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Exact Controllability for a Refined Stochastic Wave
Equation

Qi Lii* and Xu Zhang'

Abstract

A widely used stochastic wave equation is the classical wave equation perturbed by a term
of Ito’s integral. We show that this equation is not exactly controllable even if the controls are
effective everywhere in both the drift and the diffusion terms and also on the boundary. In
some sense this means that some key feature has been ignored in this model. Then, based on
a stochastic Newton’s law, we propose a refined stochastic wave equation. By means of a new
global Carleman estimate, we establish the exact controllability of our stochastic wave equation
with three controls. Moreover, we give a result about the lack of exact controllability, which
shows that the action of three controls is necessary. Our analysis indicates that, at least from
the point of view of control theory, the new stochastic wave equation introduced in this paper
is a more reasonable model than that in the existing literatures.
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Carleman estimate, observability estimate.
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1 Introduction

Let T > 0, G C R (n € N) be a given bounded domain with a C? boundary I'. Let I'q be a
suitably chosen nonempty subset (to be given later) of I, and Gy C G be a nonempty open subset.
Write Q = (0,7) x G, X = (0,T) xI', ¥y = (0,T7) x I'g and Qo = (0,T) x Gy. Let (Q, F,F,P) be
a complete filtered probability space with ' = {F;};>0, the natural filtration generated by a one-
dimensional standard Brownian motion {W(¢)};>0. More notations and assumptions used below
will be given in Section 2.

Consider the following controlled stochastic wave equation:

n

dye — > (a7 ys))adt = (a1 - Vy + agy + g1)dt + (agy + g2)dW(t) in Q,

o
o (1.1)

Y= x5l on X,

y(0) =yo, v(0) = in G,
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where the initial datum (yo,y1) € L*(G) x H71(G), y is the state, and g1, g2 € L(0,T; H1(G))
and h € L(0,T; L?(Ty)) are three controls.

The equation (1.1) is introduced to describe the vibration of strings and membranes perturbed
by random forces, as well as the propagation of waves in random environment (e.g. [6, Chapter 2]).
Let us recall below the derivation of (1.1) in one-dimensional spatial domain.

Consider the motion of a strand of DNA. Compared with its length, the diameter of a DNA
molecule is so small that it can be viewed as a long elastic string. Usually, a DNA molecule floats
in fluid. It is always hit by fluid molecules, just as a particle of pollen floating in fluid.

Without loss of generality, we assume the mass of the string per unit length is 1. Denote by
y(t,x) the displacement of the strand (in R3) at time ¢ € [0, +-00) and position = € [0, L] for some
L > 0. There are mainly four kinds of forces acting on the string: an elastic force F (¢, x), a friction
force Fy(t,z) due to viscosity of the fluid, an impact force F3(t,x) from the flow of the fluid, and
a random impulse Fy(t, z) from impacts of the fluid’s molecules. By Newton’s second law, we have
that

d*y(t, x)
dt?
Similar to the derivation of the deterministic wave equation, the elastic force F(t,x) = yu(t, ).
The friction depends on the nature of the fluid. For a fixed z, by the classical theory of Statistical
Mechanics (e.g. [26, Chapter VI]), the random impulse Fy(¢,x) at (¢,z) can be approximated by a
Gaussian white noise with a given spatial correlation matrix k(-, -, y), depending on the fluid. More
precisely, for x1, 29 € [0, L] and 0 < s <t < 400,

= Fi(t,x) + Fy(t,x) + F3(t,x) + Fu(t, x). (1.2)

E(Fy(t,v1)Fa(s,22)") = k(z1, 22, y(t, 21), y(t, 22))5(t — s).

Here 6(-) is the usual Dirac delta function. Then, the equation (1.2) can be rewritten as the
following stochastic wave equation:

Ay (t, ) = Yoo (t, )dt + Fo(t, 2)dt + F3(t, x)dt + k(x,y(t, z))dW (t). (1.3)

Here k(z,y(t,z)) = k(z,z,y(t, x),y(t,z)). When y is small, we may assume that k is linear in y,
that is, k(z, y(t,2)) = ki(t, z)y(t, ) for a suitable ki (-, ).

Many biological events are related to the motion of the DNA molecules. Hence, there is a strong
motivation to control its motion. Clearly, one can introduce two kinds of controls. One is a force
applied on the boundary, to control the displacement of the strand at the boundary point, the other
is the force acted in the internal of the strand, which can be put in both the drift and the diffusion
terms. These lead to a model like the control system (1.1).

Motivated by the above mentioned practical problem, we introduce the following notion of exact
controllability for (1.1).

Definition 1.1 The system (1.1) is called exactly controllable at the time T if for any (yo,y1) €
L*(G) x HYG) and (v}, y}) € L%T(Q; L*(@)) x L%T (Q; H (@), one can find a triple of controls
(91,92,h) € L&(0,T; HH(G)) x LZ(0,T; H-Y(G)) x L(0,T; L*(T'y)) such that the corresponding
solution y to the system (1.1) satisfies that (y(T),y:(T)) = (y{, y})-

Since three controls are introduced in (1.1), one may guess that the desired exact controllability
should be trivially correct. To “justify” this, let us recall that, in [27] the null controllability of the



following stochastic heat equation

n

dp — Z (ajkpxj)xkdt = (a1 - Vp+ a2p + xa, (®)u1)dt + (asp + u2)dW(t) in Q,

o
A= (1.4)

p=20 on X,
p(0) = po in G

was achieved by means of two controls u; € L2(0,7T;L?(Gp)) and uy € L2(0,T; L*(G)), where
po € L?(G) is the initial state. Further, one can easily prove the exact trajectory controllability for
the equation (1.4) with the same type of controls (Note that, exactly for the same reason as that in
the deterministic setting, one cannot expect the usual exact controllability for the stochastic heat
equation). On the other hand, in [17, 18] the exact controllability of stochastic Schrodinger and
transport equations were also obtained by a boundary control acted on the drift term (like h in
(1.1)) and a distributed control imposed on the diffusion term.

Surprisingly, as we shall show in Theorem 2.1 (in Section 2) that, the exact controllability of
(1.1) fails for any 7" > 0 and I'g C T', even if the controls g; and gy are acted everywhere on the
domain G and I'g = I'. Note that, such kinds of controls are the strongest control actions that one
can introduce into (1.1). Obviously, this differs significantly from the well-known controllability
property of deterministic wave equations (See [12, 32, 33] and the rich references therein). Since
(1.1) is a generalization of the classical wave equation to the stochastic setting, from the viewpoint
of control theory, we believe that some key feature has been ignored in the derivation of the equation
(1.1).

Motivated by the above-mentioned negative controllability result for (1.1), in what follows,
we shall propose a refined model to describe the DNA molecule. For this purpose, we partially
employ a dynamical theory of Brownian motions, developed in [23], to describe the motion of a
particle perturbed by random forces. In our opinion, the essence of the theory in [23] is a stochastic
Newton’s law, at least in certain suitable sense.

According to [23, Chapter 11], we may suppose that

y(t,x):/o v(s,x)ds+/0 F(s,z,y(s))dW(s). (1.5)

Here v(-,-) is the expected velocity, F(-,-,-) is the random perturbation from the fluid molecule.
When y is small, one can assume that F'(-,-,-) is linear in the third argument, i.e.,

F(s,z,y(t,x)) = bi(t,x)y(t, =) (1.6)

for a suitable by (-, -).
The acceleration at position z along the string at time ¢ is v4(¢,2). By Newton’s law, it follows
that
v(t,x) = Fi(t,x) + Fa(t,x) + F3(t,x) + Fy(t, x). (1.7)

Similar to the derivation of (1.3), we have
dv(t, x) = yge(t, x)dt + Fo(t, x)dt + F3(t, x)dt + k1 (¢, 2)y(t, )dW (1). (1.8)
Combining (1.5), (1.6) and (1.8), we obtain that:

dy = vdt + by (t, z)ydW (t) in (0,7) x (0, L), 19
1.9
dv = Yy dt + Fodt + Fadt + ki (t,x)y(t,z)dW(t) in (0,T) x (0, L).
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Stimulated by (1.9), we consider the following controlled stochastic wave-like equation:

dy = gdt + (agy + f)dW (t) in Q,
d:g - Z (a]kny)xkdt = (al : Vy + a2y + a5g)dt + (a3y + g)dW(t) in Qa
Py (1.10)
Y = xzoh on X,
y(0) = o,  §(0) = o in G.

Here (yo,90) € L*(G)x H™1(Q), (y,9) are the state, and f € LZ(0,T; L*(G)), g € L3(0,T; H1(G))
and h € L2(0,T; L*(Tp)) are three controls.

Remark 1.1 We put controls f and g in the diffusion terms to get the exact controllability. The
first equation in (1.10) can be regarded as a family of stochastic differential equations with a pa-
rameter x € G. One can put a control directly in the diffusion term. On the other hand, the second
equation in (1.10) is a stochastic partial differential equation. Usually, if we put a control in the
diffusion term, it may affect the drift term in one way or another. Here we assume that the effect
is linear and in the form of “asgdt” as that in the second equation of (1.10). One may consider
more general cases, say to add a term like “agfdt” into the first equation of (1.10). However, a
detailed analysis is beyond the scope of this paper and will be investigated in future.

Definition 1.2 The system (1.10) is called exactly controllable at time T if for any (yo,Jo) €
L*(G) x HY@G) and (y1,91) € L%T(Q;[P(G)) X LQFT(Q;H_l(G)), one can find a triple of con-
trols (f,g,h) € LA(0,T; L*(G)) x L2(0,T; H-(G)) x L(0,T; L*(Ty)) such that the corresponding
solution (y,7y) to (1.10) satisfies that (y(T),y(T)) = (y1,91)-

In this paper, we shall show that (1.10) is exactly controllable (See Theorem 2.2). Hence, from
the viewpoint of controllability theory, the system (1.10) is a more reasonable model than (1.1).
Noting that, we also introduce three controls into (1.10), which seems too many. However, we prove
that none of these three controls can be ignored, and moreover the two internal controls f and g
have to be effective everywhere in the domain G (See Theorem 2.3).

There exist many works on controllability of deterministic partial differential equations (PDEs
for short). Contributions by D. L. Russell ([25]) and by J.-L. Lions ([12]) are classical in this
field. Some recent progress can be found in [5, 32, 33]. In particular, one may find many works
addressing the exact controllability problems for deterministic wave equations (See [2, 4, 12, 25,
29, 33] and the rich reference therein). However, people know very little about the controllability
problems for stochastic PDEs. In this respect, we refer to [3, 8, 11, 15, 18, 27] for some results
on the controllability of stochastic parabolic, complex Ginzburg-Landau, Kuramoto-Sivashinsky,
Schrodinger and transport equations. To the best of our knowledge, there exists no nontrivial
published result concerning the exact controllability of stochastic wave equation.

