hon(o) = 7h011(—1) = 7h011(0) = 7h011<_1) = s
—0.0877 0.3504 0 0



0.0761 + 0.0358i 0 0.2954 — 0.1131i

h020 ’ h020(_1) = )
—0.0748 + 0.0093i —0.2848 + 0.1679i
0.1171 + 0.1850i . —0.3783 — 0.5733i (5.9)
110 , hio(=1) = ’
—0.0029 — 0.1255i —0.1100 + 0.0128i
101 110’ hOOQ - h020

Substituting the above calculated values into the expression (4.7]), we obtain the coefficients of
normal form (3.4)) as follows

ai(a) = —0.0009a; — 6.776202, ba(a) = (3.5818 + 2.25151)ay

a1l = ag3 = b2 =0,

(5.10)
ain = —9.4377 x 1074, bi12 = 0.0403 + 0.1213i,
ajgos = —0.4782, boas = —0.2553 — 0.7712i.
Thus, in the corresponding planar system , we have that
e1(a) = 3.5818c1, e2(a) = —0.0009a1 — 6.7762a9, (5.11)

bp = —42.7011, ¢o = 1.8735, dy = 1, sign(Re(ba2s)) = —1.
Therefore the Case III in Table [1] occurs, and we find that the bifurcation critical lines in Figure
are, respectively,
Li T =7y, €>ey, Lo:e=2¢,—0.00013(7 — 7o), T > T,
Ls:e =6, —0.9916(1 — 7)), 7> T, La:7 ="y, € <&y,

Ly e =6, 4+0.0111(7 — 1), 7 < Ty, Lg:e=r¢6,—0.00013(T — 7), T < Ty.

Taking notice of sign(Re(baa3)) = —1 in the coordinate transformation (3.9), and from phase

portraits in Figure [1] and the analysis in [1, Section 4], we have the following result.

Theorem 5.2. Leta =1, b= 2 and d = 4. At the constant positive steady state (u,vs) = (3,2/9),
near the (1,0)-mode Tum'ng-Hopf bifurcation point (7«,ex) =~ (0.2014,0.0022), with frequency w. =
7.6907, the system ) has the following dynamical behavior when the parameter pair (T,€) is
sufficiently close to (T*,E*) (see Figure

(1) Whene > £,—0.0013(7—7y) and T < 7y (that is (1,€) € Dy ), the constant steady state (s, v)
is locally asymptotically stable; and a 0—mode Hopf bifurcation occurs at (us,vs) when (T, €)

crosses L1 transversally.
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(2) Whene > £,—0.0013(7—7y) and T > Ty (that is (1,€) € Da), the constant steady state (s, v)
is unstable and there exists a locally asymptotically stable spatially homogeneous periodic orbit
which bifurcates from (us,vy); and a 1—mode Turing bifurcation occurs at (us,vy) when (T, €)

crosses Lo transversally.

(8) When e,—0.0013(7—74) > & > €,—0.9916(7—7%) and T > 7y (that is (1,€) € D3), the constant
steady state (u.,vy) is unstable, there are two unstable spatially non-homogeneous steady
states which bifurcate from (us,vy), and the spatially homogeneous periodic orbit is locally
asymptotically stable; and a 1—mode Turing bifurcation occurs at the spatially homogeneous

periodic orbit when (T, €) crosses L3 transversally.

(4) When € < e, — 0.9916(7 — 7.) and T > 7. (that is (1,€) € Dy), the constant steady state
(uy,vy) and the two spatially non-homogeneous steady state solutions are all unstable, the
spatially homogeneous periodic orbit is also unstable, and there are two locally asymptotically
stable spatially non-homogeneous periodic orbits which bifurcate from the spatially homoge-

neous periodic orbit, whose linear main parts are approrimately
B, + pga(0)e™t 4 5dy(0)e ™t £ hepy (0) cos(m), (5.12)

where p and h are some constants; and a 0—mode Hopf bifurcation occurs at (u.,vi) when

(1, €) crosses Ly transversally.

(5) When € < e, + 0.0111(1 — 7)) and T < T (that is (7,€) € Ds), the constant steady state
(ux, vi) and the two spatially non-homogeneous steady state solutions are all unstable, there is
no spatially homogeneous periodic orbit (disappearing through the Hopf bifurcation on Ly ), and
two spatially non-homogeneous periodic orbits are locally asymptotically stable; and a 0—mode
Hopf bifurcation occurs at each of two spatially non-homogeneous steady state solutions when

(1, €) crosses Ls transversally.

