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Abstract

A Stackelberg gamis played between kaderand afollower. The leader first chooses an action,
then the follower plays his best response. The goal of ttaeleia to pick the action that will maximize
his payoff given the follower’s best response. In this papempresent an approach to solving for the
leader’s optimal strategy in certain Stackelberg gamegevtne follower’s utility function (and thus the
subsequent best response of the followetyiknown

Stackelberg games capture, for example, the followingaatéon between a producer and a con-
sumer. The producer chooses thrices of the goods he produces, and then a consumer chooses to
buy a utility maximizing bundle of goods. The goal of the selhere is to set prices to maximize his
profit—his revenue, minus the production cost of the puretidmindle. It is quite natural that the seller
in this example should not know the buyer’s utility functidiowever, he does have accessdweealed
preferencdeedback—he can set prices, and then observe the purchaseéle land his own profit. We
give algorithms for efficiently solving, in terms of both cpotational and query complexity, a broad
class of Stackelberg games in which the follower’s utilit;w€tion is unknown, using only “revealed
preference” access to it. This class includes in particthlarprofit maximization problem, as well as
the optimal tolling problem in nonatomic congestion ganveisen the latency functions are unknown.
Surprisingly, we are able to solve these problems even ththegoptimization problems are non-convex
in the leader’s actions.
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1 Introduction

Consider the following two natural problems:

1. Profit Maximization via Revealed Preferences A retailer, who sells! goods, repeatedly interacts
with a buyer. In each interaction, the retailer decides hmyrice thed goods by choosing € R¢,
and in response, the buyer purchases the bmetteIRi that maximizes her utility(z) — (x, p),
wherew is an unknown concave valuation function. The retailer plesethe bundle purchased, and
therefore his profit, which i, p) — ¢(x), wherec is an unknown convex cost function. The retailer
would like to set prices that maximize his profit after onlyaymomial number of interactions with
the buyer.

2. Optimal Tolling via Revealed Behavior. A municipal authority administers: roads that form a
networkG = (V, E). Each roac € E of the network has an unknown latency function: Ry —
R, which determines the time it takes to traverse the road gaewel of congestion. The authority
has the power to set constant tollse R, on the roads in an attempt to manipulate traffic flow. In
rounds, the authority sets tolls, and then observehl#gsh equilibrium flovinduced by the non-atomic
network congestion game defined by the unknown latency ifumetand the tolls, together with the
social cost (average total latency) of the flow. The autiqambuld like to set tolls that minimize the
social cost after only a polynomial number of rounds.

Although these problems are quite different, they shareastlone important feature—the retailer and
the municipal authority each wish to optimize anknownobjective function given only query access to
it. That is, they have the power to choose some set of pricésller and then observe the value of their
objective function that results from that choice. This kifdproblem (alternately calledandit or zeroth
order optimization) is well-studied, and is well understood isesin which the unknown objective being
maximized (resp. minimized) is concave (resp. convex). octofhately, the two problems posed above
share another important feature—when posed as banditiaption problems, the objective function being
maximized (resp. minimized) is generally not concave (respvex). For the profit maximization problem,
even simple instances lead to a non concave objective mcti

Example 1. Consider a setting with one good & 1). The buyer’s valuation function(x) = /z, and the
retailer's cost function is:(z) = =. The buyer’s utility for buying: units at pricep is \/x — = - p. Thus, if
the price isp, a utility-maximizing buyer will purchase*(p) = # units. The profit of the retailer is then

1 1
—.

Profit(p) =p-a"(p) = (=" (p)) = - = >

Unfortunately, this profit function is not concave.

Since the retailer’s profit function is not concave in theesi, it cannot be optimized efficiently using
generic methods for concave maximization. This phenomgaaists into higher dimensions, where it
is not clear how to efficiently maximize the non-concave otije. The welfare objective in the tolling
problem is also non-convex in the tolls. We give an examplkpgpendixA.