Compared with the deterministic situation, there are many new difficulties and phenomena
appeared in the study of controllability problems for stochastic control systems, even for the systems
governed by stochastic (ordinary) differential equations (e.g. [21, 24]). For example, it was shown
in [21] that there exist no Kalman-type rank condition for the null controllability /approximate
controllability for controlled stochastic differential equations. People will meet more obstacles and
substantially extra difficulties in the study of controllability problems for stochastic PDEs. Some
of them are as follows:



e Unlike the deterministic PDEs, the solution of a stochastic PDE is usually nondifferentiable
with respect to the variable with noise (say, the time variable considered in this paper);

e The usual compactness embedding result does not remain true for the solution spaces related
to stochastic PDEs;

e The diffusion term leads some difficulties in establishing observability estimate;

e The most essential difficulty is that, compared to their deterministic counterparts, stochastic
PDEs themselves are much less-understood.

Generally speaking, one can find the following four main methods for solving the exact control-
lability problem of deterministic wave equations:

e The first one is based on the Ingham type inequality ([2]). This method works well for wave
equations involved in some special domains, i.e., intervals and rectangles. However, it seems
that it is very hard to be applied to equations in general domains.

e The second one is the classical Rellich-type multiplier approach ([12]). It is used to treat
wave equations with time independent coefficients. However, it seems that it does not work
for our problem since the coefficients of lower order terms are time dependent.

e The third one is the microlocal analysis approach ([4]). It is useful to solve controllability
problems for several kinds of PDEs, such as wave equations, Schrodinger equations and plate
equations. Further, it can give sharp sufficient conditions for the exact controllability of wave
equations. However, there may be lots of obstacles needed to be surmounted if one wants to
utilize this approach to study stochastic control problems (see remarks in Section 9 for more
details).

e The last one is the global Carleman estimate ([29]). This approach has the advantage of
being more flexible and allowing to address variable coefficients. Further, it is robust with
respect to the lower order terms and can be used to get explicit bounds on the observability
constant /control cost in terms of the potentials entering in it.

In recent years, Carleman estimate was also employed to study the controllability and observ-
ability problems for some stochastic PDEs (see [14, 16, 17, 27, 28, 31] and the references therein).
Nevertheless, as that in the deterministic setting, generally speaking, Carleman estimate works well
only for single equation rather than system.

In this paper, we borrow some idea from the proof of the observability estimate for stochastic
wave equation (see [16, 31] for example). However, since (1.10) is a system (of stochastic equations)
rather than a single stochastic wave equation, we cannot simply mimic the method in [16, 31] to
solve our problem. To handle these troubles, we have to derive a completely new pointwise identity
(see Lemma 6.1 in Section 6).

The rest of this paper is organized as follows. In Section 2, we present the main results.
Section 3 is devoted to introducing the adjoint system of systems (1.1) and (1.10), and proving a
hidden regularity of solutions to this system. In Section 4, we establish the well-posedness of the
systems (1.1) and (1.10). In Section 5, we transform the exact controllability problem of (1.10)
into the exact controllability problem of a backward stochastic wave-like equation. Section 6 is
addressed to a fundamental identity for stochastic hyperbolic-like operators. In Section 7, we prove
an observability estimate for a stochastic-wave like equation. Section 8 is devoted to proofs of the
main results. At last, some further comments and open problems are given in Section 9.
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2 Main results

We begin with some notations.

Denote by Ez the (mathematical) expectation of an integrable random variable z : (2, F,P) —
R. Let H be a Banach space. Denote by LI%(O, T; H) the Banach space consisting of all H-valued
and F-adapted processes X (-) such that E(|X(-) %Q(O’T;H)) < oo; by Lg°(0,T; H) the Banach space
consisting of all H-valued and F-adapted, essentially bounded processes; and by Cr([0,T]; L"(Q2; H))
the Banach space consisting of all H-valued and F-adapted processes X (-) such that X(-) : [0, 7] —
L% (; H) is continuous (r € [1, oc]). Similarly, one can define CE([0,T); L™ (Q; H)) for any positive
integer k. All of these spaces are endowed with their canonical norms.

In this paper, for simplicity, we use the notation y.; 2 Oy(x)/0x;, where x; is the j-th coordinate
of a generic point x = (z1,--- ,z,) € R™. In a similar manner, we use notations Zyjs Uz, €fc. for
the partial derivatives of z and v with respect to x;. Also, we denote by v(z) = (v*(z), - ,v"(x))
the unit outward normal vector of I' at point z. In what follows, we use C to denote a generic
positive constant depending on 7', G and T'y (unless otherwise stated), which may vary from line
to line.

Let (ajk)1§j7k§n € C3(G;R™") satisfying that a’* = o (j,k = 1,2,--- ,n) and for some
constant sg > 0,

n
ST akeiek > sl V(@,6) = (2,6 €") € G xR (2.1)

k=1
Also we assume that
a1 € L&(0, T; WH® (G5 R™)), ag, az, a4 € L(0, T; L=(G)), as € LF(0, T; Wy (@) (2.2)
Let us first give the following negative controllability result for the system (1.1).
Theorem 2.1 The system (1.1) is not exactly controllable for any T > 0 and T'y C T.

Next, we make the following additional assumptions on the coefficients (ajk)1§j7k§n:

Condition 2.1 There exists a positive function ¢(-) € C?(G) satisfying that:
(1) For some constant po > 0, it holds that

n n n
S5 {3 [ a5 0 30 e

Gh=1 k=1 k=1 (2.3)
V(z, &L 6" e G xR

(2) There is no critical point of ¢(-) in G, i.e.,

min [Vp(z)| > 0. (2.4)
zeG
The set I'y is as follows:
Iy 2 {:17 el ‘ Z ajkgpmj(:n)yk(:n) > 0}. (2.5)
k=1

It is easy to check that if (-) satisfies Condition 2.1, then for any given constants o > 1 and
B €R, ¢ =ap+ F still satisfies Condition 2.1 with ug replaced by aug. Therefore we may choose
©, to, co > 0, ¢c; > 0 and T such that the following condition holds:
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Condition 2.2
n

1 . _
D). 7 D o @)pw, (2)¢a, (2) > BY £ maxp(r) > R3 = minp(x), Yz €G. (2.6)
k=1 el zeG

2). T>T,22R,.

2R1\2 2R 1
(3). (—1> <e1 <22 and ey <mind 1, 1 )
T T 16[5 10 (0 71 ()

(4). po —4er —cog > VR

n
Remark 2.1 As we have explained, since Z ajkgpxj Yz, > 0, and one can choose iy in Condition
k=1

2.1 large enough, Condition 2.2 could be ;atisﬁed obviously. We put it here merely to emphasize
the relationship among 0 < cg < ¢1 < 1, g and T. In other words, once Condition 2.1 is fulfilled,
Condition 2.2 can always be satisfied.

To be more clear, we give an example for the choice of ¢ when (ajk)lgjkgn is the identity
matriz. Let o € R™\ G such that |x — z9| > 1 for all z € G and oy = max |z — x0|*>. Then for all

z€G
> 1
@ = maxteo 1, @ 2 Vama|e - |
zeG
Let o(x) = alz — x9|?. Then the left hand side of (2.3) is reduced to
Z(pxjxjf_? :204’5‘27 V(x,fl,"' 7§n) EGXRn' (27)
j=1
And, (2.3) holds with py = 2c. Further, it is clear that (2.4) is true and
1« 1o
1Y @@, @ o) = 7 3 0n, 0 = oPle = wof? 2 max (o)
jk=1 j=1

Hence, (2.6) holds. Next, one can choose T large enough such that the second and third inequalities

in Condition 2.2 hold and ¢; < min{l, T 1 } Let a« > {ap,1,4¢1 + co}. Then
“5‘L]CF>°(0,T;L°0(G))
wo —4er —cog > vV Ry

Remark 2.2 To ensure that (3) in Condition 2.2 holds, the larger of ]a5\L§o(07T;Lw(G)) is given,
the smaller of ¢c1 and the longer of the time T we should choose. This is reasonable since as stands
for the effect of the control in the diffusion term to the drift term. One needs time to get rid of
such effect.

We have the following exact controllability result for the system (1.10).

Theorem 2.2 Let Conditions 2.1 and 2.2 hold. Then, the system (1.10) is exactly controllable at
time T.

As mentioned before, we introduce three controls in the system (1.10). At a first glance, it
seems unreasonable, especially for that the controls in the diffusion term of (1.10) are acted on
the whole domain G. One may ask whether localized controls are enough or the boundary control
can be dropped. However, the answer is negative. More precisely, we have the following negative
result.



Theorem 2.3 The system (1.10) is not exactly controllable at any time T > 0 and T'y C ' provided
that one of the following three conditions is satisfied:

1) aq € Cr([0,T); L>®(R)), G\ Go # 0 and f is supported in Go;
2) a3 € Cp([0,T]; L>®(Q)), G\ Go # 0 and g is supported in Go;
3) h=0.

Remark 2.3 Although it is necessary to put controls f and g on the whole domain, one may
suspect that Theorem 2.2 is trivial. For instance, one may give a possible “proof” of Theorem 2.2

as follows:
Choosing f = —aqy and g = —agy, then the system (1.10) becomes
dy = ydi in Q,
djj - Z (ajkywj)mkdt = (a1 - Vy + a2y — asazy)dt  in Q,
Jk=1 (2.8)
Y= Xxnoh on X,
y(0) =yo, §(0) = 1o in G.

This is a wave-like equation with random coefficients. If one regards the sample point w as a
parameter, then for every given w € Q, there is a control u(-,-,w) such that the solution to (2.8)
fulfills (y(T,z,w), 9(T,z,w)) = (y1(z,w), J1(x,w)). It is easy to see that the control constructed in
this way belongs to L2fT (2; L?(0,T; L?(T'g))). However, we do not know whether it is adapted to
the filtration F or not. If it is not, then it means to determine the value of the control at present,
one needs to use information in future, which is inadmissible in the stochastic context.

3 Backward stochastic wave equations

In order to define solutions to both (1.1) and (1.10) in a suitable sense, we need to introduce the
following “reference” equation:

dz = 2dt + (bsz + Z)dW (t) in Q-
dz = > (a7 2g,)adt = (b1 Ve + boz + b3 Z + baZ)dt + ZdW (t)  in Qr,

j.k=1 (31)
z=0 on X,
z2(r) =27, 2(r)=2%" in G,

where 7 € (0,T], Q- £ (0,7) x G, £, 2 (0,7) x T, (27, 27) € L% (% HY(G) x LA(G)) and
by € LF(0, T; WhH (G R™)), b; € L (0, T; L™(@)), i=2,3,4, bseLF(0,T; Wol’oo(G)).
For the convenience of the reader, we first recall the definition of the solution to (3.1).

Definition 3.1 A quadruple of stochastic processes (z,Z,i,E) € Cr([0,7); HY(G)) x L2(0,7;
H}(G)) x Cr([0,7]; L*(@)) x L&(0,7; L*(Q)) is called a weak solution of the system (3.1) if for
every ¢ € Cg°(G) and a.e. (t,w) € [0,7] X Q, it holds that

27(z) — 2(t,x) = /tTé(s,x)ds + /tT [b52(s, @) + Z(s,2)]dW (s) (3.2)
8



and

S ()(x)de — [ 2t x)(z)dx + ’ En:ajk(a;)zxj(s,x)ka(a;)dxds
G G t G

jk=1

= /;/G [b1(s,2) - Vz(s,z) + ba(s,2)2(s, ) + bs(s,2) Z(s, ) + b4(87$)2(3’x)]¢(x)dxds (3.3)
+/tT/G/Z\(S,ZE)T,Z)($)d$dW(S).

