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Achievable Diversity-Rate Tradeoff of MIMO AF Relaying
Systems with MMSE Transceivers
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Abstract—This paper investigates the diversity order of transceiver and the destination receiver are jointly ojziith
the minimum mean squared error (MMSE) based opti- wijth respect to the MMSE. The optimal MMSE transceiver

mal transceivers in multiple-input multiple-output (MIMO ) ; - ; ;
amplify-and-forward (AF) relaying systems. While the diversity- designs have been proposed in [7] and [8] using different

multiplexing tradeoff (DMT) analysis accurately predicts the approaches. In this pape_r, we focus on _the methoc\ in [8]
behavior of the MMSE receiver for the positive multiplexing 0based on the error covariance decomposition, which allows

gain, it turned out that the performance is very unpredictable further analysis tractable. In fact, the DRT analysis doas n
Viah%'l\t/l; cf,(c))rmthliecgt%?jergtfeﬁc)j(:de?c'j[ii’t E:ﬁz\lj%er 'I\f]'\ﬁsE S;fatevaiaes impose any restriction on the number of antennas at each
exhibi : i ; . ;
establish the F()jiversity-rate trgdeoff performance of M?MpOeAF node,_beqause a certain dlverSIty gain IS.' always achievable
relaying systems with the MMSE transceivers as a closed-far at arbitrarily IOW rates. Thus, W_e_ﬂrst provide a new _reSLﬁIt o
for all fixed rates, thereby providing a complete characterzation ~ the error covariance decomposition that can be appliedyto an
of the diversity order together with the earlier work on DMT. kinds of antenna configurations, and then establish the DRT
performance as a closed-form. Our analysis complements the
earlier work on DMT [[6] which is only valid for a positive
multiplexing gain, and thus allows us to fully characterize

In multiple-input multiple-output (MIMO) systems, al-the diversity order of the MMSE transceivers in MIMO AF
though suboptimal, the linear minimum mean squared eelaying systems. Again, we note that the result of our DRT
ror (MMSE) receivers have widely been adopted as a loghalysis is unpredictable via DMT analysis. Finally, siezul
complexity alternative to the optimal maximum likelihoodions results will demonstrate the accuracy of the analysis
(ML) receiver. This leads to a large amount of research Throughout this paper, normal letters represent scalan-qua
on the performance of MMSE receivers [1]-[3], but theiities, boldface letters indicate vectors and boldfaceenpgse
performance is not fully understood yet in MIMO relayingetters designate matrices. We uéeto denote a set of
channels. complex numbers. The superscript? stands for conjugate

A fundamental criterion to evaluate the performance of fgansposely is defined as anV x N identity matrix, and
MIMO system is thetdiversity-multiplexing tradeoff” (DMT) E[-] and [-] means the expectation and rounding up to the
Thus, many analyses have been conducted based on the DMkt higher interger, respectiveljA], , and Tr(A) denote
in MIMO relaying systems [4]:-[6]. Under the MMSE strategythe k-th diagonal element and trace function of a mathix

however, the DMT is not sufficient to characterize the digrs respectively. The-th element of a vecta is denoted byuy.
order, because the DMT framework an asymptotic notion

for the high signal-to-noise ratio (SNR), cannot distirglui
between different spectral efficiencies that corresponthéo
same multiplexing gain which we denote by Figure[1 shows the input-output system model for quasi-
In fact, it is known in point-to-point (P2P) MIMO channelsstatic flat fading MIMO AF relaying channels equipped with
that while the DMT analysis accurately predicts the behaviovg, Nz, and Np number of antennas at the source, the relay,
of the MMSE receiver for the positive multiplexing gainand the destination, respectively. A single channel encode
(r > 0), the extrapolation of the DMT te = 0 is unable supports all the data streams at the source so that coding is
to predict the performance especially at low rates. Thigplied jointly across antennas. We assume no channel state
rate-dependent behavior of MMSE receivers has first begiformation (CSI) at the source, while both the relay and the
observed by Hedayat in[1] and comprehensively analyzeéstination have perfect CSI of both links. Due to loop inter
by Mehana in[[8] by performing th&diversity-rate tradeoff ference at the relay, it is assumed that each data transmissi
(DRT)" analysis for all fixed rates. A similar phenomenon cagccurs in two separate phases (time or frequency). A direct
be observed in MMSE-based MIMO AF relaying systems, bilhk between the source and the destination is ignored due to

