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ABSTRACT constellation shaping with finite signal constellationagid-

In this paper, achievable rates regions are derived for pow&"ed 0nly point to point communication systems [2]-[6].
constrained Gaussian broadcast channel of two users using fi FOr broadcast channels, the achievable rates region for
nite dimension constellations. Various transmissiortegias  (Wo-user AWGN broadcast channels with finite input alpha-
are studied, namely superposition coding (SC) and superp§€ts are derivedin [7] when superposition of modulatedzaign
sition modulation (SM) and compared to standard schemd®!Nts IS used assuming a uniform distribution over thedinit

such as time sharing (TS). The maximal achievable rates rd?Put set. In [8] and [9], the problem of constellation shmpi
gions for SM and SC strategies are obtained by optimizinéorGaUSS'a” broadcast channels is introduced when the tran

over both the joint probability distribution and over thespo ~ Mitted signal is modulated using a 4-PAM constellation.sThi
tions of constellation symbols. The improvement in achievProblemwas investigated only for a particular situatioreven
able rates for each scheme of increasing complexity is eva@Ch user can receive at most two symbols. This corresponds
uated in terms of SNR savings for a given target achievab|t® the case with the least complexity, since the receiver can

rate or/and percentage of gain in achievable rates for cere usidentify his information using the labeling. Noticeableagh
with reference to a classical scenario. ing gain of up to 2 dB is obtained on the SNR of one user for

a fixed SNR of the other user.

Constellation shaping for broadcast channels using simple
transmission scheme is shown to be useful in some situations
depending on users channel conditions and for low order con-
stellation 4-PAM [8][9]. In this paper, we extend this work

1. INTRODUCTION to study achievable rates usitig,8,16-PAM constellations
as well as superposition coding (SC, i.e. the most general
Hierarchical modulation or |ayered modulation is used ir va case, to be defined be'ow)_ Hence' achievable rates regions
ious standards such as DVB-T/H/SH in order to help variougye given here for superposition coding, superposition-mod
users of different channel conditions to obtain a given qualy|ation and time sharing. Constellation shaping is used to
ity of service. It enables the transmission of multiple 8%  derive maximal achievable rates for SM and SC strategies.
simultaneously on a single frequency channel with differenThe |oss experienced by using simple schemes is evaluated

transmission qualities. _ _ ~_and then the situations in which more decoding complexity
The first question that arises here is about the optimality||ows significant improvements are identified.

of the achievable rates when using hierarchical modulation

as a transmission strategy. It is known since Cover [1], that

the theoretical limit of the capacity region for two usersiGa 2. TWO-USER AWGN BROADCAST CHANNEL

sian broadcast channel is achieved using superpositiangod

with infinite Gaussian input alphabets. Clearly, this isthagt A two-user broadcast channel (BC) consists of an input alpha
case in hierarchical modulation for which the restrictioni betX’, two outputs alphabef¥; (userl), ), (user2) and a
posed in using finite signaling constellation of equiprdbab conditional pdfPy,y, x on) x )s. Let X, Y7 andY; be ran-
symbols reduces the achievable rates and leads to a gap wdbm variables representing the input and outputs of the BC. A
the capacity region. This gap can be reduced using consteBC is said to be physically degradedi¥, y, | x (y1,y2|z) =
lation shaping. For two-users Gaussian broadcast channeBy, | x (y1|z) - Py, |y, (y2]y1) (le. X — Y1 — Y, form a
the idea of constellation shaping is to maximize the achievMarkov chain). A BC is said to be stochastically degraded or
able rates region by optimizing over both the joint pdf arel th degraded if there exists a random variablewhich has the
positions of constellation symbols. In fact, most resutts f same conditional pdf ak; given X such thatX — Y; — Y

Index Terms— AWGN broadcast channels, achievable
rates region, superposition coding, signal constellation
shaping gains.