Let us recall the following well-posedness result for (1.10) (e.g. [1, 22]).

Lemma 3.1 For any (27, 27) € L% (% Hi(G)) x L (Q; L*(G)), the system (3.1) admits a unique

solution (z,Z,%2,7Z). Moreover,

2l ce o @) T 12 L20,mm8 @) T 1Elceo,m226)) + 12102007120 5.4)

< Ce“n (1272 @may + 187 lre_@2ay)s

where 4

A 2 2 2
= |b1|L]CF>°(0,T;le°°(G;R”)) + Z |bi|L§°(07T;L°°(G)) T |b5|L;°(0,T;W&’°°(G))'
=2

We have the following hidden regularity for solutions to (3.1).
Proposition 3.1 Let (27,27) € L% (; H{(G)) x L% (€5 L*(G)). Then the solution (z, Z, 2, Z) of
(3.1) satisfies %‘F € L2(0,7; L*(T")). Furthermore,

%
ov

Cr T 5T
oIy Ce“™ (12712 @mioy + 1872 @2 @n); (3.5)

where the constant C is independent of T.
Proof: For any h 2 (R, h") € C1(R; x R R™), by 1t6’s formula and the first equation of
(3.1), we have
d(2h-Vz) =dZh-Vz+ Zhy - Vzdt + zZh - Vdz + d2h - Vdz
= dzh-Vz+ 2hy - Vzdt + 2h - V (2dt + ZdW (t)) + d2h - Vdz
1
= dzh - Vz+ h; - Vadt + [div (52h) — (div h)22] Y 5h-VZAW(t) + dzh - Vdz.

Hence, similar to the proofs of [10, Lemma 3.2] and [31, Proposition 3.2], it follows from a direct
computation that

_Z": [Q(h-Vz)Zn:aijxj +hk<22 _ Zn: aijzxizmjﬂ dt
k=1

X
=1 ij=1 k

- 2[—d(2h-%) + <d2— i:(ajkzmj)mkdt>h-vz+2ht-Vzdt— En: aijzmizmkhﬁjdt] (3.6)
dk=1 ij,k=1

—(divh)2%dt + Y 2z, div (a?*h)dt + 2d2h - Vdz + 22h - V(bsz + Z)dW ().
j,k=1
9



Since I' € C2, one can find a vector field &€ = (¢1,---,£") € CH(R™;R™) such that £ = v on I' (See
[12, p. 29]). Setting h = £ in (3.6), integrating it in @, and taking expectation on €2, we get that

-E Zn: [ (h- Vz)zn:ajkzxj + hk(A2 Z at zx Zg. )]defdt

Er k=1 j=1 ij=1

= —QE/ 2Th-Vsz:n+2E/ 2(0)h - Vz(0)dx
G G

n (3.7)
+2/ [(b1 Vztbyz+b3Z+bsZ)h-Vatzh -Ve— Y a2z,
T 4.k,l=1

—(divh)E2 + Y 2z, div (@9*h) + 220 -V (bsz + Z)} drdt 2 T
k=1

Noting that z =0 on (0,7) x I, we have

TL

/ [Z(h -Vz) En: ajkzxj + BF <22 — E”: aijzxizmj)] vEdDdt
by

T k=1 Jj=1 1,7=1

5[ B) S S |l

7.77
2 2
/ Z a]kukzﬂ‘ Z‘ dTdt > soF / %( dTdt.
¥, Jh=1 V >, (91/

It follows from Lemma 3.1 that
17| < Cem (17|22, @:mzon + 18712 @2a)-
This, together with (3.7) and (3.8), implies that (3.5) holds. O

Remark 3.1 Proposition 3.1 shows that, solutions of (3.1) enjoy a better regularity on the bound-
ary than the one provided by the classical trace theorem of Sobolev spaces. Such kind of result is
called a hidden regularity (of the solution). There are many studies in this topic for deterministic
PDEs (e.g. [13]).

4 Well-posedness of the systems (1.1) and (1.10)

In this section, we establish the well-posedness of systems (1.1) and (1.10) . Throughout this
section, 'y is any fixed open subset of I', which is not necessarily given by (2.5).

Systems (1.1) and (1.10) are nonhomogeneous boundary value problems. Like the deterministic
ones (e.g. [12, 13]), their solutions are understood in the sense of transposition solution.

Definition 4.1 A stochastic process y € Cr([0,T]); L?(Q; L*(G))) N CE([0, T); L2 (% H~H(Q))) is
transposition solution to (1.1) if for any T € (0,T] and (27,27) € L% (Q; Hy(G)) x L3 (Q,L2(G))
we have that

E(ye(7),2") ir-1@),m1q) — (005 2(0) g1y, mi ) — BW(T): 27) 2 (6) + (00, 2(0)) r2(6)

- (4.1)
= E/ <gl, Z>H71(G)’Hé (G)dt + E/ <92, > 1(G Hl dt — / / —hdrds
0 Fo



~

Here (2,Z,%,Z) solves (3.1) with
bi = —ay1, by=—-divay+as, bg=a3, by=0, b;=0.

Definition 4.2 A pair of stochastic processes (y, 7)) € Cr([0,T]; L2(Q; L*(GQ))) x Cr([0,T]; L*(%;
H~Y(@))) is a transposition solution to (1.10) if for any T € (0,T] and (27, 27) € L% (% Hi(G)) x
L3 (Q; L*(G)), we have that

E@(7), 2" m-1(),mi (@) — (90, 2(0)) -1 (@), 11 (c) — E(?J(T)afh?( e + 0, 2(0)) L2 ()

T 4.2
:—E/ {f, Z) 12 )dt+E/<  Z) 1@y, ey dt — B / —thds (42)
0 Fo

~

Here (z,Z,%2,7Z) solves (3.1) with
b1 = —ay1, by=—-divay +a9 —agas, bz=a3, by=—as, b= —as.

Remark 4.1 When h = 0, both systems (1.1) and (1.10) are homogeneous boundary value prob-
lems. By the classical theory for stochastic evolution equations, (1.1) and (1.10) admit respectively
a unique weak solution (e.g. [7, Chapter 6]) y € Cr([0,T]; L*(:L*(G)))NCE([0, T;L? (O HHG)))
and (y,9) € Cr([0,T]; L?(Q;L*(Q))) x Cr([0,T]; L*(Q; H~Y(G))). It follows from It6’s formula that
these solutions are respectively transposition solutions to (1.1) and (1.10). Then, by the uniqueness
of the transposition solution to (1.1) (resp. (1.10)), we know that the transposition solution to (1.1)
(resp. (1.10)) is also the weak solution to (1.1) (resp. (1.10)).

We have the following well-posedness result for (1.10).

Proposition 4.1 For each (yo,70) € L*(G) x H~Y(G), the system (1.10) admits a unique trans-
position solution (y,7). Moreover,

|5 9)lcw(l0,77;L2(0:L2(G)) % Ca (0,752 H -1 (G))

, i (4.3)
< Ce“"*(|yol2(a) + [dola—1(a) + 1flr20msr2 (@) + 19120158109 + 1Ml 220730200 -
Here A
ry = |a1|%§°(0,T;le°°(G;Rn)) + Z |ak|2LfF’°(O,T;L°°(G)) + |a5|i§°(0,T;W&’°"(G))' (4.4)
k=2

Proof: Uniqueness. Assume that (y,9) and (§,7) are two transposition solutions of (1.10). It
follows from Definition 4.2 that for any 7 € (0,7] and (27,27) € L% (Q; Hj(G)) x L% (€ L*(G)),

E@(7), 2" m1(a),m3 0y~ BW(T),27) 12(6) = E(j(7), 2 a-v@),mi@BWT), £z,  (45)
which implies that B
(@(7),y(1)) = (9(1), (1)), V7€ (0,T].
Hence, (9,y) = (§.9) in Cr((0,T7]; L*(2 L*(@))) x Cr([0, T1; L* (2 H1(Q))).-
Existence. Since ys,h € LZ(0,T;L?(T)), there exists a sequence {h,,}°_, C CZ([0,T];
H32(T")) with h,,(0) = 0 for all m € N such that

lim A, = xg,h  in L3(0,T; L*(T)). (4.6)

m—0o0
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For each m € N, we can find a h,,, € C2([0,T]; H*>(G)) such that hy,|r = hy, and Ay, (0) = 0.
Consider the following equation:

dym = @m - hm,t)dt + [a4(?jm + ilTn) + f]dW(t) in Q,
G — > (0" G z))epdt = (a1 - Viim+a28im+Cm)dt+[ag(Jm+hm) + gldW () in Q,
j.k=1 (4.7)
Ym = fém =0 on %,
Im(0) = yo,  Im(0) = dio in G,

where (,, = Z (ajkizmﬁj)mk + ay - Vhy + ashp,. By the classical theory of stochastic evolu-
k=1
tion equations (e.g. [7, Chapter 6]), the system (4.7) admits a unique mild (also weak) solution
(Gms>9m) € Cr([0,T]; L*(Q; L*(G))) x Cr([0,TT; L*(Q; H-H(G))).
Let ypm = Um + b and 9y, = G- For any mq,me € N, by Itd’s formula and integration by
parts, we have that

E(Gm, (T) ZT>H*1( a)mi(@) — (90, 2(0)) -1 (@) a2 q) — Bymi (7): 27) 126 + (40, 2(0)) r2(c)

T T [0z (4.8)
and
E(m, (1), 27 m-1(a),m10) — (0, 2(0)) -1(@), 2 (@) — BYma (T), 27) £2(6) + (00, 2(0)) r2(c)
T e T T 82
= —E/O <f, Z>L2(G)dt+E/0 <g, Z>H1(G),H6(G)dt_E/0 /F%hmzdl“ds
Consequently,

0z

|y, U=l )T (4.9)

E (G, () = G (T), zT>H*1(G),H3(G) —E(Ym, (T) =ymo (7), 2T>L2( G) =K

Let us choose (27,27) € L3 (Q; Hy(G)) x L% (Q; L?(G)) such that

122 @imie) = 1 1272 @r2e) =1
and X X .
E(Gm, (7) = 9me (1), 27 16y, 12 (6) — B (T) = Yma (7), 27 12(6)
. A A (4.10)
5(!ym1 = Yms (N2 (@ur2(@)) + [Imi (7) = Gma (D12 (0:-1(0)))-

It follows from (4.9), (4.10) and Proposition 3.1 that
Yy (T) = Yo (T)’Lng @:L2(G) T |Gmy (T) = Gimo (T)‘LQFT(Q;H*(G))
0z
< 2‘1@/& = (hany = hun,)dTds

< Clhm, — hmz’L%(O,T;L%F))’(ZT?ZAT)‘LQ}.T (BHL(G))x L% (BLA(G))