I. INTRODUCTION

Il. SYSTEM MODEL

the analysis has not been made so far. large pathloss.
In this paper, we investigate the achievable DRT of the In the first phase, the source transmits the signal vector
linear MMSE transceivers in MIMO amplify and forwardx = [zq,z9,...,2n5,]7 € CNs*! to the relay, and then

(AF) relaying systems for all fixed data rates, where theyrelghe received signals at the relay, € CN#*! is given by

= Hx + ng, whereH € CV&2*Ns andng € CVex!
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oyt Mapper | X, | > [V the error covariance decomposition, which makes the aisalys
l Serial-to- Modem _ more tractable. This is an extension of the resuli’in [8].
ghannel | Paralle : H 1Q We define error vectos £ % —x and its covariance matrix
Conversiong{ Vapper | 1] - De, R. £ Elee”]. Then, the joint MMSE optimization problem
Modem for Q and W is written by
Relay
(a) Source-to-relay link in the first phase Transceiver min Tr(R.) s.t. Tr HHY + In H < Pr. (2
p R
/
ﬁ‘.‘ > Vo | X, By the orthogonality principléZ[ey] = 0, it is easy to find
- . | Paralielto- ouput  that the optimal receiver at the destination is givenWy=
Q v G W | o] S [ghamell B pHYQTGY (pGQHH" Q"G + Iy,)~!. Therefore, the
iY,'IZTy“v | %, Conversion remaining W(_)rk is now to determine the relay transce@r
U The following lemmal[9, Lemma 1] shows that the optimal
Ty Qv Destination relay matrixQ can be expressed as a product of two matrices.

Receiver
(b) Relay-to-destination link in the second phase

Lemma 1: Under the MMSE strategy, the optimal relay

1 i NrxNg
Fig. 1. Joint encoding/decoding structure for MIMO AF réfay systems matrix Q COI’]S_IStS of thj\? Le]\llay precod® < C and
with linear MMSE transceivers the relay receivel, € CVs*¥r as

Q=BL, (3)
antennas operate with equal powerisry |?| = ﬁ—i = p for
all k, where Ps represents the total transmit power at th

source.

)Q/hereB is an arbitrary matrix, whileL. = pH” (pHH +
In,)~!is an MMSE receiver for the first hop chanid&lwith

In the second phase, the relay sigpal is amplified by the input signalx. i )
relay matrixQ € CV=xNr and transmi?cled to the destination. Now, I_et us _deflne{ € chexd as the “?'ay receiver
Then, the received signal at the destination is written by outpAut signal, i.e.y = Lyp and its covariance matrix
R, £ Elyy!] € CNs*Ns as
yp =GQyr +np =GQHx + GQng + np, (1) R, :L(pHHH—l-INR)LH. 4
wherenp designates the noise vector at the destination. Note ] ] .
that the relay matrixQ must satisfy the relay power constraint NN, the estimated signal vectar and the relay power
Pr as E[|Qygl?] = Tr(Q(pHHY + INR)QHJ\)[ SN Ppg. constraintin [(R) are respectively rephrased as
Finally, when a linear MMSE receiveW ¢ C/Vs*¥p s o H
employed at the destination, the estimated signal waveform X = W(GBy +np) and T(BR,B7) < Pr. ©®)
% € CNs*1 is expressed a8 = Wy . Since the rank ofR, equals M £ min(Ng, Ng), R,

Unlike the open-loop P2P MIMO systems, the diversityecomes clearly non-invertible wheNg > Nz. This fact
order may vary according to the forwarding sche@et the makes the problem more challenging, but has not been fully
relay. In this paper, we examine the diversity order of thgddressed in conventional literature. In the following, we
MMSE transceiverdd and W which are jointly optimized revisit the previous works iri [7] and][8], and provide a more
with respect to the MMSE[7] 18] Throughout the paper, we generalized and insightful design strategy without retiém
assume that all channel matrices have random entries whgh'the number of antennas at the source.
are independent and identically distributed (i.i.d.) cé®p | fact, when the relay matrix has the form &fl (3), the
Gaussiar~ CN(0, 1), but remain constant over a codeworgrror covariance matrix®. in () can be expressed as a
duration. All elements of the noise vectans; andnp are sum of two individual covariance matrices, each of which

also assumed to be i.i.de CA/(0,1). represents the first hop and the second hop MIMO channels,
respectively. This result has been proved.in [8], but thepro
I1l. OPTIMAL TRANSCEIVERDESIGN was limited to the cases OVS < Inin(NR, ND) For the sake