Surprisingly, despite this non-convexity, we show thathbaftthese problems can be solved efficiently
subject to certain mild conditions. More generally, we sHmw to solve a large family oStackelberg
gamesin which the utility function of the “follower” is unknown. AStackelberg games played by a
leaderand afollower. The leader moves first and commits to an action (e.g., geftiites or tolls as in



our examples), and then the followleest respondsplaying the action that maximizes her utility given the
leader’s action. The leader’s problem is to find the actiat ill optimize his objective (e.g., maximizing
profit, or minimizing social cost as in our examples) after tbllower best responds to this action.

Traditionally, Stackelberg games are solved assumingthigalieader knows the follower’s utility func-
tion, and thus his own utility function. But this assumptignvery strong, and in many realistic settings
the follower’s utility function will be unknown. Our resaltgive general conditions—and several natural
examples—under which the problem of computing an optimati&lberg equilibrium can be solved effi-
ciently with only revealed preferences feedback to thefedr's utility function.

For clarity of exposition, we first work out our solution inte# for the special case of profit maximiza-
tion from revealed preferences.We then derive and statgemaral theorem for optimally solving a class of
Stackelberg games where the follower’s utility is unknowmally, we show how to apply the general theo-
rem to other problems, including the optimal tolling prablenentioned above and a natural principal-agent
problem.

1.1 Our Results and Techniques

The main challenge in solving our class of Stackelberg gasthsit for many natural examples, the leader’s
objective function is not concave when written as a functibhis own action. For instance, in our example,
the retailer’s profit is not concave as a function of the phieesets. Our first key ingredient is to show that in
many natural settingshe leader’s objective is concave when written as a funaiaihe follower’s action

Consider again the retailer’s profit maximization probldRecall that if the buyer’s valuation function
v(z) = v/z, then when she faces a pripeshe will buy the bundle*(p) = 1/4p?. In this simple case, we
can see that setting a price @f(x) = 1/2+/z will induce the buyer to purchaseunits. In principle, we
can now write the retailer’s profit function as a function loé toundlex. In our example, the retailer’s cost
function is simplyc(z) = z. So,

Profit(z) = p*(x) -z — ¢(x) = g —x

Written in terms ofz, the profit function is concave! As we show, this phenomermmtioues in higher
dimensions, for arbitrary convex cost functionand for a wide class of concave valuation functions sat-
isfying certain technical conditions, including the weildied families of CES and Cobb-Douglas utility
functions.

Thus, if the retailer had access to an oracle for the conemeatibnProfit(x), we could use an algorithm
for bandit concave optimization to maximize the retail@refit. Unfortunately, the retailer does not directly
get to choose the bundle purchased by the buyer and obserpedfit for that bundle: he can only s@ices
and observe the buyer’s chosen bundiép) at those prices, and the resulting préfibofit(z*(p)).

Nevertheless, we have reduced the retailer’s problem tosailg simpler one. In order to find the
profit maximizing prices, it suffices to give an algorithm wiisimulates access to an oracle Ranfit(z)
given only the retailer’s query accessatt(p) andProfit(xz*(p)). Specifically, if for a given bundle, the
retailer could find priceg such that the buyer’s chosen bundldp) = =z, then he could simulate access to
Profit(x) by setting priceg and receivingProfit(z*(p)) = Profit(x).

Our next key ingredient is a “tatonnement-like” procedilna efficiently finds prices that approximately
induce a target bundle given only access to*(p), provided that the buyer’s valuation function is Holder
continuous and strongly concave on the set of feasible bsndbpecifically, given a target bundie our
procedure finds prices such that|Profit(z*(p)) — Profit(z)| < e. Thus, we can use our procedure to
simulate approximate access to the functitfit(x). Our procedure requires onjyly(d, 1/¢) queries
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to «*(p). Using recent algorithms for bandit optimization due tol8al et al. BLNR15], we can maxi-
mize the retailer’s profits efficiently even with only appimate access tBrofit(z). When our algorithms
receivenoiselesdeedback, we can improve the dependence on the approximadi@metet to be only
poly(log1/e).