< Clhany = hmal 120, 7522(0))
12



where the constant C' is independent of 7. Consequently, it holds that
Yimy = Yma lce(o,1522(0:22(G)) + 1Imy — Tmalce(o,my220:0-1@)) < Clhmy — By | £20,7522(1)) -

This concludes that {(ym, 9m)}_; is a Cauchy sequence in Cr([0, T]; L*(Q; L*(G))) x Cr([0, T);
L?%(Q; H7Y(@))). Denote by (y,7) the limit of {(ym,%m)}S_;. Letting m — oo in (4.8), we get
that

E@(T),2") m-1(a),m30) — (G0, 2(0)) -1 (@), m2 (@) — BW(T), 27) r2(6) + (00, 2(0)) r2(c)

Io OV
Thus, (y,9) is a transposition solution to (1.10).
Let us choose (27,27) € L3 (Q; Hy(G)) x L% (Q; L?(G)) such that

T

(4.11)

|ZT|L3TT (HA Q) = L, |2T|L3TT(Q;L2(G)) =1
and
~ T T 1 ~
E@(7), 2" —(a)mi ) — BW(T),2T) 12(6) = §(|y(7)|L2FT(Q;L2(G)) +HIz @m-1(cp)- (412)
Combining (4.11), (4.12) and Proposition 3.1, we obtain that

‘y(T)’Lng ©@L2(G)) T ’@(T)\L;T (QH-1(G))
< 2(“@07z(0)>H*1(G),H3(G)‘ + (o, 20)) 12| + ‘E/O (f, Z)12(cdt

+‘E/OT(g, Z)ir-vcy.myed| + (E/Z %hdfds‘)

< Ce“ (Jyol2(a) + [dola—1(c) + 1 flr20mr2(e)) + 191 20m5m-1(@)) + 1Ml 220,72270))
x[(27,27) |L2fT (BHY (@)X LE_(HL2(G))
< Ce“*(|yol2(a) + dola—1 (o) + 1fl20mse2 @) + 9120510y + Pl r2omr2 o))
where the constant C' is independent of 7. Therefore, we have that
ylew(o,ryr20:22(6)) + 1lceo, L2001 (6)))
< Ce“*(Jyol2(c) + ldola—1(e) + 1flr20msr2 () + 1912015010y + 1Ml z20,722r0))) -
This completes the proof of Proposition 4.1. O

Using the same argument as above, we have the following well-posedness result for (1.1) (Hence
we omit its proof).

Proposition 4.2 For each (yo,90) € L*(G) x H™Y(G), the system (1.1) admits a unique transpo-
sition solution y. Furthermore,

|Ylce (o220 L2(@))nC) (0,13 L2 H-1(G)))

< Ce“* (|yol ey + lila-—1(o) + l91l2 010y + 19201201510 F 1PlL20m522(00)))-

Here 3

2 2
r3 = ’al‘LfF’O(O,T;WLOO(G;R”)) + Z "12\LI§°(0,T;L°°(G))-
k=2
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5 A reduction of the exact controllability problem

Definition 4.2 is a natural generalization of the transposition solution from deterministic wave
equations to the stochastic ones. Accordingly, one has to establish observability estimates for (3.1)
to get the exact controllability of (1.10). But it is not so easy. In this section, we give a reduction
of exact controllability problems for these systems, that is, we show that these problems can be
transformed to exact controllability problems for backward stochastic wave equations.

Consider the following controlled backward stochastic wave equation:

dy = ydt + (agy +Y)dW (t) in Q,
dy — Zn: (ajkyxj)xkdt = (a1 - Vy + a9y + a5§7)dt + (azy + ?)dW(t) in Q,

drk=1 (5.1)
y = Xxsh on X,
y=0 on X,
y{I)=y", y()=y" in G.

Here (y',37) € L%T(Q;L2(G)) X L%T(Q;H_l(G)), (v,Y,¥,Y) are the state and h € L3(0,T;
L?(Ty)) is the control.
To define the solution to (5.1), we introduce the following (forward) equation:

dz = zdt + (f — asz)dW (t) in Q7,
dz — Z(ajkzxj)xkdt: [—a1-Vz+(—div a1+a2—a3a5)z+a3f—a4f]dt+f"dW(t) in Q7,
4 k=1 (52)
z=10 on X7,
Z(T) = %7, 2(7—) =2 in G.

Here Q7 2 (7,T) x G, X7 £ (1,T) x I, (2,,2,) € L% (Q; HH(G)) x L% (O L2(G)), £ € L2(0,T;

H}(G)) and f € L2(0,T; L*(G)).

Let us recall the following well-posedness result for (5.2) (e.g. [7, Chapter 6]).
Lemma 5.1 For any (z,,2,) € L% (0 Hg(G)) x L% (9 L*(G)), £ € LE(0,T; Hy(G)) and fe
L1(0,T; L*(Q)), the system (5.2) admits a unique weak solution (z,z) € Cw([r,T); HX{(G)) x
Cr([r,T]; L*(@)). Moreover,

\Z| ey (112 (G)) T |2l s (115220
) ’ ’ (5.3)

< Cer (|ZT|L2FT @mg@) tl2rliz @2 +fl2orme) + |f|LR27(O,T;L2(G))) :

where
A 5 5
AN 2 12 4 2
ra = lalfge o, rwrce (Grmy) + > lailzge 0,7:20(c)) + > il L (0.7:2(c) T las] (0,73 W > (G))
=2 =3

and the constant C' is independent of T.

Similar to the proof of Proposition 3.1, we have
14



Proposition 5.1 The solution (z,z) to (5.2) satisfies 6z|1" € Li(7,T; L*(T")). Furthermore,

%
ov

SCGC”(!ZT\L;T(Q;H(%(G))HZT\L;T(Q;L?(G + [fl 220112 () Jr’ﬂL?(OTL?(G)))
(5.4)

Lg(m,T;L2(T))
where the constant C is independent of T.

Definition 5.1 A quadruple ofstochastzc pmcesses (v,Y,y, )ECF([O,T];L2(Q;L2(G)))><L]2F(O,T;
L*(@)) x Cp([0,T]; L*(Q; H7Y(G))) x LA(0,T; H-1(G)) is a transposition solution to (5.1) if for
every (z-,2,) € L% (% H}(G)) x L% (4 L*(G)), £ € LA(0,T; H}(G)) and f € LE(0,T; L*(G)),
one has that

E@"2(T) -1 (), c)— 5’ 2 ) 1), o) — BT 2(T)) 2 ( )+E< (7),27)12(c)

T
T F()

Here (z,2) solves (5.2).
We have the following result:
Proposition 5.2 For each (y?,y7) € L% (€ L*(@)) x L% (S H @), the system (5.1) admits

a unique transposition solution (y,Y,y,Y). Moreover,

(5 Y 3 Yl 0w (0,702 (9:L2(6)) x L2 (0,75 L2(G)) x G (10T, LA Qs H-1(G))) x L2 (0,13 H-1(G)) 5.6)
< Cer (|yT|L2fT(Q;L2(G)) + |$’T|L2fT(Q;H*1(G)) + 1Bl L2 0,7:22(m0)))- ‘

Here ry is given by (4.4).

Proof: The proof is similarly to that for Proposition 4.1. We give it here for the convenience of
readers. _
Uniqueness. Assume that (y,Y,y,?) and (y,Y %

(5.1). By Definition 5.1, for any 7 € (0,7T], (z,,2,) €

L2(0,T; H}(G)) and f € L2(0,T; L*(@G)), we have

are two transposition solutions of

)
L% (2 Hy(G)) x LT (% L*(G)), f €

T T
E<$’(7—),ZT>H1(G),H3(G)_E(Y(T)727>L2(G)+E/ <Y7f>L2(G)dt_E/ (Y1) 1), 11 ()t

- T _ . T ~
:E<$’(T)7ZT>H1(G),H5(G)_E<S’(T)72T>L2(G)+E/ <Yaf>L2(G)dt_E/ (Y. £) 1), 12 (o) dt,s

which implies that R
(¥(1),¥(r)) = (¥(1),¥(r)), V7€ (0,T]

and

(Y,Y) = (Y,Y) in L2(0,T;L3(G)) x L2(0,T; H™(G)).

Hence7 (y7 Y7y7?) = (5}7?7 577?)'

Existence. Since ys,h € L(0,T;L?*(T)), there exists a sequence {h,,}>_; C CZ([0,T7;
H3/2(I")) with h,,(T) = 0 for all m € N such that

lim h,, = xg,h in LA(0,T; L*(T")). (5.7)

m—0o0
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For each m € N, let us choose h,, € CZ([0, T]; H*(G)) such that h,,|r = h,, and h,,(0) = 0.
Consider the following backward stochastic wave equation:

A¥m = (Ym — B )dt + [a4(Fm + D) + Y] dW (2) in Q,
d}:’m - Z (ajkym,mj)mkdt = (al : Vf’m + a2$’m + a5?m)dt
j k=1
- = (5.8)
+Haz(Fm + ) + Yo + GuldW(t)  in Q,
ym(T)=y", yu(T)=3" in G.

n
where (,, = Z (ajkﬁmvx : )z, + a1 - Vflm + agflm. By the classical theory of backward stochas-
Jik=1
tic evolution equations (e.g. [1, 22]), the system (5.8) admits a unique mild (also weak) solu-

tion (§m, Yo, ¥, Yom) € Ci((0, T]; L2(; L2(G))) x LE(0, T5 LX(G)) x Ca((0, T); LX(©Q; HTY(G))) x
L3(0,T; HH(G)). -

Let (yM7YM7yM7?m) = (}N’m + ﬁM7?M7§IM7?m)' Then (yM7Ym7ym7?m) e CF([O7T]7L2(97
L2(G))) X LA(0,T5 L3(G)) x Ca([0,T]; L2(Q; H-1(G))) x LE(0,T; H-\(G)). For any my,my € N,
by Ito’s formula, we have that

E@"2(T) 16,110~ B mi(7): 20) 16y, m3 )~ BOT 2(T)) 12(a) HEYm(7),27) 12(c)

A

T T T [ oo
_ E / (Y ) 2yt + E / Vot D) 1111y — E / /F s, (5.9)
T T T [0]

and

E"2(T)) g-1(6),m1(6) — BIma(7)s 20) -1y, m3 () — BT 2(T)) 2(6) + B{YmalT), 27) 12(c)

T . T _ T Oz
- —E/ (YmQ,f>L2(G)dt+IE/ (YmQ,f>H1(G),H6(G)dt—E/ /F ) U
T T T 0

Thus,

A

E(¥mi (7) = ¥ms(7), ZT>H*1(G),H(%(G) = E{ym, (7) = yim, (1), ZT>L2(G)

T T
_E/ <Ym1 - Ymm f>L2(G)dt + E/ (Ym1 - Ymm f>H71(G)vH(%(G)dt (5.10)