] ) ] . of completeness, we give a new result of error decomposition
We would like to mention that the MMSE transceiver desigi ¢ can be applied to any kind of antenna configurations.

between the relay and the destination has first developed i'lemma 2: Define the eigenvalue decompositiBp =
[7]. However, it turns out that the approach [n [7] which i% A, U whereU, € CNs*Ns is a unitary matrix and
based on the singular-value decomposition is cumbersomet8 ey CNsx N repyresents a square diagonal matrix with
be dealt with due to the complicated structure of a Compougfgenvalues\y,k for k — 1,..., Ng arranged in descending

channel matrix and colored noise at the destination. In trB§der Then, without loss of MMSE optimality, we have
section, we introduce an alternative design method based on ' ’

o , _ R. = (H"H+p 'Iy,) ™!
1The diversity order of other relaying strategies are culyemnder 1~H

investigation for our future works. +6y (INJfBHGHGBfIy + K;l) u,, (6)



whereU, € CNs*M is a matrix constructed by the firstf 'V, € CN=*M denotes a matrix constructed by the fist

columns ofU, and A, = ﬁHRyﬁy indicates thel x 7 columns of V, and ® € CM**M is an arbitrary matrix[7].
upper-left submatrix bﬁy_ o Now, substitutingB into (8), the modified problem deter-

Proof: As the relay receiverl follows the receive Mines the optimat:
Wiener filter structure, its output signat should satisfy - . ~ g x_1n—1 ~

. . . = .t < .

the orthogonality principle[T10], i.e.E [(y — x)y”] = 0. ® AT I (PA,27 + A7) sLTH(SA,2T) < Pr

. 2 —_ ~
Now, usingy, we can express the MSE a5 [[le]’] = Here A, represents théd/ x M upper-left submatrix ofA,.

E Ix—y +y_— x||2}. Then, d_ue to the orthogonality prin-gjnce we have Tal) > Z?il ([AJix) " for a positive
ciple above, itis true that the signal-x becomes orthogonal gefinite matrixA [11], it is easy to check that the minimum
to x as well asy, sincex = Wy, = W(GBy + np) is MSE is achieved whe® is a diagonal matrix, which leads
also a function ofy and independent noisep. Therefore, it g 3 simple convex problem. The remaining procedure simply
follows follows from previous works in]7],[[8], and_[12]. Finallyni
B [Ilellﬂ — MSEy + MSEg. combination with the relay receivds in (3), we have
. . ~ . ~H

=BL=V,®U,6 L 7

where MSE; £ E [||y —xHQ} and MSR; £ Q A 0

E ||WyD_YH2  This result also illustrates thatWhere thek-th diagonal element ofp is determined by

+
for a given structure ofQ = BL, the optimal |¢, > = 1 ,/Ayv’vjavk_1> for k = 1,2,.... M

pY
destination receiverW can be alternatively expressed . n v . .
5 with (1) = max(-,0) and v being chosen to satisfy the

relay power constraint if{5). Note thatif, , = 0, we have

as W = R,BYGY(GBR,B”G + Iy,)~' which
amounts to an MMSE receiver for the second hop chanr’ 2.0
G with input signaly. In what follows, we will show that Kl*=0.