A similar approach can be used to solve the optimal tollirabf@m assuming the unknown latency func-
tions are convex and strictly increasing. As in the preagdirample, the municipal authority’s objective
function (social cost) is not convex in the tolls, bstconvex in the induced flow. Whenever the latency
function are strictly increasing, thmtential functionof the routing game is strongly convex, and so we can
use our tatonnement procedure to find tolls that inducestdigws at equilibrium.

Our results for maximizing profits and optimizing tolls f@lf from a more general method that allows
the leader in a large class of continuous action Stackelipenge to iteratively and efficiently maximize his
objective function while only observing the follower’s pesise. The class requires the following conditions:

1. The follower’s utility function is strongly concave inth@wn actions and linear in the leader’s actions.
2. The leader’s objective function is concave when writtei &unction of the follower’s action's.

Finally, we show that our techniques are tolerant to tweediffit kinds of noise. Our techniques work
even if the follower only approximately maximizes his wgilfunction, which corresponds to bounded, but
adversarially chosen noise — and also if unbounded, butheblhved (i.e. zero mean and bounded variance)
noise is introduced into the system. To illustrate this edderance, we show how to solve a simgle
dimensional principal-agent problem, in which the primtipontracts for the production dftypes of goods
that are produced as a stochastic function of the agentnact

1.2 Related Work

There is a very large literature in operations research ingpso-called “bilevel programming” problems,
which are closely related to Stackelberg games. Similar $tagkelberg game, the variables in a bilevel
programming problem are partitioned into two “levels.” ®ezond-level variables are constrained to be the
optimal solution to some problem defined by the first-levelaldes. SeeCMS09 for a survey of the bilevel
programming literature. Unlike our work, this literatureed not focus substantially on computational issues
(many of the algorithms are not polynomial timeKGP1(J show that optimally solving certain discrete
Stackelberg games is NP-hard. Even ignoring computatieffiaiency, this literature assumes knowledge
of the objective function of the “follower.” Our work deparsignificantly from this literature by assuming
that the leader has no knowledge of the follower’s utilitpdtion.

There are two other works that we are aware of that considemgoStackelberg games when the
follower’s utility function is unknown. Letchford, Conikz, and MunagalallCMOQ09] give algorithms for
learning optimal leader strategies with a number of quehiasis polynomial in the number of pure strate-
gies of the leader. In our setting, the leader has a contsiamdg high dimensional action space, and so
the results of [CMO09] do not apply. Blum, Haghtalab, and ProcacdiiP14 consider the problem of
learning optimal strategies for the leader in a classagiurity gamesThey exploit the structure of security
games to learn optimal strategies for the leader in a numbgueries that is polynomial in the represen-
tation size of the game (despite the fact that the number & pnategies is exponential). The algorithm
of [BHP14 is not computationally efficient — indeed, the problem tlaeg solving is NP-hard. Neither of
these techniques apply to our setting — and despite theHatirn our setting the leader has a continuous

1When the leader and follower are instead trying to minimizest function, replace “concave” with “convex” in the above



action space (which is exponentially large even under éigztion), we are able to give an algorithm with
both polynomial query complexity and polynomial runningné.

There is also a body of related work related to our main exaropbrofit maximization. Specifically,
there is a recent line of work daarning to predict from revealed preferend§8V06, ZR12 BDM"14)). In
this line, the goal is t@redict buyer behavior, rather than to optimize seller prices. dvalhg these works,
Amin et al. ACD™15] considered how to find profit maximizing pricing from revedlpreferences in the
special case in which the buyer has a linear utility functiod a fixed budget. The technique AfJD"15]is
quite specialized to linear utility functions, and doeseemsily extend to more general utility functions in the
profit maximization problem, and not to Stackelberg gamegeimeral. “Revealed preferences” queries are
quite similar todemand querietsee e.g.BN09]). Demand queries are known to be sufficient to find welfare
optimal allocations, and more generally, to be able to sebmarable convex programs whose objective is
social welfare. In contrast, our optimization problem iswfamnvex (and so the typical methodology by
which demand queries are used does not apply), and our ivbjéchot welfare.