(6) When e, — 0.0013(7 — 7)) > € > e, + 0.0111(7 — 7.) and 7 < 7, (that is (1,e) € Dg),
the constant steady state (u.,vs) is unstable, the two spatially non-homogeneous steady state
solutions are locally asymptotically stable, and there is no spatially non-homogeneous periodic
orbits (disappearing through the Hopf bifurcations on Ls); and a 1—mode Turing bifurcation

occurs at (ux,vy) when (7, €) crosses Lg transversally.

We summarize the numbers of spatialtemporal patterned solutions (steady states or periodic
orbits) in each parameter region D; (1 < i < 6) in Table The Morse index of a steady state
solution is defined to be the number of positive eigenvalues of associated linearized equation, and

the Morse index of a periodic orbit is defined to be the number of Floquet multipliers which are
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Dy Dy D3 Dy Ds Dg

homogeneous steady state 1(0) 1(2) 1(3) 1(3) 1(1) 1(1)

non-homogeneous steady state 0 0  2(2) 2(2) 2(2) 2(0)
homogeneous periodic orbit 0 1(0) 1(0) 1(1) O 0
non-homogeneous periodic orbit | 0 0 0 2(0) 20 0

Table 2: The number of patterned solutions of (5.1 in each parameter regions D; (1 < i < 6).
Here j(k) means the number of specific patterned solutions is j, and the Morse index of each such

patterned solution is k.

greater than 1. A steady state or a periodic orbit is locally asymptotically stable if its Morse index
is 0. Hence the stable pattern for D; is the constant steady state (u., v ); the stable pattern for Dy
and Ds is the spatially homogeneous periodic orbit; a pair of spatially non-homogeneous periodic
orbits are the stable patterns for Dy and Ds; and a pair of spatially non-homogeneous steady state

solutions are the stable patterns for Dg.

6 Proof of Theorem (3.1

In this section we give the proof of the main result Theorem From (3.1) and (3.2), we
denote that, for v € C,

Fy(v,a) = Li(a)v + Di(a)Av(0) + Q(v,v),

(6.1)
F3(v,0) = C(v,v,v).
By doing Taylor expansion for the nonlinear terms in (2.16) at (z,y,«) = (0,0,0), we have
1 1
Z=Bz+ 7f21(zay7a) + 7f31(z7y7a) +ee

1 1
ay:A1y+§f22(27yaa)‘f‘?f??(%.%a)‘f‘ )

where B = diag(0, iwg, —iwp), f;(z, y,a) (i = 1,2) are the homogeneous polynomials of degree j in
variables (z,y,a), z = (21,22,%) € C3, y € Q', a € V. For the purposes of this article, we are

interested in the three terms:

H(z,y,0) 11(2,0,0)
Blzye) 2| f2zya) | £(2002] f12(z00) |. (6.3)
f(z,y,a) f13(2,0,0)
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f5(2,0,0) = (Xo — @W(0)) Fa(h121 8k, + (h222 + $222) By, 0). (6.4)
where

212'(2,7 Y, Od) = ¢i(0)<F2(<Z512’16k1 + (¢222 + (5222)6162 + Y, a)a /8kz>7 1= 17 27 (65)
3'(2,0,0) = vi(0){F3(61218s, + (d222 + $272) Bk, 0), B,), i =1,2. (6.6)

Noticing that Li(«), Di(a) are linear, ), C' are symmetric multilinear, and together with Agy, =

— bk, B, for i = 1,2, we obtain that

211(27 Y, Od) = ¢1(0)[L1(a)¢121 - )u/ﬂDl (a)¢1(0)21 + Q¢1¢1Z%<ﬁlzl>ﬁk1> + 2(Q¢1¢2Z122+
Q¢1¢_)2Z1§2)</6k1 Bk2718k1> + (Q¢2¢2'Z% + 2Q¢2$2Z222 + Q$2$22%)<ﬁ]%27 ﬁk‘1>+

