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Abstract—The problem of approximating the absolute value of dominant noise sources. Therefore, additive independssén
the Fisher information measure based on the output of a genef  models do in general not reflect an accurate and general
parametric system is considered. Having available the firsand mathematical characterization for the output of a technica

second moment of the system output in a parametric form, it . . .
is shown that the information measure can be bounded from SYSt€m. In order to contribute to the understanding of this

below through replacement of the original system by a Gausah ~ general class of systems, it is shown here how to validate
system with equivalent moments. Derivations are given for ni- the Fisher information measure approximately for an aahjtr

and multivariate parametric systems. Finally, the result s applied  system model in a simple analytical way.
to a system of practical importance and the potential qualiy of
the presented bound is demonstrated.

N - . . . B. Related Works
Index Terms—estimation theory, minimum Fisher information,

non-linear systems An early discussion on the least favorable distributionthwi
respect to the location and the scale estimation problem is
found in [8]. For a generalized form of the Fisher informatio
measure (Fisher information measure of ordgr[5, pp. 73
A cessing the quality of a given probabilistic system witkt | shows that with a location parameter the exponentiaigo

respect to the inference of unknown parameters playsjgtribution with fixed s-th moment attains minimum Fisher
key roll in the design of signal processing systems. Througfformation and cites[[3] for a proof on the standard case
the Fisher information measure] [1]1[2], estimation theory — 2 The recent work([9] focuses on minimizing the Fisher
provides the theoretical grounds to characterize the atm jnformation measure under constraints on moments of higher
capability of a system in a compact analytical way. As thigrder. The works[[10] and [11] analyze the problem under a
measure is convex [3] [4] and inversely proportional to th@striction on the support of the system output. A lectureno
minimum achievable variance of an unbiased estimator, gh minimum Fisher information and additive univariate ®ois
can be used for analytical performance characterization @odels is provided by [6], while [7] generalizes to additive

as a figure-of-merit when heading at the optimum systegyiti-variate noise models with correlation.
design. However, the application of such analytical tools

always requires a probabm_stlc system model_whlch rermssec. Contribution

all underlying effects within the system of interest. As su-

perposition shows to characterize in an appropriate way how'© the best of our knowledge, none of the previous works
noise enters into practical systems, additive noise mddele Provides a bounding approach for the Fisher information
become a popular assumption among engineers. If the noisE'@asure of a generic system model vptrametricmoments.
caused by a large number of independent sources, the centRgrefore, the strength of the presented method lies in its
limit theorem can be applied in order to justify an additiv@enerality, providing the possibility to bound the Fisher i
noise model with Gaussian distribution. Using that, amoﬁ(‘?rmation measure for any probabilistic model based on the
all possible additive noise distributions wifixed variance, dependency between the first two central output moments and
the Gaussian distribution minimizes Fisher information[  the system parameters. The presented bounding technique ca
[7], allows to access the quality of any system model withe interpreted as a replacement of the original system by an
independent additive noise in a conservative way. Note, ti#PPropriate additive Gaussian model with equivalent mdsen

a pessimistic performance evaluation is crucial for theusbb

I. INTRODUCTION

design of estimation systems and algorithms. Il. SYSTEM MODEL
For the discussion, we assume access to the ogtpuiR
A. Motivation of a general parametric system(y; ), wheref € R is an

. . . ... .. unknown but deterministic parameter. Further, the first and
While mathematical tractability makes models with inde- e par