The profit maximization application can be viewed as a dykgpnicing problem in which the seller
has no knowledge of the buyers utilities. Babaioff et &@DKS15 study a version of this problem that
is incomparable to our setting. On the one ha®DIKS1Y allow for distributionsover buyers. On the
other hand, BDKS15 is limited to selling a single type of good, whereas our &lipons apply to selling
bundles of many types of goods. There is also work relatedit@mptimal tolling problem. In an elegant
paper, Bhaskar et alBLSS14 study how one can iteratively find tolls such that a particubrget flow
is an equilibrium of a non-atomic routing game where thenagefunctions are unknown, which is a sub-
problem we also need to solve in the routing application. iMieehnique is specialized to routing games,
and requires that the unknown latency functions have a krsimuple functional form (linear or low-degree
convex polynomial). In contrast, our technique works qgémerally, and in the special case of routing
games, does not require the latency functions to satisf\kaown functional form (or even be convex). Our
technique can also be implemented in a noise tolerant widnglajh at the expense of having a polynomial
dependence on the approximation parameter, rather thatylgarithmic dependence (in the absence
of noise, our method can also be implemented to depend omyogarithmically on the approximation
parameter.)

Finally, our work is related in motivation to a recent linensfrk designed to study treample complexity
of auctions[BBHM08, CR14 HMR14, DHN14, CHN14, BMM15, MR15]. In this line of work, like in
our work, the goal is to optimize an objective in a game thoietting when the designer has no direct
knowledge of participant’s utility functions.

2 Preliminaries

We will denote the set of non-negative real number®hy= {z € R | x > 0} and the set of positive real
numbers byR-o = {z € R | z > 0}. ForaseCC C R?and a norm| - ||, we will use|C|| = sup,c¢ || z||
to denote the diameter @f with respect to the normp - ||. When the norm is unspecifief, || will denote
the Euclidean nornjj - ||2.

An important concept we use is tirgerior of a set. In the following, we will usé#,, to denote the unit
ball centered at for anyu € R

Definition 1. For any§ > 0 and any setC C R?, the é-interior Intc s of C is a subset of” such that a
pointz is in thed-interior Int s of C if the ball of radiusé centered atr is contained inC, that is:

x4+ 0By ={z+0y ||yl <1} CC.
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The interiorInt¢ of C'is a subset of” such that a point: is in Int if there exists som& > 0 such thatr
is in Intc s

We will also make use of the notions of Holder continuity drijlschitzness.

Definition 2. A functionf: C' — R is (), 5)-Holder continuous for somg, 5 > 0 if for any z,y € C,

[f(@) = F)] < Allz —yl°.

A functionf is A-Lipschitz if it is(\, 1)-Holder continuous.

2.1 Projected Subgradient Descent

A key ingredient in our algorithms is the ability to minimizeconvex function (or maximize a concave
function), given access only to the subgradients of thetfondi.e. with a so-called “first-order” method).
For concreteness, in this paper we do so using the projeatedradient descent algorithm. This algorithm
has the property that it inoise-tolerant which is important in some of our applications. However, we
note that any other noise-tolerant first-order method cteldised in place of gradient descent to obtain
gualitatively similar results. In fact, we show in the apgirthat for applications that do not require noise
tolerance, we can use the Ellipsoid algorithm, which olstain exponentially better dependence on the
approximation parameter. Because we strive for generalithe body of the paper we restrict attention to
gradient descent.

LetC C R?be a compact and convex set that is contained in a Eucliddboftvadius R, centered at
some pointz; € R?. Letc : R* — R be a convex “loss function.” Assume thais also\-Lipschitz—-that
is, le(x) — c(y)| < Alz — yl|2. LetIIo denote the projection operator ornt

IIo(z) = argmin ||z — y||.
yeC

Projected subgradient descent is an iterative algorithem skarts atr; € C and iterates the following
equations

Yi+1 = Tt — 1 g, Whereg, € Oc(xy)
Tep1 = Hx (Yes1)

The algorithm has the following guarantee.