form a Markov chain. each codeword:” (w;) andw; € {1,...,2"%}, generate
The private-message capacity region of the degradecbdewordz™(w;,w2) according toPx |y where the extra
broadcast channef — Y; — Y5 is the convex hull of the information inz™ is viewed as noise by receiv@: The
closure of rate pairsi{; , R») satisfying: encoding is based on transmitting (w;,ws) to send the
message paiw;, wy) and the decoding is based on joint typ-
B < I(X5vi|U) (1) icality. Since the auxiliary random variablé has cardinality
Ry < I{U;Y2) bounded byii/| < min{|X], |V1|,|)2|}, we use the name
for some joint distributionPy xy,v, = Pux - Py, x - Pryjx general sup_erposition coding or supgrposition coding sim-
on{U x X x Y1 x W}. Py, x and Py, x are the condi- ply to describe the case whejig| = m1n_{|X|, (1], |y2|}.
tional pdf that depend on the nature of the chand@ly is Cover [1] showed that |n.t.he case of binary symmetric Bp
the joint probability distribution of/ and X, where the aux- and AWGN BC, superposition coding expands the rate region
iliary random variabld/ has cardinality bounded big/| <  Peyond that achievable with time sharing. For SC and with
min{|X|, | V1], |}:|}. The capacity region is achieved using -PAM modulation ofM points, Py is a M x M matrix
superposition coding described next. with tapsp; ;. Up to our knowledge, no study have been pre-
We consider in this work the Gaussian BC with two usersSeénted about the derivation of achievable rates for thergéne
Without loss of generality, we assume in this paper ihas ~ SUPerposition coding using finite order constellations.
less noisy thaiys. It can easily be shown that scalar Gaussian
broadcast channels are equivalent to a degraded chanhel [18.3. Superposition modulation (SM)

Yi=X+2, This is a special case of superposition coding scheme. $n thi
Yo=X+ 2y =Y+ 7}, case 2"z independent codewordg' (w;) are generated ac-
cording toP;; and for each of these codewordd! satellite

whereZ, ~ N(0,0%), Zy ~ N(0,03), Z; ~ N(0,05—0f),  codewords,™ are generated and added to form codewords
o?isthe variance of_the noise; gnle, Z% are independent. 2" (wy,ws) = u"™ + v™ according toPy . Thus, the fine
Thus Gaussian BC is stochastic degraded. We assume an @¥formation v™ is Superimposed on the coarse information
erage power constraint on the transmitted poiRelefined as . The capacity region of Gaussian broadcast channel is
E[X?] < P. The received signal to noise ratio for each user achieved using this coding scheme and successive cancella-

ISSNR; = U—Pz tion decoding wheré/ andV are independent random vari-
ables following normal distributions. However, we don't as
3. BROADCAST TRANSMISSION STRATEGIES sume here that/ and V' should be independent in superpo-

sition modulation. In SM Py x takes a specific expression
In this section, we introduce briefly various transmissiorwhich give the corresponding labeling of tiié-PAM con-

strategies for broadcast systems: stellation for a fixed labeling foft; and X;, the alphabets
for users 1 and 2 respectively [8][9]. We consider, as an
3.1. Time sharing (TS) example, a 8-PAM modulation. In that case, the transmit-

ted signal is the sum of the two users signals and is given
In time sharing scheme, a percentage of time is used to sem§ » = 2! + z(2 wherez(®) e x; andz® € X, with
data for one user and the rest of the time is used to send foi;, = |X1|, My = |X,| and M1 M, = 8. This leads to
the other user. In this case, the rate pairs can be achieved by = X, andV = X for superposition modulation, where
strategies used for point to point channel and sharingthe ti X, takes values froni;, since user 2 can distinguish only

between users. U. Two configurations are possible eithef, = 4 (X} is a
BPSK andX; is a 4-PAM) orM, = 2 (X is a 4-PAM and
3.2. Superposition coding (SC) X, is a BPSK). In these two case’y x is a sparse matrix of

. . . . size My x M with expressions
The basics of superposition coding are briefly recalled be-

low; a detailed description is given in [10]. In superposi-

tion coding, some auxiliary random variahle serves as a

cloud center distinguishable by both receivers [1][10]clEa Pux =
cloud consists oR2"%1 codewordsX™ of lengthn distin-

guishable by receivet. Receiver2 only sees the clouds

while receiverl can see the individuals codewords within if My =2,My =4 (2)
the clouds. To generate the codebook, first choose the joint r 0 0 0 0
distribution Pyx = PyPxy. Then, from the message Pyy = p80 p81 p82 p83

wy € {1,...,2"%2} generate a codeword"(w,) accord- pia- P15 P16 it
ing to Py which is distinguishable by both receivers. For if My =4,My =2 3)