‘ (6.7)
(L1()y, Bry) + (2Q(P121 Bk, + (222 + $222) Bry, y) + QY. Y), Bry)
+(D1(a)Ay(O), Bk1>]7
32(z,y,a) = ho(0)[Li(a)dozo + Li(ar)doZa — pry D) (92(0) 22 + §2(0)22)+
Q16171 (BRy s Bra) + 2(Qp1 622122 + Qpy 5, 2172) (B B B ) + (Qupgn 23+ (6.8)

2Q¢2¢_>222§2 + Q$252§%)<ﬂ£2’f8k2> + <L1 (O‘)ya 5k2> + <2Q(¢1216k1+
(¢222 + &222)Bk27y) + Q(ya y)v /3k2> + <D1 (a)Ay<0)7 5162)]7

?}z’(z, 0, 0) = 1/1¢(0)[C¢1¢1¢1Z?<,3g1,/3ki> + (C¢2¢2¢2Z§ + 0(52({)2&22% + 3C¢2¢2q;2z§22+
3C¢2<52¢32222%)</82275ki> + 3(C¢1¢1¢2z%z2 + O¢1¢152Z%52)<51%1,3k2> B, )+ (6.9)
+3(Coprnpn 2175 + Cy,5,5,7175 +2Cy 4,5, 212272) (Bry By s Br)]s 1= 1,2,

f3(2,0,0)(0) = 3(0)[Qg161228F, + 2(Qg1652122 + Q. 3,2172) By By +
+(Qgog 73 + 2Q 45,7272 + Q3,5,75) Br,) — {01(0)11(0)[Qg, 6,27 (B, Bry )+
+2(Qprpp 2122 + Q,.5,7122) (Biy B> Bra) + (Qupngn 75 + 2Q 4,5, 7272+
+Q5,5,75) (Bry s Bri ) Bry + (2(0)12(0) + ¢2(0)12(0))[Qpy 6, 21 (BE, > Bra )+
+2(Qgy622122 + Q. 5,7172) By By Bra) + (R 75 + 2Q 5, 2272+

+Q$2$25%)<f81327/8k2>]ﬁk2}7 for 6 € [—T’, 0]7
(6.10)

where §(0) = 0, for § € [-r,0), §(0) = 1.
Now we first obtain the normal form of (2.1]) up to the quadratic terms.

Lemma 6.1. Assume that (H1)-(H4) are satisfied. Ignore the effect of the higher order terms
(> 2) of the perturbation parameter, then the normal form of (2.1) up to the quadratic terms on

the center manifold at o = 0 has the form

1
4 =Bz+ 5gg(z:,o,a) + h.o.t.. (6.11)
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Here

95(2,0,0) = 2a1(a)z1 + 91(0)[Qpy 6, 27 (7, s Brr ) + 2Q 4,5, 2222(B1, 5 B e
+2b2 () 22 + 12(0)[2Q ¢, ¢, 2122(Br Brs > Bra) €2 (6.12)
+ba(a)za + 12(0)[2Q 4, 5, 2122 Bk, Bra» Bro)e3,

with
ar(a) = $¢1(0)(Li(a)pr — pur, D1(a)$1(0)),

2 (6.13)
ba(a) = 542(0)(Li(a)¢2 — pu, Di(a)¢2(0)),
and h.o.t. stands for higher order terms.
Proof. Let M3 denote the operator
M) V(C?) — Vo(C?), and (Mjp)(z,a) = D.p(z,a)Bz — Bp(z,q), (6.14)

where V3(C3) is the linear space of the second order homogeneous polynomials in five variables
(21, 22, 22, a1, a) with coefficients in C3,2 = (21,22, 22), a = (a1,a2) and B = diag(0,iwg, —iwp).