Theorem 3. The projected subgradient descent algorithm wjiti: % satisfies

Alternatively, the algorithm finds a solution withirof optimal afterl’ = (R\/<)? steps.

2.2 Strong Convexity

We will make essential use sfrong convexity/concavityf certain functions.



Definition 4. Let¢: C — R be a function defined over a convex 6e R¢. We says is o-strongly convex
if for everyzx,y € C,

g
¢(y) 2 ¢(z) +(Ve(z),y —z) + 5 - lly - 13-
We sayy is o-strongly concavéf (—¢) is o-strongly convex.

An extremely useful property of strongly convex functioaghat any point in the domain that is close
to the minimum in objective value is also close to the minimarkuclidean distance.

Lemmas. Letg: C' — R be ao-strongly convex function, and let = argmin . ¢(x) be the minimizer
of ¢. Then, for anyc € C,

* 2 *
o — a1 < = - (8(x) — $(a")):
Similarly, if ¢ is o-strongly concave, ang* = argmax, .- ¢(x), then for anyr € C,

le—2* 13 < 2 - (d(a”) — o).

g

2.3 Tools for Zeroth-Order Optimization

We briefly discuss a useful tool for noisy zeroth-order opation (also known asandit optimization)

by [BLNR15], which will be used as blackbox algorithm in our frameworkhe important feature we
require, satisfied by the algorithm frorBILNR15] is that the optimization procedure be able to tolerate a
small amount of adversarial noise.

Definition 6. Let C be a convex set iiR?. We say that' is well-rounded if there exist, R > 0 such that
Bi(r) C C C BY(R) andR/r < O(+/d), whereBg(~) denotes ari, ball of radiusy in R,

Let C be a well-rounded convex setlRf’ andF, f: R — R be functions such that is convex and¥
satisfies

sup [F'(z) — f(z)] < e/d, @y
zeC

for somes > 0. The functionF' can be seen as an oracle that gives a noisy evaluatigrmbany point inC'.
Belloni et al. BLNR15] give an algorithm that finds a pointe C that approximately optimizes the convex
function f and only uses function evaluations Bfat points inz € C'. The setC' only needs to be specified
via a membership oracle that decides if a paili$ in C' or not.

Lemma 7 ([BLNR15], Corollary 1) Let C' be a well-rounded set iiR? and f and F be functions that
satisfy Equation(1). There is an algorithnZOO (¢, C) (short for zeroth-order optimizatignthat makes
O(d*®) calls’ to F and returns a point: € C' such that

E[f(x)] < ryneig fly) +e.

Naturally, the algorithm can also be used to approximatedyimize a concave function.

?The notationO(-) hides the logarithmic dependence dand1 /c.



3 Profit Maximization From Revealed Preferences

3.1 The Model and Problem Setup

Consider the problem of maximizing profit from revealed prefces. In this problem, there ip@ducer
who wants to sell a bundle of d divisible goods to aonsumer The bundles are vectons € C' where
CC Ri is some set ofeasible bundlethat we assume isnownto both the producer and consumer.

e The producer has amknown cost function : RY — R.. He is allowed to set pricgs € R4 for
each good, and receives profit
r(p) = (p,2"(p)) — c(z”(p)),
wherez*(p) is the bundle of goods the consumer purchases at pricklés goal is to find the profit
maximizing prices

p* = argmaxr(p).
pERﬂlr

e The consumer has aluation functionv : RZ2 — R.. The valuation function isinknown to the
producer The consumer hasquasi-linearutility function u(z, p) = v(x) — (p, ). Given pricesp,
the consumer will buy the bundle‘(p) € C that maximizes her utility. Thus,

z*(p) = argmax u(z,p) = argmax (v(z) — (z,p)) .
zeC zeC

We callz*(p) theinduced bundle at prices.