0 1 0 0 0 0

OOOE




wherePyx[i,j] = pi—1,j-1 = Pr{U = u;—1, X = zj_1}. | Tx | Variables and constraints in (4) Designation

In both cases, the number of taps to be computéd is SC| XandPyx sty pij=1 | SCx p,y.ry
SM X andPUX S.t. Zijpivj =1 SMX.,PUX-,PX

4. ACHIEVABLE RATES REGIONS COMPUTATION SM A and uniformPy x SMy prx Py

Consider a two user memoryless AWGN broadcast channel Table 1. Strategies under consideration

(SNR; > SNRy) with signal power constrainP. The

channel input lies in a finite set = {xg,...,xpy-1} C R

represented by &/-PAM constellation. Assume a symmetric syperposition coding. Precisely, all the schemes in table 1
input signal constellation with respect to the origin. 8t will be considered as well as TS.

has cardinality bounded by/| < min{|X], [J1],[)2[} and Achievable rates region curves are given in Fig. 1¥be=

the output alphabet cardinality for an AWGN channelis infi-4 g8, 16. For each value afZ, the display of the results is lim-
nite, we havel/| < [X[. Thus|i/| < M. To determine the jted to one couple of N R. In complement with the achiev-
maximal achievable rates region using SC, we consider thgple rates region curves, comparisons are also conducted in
caselld| = M. However for SM, we take into account the terms of SNR savings for target achievable rates (Maximum
specificities on the joint pdPy x given in section 3.3. The Shaping Gain) and in terms of Maximum Percentage of Gain

strategies using SC or SM under consideration are given ifpr userl. These two quantities are defined below. Let con-
table 1. To determine the maximal achievable rates region fasider two transmission strategie$ 4nd B):

each strategy in table 1, we solve the following optimizatio
problem foré € [0, 1] where# is the weight given to user 1: ~ Definition 1. The pair of rateg R1 + R», R») is achieved for
(SNRy,SNRy)with Aandfor(SNR; +ASNR,SNRy+
max f(Pyx,X)=0-1(X;Y1|U)+(1-0)-1(U;Y2) (4) ASNR)with B. The shaping gain (withl compared taB)
Pux,® is ASN R. The maximum shaping gain is defined as:

subject to a) the power constra@ jDij a: < P andb) MGsnr,, (A|B) = marg, ASNR

the constraint on the joint pdfy x g|ven in table 1 for each

strategy, wherg;; = Pr{U = u;, X = z;}. Tosolve thisop-  Definition 2. For a given pair of SNRSNR;, SN R) and
timization problem, we form its Lagrangidn(PUX, X,s) = afixed value ofR,, the achievable pair of rates iR +
f(Pux,X) +s- (P =3,  pij-x3). Foragivenvalue of R, R,)resp.(RE + R,, Ry) with A resp. B. The gain on
s, the optimization of the Lagranglan is solved with respecthe achievable rate for useris given by

to Pyx (verifying the constraint b)) and’ alternately until
convergence. We repeat this process until finding the optima
value ofs for which the power constraint is fulfilled.

For the TS using standard -PAM, the couple of achiev- . . _ _
able rates is given byR; = aRy, Ry = (1 — a)Ry), where The maximum gain on the achievable rate for uséwith A
R, andR, are achievable rates for point to point channel uscomparedtd) is given byM G'r, (A|B) = mazr,Gr, (A, B)
ing standard/-PAM constellation atS N R, andSN R, re-
spectively. A standard/-PAM constellation is defined as a 5.1. Superposition modulation
constellation withM equally probable real symbols belong-
ingtoX ={M —-1-2-(i—1),fori =1,..., M}. Varying
« from 0 to 1 yields achievable rates region.