T
0z
=-E —(h,,, — h,,,,)dI'ds.
. /FO ay( 1 2) S

By (5.10), similar to the proof of Proposition 4.1, we can show that {(ym,ym)}52, is a Cauchy
sequence in Cg([0,T]; Lz(% L*(@))) x Cp([0,T); L2(; H1(Q))). )
Now we handle {(Y,, Y,,,)}52,. Choose f € LZ(0,T; H}(G)) and £ € L2(0,T; L?(G)) such that
|f|L§(0,T;H5(G)) =1, |f|L]§(0,T;L2(G)) =1
and

T T
—E/ <Ym1_Ym27 f>L2 (G)dt + E / <Ym1—Ym2, f>H71(G),H3 (G) dt
0 0 (5.11)

> 5 (Y = Ymolr2oriz2(e) + Ym = Yimel20,m08-1()))-
16



Let (zr,z,) = (0,0) and 7 = 0 in (5.10). It follows from (5.10), (5.11) and Proposition 5.1 that
Yo, — Ym2|L2(O T;:L2(G)) T |Ym1 — Y, |L§‘(O,T;H*1(G))
0z
< 2‘E/ET 2 (B — B, )dT'ds
< Clhmy = hiy [ 120,122 (r)) (27 ir)’LffT(Q;Hg(G))fofT (QL2(G))
< Clhm; — b [r200.1;22(r))-
This implies that
Yo = Yoolr2mc2@) + [ Ymi = Ymalr2omm-1(@) < Clhmy — by | 2207020y -

Therefore, {(Ym,Y )}%°_, is a Cauchy sequence in LZ(0,T; L*(G)) x L4(0,T; H~1(G)). Denote
by (y,Y,y,Y) the limit of {(¥ms Ym, ¥m: Ym)}22. By letting m; — oo in (5.9), we conclude that

B, 2(T)) y-16),m¢)— B (T) 20) -1y @) — BT 2(1)) 26y + B (1), 20) 2 (@)
0 0

T T T [ oo
__E / (Y 8) oyt +E / ¥yt — / [ Sohards (5.12)
T T 0

Thus, (y,Y,¥,Y) is a solution of (1.10).
Let us choose (z,,%;) € L%T (4 HYNG)) x LQFT (; L?(@)) such that

|ZT|L2fT (HHG®) = 1, |ir|L2fT(Q;L2(G)) =1

and

(ly(r iz (@ir2( ))+|$’(7)|L2FT(Q;H*1(G)))' (5.13)

NI)—t

—EF (7). 2r) g-16).m0 @) TEY (7). 27) 12(6) 2
Let f = 0 and f = 0 in (5.12). Combining (5.12), (5.13) and Proposition 5.1, we obtain that
(M2 @iz2) + 1Yz @10y
< 2(|BGT 2T 1 6.3 0| + BT 2D 2| + ‘E/ 5 —hdFds
< Cetr (’yT‘LQfT(Q;LZ(G)) + ’yT‘LQFT(Q;H*(G)) + Bl 20,702 (0y)))
where the constant C' is independent of 7. Thus, we find that

¥lce o 2@r2(6)) + 9 lcwory20:5-16))

< Cecm(\yT’Lng(Q;LZ(G)) + \yT’Lng(Q;Hfl(G + ’h\L2(0T L2(Fo)))
Let us choose f € L(0,T; H}(G)) and fe L3(0,T; L*(@)) such that
fl20,mmi@) = 1 |f|L2(0TL2(G)) =1
and

T T
. ~ 1
E/ <Y7f>L2(G)dt_E/ (Y. ) i enmyodt= 5 ((Ylzoriee D HIY 20mm-1cy) (5:14)
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Let (z+,2,;) = (0,0) and 7 = 0 in (5.12). It follows from (5.12), (5.14) and Proposition 5.1 that
|Y|L§(0,T;L2(G + |Y|L2(0TH (@)
g2(|E<yT,z(T)> @] BT 2(T) 2| + ‘E/ —hdFds
1“0

< Cefr (|.YT|L2;T @2 t |$’T|L2fT @) T hlzeremy)-

This completes the proof.
Now we give the definition of the exact controllability for the system (5.1).

O

Definition 5.2 The system (5.1) is called exactly controllable at time T if for any (y*,y")
L%_-T(Q;Lz(G)) X L%T(Q;H_I(G)) and (yo,¥0) € L*(G) x H7Y(G), one can find a control h
L2(0,T; L*(Tyg)) such that the corresponding solution (y,y) of (5.1) satisfies that (y(0),¥(0))
(Yo, ¥0)-

It is clear that the following result holds.

Proposition 5.3 Let 7 =T in (3.1) and 7 =0 in (5.2). If (2,Z,2,Z) is a solution of (3.1), then
(z,2) = (2, 2) is a solution of (5.2) with the initial data (z9,2o) = (2(0),2(0)) and nonhomogeneous
terms (£,f) = (Z, Z) On the other hand, if (z,z) is a solution of (5.2), then (z,Z, 2 Z) (z,f,2,f)
is a solution of (3.1) with the final data (2(T),2(T")) = (z(T),z(T)

By Proposition 5.3, and Definitions 4.2 and 5.1, we have the following result concerning the
relationship between solutions of (1.10) and (5.1).

m m

(
2
)-

Proposition 5.4 If (y,9) is a transposition solution of (1.10), then (y,Y,y,?) = (y,f,9,9)
is a transposition solution of (5.1) with the final data (yr,yr) = (y(T),9(T)). On the other
hand, if (y,Y,y,?) is a transposition solution of (5.1), then (y,9) = (y,y) is a transposition
solution of (1.10) with the initial data (y(0),9(0)) = (y(0),¥(0)) and the nonhomogeneous terms
(frg) =(Y.Y).

By Propositions 5.3 and 5.4, and by borrowing some idea from [24], we have the following fact:

Proposition 5.5 The system (1.10) is exactly controllable at time T if and only if the system (5.1)
1s exactly controllable at time T.

Proof: The “if’ part. Let (yo,y0) € L*(G) x H™Y(G) and (y',y7) € L%T(Q;L2(G)) X
L% (O H™ 1(@)) be arbitrarily given. Since (5.1) is exactly controllable at time T, there is

an h € L2(0,T; L*(Tp)) such that the corresponding solution (y,Y,¥, ) of (5.1) satisfies that

(y(T),y(T)) = (y',y") and (y (0),¥(0)) = (yo,¥0)- Hence, (y,9) = (y,¥) is a solution of (1.10)
with a triple of controls (f,g,h) = (Y,Y,h) such that (y(0),79(0)) = (yo,¥0) and (y(T),y(T)) =

(y*,97). Hence, the system (1.10) is exactly controllable at time 7.
The proof for the “only if” part is similar. O

The following result Shoyvs that the exact controllability of (5.1) is equivalent to an observability
estimate of (5.2) with f =f = 0.

Proposition 5.6 The system (5.1) is exactly controllable at time T if and only if there is a constant
C > 0 such that for all (z9,%0) € H}(G) x L*(G), it holds that

T 0z
A N2 < a.,
‘(20720)‘H6(G)><L2(G) = CE/O /1“0 ov

where z is the solution of (5.2) with 7 =0, f =f =0, z(0) = 2z and z(0) = 2.
18
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Remark 5.1 Compared with (3.1), (5.1) is a forward stochastic wave equations. Generally speak-
ing, it is easier to establish an observability estimate for (5.1) than to prove an observability estimate
for (3.1). This is why we introduce the reduction in this section.

Proof of Proposition 5.6: We use the classical duality argument, and divide the proof into two
parts.

The “if” part. Since the system (5.1) is linear, we only need to show that for any (yo,yo) €
L*(G) x H7Y(@), there is a control h € LZ(0,T; L%*(Ty)) such that the corresponding solution of
(5.1) with (yr,yr) = (0,0) satisfies that (y(0),y(0) = (yo,¥o)-

Set

A 0z
x e { 7z
ov

- (z,2) solves the equation (3.1) with some (zg,2%0) € Ho(G) x L2(G)}.
0

Clearly, X is a linear subspace of L2(0,7; L?(T'y)). Define a linear functional £ on X as follows:

(-5

FO) = _<y17Z0>H*1(G),H3(G) + <y1720>L2(G)'

By (5.15), L is a bounded linear functional on X'. By the Hahn-Banach theorem, it can be extended
to be a bounded linear functional on the space L2(0,T; L?*(Ty)). For simplicity, we still use £ to
denote this extension. By Riesz’s representation theorem, there is an h € L(0,T; L?(I'y)) such
that

T
. . 0z
—<y1,Z0>H—1(G)7H3(G) + <y1,Z0>L2(G) = —E/ / 8—hdth. (5.16)
0 Jryp 9V

We claim that the random field h is the desired control. In fact, by the definition of the solution
to (5.1), we have

. . T 0z
—(¥(0),20) g-1(@),m1 (@) + (¥(0),20) 12(G) = —E/O /F 3, haldt. (5.17)
0

It follows from (5.16) and (5.17) that

A~

—(¥1.20) g-1(@), 11 (@) T (Y1 20)12(6) = —(¥(0),20) -1(@), 12 (@) T (¥(0), 20) r2(6)-

Noting that (zo,20) is an arbitrary element in Hi(G) x L?(G), we obtain (y(0),¥(0)) = (y1,¥1).
The “only if” part. We now prove (5.15) by a contradiction argument. Otherwise, one could

find a sequence {(zo, 2o k) 3>, C HY(G) x L*(G) with (zox,20x) # (0,0) for all k € N, such that
the corresponding solutions (zy,2y) of (3.1) with the initial data (zo x,Zo x) satisfying that

0zy, |2

v

1 S 2
L2(0,T;L2 (o)) =2 (20,1 20.0) |13 () x 126 (5.18)

Write
Vk

A = ~
(20,5, Z0.6) | 3 (@) < 22(@)

» 20k = ARZO ks 20k = AkZOk

and denote by (Zk,%k) the solution of (3.1) (with (zo,2¢) replaced by (zs, %k,o))- Then, it follows

from (5.18) that, for each k € N,
07y, |2

1
s < = .
By = (5.19)

L2(0,T;L2(T0))
19



and

|(Zh,0:2k.0)| 113 () x 12() = V- (5.20)
Let us choose (y7,¥7) = (0,0) in (5.1). Since the system (5.1) is exactly controllable, for any
given (y1,¥1) € L?(G) x H~Y(G), there is a control h € L(0,T; L?(Ty)) driving the corresponding

solution of (5.1) to (y1,¥y1). It follows from the definition of the solution to (5.1) that

—(¥1:20) -1 (@)1 (@) T (Y15 20) 12(6) = —E/ —thdS
1"0

Thus, for every k € N, we have that

8Zk

B T
—<$’1, Zk,0>H*1(G),Hé(G) + <Y1, ik,0>L2(G) — —/0 FO Ehdfd (521)

This, together with (5.19) and the arbitrariness of (y1,y1), implies that

(Zk,O,%k,O) tends to 0 weakly in H}(G) x L*(G) as k — +oc.
Hence, by the Principle of Uniform Boundedness, {(2x,0, Zx,0)} , is uniformly bounded in H}(G) x
L?(@), which contradicts (5.20). |
6 A fundamental identity for stochastic hyperbolic-like operators

Throughout this section, we assume that /% € C3([0,T] x R") satisfies b/* = b7 for j, k =
1,2,---,n, and £, ¥ € C?((0,T) x R™). Write

n

)
e (A PR O L (LN W (S S W I 7
Gl k=1
A 2 (53 — L) — Z [bjknggl‘k - (b]kexg)l‘k] -V, (6.1)
jk=1
n ) 1 n )
B2 AU+ (Al)i = D (A, )y + 5[0 = D0 (050 ), .
dk=1 Jk=1

We shall derive a fundamental identity for the stochastic hyperbolic-like operator given in the
following result.