One may choose the decomposition
VH(C?) = Im(M}) & Tm(M3)*
with complementary space I]na(]\/.l'Ql)C spanned by the elements
z%el, 297961, Z10Gi€1, Z172€2, Za0i€s, Z1Z2€3, Zacyes, 4= 1,2, (6.15)

where e, ea, e3 denote the natural basis of R3. By the projection mapping which was presented

in [15],

g%(Z,0,0é) = PTOj(Im(M%))Cfg(Z707 a)7 (616)
we get (6.12)), (6.13) and that completes the proof. O

Let V33(C? x Kerm) be the space of homogeneous polynomials of degree 2 in the variables
z = (21, 29, 72) with coefficients in C3 x Kern. Let the operator M} defined in (6.14]) be restricted
in V33(C3), as

M 1 VS(CP) — VF(CP), and (M}p)(z) = D.p(2)Bz — Bp(2), (6.17)
and define the operator M2 by

Mz V3(QY) c Vi (Kerrr) — V3 (Kerr), and (M3h)(z) = D.h(z)Bz — Ai(h(2)), (6.18)
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then we have the following decompositions:

V3(C%) = Im(My) & Tm(My)°, V5(C%) = Ker(My) & Ker(M;)°,

V3 (Kerr) = Tm(M3) @ Tm(M3)¢, V3 (Q') = Ker(M3) @ Ker(M3)°.

(6.19)

The projection associated with the preceding decomposition of V33(C3) x V3*(Kerr) over Im(M3) x

Im(M3) is denoted by Pry = (Pf,, Pfy).

Following [15], we set
UQ(Z) = ZM{1PI,2f2(Z»O»O)a

and by a transformation of variables
(z,9) = (2,9) + U2(2)
the first equation of becomes, after dropping the hats,
¢=DBz+ %g%(zvoju) + %ﬁ,(z, 0,0) + -+,

where

To(2,0.0) = £1(2,0,0) + S[(Df(2,,0))y0Ua (=) — DU (2)g} (2, 0,0)]

(6.20)

(6.21)

(6.22)

(6.23)

To complete the proof of Theorem we only need to calculate the third order term g%(z, 0,0)

in the normal form (3.3). It is divided into three steps.
Step 1. Computation of U21.

Lemma 6.2. Assume that (H1)-(H4) are satisfied. Then the formula of Uy in (6.20) is

iwoUs (2)

=191(0)[2(Qpr 02122 — Qg 5,2122) (Bra B By ) + (Q¢2¢222 Q4,5,7) Bty Bra )1
+ 2(0) [~ Q1 21 (B7, s Bra) — Q5,122 B Bras Bts) + (Quingn 2 — 2Q,5, 7272 —
— $2(0)[~ Q16121 (Bh, + Bra) — Q22122 (Brs B Bra) + (Q,5,% — 2Q 5,727 —

Proof. Since Us € Ker(M3)¢, and Ker(M3)¢ is spanned by

2 =2 = 2 2 =2
Z9€1, 2Z9€1, Z1X2€1, Z1%2€1, Z1€2, Z29€2, Z9€2,

- - 2 2 =2 -
21%2€2, Z222€2, Z1€3, Z9€3, Z9€3, Z]122€3, 2222€3,
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Q¢2¢2 )<ﬁk276k2>] 2

Q¢2¢2 22 ) <ﬁl§2 s Bry))es-
(6.24)

(6.25)



The above elements are mapped by M. to, respectivel
pp y Mo 10, p Y
inozgel, —2in5§61, woz122€1, —Iiwgz1z2€1, —iwozfeg, iWOZ%GQ, —32@105%62,
—2iwg2122€2, —iWoZ222€2, iwoz%eg, 3inZ%€3, —inggeg, 2iwoz129€3,  1WozaZzaes.

Then, by (6.20) and (6.7), the expression (6.24]) of U] is obtained and the proof is completed. [

Step 2. Computation of U22.

We know that

% 22 = (Z) = (h(l)(z)7 h(2)(2)> T h(m)(z))T € V23(Q1) (6-26)

is the unique solution of the equation

(MZR)(2) = 5 73(2,0,0). (6.27)
Thus, by (6.18]) and the definition of A, we have
. . 1
D.h(z)Bz — h(z) + Xo[h(2)(0) — Loh(z) — DoAh(z)(0)] = 5f22(z, 0,0). (6.28)

where h denotes the derivative of h(z)(6) respective to 0. Expressing h(z) in the general monomial

form, we have

h(2)(0) :hggo(e)zf-f— h020(0)z§ + h002(9)2§ + hi110(0)z1 22

(6.29)
+ h101(0) 2122 + ho11(0) 2222, 0 € [-1,0].
Hence (6.28) is equivalent to, for 6 € [—r, 0],
— hgoo(@)zf — h011(0)22§2 + [2iWQh020(9) — h020(9)]23 + [—QiUJohOOQ(Q) — hoog(@)]fg ( )
6.30