In our model, in each time periodthe producer will choose pricag and can observe the resulting
induced bundler*(p') and profitr(p'). We would like to design an algorithm so that after a polyreimi
number of observation®, the profitr(p”) is nearly as large as the optimal profip*).

We will make several assumptions about the functioasdv and the se€. We view these assumptions
as comparatively mild:

Assumption 3.1(Set of Feasible Bundles) he set of feasible bundlés C ]Rii is convex and well-rounded.

It also contains the s, 1] C C (the consumer can simultaneously buy at least one unit df gaod).
Also, ||C|2 < v (e.g. wherC' = (0, 1]¢, we havey = v/d). Lastly,C is downward closedin the sense that
foranyz € C, there exists somee (0, 1) such that) € C (the consumer can always choose buy less of
each good).

Assumption 3.2 (Producer’s Cost Function)The producer’s cost function : Ri — R is convex and
Lipschitz-continuous.

Assumption 3.3(Consumer’s Valuation Function)he consumer’s valuation functian: ]Rii — Ris non-
decreasing, Blder-continuous, differentiable and strongly concaveray. For any price vectop € R%,
the induced bundle*(p) = argmax, .- u(x, p) is defined.

Note that without the assumption that the consumer’s viandtnction is concave and that the pro-
ducer’s cost function is convex, even with full informatjotieir corresponding optimization problems
would not be polynomial time solvable. Our fourth assumptod homogeneitys more restrictive , but
as we observe, is satisfied by a wide range of economicallynimgfal valuation functions including CES
and Cobb-Douglas utilities. Informally, homogeneity iscals-invariance condition — changing theits
by which quantities of goods are measured should have acabté multiplicative effect on the buyer
valuation functions:



Definition 8. For k£ > 0, a functionw : }Ri — R, is homogeneous of degrésif for everyz € R¢ and for
everyos > 0,
v(ox) = oFu(z).

The functiorw is simplyhomogeneoud it is homogeneous of degréefor somek > 0.
Our fourth assumption is simply that the buyer valuatiorcfiom is homogeneous gbmedegree:

Assumption 3.4. The consumer’s valuation functianis homogeneous.

3.2 An Overview of Our Solution

We present our solution in three main steps:

1. First, we show that the profit function can be expressedcasieave functiom(x) of the consumer’s
induced bundle:, rather than as a (non-concave) function of the prices.

2. Next, we show that for a given candidate bundleve can iteratively find pricessuch that: ~ =*(p).
That is, in each time perioglwe can set priceg® and observe the purchased bunei€p®), and after
a polynomial number of time periods we are guaranteed to find prices= p° such thatr* (p) ~ z.
Once we have found such prices, we can observe the piafi(p)) ~ r(z), which allows us to
simulate query access tdz).

3. Finally, we use our simulated query access ({©) as feedback to a bandit concave optimization
algorithm, which iteratively queridsundlesz, and quickly converges to the profit maximizing bundle.

3.3 Expressing Profit as a Function of the Bundle

First, we carry out Stefi above and demonstrate how to rewrite the profit function asation of the
bundlez, rather than as a function of the pricesNote that for any given bundle € C, there might be
multiple price vectors that induce We denote the set of price vectors that indudsy:

P*(x) = {p e R | 2" (p) = x}.
We then define the profit of a bundieto be

rr)= max T = max ,r) —clx).
(2) o (p) o (I)<p ) — c(z)
Observe that the profit maximizing price vecioe P*(z) is the price vector that maximizesvenue

(p, x), since thecoste(x) depends only or, and so is the same for evewye P*(z). The following lemma
characterizes the revenue maximizing price vector thatded any fixed bundle € C.

Lemma 9. Letz € C be a bundle, and®*(Z) be the set of price vectors that induce bungdleThen the
price vectorp = Vu(Z) is the revenue maximizing price vector that induce3 hat is,Vo(z) € P*(z) and
for any price vectop’ € P*(z), (p/,z) < (Vu(), ).