(R{* + Ry) — (R? + Ry)
RlB + Ry

Gr,(AlB) = -100 (%)

In this section, the two configurations of superposition mod
lation are compared. Figures of achievable rates regiang sh
that an improvement can be obtained with! x p,, .. p, (full

In this work, we are interested in the case where the mes
sagews is a common message to both receivers. Howeyer Optimization) compared (6 M 7y~ 7 and depending on
dsnp =SNR; —SNRy. To quantlfy this improvement, the

is a private message to user 1. Consequently, user 1 achlevemaXImum ain in achievable ra®4G . ) and the maximum
rateR; + R> while user 2 achieves araf&. Soitis sufficient 9 B

1 SNR savings ¥/ Gsnr,;) are given in table 2. We observe
to solve problem (4) fof € [0, 3]. the following. A slightly gain in terms of achievable rates
can be translated into a noticeable gain in termS TR sav-

5. SIMULATION RESULTS AND DISCUSSION ing. The maximum shaping gain increases with the constel-
lation size (/). Thus, constellation shaping for SM strategy
In [8] and [9], constellation shaping for Gaussian BC is stud seems more useful for high values/af. The analysis of the
ied only for SM and using a low order constellation 4-PAM. optimal matrix Py x (results not reported) leads to the con-
In this section, we extend this work to analyze the achievablclusion thatX; and X, are not independent in general when
rates for anM/-PAM constellation with\/ € {4,8,16} and  using finite-size constellations. We observe also that thve-m

for other transmission strategies including the genesd e imum shaping gain folSMx p, . px VersusSM, 5— Pox Px
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Fig. 1. Achievable rate regions with: (@Y = 4-(b) M =8-(c) M = 16

| M | SNRy | SNRy | MGsngy(AIB) | MGr,(AB) | rates than SM (casg) for good SN R, values. Indeed, the
8 0.39 7.46% maximum rate of use2 with SM is the maximum individ-
4 10 6 0.17 3.51% ual rate for al-PAM constellation whereas it is the individual
4 0.05 1.77% user rate achieved using stand&BAM in the TS case. For
2 0.01 0.38% low SN R, values optimized-PAM may achieve higher rate
14 0.71 20.17% than standar@-PAM thus SM becomes better in this inter-
) 16 12 0.57 13.21% val. For a 16-PAM constellation (Fig.1.c), SM is always bet-
10 0.41 13.07% ter than TS for the studied couples 6f¥ R, SN Ry). Table
3 0.33 18.93% 3 show maximum percentage of improvement in achievable
16 To5 10677 _rate of user 1 by TS when US-iWX7PUX7PX strategy in the
16 18 14 0.87 11'54% mteryal WhereSMX_,pUXVP_X is better thgn TS. Clearly, the
1 0:64 12:08% maximum percentage of improvement increases M’g@m
10 049 19530 increases and an important gain is obtained for high values
- - of sy gk as in the case S NR, = dsyr = 10dB for a4-
Table 2. Comparison of SMx p,«.p, (A) and PAM where the percentage of gain on achievable rate of user

1 varies betweefl and40.7%. For a8-PAM constellation, the
percentage of gain on achievable rate of useries between
0 and30.21% whenSNR; = 16 dB anddsyr = 8 dB. For
a16-PAM, percentages of improvements can be upit08%

increases whefis v decreases, independentlydf. In par- WhenSNR, = 18dB andisyr = 8dB. We can conclude
ticular full optimization (vs optimization of the symbol gie  that SM is a better option than TS especially for laége r

tion) is insignificant for larges N R gap in SM strategy. values. TS is optimal in the region where we want to maxi-
mize the rate of useX for good values o6 N R, because the

] ) N ) single user rate achieved by TS is the rate achieved using sta
5.2. Time-sharing or superposition modulation? dardM-PAM constellation (the constellation is split between

This section compares two strategies (TS and SM) clasysicalf'jsers with SM). Thus, SM seems more gainful than TS when
considered in broadcast systems. In Fig.1&a+£ 4), we ob- we want to serve many users.