. . . . : second moment are available in the form
pendent and additive noise attractive, this assumptiont mus

be questioned if one takes into account that in general w(0) = /ypy(y; 0)dy 1)
probabilistic systems follow non-additive laws. This bews
relevant in practice when considering that a variety of bécdl o2(0) = / (y B u(9))2py(y; 0)dy. @)
systems exhibit severe non-linear characteristics bethaut
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I1l. FISHERINFORMATION BOUND and the Fisher information measure is defined by
THE UNIVARIATE CASE 9
Given the possibility to observe the system outpufol- F(y;0) = /py(y;O) dlogpy(y; 0) dy. (10)
lowing a parameterized probability density functipp(y; 6) 00
the Fisher information measur®(y; #), associated with the

average information about the unknown paramétearried The goal is to show that if

by realizations of the system outputis defined 9] op(0) (11)
2 00
01 ;0
F(y;0) = /py(y;H) (%) dy. (3) exists, the matrix inequality
T
The goal of our discussion is to show, that if the derivative Fy:0) - <3u(0)> R(6)"! <3H(9)> (12)
ou(0) @ 00 00
00 . KxK KxK
exists, the Fisher information measure can be bounded byhOIdS’ where for two matricest € R andB € R
) 9u(0) 2 A= B, (13)
. o
F(y:0) = o2(0) < 90 ) ‘ ®) stands for the fact that
A. Proof z’(A—-B)x >0 Ve ¢ RE. (14)
Starting from the definition of the information measurk (3)
and using the inequality (#3) from Appendix A, A. Proof
2 Inequality [39) from Appendix A is used such that
a o 90 dlogpy(y; 0) [ dlogp,(y;6)
(f (v —u(9))°g+(y’)py(y;9)dy) Dlogp (3:6)
= p ) T _
f(y—u(9))2py(y;9)dy = /782 (y — 1(0)) py(y;0)dyR(6)™
2 T
(S ) 2=, (4 0)dy) / dlogp, (y:6)
(Y- w0) | ——50 | py(y;0)dy
02 (9) ( ) 80 Yy
a o 0 Opy(y; 0 T _
(f Ll )dy) = / 71’(;0 )(y — () dyR(6)™
02(9) O, (4:60) T
Opy (30 Oy (4:0) , \> . _ IPy\Y:Y)
(f 210 gy — [ () 22y ) /(y u(0))< 50 ) dy
70 ou®)\" ou(6)
2 _ 14 —1 [
(% Jypy(y; 0)dy — 1(6) 5 fpy(y;9)dy) . - ( 06 ) R(®) < 00 ) (15)
220) (6)
1 A (6) 2 V. EQUIVALENT PESSIMISTIC SYSTEM
= 2(0) <W> , @) AN INTERPRETATION
_ For an interpretation of the bounding technique, consider
allows to bound[(g) in genefhirom below. instead ofp, (y; #), the Gaussian system
IV. FISHERINFORMATION BOUND N 1 Jy;;;<9>>2
THE MULTIVARIATE CASE a(y;0) = 2702(9)6 @ (16)

I;or the iq_e(zjneral case Iofa multlvtef’:matﬂngys:]em OuépiﬂlR with equivalent first and second order moments. If the depen-
and a multidimensional paramet@re the probabilistic dency of2(d) on 4 is ignored and

system is writterp, (y; 0). First and second moment are given
902 (0)

n(0) = / ypy(y; 0)dy 8) g " (47)
T is postulated, the Fisher information measure
R(6) = [ (v n(6)) (v~ u(6)) b, w:0)dy.  (©) )
= dlog gy (y; 0)
INote thatp,, (y; 8) has to fulfill certain regularity conditions for stefg (6). F(y;0) = /qy(y; 9) <371; dy (18)
This is the case for most systems of technical relevance.



attains the absolute value

2
P S K1 C)
F(y;0) = o2(0) (W) : (19)
For the multivariate case, the Gaussian system
1 T —1
0(;0) = p-eH @) RO @) (a0
with
S — (21)
(2m) 2 (det R(6))?
exhibits the Fisher information value
2
~ dlo ;0
F(y:0) = / qﬂyﬂ)(%) dy
ou®)\" ou(6)
_ [ oK —1[ 0K
under the claim that
OR(9) _
0 = 0. (23)

VIl. FISHERINFORMATION BOUND

PREDICTIVE QUALITY

In order to show that the presented approach has the poten-
tial to bound the Fisher information measure in an accurate
way, we consider the example of an additive Gaussian noise
model which is processed by a hard-limiting device with
thresholdax

This shows, that the bounding approach can be interpreted as

a replacement of the original system(y; ) by its equivalent
pessimistic counterpad, (y; #), such that the inequality

F(y;0) = F(y;0) (24)

holds. So, the Fisher information of the original system
py(y; 0) always dominates the information measure calculated

for the equivalent pessimistic systey(y; 9).