+ [iwoh110(0) — h110(8)]2122 + [—iwohi01(8) — h101(0)]2122 = %f%(%(),o)(@)-

For 6 € [-r,0), comparing the coefficients of 27 for |¢| = 2, ¢ € N} in (6.10) and (6.30), we obtain
that

haoo(0) = 5[61(0)11(0)Qpy, (BZ,, By ) Br+

+(92(6)12(0) + 2(0)12(0)) Q1 (Br, > Bra ) B
ho11(0) = 61(0)1(0)Q 5, (B2, Bra ) Bry +

+(¢2(0)¥2(0) + ¢2(0)12(0))Q 5, (B2, > Bra) Bra

—2iwoho20(0) + ho2(0) = 3[1(0)¥1(0) Qs (B> Bra) Bra+
+(¢2(0)¥2(0) + ¢2(0)12(0)) Qe (Br, > Bra) Bral;
—iwoh110(60) + h110(0) = ¢1(0)81(0)Quy 65 (Brs Bra» By ) Bra +
+(02(0)12(0) + 2(0)12(0)) Q65 (Bres Brea» Bz ) Bria -

(6.31)
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Solving these equations, we obtain that

h200(0) = haoo(0) + 5{061(0)¢1(0)Qg, 6, (B3, Brr ) Br +

+ 2= [(€07 — 1) 2 (0) 12 (0) — (670 — 1) (0)2(0)]Qsy 6, (57, » Bra) B }
ho11(0) = ho11(0) + 061(0)91(0)Q 4,5, (87, Bkt ) Brs +

F e (€907 = 1)2(0)2(0) — (e — 1)$2(0)92(0)]Q 5,5, (B, » Bka) B
ho20(0) = hozo(0)e?0? + - {5(€*0? — 1)$1(0)41(0) Qg5 (B7, » Bk ) Ba +

H[(2407 — 0 3 (0)h2(0) + § (€207 — e 00)35(0)2(0)]Qpogr (B Bra) Ba }
hi10(0) = h110(0)e™? + 2= ("0? — 1)¢1(0)11(0) Qg g (B B By ) By +

+[0e0% $3(0)1)2(0) + 7= (€707 — e70%) 95 (0)402(0)] Q5,65 (Bs B » B ) B

hoo2(0) = ho20(0),  h101(0) = h110(0), 0 € [-7,0].
(6.32)

And at 0 = 0, by (6.32)) we have

—(Lo(h200) + DoAhggo(0))zF + [2iwoho20(0) — (Lo(hozo) + DoAhozo(0))]25+
[—2iwpho02(0) — (Lo(hooz) + DoAhoo2(0))]73 + [iwohi10(0) — (Lo(hi10) + DoAhi10(0))]2122
+[—iwoh101(0) — (Lo(h101) + DoAh101(0))]2122 — (Lo(ho11) + DoAho11(0)) 2222

= 51/3(2,0,0)(0),

(6.33)
Again expanding the above sum and comparing the coefficients, we obtain that
Lo(h200) + DoAh2o(0) = §[—Qg,6, 87, + 1(0)01(0)Qu, 61 (BE, Brr ) Bry +
(¢2(0)12(0) + ¢2(0)12(0)) Qe (BR, + Brs) Bis)
Lo(ho11) + DoAho11(0) = —Qg,5,6%, + ¢1(0)¢1(0)Q 4,5, (B, Brr ) Br +
(62(0)92(0) + ¢2(0)102(0))Q, 3, By Bia) B
—2iwoho20(0) + Lo(hozo) + DoAho20(0) = 5[—Qgu5 5%, + 91(0)91(0) Qs (81, By ) Bry +
(62(0)92(0) + ¢2(0)12(0)) Qa5 (57, Bra) B
—iwoh110(0) + Lo(h110) + DoAh110(0) = —Qpy 68k Brs + ¢1(0)001(0)Qepy 65 (Bky Bra s By ) Bry +
(62(0)92(0) + $2(0)12(0)) Q1 65 (Br1 Bz Bia) B -
(6.34)

Therefore U2 are determined by (6.32) and (6.34)). For later computation of the third order normal

form, note that for any ¢ € N3, |¢| = 2, we have

hf](e) = <hq(9)a ﬁk1>ﬁk1 + <hq{9)a Bk2>ﬁk2 + Z <hq(9)a Bie) Be- (6.35)

k>0,k#k1 k2

Then (h4(0), Br) (k € No) can be obtained from (6.34), and (hg(6), Bx) for 6 € [—r,0] is determined
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by (6.32). In fact, we do not need to find (hq(0), B¢) for all ¢ € N3, |g| = 2 and k € Ny, but only
need to find the ones appearing in gi(z,0,0).