MSEy and MSE; in (@) can be expressed as the first and
second term in[{6), respectively. IV. DIVERSITY-RATE TRADEOFFANALYSIS

Let us first have a look at MSE Then, it follows We now investigate the diversity order of the MMSE
I optimal transceiving scheme in MIMO AF relaying systems

MSEg = E[Tr ((WyD ~¥Y)Wyp—y) )] studied in the previous section, where data streams ariyjoin
=Tr(R,~R,B”G"(GBR,B"G"+1y,) 'G"B”R,). encoded across the antennas at the source (vertical eggodin
The diversity analysis may be conducted by either outage
probability or pairwise error probability (PEP)/[3]. In #hi
paper, we focus on the outage probability of mutual informa-
tion (MI) assuming infinite length Gaussian codewords. For
§fmp|icity, we assume thaPr = Pr = pNg, but the result
can be easily extended to more general cases. We say that two
functions f(p) and g(p) are exponentially equal when

Now, we write the relay precod@ in a more general form
asB = ]§Uf whereB = [B; B,] with B; € CN#xM and
By € CNex(Ns=M) sinceR,, is a rank M matrix, setting
B:> = 0 has no impact on both the MSE and the relay pow
consumption, i.e., TBR,B*). Therefore, without loss of
generality, MSE is further rephrased as

%(GB,A,BIGH +1y,)'GFBYA,)U, ) poe logp  pmoo logp
=0 0 + A0 lg? d denoted by (p) = g(p).
-U,(B?G"GB,U, +A;!)'U an p
y( : 1Pyt Ay ) Y When the coding is applied across antennas with MMSE

- U,(U, B"G"GBU, + A;) 'O,

v receivers, the Ml is defined as|[1]

where the last equality follows froB; = Bﬁy.

Meanwhile, the case of MSEis equivalent to a situation
of P2P MIMO channels with the input signal vector Thus,
the proof simply follows the previous results [n [10], andsh Wherey, = p/[Rer,x — 1. Then, we obtain
omitted. [ | @ Ng 1

When Ng < Ng, Lemmal2 is equivalent to one inl[8]; Z > —71og (TTr(Re))
thus is more general. Now, the result of Leminha 2 illustrates p-Vs

1ds
7= 5};10g(1+7k),

that the original joint optimization problem iri](2) can be ® —&bg (L(Tr(HHH+p*11NS)71
reduced to optimizingB, since the first term ofR. con- 2 pNs B B
sists of known parameters. Define eigenvalue decomposition +Tr(@7A,® + A;l)fl))
G"G = VA,V whereA, designates a square diagonal N )
matrix with eigerivalues}\gylg for k =1,..., N; arranged in > _= log (N—(Tr(pAh +In)7 !

s

descending order. Then, we can show that the 2ptimal relay B S
precodeiB can be generally written b3 = V,&U, where +Tr(npAg + pA, ") ))7 (8)



where (a) follows from the Jensen’s inequality, (b) is due tihat if m < 0, the outage always occurs. Now, at high SNR,
the optimal relay precoddB described in[{[7), and (c) holdswe can write the exponential equality as
by setting® = ,/mlx,,, wheren can be chosen to bé

to satisfy the relay power constraint i (5) (see Appendix A) % = { (1) '; % < 1 (11)

Let us define the outage probability &s,; = (Z < R). Then, L+ piman ' Ok >

using the Ml bound in[{8) and setting the target data ratB,as 1 - { 0 _lf ap >1orf <1 (12)

we obtain the outage probability upperboundfag, < PV, 1+ p!=8r + p~(1—ax) 1 if ap<landp,>1"

where forall k =1,..., M. Note that in an asymptotic senge—
M M

_— 1 1 oo, the cases where the eigenvalues take on values that are
Pou = P(Z 5 oo + WP > m>7 (9) comparable withl /p can be ignored]2].
k=1 ' k=1 PRk TPy g We first see from these results that in order for the outage
. N —2= _ to occur, at leastz number of terms should beamong2M
with m = Ns2 s — (Ng — M). summation terms in{10). The above results also reveal that

First, let us first set the target data ratefas- r log p. Then : :
e ' two terms in [(IL) and[(12) cannot be simultaneouslgt a
the resulting outage exponent leads to the DMT performan ) ) %

which captures the tradeoff between the multiplexing gain&@rtain k. As will be clear later in this proof, this property
" . Il to obtain the full di ity order @8 tends to b
and block error probability at high SNR & o). aiows Us 70 oblain the Tt Cversity orcer enas fo be

large. Remind that all eigenvalues are in descending order,

Theore_m L l_:or MIMO AF rel_aying systems with positivg nich means thafa;} and {3;} are ordered according to
multiplexing gainr > 0, the achievable DMT of the MMSEa1 <...<ayandB <--- < Bu. Thus, ifay > 1, the

transceivers is given by

term in [12) converge to zero for afl, regardless of5.
No— Nea1 2\ it N < min(Ne. N Foralli = 1,..., M, let us define all possible events in
d(r) = (Nr = Ns +1) ( - N_s) if Ns < min(Nr, Np)  \yhich i number of terms in[{10) equal as