Lemma 6.1 Let z be an H?(R"™)-valued semimartingale and 2 be an L*(R™)-valued semimartingale,
and

dz = zZdt + ZdW (t) in (0,T) x R" (6.2)
for some Z € L2(0,T; HY(R™)). Set 6 = e, v =0z and © = 02 + lw. Then, for a.e. x € R" and
P-a.s. w € Q,

n

0( 260 +2 En: Vo, +00) [d2 = 3 (042, )0y dt]
k=1 k=1

n n
+ Z [ Z <2b7kbjlk/£levmjvmk/ - bjkbj,k/ijvlevmk/>
Jk=1j"k'=1
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200+ VP 5 W 0 — 6 — AL 0 (6.3)

T

+d |:€t Enz bjkvxjvxk + €t®2 -2 En: b]kexjvxk{) — Yvo + (Agt * &>U2:|

7,k=1 7,k=1 2
= { |:£tt + Z (b]kéxj)mk - \Ij] {)2 + Z Cjkvmjvmk -2 Z <(b]k£xk)t + bjkétmk)ij{)
k=1 jik=1 jk=1

LN 2 "
+B0%+ (= 20,042 3 VRl v +00) Fdt+0(d0) =2 Y L, dvg,di— Vdudd
Jk=1 Gk=1

e 3 U (dvy, ) (dug,) + Aly(dv)? — [9(— 26042 bf'fezjvzkwu)etz
jk=1 G k=1

—(2 Zn: bjk(HZ)mkij@—H\Ifth—i—H\IfﬁZ) n 2( Zn: bjkvmj(OZ)wk+0AvZ)€t] AW (1),
k=1 jk=1

where (dv)? and (dv)? denote the quadratic variation processes of v and ¥, respectively.

Proof: By (6.2), and recalling v = 6z and © = 6% + (v, we obtain that

dv = d(0z) = Oyzdt + 0dz = £,0zdt + 02dt + 0 ZdW (t) = vdt + 0 ZdW (t). (6.4)
Hence,
dz = d[0~ (0 — L)) = 07 do — Lyvdt — Lydv — £y(D — Lyv)dt]
, ) (6.5)
— 6 [d@ — (2040 + by — o) dt — HEtZdW(t)] :
Similarly, by b/% = bk7 for j k =1,2,--- ,n, we have
S WV z)a, =070 [ 00))ay — 26K 0y, + (B ey, — Wl — DR 0] (6.6)
J:k=1 jk=1

Therefore, from (6.5)—(6.6) and the definition of A in (6.1), we get

n

0(—260+2 En: VR o+ 00) [d2 = 3 (0742, )0yt
k=1 k=1

= (- 200+2 Zn: VM0 00) [d0 = Y (BP0, )t + Avdt

J,k=1 J,k=1

+( 200 + 2 Zn: VR0, vy + \va) dt — t%tZdW(t)}
jk=1

= (—200+2 Zn: b 0, + W0 )+ (= 2610+ 2 Zn: VR, v, + \Ilv)zdt (6.7)
k=1 k=1

(20042 3 P 0 3 e+ ]

J,k=1 j,k=1

21



—9( ~2064+2 3 VR, v, + \I/fu)@tZdW(t).
k=1

We now analyze the first and third terms in the right-hand side of (6.7).
Using It6’s formula and noting (6.4), we have

( — 20,0+ 2 Zn: bjkéxjvwk + \va> dv

k=1
= d( =2 +2 ) Vv 0+ W) =2 bR odv, — Widy
jk—l k=1
{ LD +2Z k&% vxkv—F\I’tvv] dt+0,(do 22 vke, ;dvg, do—Vdvdd
Jik=1 3,k=1
= d( = 60?42 U v+ Wb — ) = 37 (00,0%), e (6.8)
Jik=1 4, k=1
+{[ett+ f:(bj’%x.) \If}v 9 Z V0, )vs, u+&v2}dt+et(d@)2
jk=1 ’ §k=1 ’ 2

=2 37 VL dvg, do — Wdvdi — (27 VH(02)0, 0,0 — 02 + 00Z AW (1),

Ji:k=1 j.k=1
Next,
—2&@( — (l)j]%xj)gc,c + Av) dt
jk=1

Z Ktb] Vg, D) dt — 2 Z Emkb] Vg, Ot — 20 Z pk Vg, Uy, dt — 2AL00dt (6.9)

7,k=1 jk 1 7,k=1
= Z b *u, )y, dt— 2Zemkbﬂ Vg, Ot — 2@21)]’% dv—0ZdW (t))z,— 2AL0(dv—0 ZdW (t))

Jik=1 4 k=1

= (Etb] Vg, 0) gy dt — 2 Z Emkb] Vg Ot — d (ﬁt Z bjkvmjvmk +A€tv2>+ Z (Etbjk)tvmjvmkdt

=1 Jk=1 Jik=1 k=1

(ALYt + 0 Y B (dvg,) (dvg, ) + Aly(dv)? + 2[ 3" vFu (02)0, + eAuz} 0dW (t).
J:k=1 j.k=1

Further, by direct computation, one may check that

n

2 Zn: vk, vy, ( — Z (0" 0z, ), + Av)

J?k:]‘ J?k:]‘
== 3 Y (2 vy, — R 0, ) - AV (6.10)
k=1 g k=1 o
+ Y [%ﬂ’f AT - (wkwkemj,)mk,}vxjvzk 3 (A ) 0
j7k7j,7k/:1 ]Ji':l
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and

n

\va( — Z (bjkvmj)xk —I—Av)

Jvkzl

; . i o (6.11)
= _ Z (\Ifbjkvxjv — %bﬂ“zﬂ) + v Z bjkvxjvmk + {— 3 Z (bjk\I’mj)mk + A\If] V2.
J.k=1 Tk j.k=1 G k=1
Finally, combining (6.7)—(6.11), we arrive at the desired equality (6.3). O

7 Observability estimate for the equation (5.2)

In this section, we establish the following observability estimate for the equation (5.2).

Theorem 7.1 Let Conditions 2.1 and 2.2 hold, and I'y be given by (2.5). Then, all solutions of
the equation (5.2) with £ =0 and f = 0 satisfy that

0z

N Cr
(20, 20) 13 ey xr20) = €€ |35 L2(0T5L2(T0) (1)
Proof : We borrow some idea from [16, 20], and divide the proof into three steps.
Step 1. Let us choose
TN 2
Ut x) = )\[gp(x) - (t — 5) } (7.2)
Put T B2
A
= ‘ o 0 for i = 0,1,2. .
{tneQlew —a(t-3) > g5ig ) fri=ot (7.3)
Let T T
2L T, T2 tal
2 2 fori=0,1, (7.4)
Qi é (,1—17/7]—;,) X G7
where €y and £1 are given below.
From Condition 2.2 and (7.2), we find that
T2
00, 2) = {(T, z) < A(Rl - 614 ) <0, Vzed. (7.5)
: 1
Hence, there exists 1 € (0, 5) such that Ay C Oy (7.6)
and that
l(t,z) <0, Y (t,x) € [(0,Ty) U (T}, T)] x G. (7.7)
Next, since {T//2} x G C Ay, we know that there is an €9 > 0 such that
AT T
@k«a—@ﬂ5+@ﬂchA@ (7.8)

Step 2. Apply Lemma 6.1 with (b/¥)1<; k<, = (a?%)1<j k<n to the solution of the equation (5.2)
with
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n
U="ly+ Y (a?%y))e, — coX, (7.9)
j,k=1
and then estimate the resulting terms in (6.3) one by one.
Let us first analyze the terms which stand for the “energy” of the solution. To this end, we
need to compute orders of \ in the coefficients of 92, |[Vv|? and v?.
Clearly, the term for ©2 reads

[ﬁtt+ Z ajkﬁ ]v = o2 (7.10)
7,k=1

Noting that f;;, =l = 0, we get

n
2y [(ajkexk)t + ajkﬁmk} Vg, = 0. (7.11)
k=1
From (7.9), we see that
n

(ajkft)t + Z [Zajk, (aj,kfwj,)xk/ - (ajkaj,klij,)xk/] + Wik

k=1
= a0+ Z [2(#'“ (a] kﬁmj,)wk/ — (ajkaj k Emj,)mk,} + a* [ﬁtt—l— Z (aj k Emj,)mk, — co)\}

4 k=1 3 k'=1

n
ik 14 i’k ik 'k ik
= 2a7" 0y + Z [2&3 (a’ ij,)wk, —a] Ll Py ,] —a’"coA
'/ k/_l

n
ik’ 3’k ik 'k ik’ 'k ik
= 2a7%0, 4 A Z [2a7% (o’ %c,)wk, al,,a’ ¢mj/]+)\ Z 207" @’ "ty Ya,, — oA
4 k=1 § k=1

This, together with Condition 2.1, implies that

n n
Z {(ajk&)t + Z [2ajk/(aj/k€xj,)xk, — (ajkaj/klﬁxj,)xk,] + \I/ajk}vxjvxk
k=1 i k=1
’ S (7.12)
> )\(,uo —4cy — co) Z ajkvmjvmk.
jk=1
Now we compute the coefficients of v2. By (6.1), it is easy to obtain that
" . .
A=ty = [0 by, — (a7 y,)r, ] — O
jk=1
" (7.13)
= \2 [c%(% —T)* - Z a”kgoxjgoxk] +4e1 A+ co .
jk=1
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By the definition of B, we see that

n n

) 1 )
B = AV + (Aly), — > (Ad¥l,)0, + 5 > [Tu— (F 0]

jk=1 k=1

- 2A€tt — )\CQ.A - Z ajkEjAk + -Atgt - % Z Z [ajk(aj/klexj/)xk/xj]x

jk=1 k=1 k'=1

k

n n
= 2)\3 [ —263(2t — T)? + 2¢; Z ajkgpmjgpmk} — Negct (2t — T) + N Z ajkgowjgoxk
k=1 k=1 (7.14)

Y Y @ (@ i — 2~ TP O

J,k=1j"k'=1
n n n
3 ik 3 ik ik’
- (461 + CO))\ Z a’ QOZ‘JSDSL‘k +A Z Z a’ ‘P:cj (CL] Qolegoxk/)xk
7,k=1 3,k=17"k'=1