Step 3. Computation of g.

Now we have all the components for computing the third order normal form. Let M3 be the

operator defined in V3}(C? x Kern), with
MY VAT = VH(C?) and (Mip)(=) = Dop(=)B= — Bp(2),

where V33((C3) denotes the linear space of homogeneous polynomials of degree 3 in the variables

2 = (21, 22, Z2) with coefficients in C3. Then one may choose the decomposition
V(€% = Im(M}) & Im(M})°
with the complementary space (Im(M34))¢ spanned by the elements
Zle1, z1zp7ae1, Zizpen, ZaZaen, ZiZpes, zaises, (6.36)

where eq, es, e3 denote the natural basis of R3. Now we have the normal form up to the third order

1 1
3=DBz+ 5g;(z, 0,a) + gg;,(z,o,o) + h.o.t., (6.37)
where
1, 1
§93(z>070) 3,P7“0](1m M})) fg(z 0,0). (6.38)
From (6.23)) denoting
g31(z) = EP’I”O](Im MD)) f3(2,0,0),
1
932(2) = _ZPTOJ(Im(Mg))CDZUQ (2)95(2,0,0), (6.39)
1 . )
933(2) = S Projamye(D:f3(2,9,0)y=0Us (2),
g3a(z) = ZPTOJ(Im(Mg))c(Dyle(Zay,U))yonQQ(z%
then
Ly
593(270, 0) = g31(2) + g32(2) + g33(2) + g34(2). (6.40)

From and (/6.39)), we obtain

g31(2) = %
+%¢ 0)[C¢2¢2¢222Z2<5k2aﬂk2> + C¢1¢1¢22122</3k15k275k2>] 2 (6.41)
i
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For gsg, since Us () € Ker(MJ)¢ and gi(z,0,0) € Im(M3)¢, by (6.25) and (6.15)) we set

Us(z) = (alome2 + aloh?2 + alihz122 + algyz120)er +

+asp?! + agn + ayZ + a2 % +agy et

3 3 3) _ 3 3)
+(aéo)oz% + a(()z)ozg + a(()O)Qz% + C’ng)ozlz2 + a(()1)1z2z2)63:

g%(z, 0,0) = (b%)oz% + b(()ll)12’222>61 + bgzl)ozlzgeg + bg%)lzligeg,

then

D.U3(2)g4(2,0,0) = [(aihze + aig) 22) (boh2? + biys 22%2) + (a2 + alihz1)bi Tz 22
+(2a§y %2 + afgy 21)bioy 21 Baler + [(2aSghz1 + ala)22) (Bygnz? + by 227)
+(2af5yz + afy 2)b{ bz 22 + (20507 + algy 21 + afyy 22)bo) 217
+(2a521 + afipze) (bSh 27 + b 2222) + (2algyze + alihz1

+agy 22)b{Thz1z2 + (2ai 72 + afp 22)bio 21 72)es

€ Im(MJ).

This implies that
1 .
g32(2) = _ZPT'O](Im(M?}))CDU%(Z)g%(Zv070) =0. (6.42)

By using (6.39)), (6.5]), (6.24) and (6.36]), we obtain

(2)

& (2)ea + 653 (2)es, (6.43)

933(2) = 9%)(2)@1 + 933

with

355(2) = 5 1(0)[~ Qo 6,02(0) + Qpr 3, 2(0)] Qnn (Bry B B ) (B7, » B ) 2+
+ 21 (0~ Qs 2(0) + Qg 3,02(0)] Qs 5, (B s B ) (B2, Bra) + (6.44)
31 Qu20:12(0)Qy, 5, + Q35,5,12(0)Q,6 ) (Br Bras Bra) (B, B )|} 212272,

955 (2) = 5 12(0){12Q,6, %1 (0) (B B B ) (52, Bra) + Qi 2(0) By B Bra) 1 Qi+
[—Q26,12(0) 4+ Qy5,5,¥2(0)] Q6 (BR, s Bra) (BR, > Bro) } 27 22+
T1i0e 02(0){Q4, 5,01 (0) Qprs5 (Brs Bra» Bra) (B Bia) + 5Q:3,6,92(0)Qnr (B, » By ) >+
+H[=2Qp,6,2(0) + 4Q 4,5, 2(0)]Q 4,5, (BE, . Bry)? 123 2.