Proof. Observe that for ang € C the gradient of the consumer’s utility(x,p) = v(z) — (p, x) with
respect tar is (Vv — p). If the prices ar@ = Vu(Z), then sincev is concave and/v(z) —p =0,z is a
maximizer of the consumer’s utility function. Thus, we hav¢Vv(z)) = z, and soVu(Z) € P*(Z).



Suppose that there exists another price veptor P*(Z) such thaty’ # Vu(Z). Since the function
u(+,p') is concave inc andz € arg max,cc u(z,p’), we know that for any’ € C

<Vv(/:ﬁ) —p, 2 — :/ﬁ> <0,

otherwise there is a feasible ascent direction, which ediitts the assumption thatmaximizesu(z, p’).
By 3.1, we know there exists sonde< 1 such thatVz € C. Now considerr’ = §z, then it follows that

(Vo(@) - ¢/, (1= 0)F) = (1-8) ((Vo(@),7) — (¢, 7)) > 0.
Therefore,(p’, z) < (Vu(z),z), as desired. This completes the proof. O

With this characterization of the revenue maximizing pwneetor, we can then rewrite the profit as a
function ofz in closed form for any: € C:

r(z) = (Vu(z), z) — c(z). )

Next, we show that(x) is a concave function of whenever the valuation satisfies 3.3 (concavity
and differentiability) and3.4 (homogeneity).

Theorem 10. If the consumer’s valuation functionis differentiable, homogeneous, and concave @ver
the producer’s profit functiom(z) = (Vu(z),z) — ¢(z) is concave over the domad.

To prove this result, we invoke Euler’s theorem for homogersefunctions:

Theorem 11(Euler’'s Theorem for Homogeneous Functionsgtv : C' — R, be continuous and differen-
tiable. Therv is homogeneous of degréef and only if

(Vo(x),z) =k -v(z).
Proof of Theoremi0. Recall that:
r(z) = (Vou(z),z) — c(x)

By the assumption thatis continuous, differentiable, and homogeneous of someedég> 0, we have by
Euler’s theorem that
r(z) = kv(z) — c(x)

Because by assumption(z) is concave, and(x) is convex, we conclude thatx) is concave. O

Finally, we note that many important and well studied classgesaluation functions satisfy our assump-
tions — namely differentiability, strong concavity and hageneity. Two classes of interest include

e Constant Elasticity of Substitution (CES).Valuation functions of the form:

d B
v(z) = (Z awf) ,
i=1

whereqa; > 0 for everyi € [d] andp, 5 > 0 such thap < 1 andgp < 1. These functions are known
to be differentiable, Holder continuous and strongly @wecover the sef0, H]¢ (see Appendixd.1
for a proof). Observe thai(oz) = (N4, ay(0:)?)? = o?(X% | asa?)P = o”Pu(x), so these
functions are homogeneous of degkee pg.



e Cobb-Douglas.These are valuation functions of the form

whereq; > 0 for everyi € [d] and>_% | a; < 1. These functions are known to be differentiable,

Holder continuous and strongly concave over the@ekl ¢ (see AppendiB.1 for a proof). Observe

thatv(oz) = [, (oz:)® = ([[, 0)([[L,2%) = o>i=1% . y(z), so these functions are

homogeneous of degrée= >"% | a;.
3.4 Converting Bundles to Prices

Next, we carry out Ste@ and show how to find priceg to induce a given bundl&. Specifically, the
producer has a target bundiec C' in mind, and would like to learn a price vectpre ]Rii such that the
induced bundle:*(p) is “close” toz. That is,

17— 2" ()2 <,

for somes > 0.

Our solution will actually only allow us to produce a pricect@ p such thatr andx*(p) are “close in
value.” That is

|u(Z,p) — u(z™(p), p)| < 6.