serve that the achievable rates region can be split intot®.par

Indeed, for small and Iarge values &b, TS is beFter than g3 Superposition coding

SM. On the contrary, SM is better than TS for middle-range

values of R,. Under a given rate requirement for one user,For the three constellations under consideratidd (=

we can thus determine the best transmission strategy. W8, 16), the maximal achievable rates region obtained by
can also observe that the region in which SM is better thathe optimal general case of superposition coding when we
TS becomes small for low values 8N R,. With M = 8  consider the general form d?yx (SC) achieves an impor-
(Fig.1.b), the area in which SM is better than TS increasetant region of rates couple®?( + Rz, R2) that cannot be
(compared toM = 4) by considering the union of the two achieved neither by TS nor by SM. Even when we optimize
possible configurations for SMY/; = 2, My = 4 (case 1) SM (SMy p, ., py)We are far from maximal achievable rates
andM; = 4, M, = 2 (case 2). This is particularly true when region. Sometimes the maximal achievable rates regiorecurv
dsnr increases. We also observe that TS can achieve high&rvery close or even coincides with t8é/x p, . p, achiev-

SMy 5~ 75) (B) with respect taV Gsnr,,, andM G,



| M [ SNRy | SNRy | MGg, (A[B) [ MG, (A[C) |

8 6.13% 6.72%
4 6 11.14% 11.65%
10 4 18.50% 16.69%
2 28.43% 18.9%
0 40.70% 23.54%
14 7.80% 7.89%
8| 16 [ 12 13.60% 11.43%
10 o1.15% 14.96%
8 30.21% 14.71%
16 10.36% 2.96% able
16| 18 | 14 16.42% 2.94%
12 2168% 5.29%
10 35.08% 4.80%

Table 3. Comparison o5Mx p, . px (A)vsTS (B). Com-
parison ofSCx p, Py (A)VvSTS|JSMx p,«,px (C).

able rates region in a couple of rates. This is the case wherF]
SMx p,«,px 1S the optimal superposition coding in terms
of achievable rates. We are interested now in the numerical
evaluation of the gain in rate of user R{+ R») when we use
SCx.p,,Px COmpared to the best strategy between TS and
SM. This gain MGR1 (SCXJDUX,PX |TSU SJ\/‘[XJDUXJDX)
calculated inf% is the distance between the limit of the maxi-
mal achievable rates region and the limit of closure of achie
able rates region of TS anSlM x p, .. p,. The results are
reported in table 3. We observe that the part of the maximal
achievable rates region which is unachievable by TS and SM,[ 1
is bigger whenM is small because we observe that for the
case of 4-PAM we have one configuration for SM. However,
we have two configurations of SM f&PAM constellation
and three configurations for6-PAM constellation. Thus  [6]
when M increases, the union of achievable rates for all SM
cases tends to the sets of achievable rates by the general
superposition coding. Asymptotically, we know that when

M — oo, SMx p, . pPxiS the optimal superposition coding [7]
scheme because it allows to achieve the capacity region for
two-user AWGN BC using Gaussian alphabet for each user.
Thus the maximum gain in user 1 rate decreases when con[- 1
stellation ordeM increases. We observe also that the gain in
achievable rates is high for high valuesigfy z.

In general we conclude that fixing constellations of users
(i.e. assigning labels to the constellation so that we risti
guish between the bits intended for each user) is not optimal
for coding and may result in important loss in terms of rates
for systems using finite-size constellations especialydo-
order constellations. Which is better, is to determine the o
timal alphabet of the auxiliary alphab&twhich is not nec- [10]
essarily a constellation and then to generate the codewords
2™ which are not necessarily the sum of two codewords (this
scheme is explained in paragraph 3.2).

(3]

[4]

[9]

6. CONCLUSION

In this paper, we derived achievable rates region for power
constrained AWGN BC of two users usiig-PAM constel-
lations and for various broadcast transmission strate@ies
maximal achievable rates region for SC and SM are obtained
using constellation shaping. For SM, results showed that co
stellation shaping seems more useful for high valueg/of
Moreover, the gain in using a complex case of SM increases
when the SNR gap between users decreases. We observe also
that SM outperforms time sharing in a large part of the achiev

rates region. Finally, it is shown that using the genera

case of superposition coding can bring important gains com-
paring to classical schemes especially for small valugd of
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