(6.45)
Finally from (6.29) and the symmetric multilinearity of @, we obtain
Q¢hQ¢h2OOZ% + Q¢h020 Z% + Q¢h002 2% + Qd)hno 2122 + Q¢h1012122 + Q¢h011'z222’ (6'46)
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with ¢ € {¢1, o, d2}. From (6.39)), (6.7)), (6.26]) and (6.36]), we obtain

934(2) = 301(0)[(Q1hs00 81 Bra )2 + ((Qsrhons Bty Bra) + (Qpahirgn Bias B )+
(Q01110Bk2> Br ) )21 2222)€1 + 5102(0)[((Qgy hy10 B » Bra) + (Qbohooo Bk Bra)) 21 20+
((Qhors Bras Bra) + (R B Bra)) 23 Z2)e + 502(0)[((Qpy hagy Brr > Bra )+
(Q33ha00 Bk Bra)) 2122 + ((Qyhosy Bras Bra) + (Qahons Bra» Bra)) 2275 €3

(6.47)

Now we can complete the proof of Theorem [3.1]

Proof of Theorem[3.1l The conclusion of Theorem 3.1]follows from Lemmal6.1}, (6.41)), (6.42), (6.43)
and (6.47). O

7 Conclusion

In this paper the normal forms up to the third order for a Hopf-steady state bifurcation of a
general system of partial functional differential equations (PFDEs) is derived based on the center
manifold and normal form theory of PFDEs. This is a codimension-two degenerate bifurcation
with the characteristic equation having a pair of simple purely imaginary roots and a simple zero
root, and the corresponding eigenfunctions may be spatially inhomogeneous. The PFDEs are
reduced to a three-dimensional system of ordinary differential equations and precise dynamics near
bifurcation point can be revealed by two unfolding parameters which can be expressed by those
original perturbation parameters. Usually, the third order normal form is sufficient for analyzing

bifurcation phenomena in most of the applications.

The normal forms for the Hopf-steady state bifurcation in a general PFDE has been investigated
within the framework of Faria [15,(17]. In [15] an important conclusion is that the normal forms
up to a certain finite order for both the PFDEs and its associated FDEs are the same under the
assumption (H5). And when (Hb5) is not satisfied, the associated FDEs may not provide complete
information, and further general results on the normal forms are not given in [15]. In fact, the
assumption (H5) is not satisfied when a Hopf-steady state bifurcation occurs. Our results on

computing the normal forms on center manifolds, that is (3.4)-(3.7)), (6.32) and (6.34), do not

require (H5), which makes the approach applicable to a wider class of systems.

For more concrete expressions, we provide explicit formulas of the coefficients in the third
order normal forms in the Hopf-steady state bifurcation for delayed reaction-diffusion equations
with Neumann boundary condition, that is —, and this includes the important case of
Turing-Hopf bifurcation (with k1 # 0). The formulas are user-friendly as they are expressed directly
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by the Frechet derivatives of the functions up to third orders and the characteristic functions of
the original systems, and they are shown in concise matrix form which is convenient for computer
implementation. These results can also be applied to reaction diffusion equations without delay,

for example, see [8], and delayed functional differential equations without diffusion, see [28§].

Our general results are applied to the diffusive Schnakenberg system of biochemical reactions
with gene expression time delay to demonstrate how our formulas can be applied in practical
examples. In particular we provide specific conditions on the parameters for the existence and
stability of spatially nonhomogeneous steady state solutions and time-periodic solutions near the
Turing-Hopf bifurcation point. Our specific examples are for one-dimensional spatial domain with
Neumann boundary conditions, but our general framework is broad enough for high-dimensional
spatial domains and Dirichlet boundary conditions. More specific computations for these cases will

be done in the future.
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