0 otherwise

Proof: Th f is simply obtained from[6] b Ens a1 > 1> ay—i} and
roof: The proof is simply obtained from y assum-, = , _ _ _ o .
ing that the direct link between the source and the desdinatigng ={Buipr > 1> By N ény forj=0,1,...,i—1,

can be ignored. Details are omitted for brevity. B Then, it follows from the union bound that
As described in Theorefd 1, the DMT analysis accurately .

predicts the diversity order of the MMSE transceivers when v . N

the multiplexing gain is positiver( > 0). However, when Fow = P( U_ [5’” Y ( U 5-‘”73)})

the target rateR is fixed with respect top, i.e., 7 = 0 = 'TO

and sufficiently low, it is observed that the performance is _ < N

in stark contrast to one predicted by the DMT analysis. In (P(gh’z) + Zp(gg_“)), (13)

7—

-

the following, we will analyze the fixed rate diversity of the = =0
MMSE transceivers as a function of raie and the number  First, we defineP (&, ;) = p~dni(R) i =1 .. M. Then,
of antennas at each node. applying Varadhan’s lemma as in [2] by using thefbof the
Theorem 2: For MIMO AF relaying systems with fixed rateandom vectom = [, ..., ay] as
R (r = 0), the achievable DRT of the MMSE transceivers is u u
A(R) = min (7(Ng + Ns - 2M + ), f(@) = [ [T o~ @etnm-2tnarexp( = 3~ o),
=1 =1
(Ng = M +m)(Np = M +m)*), we obtain
A — 2R + M

whereri £ | (Ns2™ ¥ + M - Ng) ™. dpi(R) = inf 3 (Ns+ Ng— 20+ oy

Proof: We begin by definingy, £ —log A\, «/ log p and acEn.Vour=0 17
Br & —logAg/logp fork=1,...,M. Then,PY, in @) is M—i
alternatively expressed as = Z (Ns+ Nr—=20+1)x0

1=1

POUut M

M M + Z (Ns+ Np—21+1)x1
(a) 1 1
:P(Z T—ar +Z 1-5 i gy m) [=M=itl

mite per R — (Np+ Ns — 2M + ). (14)
(b) M 1 M 1

=P — + — ——— >m) (10) Now, let us examine the probability of the eveit; ;, i.e.,
(; L+ pl=en ,; 14 pt=Fr + p=(1=ew) ) P(&,. ) = p~9s45(F)_ Defining L £ min(Ng, Np), the pdf

-1 —(1—
where (a) follows fromp)\y gk = 1L+p (1—exk) (see the 2The pdf is slightly different from[[2], since the eigenvaleedering is

definition of R, in (4) and {16)) and (b) is due to the factreversed.



of the random vectob = [§4, ..., L] is given by
L L
F(b) = [H p_(NR+ND—2l+1)ﬂ'L:| exp( _ Z p—,@z)_
=1 =1
Then, the probability of the eve®dy, ; ; is =z
P(yi5)= [ fla b)dadb :
Eg,irg &
i/ o~ z;‘il(Ns+NR—2l+1)az—Zle(NR+ND—2l+1)BL} S
Eg,ing
M L
—a - ) —— MMSE (separate encoding)
xexp( - Z p ' - Z p 5l)dadb7 10 & —¥— MMSE (joint encoding) E
=1 =1 . —#— Optimal
due to the independence afandb, and applying Varadhan’s 0 5 10 " 2 25 30 35
lemma again, we have P.=P, (dB)
M
dgiqi(R) = inf Ng+ Np —2l+1 Fig. 2. Outage probabilities of x 2 x 2 MIMO AF relaying systems with
& "J( ) (a, b)HG1 Egijs ;( s R Jeu R=0.42 and 2 bpcu
Val,Vﬂl >0 B
L
+Z(NR +Np—20+1)8 V. NUMERICAL RESULTS
=1 In this section, we demonstrate the accuracy of our analysis
M using numerical simulations for the quasi-static i.i.dyRayh
- Z (Ns + Np — 20 +1) fading model. Target ratB is measured in bits per channel use
I=M=j+1 (bpcu). The notatioNg x Nz x N is used to denote a system
L with Ng source, N relay and Np destination antennas.
+ Z (Np+Np — 20 +1) Figure[2 shows the case @fx 2 x 2 MIMO AF relaying
, [=M—irl systems withR = 0.42 (m = 2) and2 (m = 1) bpcu, which
= J(Ns + Ng —2M +j) leads to diversity ordet and1, respectively. Herg'Optimal”
+(Ng+Np—L—M+i)(L—M+i)* indicates the capacity achieving relaying scheme with the
= j(Ns + Ng — 2M + j) optimal receiver (ML) at the destination [13]. As predictad