— (863 + o) N3 (2t — T)2 + O(\?).
Similar to [16, (3.8)], we have
Z Z ajk(pxj (aj’]g/(ple(pxkl)xk > 1o Z aijij‘pwk' (7.15)
7,k=14"k'=1 k=1
From (7.14), (7.15) and Condition 2.2, we obtain that

n n
B > X3(4e1+¢p) Z ajkgpmjgomk+>\3,uo Z ajkgoxjgoxk—(8c§’+2000%))\3(2t—T)2—I—O()\2)
j?k:]- ]7k:1

(7.16)
LI TA 2
> (o + 4e1 + o) A? Z ajkgpxjgpxk — 8c2(4¢y + co) (t - 5) A+ 0(\?).
Jk=1
Since the diffusion term in the second equation of (5.2) is zero, we obtain that
n .
Ely(dd)* =0, E > o/l dvy,di =0, E¥dvdd =0, (7.17)
jk=1
From (7.2) and noting that z,, = (9_121)% = 9_121% — 9_1&%@, we see that
n .
4E Z a]k(dvxj)(dvxk)
jk=1
3 T 202 \ ik 2 T\ 2 2 X ik
:EPCM (t— §>]a5] 0 Z a’* oy pr, 2] +2cl)\(t— 5)9 |as| Z a2y T,
Jik=1 g.k=1
TN 20 2 N~ ik 2 TN o 2. N= ik
+261)\<t— 5)9 |z Z a’" a5 5,05 5, + 4c1 A (t— 5)9 las|“z Z a’" g, 2, (7.18)
Jik=1 j.k=1
T S
+deg N2 (t — 5)02a5|z|2 Z a]kgowjag,,xk]
jk=1
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T ° T “L
:E{Zlcl)\?’(t— §>]a5]2 E a]kcpxjcpxk]vlz +2cl)\(t— 5)]a5\2 g ajkvxjvxk
Jk=1 G k=1

+CO(\2|Vas]| + A|Va5|2)|v|2]

Next, from (7.2) and (7.13), we find that

E[Aﬁt(dv)Q] = Xy (2t — 1) [c?(% —T)2 - Z ajkcpxjcpxk]E(\a5]2v2)
Pt (7.19)

+(4eqr + co)er (2t — T))\2E(|a5|2v2).

From (7.12), (7.16), (7.18) and (7.19), and noting the fourth inequality in Condition 2.2, we know
that there is ¢o > 0 such that for all (¢,2) € Az, one has that

n n
E[ 3" vy ve + B+ @ (dvy, ) (dvg,) + Aet(dvﬂ
J:k=1 j.k=1
T L L
= E{/\[Mo —4cy — o+ 2¢ (t - 5) |a5|2} Z ajkvmjvmk + (po + 4e1 + o)A Z ajkgpmjgpmk|v|2
jk=1 jk=1
2 31,,12 3 r 2 - ik 2 2 2

) X +4en? (= 5 )lasl? Y oo vl2 + OO ol }

jk=1

T

—8¢3(4¢y + co) <t -5

> E[co\|[V]? + 2N o] + O(N?)[v]?].

Thus, there exist Ay > 0 and ¢3 > 0 such that for all A > Ay and for every (¢,x) € Ay, one has that

E[ 3 g va + Bo? 46 @ (dvy, ) (dvg,) + Aﬁt(dv)2] > E(csA|Vol2 + esA¥|o[?).  (7.20)
J:k=1 j.k=1

Step 3. For the boundary terms, by v|y;, = 0, we have the following equality:

n n
. 1y . /1.0
E/ E E (Zajkaj k Emj,vmjvwk, —alkal'k Exjvmj,vmk,)l/kdz
b

jk=1j" k=1
— )\E/ Z Z <2a']ka] K Spfj/vxjvl‘k/ - a]kaj k (ijvxj/?)xk/)l/kdE
> k=1 k=1
0o I I (7.21)
- (207%™ o, S0 SO — bl ¥ g, O T s
/Ej,%::ur%:q R S e G Py, )k
n . . n 1.t ’ 81) 2
:)\E/ ( Z a]kyjuk)( Z a]kgpxj,uk) 8—‘ dx.
R Jk=1 v
For any 7 € (0,71) and 7" € (17,T), put
Q7 2 (r,7) x G. (7.22)
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Integrating (6.3) in Q7 , taking expectation and by (7.10), (7.11), (7.17) and (7.20), we obtain that

E / (20042 Zn: @000, + W) [da - Zn: (@2, ), | de
T i=1

k=1
n . . " 110 ’ 8’[) 2
AE Ihyd b I Uk —‘dZ
+ /20<j;1“ ””)(,,%zla e )5,
—i—E/ [ﬁt Z a’® Vg Vg, + 0,0% — 2 Z a kﬁxjvxkv— Yoi + <A€t+ \I;t> ]dx (7.23)
7 Jik=1 g k=1

> coAE / 0*dwdt + E / > oy vg dodt +E | Bo’dudt
;_/ Q /

? k=1 Q7
LI LI 2
+E / /[et 3 a]’f(dfuxj)(dvxk)+Aet(dv)2}da;+E / (— 26y5+2 Zaﬂkexjvkar\I/v) dudt.
T k=1 Q jk=1
Clearly,
E/ [Et Z a’ vx vmk—l—ﬁtv -2 Zakﬁ vmkv—\I’vv%—(AEt—l—\I;t) 2}(1:13
7 Jk 1 j,k=1
/ [Et Z a’* Vg (T')0g,, (7) 4 L0 (1) — 2 Z a’* U g, (71 0(7") — Qo (7)o (1)
Ji:k=1 3,k=1
+( Al + bt v(7')?|dx (7.24)
2

=3 603 @0, (o 7) 4 (7 2 3 6y, (7)) — (i)

Jik=1 g k=1
\I/t 2
+<A€t + 7)?)(7’) ]dl’
< C’)\gE/ { +|Vv )|2 +v(7‘)2]+[f)(7")2 +|Vo(r )|2 +o(r ]}dw
From 6 = e and (7.7), we know that there is a A\; > 0 such that for all A > Ay,
No(r) < 1, No(r') < 1. (7.25)

Since v = 0z and 0 = 0z, it follows from (7.25) that

NE [ {002 +V0(0) P +0(r)2]+ [0+ D0 o] b

(7.26)
< E/ {[2(r)* +|Vz(r)[* + 2(1)?] + [2(7)* + [Vz(r)]? + 2(7')?] } da.
From (7.3), (7.6) and (7.22), we obtain that Ay C Q7. Thus,
AE / #*dadt = \E / (02 + £,02)° dudt
! A ! A
Q7 s QF A\t (7.27)

< 2)\E / 0%2%dxdt + 2)\°E / (2t — T)?0%2*dadt
QT'\As Q7'\As
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and

E/ Z cjkvxjfuxkdxdt = E/ Z cjk(Hzxj)(Hzxk)dxdt

QT \Az §k=1 QT\Az § k=1

= E/ Z cjk62()\cpxj + 22, ) (ANpzy, + 2, )dadt (7.28)
Q;/\AQ j,k:l

< C’)\E/ 02| Vz|2dxdt + OA?’E/ 62|z|*dxdt.
Q7 \A2 QT \Az

Furthermore, it follows from (7.14) that
E / Bv*dzdt < CNE / 0z dxdt. (7.29)
Q7' \Az Q7\Az

Next, by (7.18) and (7.19), we get that

n

E / [t (v, (dvw,) + Aly(dv)?]
GV T jrs (7.30)

< CAE / 0%|Vz|?dzdt + CN’E / 0%|z|*dudt.
Q7' \Az Q7' \Az

From (7.3), we know that § < exp()\eRg“/s) in Q:/\Ag. Consequently, there exists Ao > max{Ag, A1}
such that for all A > Ag,

CA  max 62 < R/, CA  max 02 < MB/3 (7.31)
(z,6)€Q7 \A2 (z,)€QT \Aa

It follows from (7.20) and (7.27)—(7.31) that

AE / 0’dwdt + E / > oy vg dudt +E | Bo’dudt
Q7 Q7 je=1 Q7

+E / (0037 a*(du, ) (dvg,) + Aby(dv)?] (7.32)
ORI

zAE/ v2dxdt+ co\E \Vv\2dxdt+02)\3E/ |v|2dadt— eAR(Z)/gE/ (2|2 + |Vz|?)dzdt.
A2 A2 Q

Ao

Noting that (z,z) solves the equation (5.2), we deduce that

n

E / (20042 Zn: @y, + W) [d2 = 3 (@Fa,),dt] de
T i=1

]7k:1

= E/ 9(— 20,0 + 2 Zajkﬂmjvwk—l— \I’v) [ —a1-Vz + ( — diva1+a2—a3a5)z] dxdt (7.33)
Q7 i1

L 2
< E/ 9(— 20,0 +23 a7ty v, + \Im) dzdt + TQE/ (IVaf? + 2%)dxdt.
QT i=1 Q7
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Combing (7.23), (7.26), (7.32) and (7.33), we conclude that there is a A3 > max{\y, Cr5 + 1} such
that for any A > A3, one has that

E/ 0%(|z|* + vaP)ddeE/ 02|z dudt
A1 A

1

Oz 12
a—j( s (7.34)

gc[eARé/sE/ (’2’2HVZ’z)ddeemg/?’E/ \2!2da:dt+e>‘R%E/
Q Q o

—|—E/ (2(7)2 + |Vz(7’)|2 + z(7‘)2 + 2(7'/)2 + |Vz(7")|2 + z(7")2)d:17}.
G
Integrating (7.34) with respect to 7 and 7 on [T, T3] and [17, T3], respectively, we get that

E [ 0*|2]> + |Vz|*)dzdt +E | 62|z|*dzdt
A1 Al

< C’e’\Rg/?’E/ (!2]2+\Vz]2)dmdt+Ce)‘R8/3E/ |z|2dzdt (7.35)
Q Q

+C’e’\R%E/
Yo

From (7.3), we obtain that

2
@‘ ds. + C’IE/ (2° + |Vz|? + 2%) dadt.
ov Q

E [ 622+ |Va + [2?)dedt zE/ 62|22 + V22 + |2[2)dwdt
A1 A0

(7.36)
> e’\R(%/QE/ (212 + |V2f? + [2[2)dadt.
Qo
Combing (7.35) and (7.36), we arrive at
IE/ (z|* + |Vz|* + |z|*)dzdt
Qo
< C’[e_)‘Rg/GE/(|i|2+ Va2 + |z|2)d:rdt+)\ze_)‘Rg/6E/ 122 dzdt (7.37)
Q Q
2
—I—e)‘R%IE/ @‘ dy —|—Ee‘)‘R3/2/ (2* + V2| +z2)d:cdt]
o ov Q
By standard energy estimate of the equation (5.2), we have that
(20, 20) 33 6y c2() < CGC”E/Q (127 + |V2|* + |2|*) dzdt (7.38)
0
and that
(20, 20) |3 (< r2(cy) = Ce™ M E /Q (12 + vzl + |2]*) dadt. (7.39)
It follows from (7.37)—(7.39) that
5 \|2 <C Cry —)\Rg/G A N2 C )\R%E 0z 2d2
|(Z0,Z0)|Hé(g)><L2(G) ~Ce "¢ |(Z0’Z0)|H3(G)><L2(G) + Ce g %‘ . (7.40)
0
Let us choose A4 > A3 such that CeCrig=MEB3/6 < 1. Then, for all A > A4, we have that
. 2 0z 2
(20,20 2y )12y < O /E o e (7.41)

This leads to the inequality (7.1) immediately. O
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Remark 7.1 It follows from Proposition 5.1 that

@
ov

L2(0,T;L2(T0)) < C(’ZOIH(%(G) + ’20‘L2(G))’

This, together with Theorem 7.1, implies that

1 . 0z
5(|Z0|Hg(c) + |20l r2(c)) < ‘5

L2(0,T;L2(T0)) < C(|Z0|H3(G) + |20|L2(G))'
Therefore, we can defined a new norm | - | on H}(G) x L*(G), which is equivalent to the norm
| - ’Hg(G)xLZ(G) as follows:

&l = |2 for (€.1) € HY(G) x LX(G),

~lov

L3(0,T3L*(To))

where (z,2) is the solution to (5.2) and (zo,20) = (§,n). This is the starting point of the duality
argument to the proof of the controllability result via the observability estimate (See [12] for the
details for wave equations).