VI. MINIMUM FISHERINFORMATION

A SPECIAL CASE

A guestion which has received attention in the field of st
tistical signal processing is to specify the worst-caseitagd
noise model under &ixed variance [6] [7]. In order to show

that our approach contains this important class of systems a

a special case, consider the additive system model
y=s(0)+mn, (25)

where the location parametémodulates the signai(6) and
7 is a zero-mean random process with constant varignée
the first two moments are

/ upy(: 0)dy = 5(6)
/ypr(y; 0)dy = 3,

it is directly clear with [[b), that assuming to be normally
distributed with zero-mean and varian@eis the worst-case

(26)

(27)

assumption under an estimation theoretic perspectivee,Not
that the approach presented here also allows a pessimistic

statement for the general case withrametricvariances3(6).
Therefore, it provides a tool for the analysis of a brightess
of systems than those considered!(ih [6] and [7].

y = signa (0 + 1), (28)
where
+1 fz>a
ion, (1) = nr= 29
sigha () {—1 if z <« (29)
and
1 n?
= Tz 30
p”](n) \/ﬁe ( )
In this case
ply = +1;0) =/ pn(n)dn
—0+a
1 l+e <9 — a)
= — r
2 V2
—0+a
ply=—-10)= / pn(n)dn
1 0—«
_§<1—erf<\/§)> (31)
4nd
Oply=+1;6) 1 _(=2)
20 ~vaR 7 (32)
Ily=—-130) _ 1 _(s2)
70 = \/ﬂe . (33)
The first moment of the outpuf (8) is given by
1(0) :/ypy(y;9)dy
=erf (%) , (34)
while the second central moment is
o2(0) = / < —erf (9_—O‘> >2 (y;0)d
= Yy \/5 DPylY; Yy
=1 erf? <9\;§°‘) : (35)



Therefore, the exact Fisher information of systém (28) is proofs that

2 T T ™~ T
dlog py(y; 6 By [yy"] = Euy [yz" | Es [z2"]  Euy [zy'] = 0. (42)
Flys0) = [ o) ZELED ) g
00 -
2
/ 1 Opy(y; 6) Corollary Given two scalar random variables,y € R
py(y; 0) o0 following the joint probability distributionp,,(z,y) it holds
9 that
1 _(9*7(%)2 2
= (A 2
V2T /y2py(y)dy/x2pm($)d$ > <//:vypmy(:v,y)dxdy> .
.( RN — ) (43)
—« —a .
1+ erf (—2) 1 —erf (—2) Proof: With (39) andN = 1
2 1 _of b=e 2 2
_2 L (%) (36) (J 1 wypay e, y)dudy)
T1—erf ( 7 ) / Y’ py(y)dy > : (44)
hile with the derivati f the fi | . Jatpe(w)de
while with the derivative of the first moment inequality ) follows directly. -
ou(o 2 _(¢=2)?
M:,/_e(ﬂ)7 (37)
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APPENDIXA

Proposition Given two multivariate random variables y €
RY following the joint probability distributiorp., (x, v)

E, [ny] = E.y [y:nT} E, [:B:BT] -1 Ezy [myT} . (39

Proof: Given x construct the auxiliary random variable
9(x) by

g(x) = Egy [wa] E, [:B:BT} ey (40)
Observing that by construction
Eay [(y — §(2))(y — 9(x))"] = 0, (41)
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