(15) our analysis, it is shown that as the rate becomes smalker, th
MMSE transceiver with a joint encoding/decoding structure
From the results in{1B-15), we eventually conclude thatas in Figurd L denoted BMMSE (joint encoding)”exhibits
' near optimal performance with full diversity order, whileet
Pout < P(Enm) + P(Egmyo) = p~ mintdnm(R)dg.mo(R)) separate encoding gives a constant diversity for all rdtes.
Figure[3, simulation results fdr x 2 x 1 systems are given.
This result illustrates that even wheé¥is > min(Ng, Np),

+(Ngp — M +i)(Np — M +i)".

because all other events causing the outade in (13) yielkhig

ougagr(le exporfu_ents thzalcfhdmdor &g,m,0; thus can be ignored, the MMSE scheme is still able to achieve a certain diversity

and the proo IS concluded. i gain at a low rate. This observation is flatly conflict with
O_ur result in TheorerE]Z confirms and_ complements “?ﬁe assumptionVs < min(Ng, Njp) commonly adopted in

earlier work on DMT in Theorerhl1. We first see that WheBesigns of MMSE-based MIMO AF relaying systems. Remind

the rate is high, i.e.R > %log Ng (or m = 1), both 70 design method in Sectiénl Il can be applied to any
Theoreni]L an&]_Z ylgld the same diversity order. At_h'gh ralfinds of antenna configuration without hurting the MMSE
therefore, the diversity order of the MMSE transceivers m%timality.
be predictable by DMT analysis with settimg= 0, and thus

very suboptimal compared to the optimal (ML) diversity [4]

[13]. However, as the rate becomes lower, it is shown from
Theoren{ 2 that higher diversity order is actually achiegabl In this paper, we investigated the DRT performance of the
than one predicted by the DMT analysis. In particular, whdmear MMSE transceivers in MIMO AF relaying systems
R < % log N];fil (orm = M), the MMSE transceivers evenfor all fixed rates and for any number of source, relay, and
exhibit the full diversity orderl = Nz min(Ng, Np), thereby destination antennas. First, we generalized the previoas e
achieving an ML-like performance. It is also interestingts covariance decomposition lemma so that it can be applied
serve that when the rate is sufficiently small, a certaindit)ee  to any kind of antenna configurations. Then, we derived the
gain is still achievable even whe¥is > min(Ng, Np), which achievable DRT as a closed-form, which precisely character
is often overlooked in MMSE-based relaying systems. izes the rate dependent behavior of the MMSE transceivers.

VI. CONCLUSION
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Our analysis allows us to completely characterize the ditser
order of the MMSE transceivers together with the DMT which
is only valid for a positive multiplexing gain. Finally, the
analysis was confirmed by numerical simulations.

APPENDIXA
CHOOSING7 IN (8))

From the definition oR,, in (8), we obtain
R, = pH"HH"H + p~'1y,) !
= p(H"H + p'Ing — p Iy ) (H H + p~ Iy, )"
= plys — (HTH + p~Ix,) 7L (16)

Then, it is obvious thaR, < pIy, where< or > represent
generalized inequality defined on the positive definite cone
Since we have TX) < Tr(Y) for positive definite matrices
X < Y, it follows that T(BR,B”) < Tr(pBB") =
Tr(p®@®H); thus setting® = I, in (§) satisfies the relay
power constraint (5).
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