8 Proofs of the main results

This section is addressed to proving our main results in this paper, i.e., Theorems 2.1-2.3.
Proof of Theorem 2.2: Tt follows from Propositions 5.5 and 5.6, and Theorem 7.1 immediately.
O
Before proving Theorems 2.1 and 2.3, we recall the following known result ([24, Lemma 2.1]).

Lemma 8.1 There is a random variable £ € LQFT (Q) such that it is impossible to find (01, 02) €
L4(0,T) x Cr([0,T); L3()) and o € R satisfying

T T
52@*4 m@ﬁ+A oa()AW (2).

We are now in a position to prove Theorems 2.1 and 2.3.

Proof of Theorem 2.1: We use the contradiction argument. Choose ¢ € H}(G) satisfying
[¥z2(@) = 1 and let §o = &1, where & is given in Lemma 8.1. Assume that (1.1) was ex-
actly controllable. Then, for any yo € L?(G), we would find a triple of controls (g1, g2,h) €
LE(0,T; HH(@G)) x LE(0,T; HY(G)) x L(0,T; L*(Ty)) such that the corresponding solution y €
Cr([0,T); L*(; L*(@))) N CL([0, T); L*(; H1(G))) to the equation (1.1) satisfies that y(T") = go.
Clearly,

T
[ vtz = [ oo = [ o)t
e ¢ 0
which leads to -
EZ/Gyo?ﬁder/O (Ve V) -1y, 11 (@) -

This contradicts Lemma 8.1. O

Proof of Theorem 2.3: Let us employ the contradiction argument, and divide the proof into
three cases.
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Case 1) a4 € Cp([0,T]; L>*°(Q2)) and f is supported in Gy. Since Gy C G is an open subset
and G\ Gy # 0, we can find a p € C§°(G \ Go) satistying |p|p2(q) = 1.

Assume that (1.10) was exactly controllable. Then, for (yo,90) = (0,0), one could find controls
(f,g,h) € LA(0,T; L*(@)) x LA(0,T; HY(G)) x L&(0,T; L*(Ty)) with supp f C Go, a.e. (t,w) €
(0,T) x Q such that the corresponding solution to (1.10) fulfills (y(T"),9(T)) = (p&,0), where & is
given in Lemma 8.1. Thus,

T T
pt = /0 jt + /0 (agy + F)AW (). (8.1)

Multiplying both sides of (8.1) by p and integrating it in G, we get that

T
§= / P)H-1(G),H (G )dt+/0 (asy, p) r2(c)dW (1). (82)

Since the pair (y,9) € Cr([0, ]7 2(Q; L2(@))) x Cp([0,T); L?(2; H71(G))) solves (1.10), then
(G P -1 ()mi@ € Cr([0,T]; L 2(Q)) and (y,p)r2q) € Cr([0,T]; L*(2)), which, together with
(8.2), contradicts Lemma 8.1.

Case 2) a3 € Cy([0,T]; L*°(22)) and ¢ is supported in Gy. Choose p as in Case 1).

If (1.10) was exactly controllable, then, for (yo,%0) = (0,0), one can find controls (f,g,h) €
L(0,T; L*(G)) x L&(0,T; HY(G)) x L&(0,T; L?(T)) with suppg C Gy, a.e. (t,w) € (0,T) x Q
such that the corresponding solution of (1.10) fulfills (y(T),9(7")) = (0,£).

It is clear that (¢, ) = (py, py) solves the following equation:

d = pdt + (a1 + pf)dW (1) in Q,
dp — > (a?"¢a,)e,dt = (dt + azpdW (t) in Q,
j k=1
’ (8.3)
¢=0 on X,
gzg =0 on X,
L 6(0) =0, $(0)=0 in G,

where ( = Z [(ajk,omjy)mk—|—ajkyxj,omk]+pa1 -Vy+pagy. Further, we have ¢(T') = 0 and ¢(T) = p€.
]7k:1
Noting that (¢,¢) is the weak solution to (8.3), we see that

<P£aP>H72(G)’Hg(G)
T N T
:/0 [< pC ¢xj)xk7p>H72(G) HE(G) (G Py )Hl(G)}dH/O (a3, 9) 12y AW (2),
k=1 ’

which implies that

£ = / 2 k¢mj)mkvp>H—2(G)7H§(G << p> (G),HL(G) dt—i—/ <a3¢, >L2(G dW(t) (8.4)
Since (6,9) € Ce((0, T I2(0; 12(G)) x C([0,T]; L2( H(G))), then

n

< (ajk¢xj)xk,ﬂ>

J,k=1

2
H=2(G),H3(G) * <<’p>H*1(G>,H3(G> € Lg(0,T)
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and (as9, p)r2(q) € Cr([0, TY; L*(2).

These, together with (8.4), contradict Lemma 8.1.

Case 3) h = 0. Assume that the system (1.10) was exactly controllable. Similar to the proof
of Proposition 5.6, we could deduce that, for any (27, 27) € L2fT (4 HH(G)) x L%_-T(Q; L*(@)), the
solution (z, Z, 2, Z) to (3.1) (with 7 = 0 and (2(T), 2(T)) = (27, 27)) satisfies

’(ZTv2T)‘L2FT(Q;H3(G))XL2FT @I2(@) = C(\Z\Lg(o,T;Hg(G)) + ’Z‘L]%(O,T;LQ(G)))’ (8.5)

For any nonzero (no,m1) € H3(G) x L*(G), let us consider the following random wave equation:

n

Nt — (ajknmj)wkdt =b;-Vn+by in (0,7) x G,
k=1
’ (8.6)
z2=0 on (0,7) x T,
n(0) =mno, m(0) =m in G.
Clearly, (1,0,7;,0) solves (3.1) with the final datum (27, 27) = (n(T'),H(T)), a contradiction to the
inequality (8.5). O

9 Further comments and open problems

In this paper, we obtain the exact controllability of the system (1.10) with one boundary control
and two internal controls. It is natural to consider the exact controllability problem for stochastic
wave-like equations with three internal controls:

dy = gdt + (asy + f)dW (1) in Q,

dj — Y (aFye))a,dt = (a1 - Vy + agy + asg + Xaoh)dt + (asy + g)dW (t)  in @,
k=1

y=20 on X,

L ¥(0) =50, 9(0) = o in G.
Here A
Go = {x € G|dist (z,Ty) < d}
for a 0 > 0, (yo,%) € H}(G) x L3(G), f € L2(0,T; H}(G)), g € L(0,T;L*(G)) and h €
L4(0,T; L*(Gy)) are the controls.

By a duality argument, one only need to show the following observability estimate:

T .7
zZ L, Z 2 72 2 -1
27,2 12, (@2 (@)xrd, (@sH-1()

N (9.1)
< C<|XGOZ|L§(0,T;L2(FO)) + 1220020 + |Z|L]§(0,T;H*1(G)))a

where (2, Z, 2, Z) solves (3.1) with 7 = T and the final datum (27, 57). Following [9], we can prove
that (9.1) holds. Details are too lengthy to be presented here.

There are many open problems related to the topic of this paper. We shall list below some of
them which, in our opinion, are particularly interesting:
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e Null controllability for stochastic wave-like equations

In this paper, the exact controllability for stochastic wave-like equations are presented. As
immediate consequences, we can obtain the null and approximate controllability for the same
system. However, in order to show these two results, there seems no reason to use three
controls. By Theorem 2.3, it is shown that only one control applied in the diffusion term is
not enough. However, inspired by the result in [15], we believe that one boundary control
is enough for the null and approximate controllability of (1.1) and (1.10). Unfortunately,
some essential difficulties appear when we try to prove it, following the method in the present
paper. For example, for the null controllability, we should prove the following inequality for
the solution to (3.1):

T 0z 2
2 2 2
Oy )+ O < [ [ |5 [ arar

However, if we utilize the method in this paper, we only get

[20) B e + EO ) < O ' %‘2dfdt+ 2l + [ 128 dt)
a7 IFWz @) = o Jrg o 0 H(G) 0 L2(G) .

There are two additional terms containing Z and 7 in the right hand side of the above
inequality. These terms come from the fact that, in the Carleman estimate, we regard Z and
Z simply as nonhomogeneous terms rather than part of the solution. Therefore, we believe
that one should introduce some new technique, for example, a Carleman estimate in which
the fact that Z and Z are part of the solution is essentially used, to get rid of the additional
terms containing Z and Z. However, we do not know how to achieve this goal at this moment.

e Exact controllability for stochastic wave-like equations with less restrictive con-
dition
In this paper, we get the exact controllability of the system (1.10) for Ty given by (2.5). It
is well known that a sharp sufficient condition for exact controllability of deterministic wave
equations with time invariant coefficients is that the triple (G,Tg,T) satisfies the Geometric
Control Condition introduced in [4]. It would be quite interesting and challenging to extend
this result to the stochastic setting, but it seems that there are lots of things to be done before
solving this problem. Indeed, the propagation of singularities for stochastic partial differential
equations, at least, for stochastic hyperbolic equations, should be established. However, as
far as we know, this topic is completely open.

e Exact controllability for stochastic wave-like equations with more regular controls

In this paper, we get the exact controllability of the system (1.10) a triple (f,g,h), where
g € L2(0,T; H~Y(@)), which is very irregular. It is very interesting to see whether (1.10) is
exactly controllable when g € L2(0,T; L?(G)). By duality argument, one can show that this
is equivalent to the following observability estimate:

T 4T
[E )|L2}.T(Q;H3(G))><L2}.T(Q;LQ(G))

<c(z;

(9.2)

L2(0,T;L2(To)) + ‘Z‘L]%(QT;LQ(G)) + ‘Z’L[%(O,T;LQ(G))>7

where (2, Z, 2, Z) is the solution to (3.1) with 7 = T and final datum (27,27). By Lemma
6.1, we can prove that the inequality (9.2) holds if the term |Z] £2(0,1:12(c)) 18 replaced by
’Z’LEF(O,T;H(%(G))- However, we do not know whether (9.2) is true or not.
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