However, by strong concavity of the valuation functionsthiill be enough to guarantee that the actual
bundle is close to the target bundle. The following is jusekboration of assumpticd 3;

Assumption 3.5(Quantitative version 0f3.3). The valuation function is both
1. (Ava1, B)-Holder continuous over the domadri with respect to thé; norm—for allz, 2" € C,
[o(@) = v(@)] < Al - o — 2|5,
for some constants,,; > 1 ands € (0, 1], and

2. o-strongly concave over the interior 6—for all z, 2’ € C,
v(z') <v(@) + (Vo(z), 2’ —2) = (0/2) - [lz — 2'[3.

Our algorithmLearnPrice(z, ¢) is given as Algorithml. We will prove:

Theorem 12. Letz € C be a target bundle and > 0. ThenLearnPrice(z, ) outputs a price vectop

such that the induced bundle satisfjgs— z*(p)|| < € and the number of observations it needs is no more
than

11
T=d- pOIY <Ea ;7’77 )\V&1> .
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Algorithm 1 Learning the price vector to induce a target bundlearnPrice(Z, ¢)
Input: A target bundler € C, and target accuracy
Initialize: restricted price spac® = {p € R? | ||p|| < v/dL} where

4\ 1=P)/8B 39d L2~2 V2
_ 1/8 1_ . _ i _ g
L= (\a) / <€2_J> p; = 0for all good; € [d] T= i n= VT
Fort=1,...,T:
Observe the purchased bundle by the consurhgr’)
Update price vector with projected subgradient descent:
ﬁ;“ =pl —n (z; — 2*(p");) for eachj € [d], Pt =Tp [p]

Output: p=1/T Zthlpt.

To analyze_earnPrice(z, €), we will start by defining the following convex program whas#ution is
the target bundlé.

max v(x) (3)
suchthat  z; < z; for every goodj € [d] 4

Sincew is non-decreasing, it is not hard to see thas the optimal solution. Thpartial Lagrangianof
this program is defined as follows,

d
L(x,p) =v(x) =Y pjla; — Ty),
j=1

wherep; is the dual variable for each constraid) @nd is interpreted as the price of gopd By strong
duality, we know that there is\mlueOPT such that
max min L£(z,p) = min max L(z,p) = OPT = v(Z). 5
nEs i (z,p) i e (z,p) (@) (5)
We know thatOPT = v(Zz) because is the optimal solution to3)-(4).
We can also define theagrange dual functio: R¢ — R to be

g(p) = max L(z,p).

We will show that an approximately optimal price vector fpapproximately induces the target bundle
z, and thatLearnPrice(Z, ¢) is using projected subgradient descent to find such a soltdig. In order

to reason about the convergence rate of the algorithm, viectethe space of the prices to the following
bounded set:

20

RN T
P = {p eRY | Ipll2 < vV () ? <—> } (6)

First, we can show that the minimax value of the Lagrangiamaias closed t@PT even if we restrict
the prices to the sé®.

11



Lemma 13. There exists a value R-OPT such that

L L R-OPT
LR R L) = g ) =

~ ~ 24
Moreover,y(Z) < R-OPT< v(Z) + £2.

Proof. SinceC andP are both convex an® is also compact, the minimax theore®i¢5g shows that
there is a value R-OPT such that

c c R-OPT. 7
maxmin £(z, p) = min max £(z, p) = ()

SinceP C R4, by (5), we have R-OPT> v(z). Thus, we only need to show that R-ORT v(Z) + «,
wherea = 520—/4. Let (z*, p*) be a pair of minimax strategies for)( That is

x® € argmax min L(z, p) and  p® € argmin max L(z,p)
zeC  PEP pcp zeC

It suffices to show thaf(z*, p*) < v(Z) + «. Suppose not, then we have

v(Z) +a < L(x*,p®) = I;éig L(z% p) =v(x®) — 1;16%;((1), —7) <o(z*).

Now consider the bundlg such thaty; = max{xz},7;} for eachj € [d]. Itis clear thatv(y) >

v(z®) > v(F). Let L = (Aya)'/? (%)(1_6)/5, then we can construct the following price vectore P

such thatpj = L for each goodj with x5 > zj, andp;. = 0 for all other goods. Since we assume thas
(Aval, 8)-Holder continuous with respect g norm, we have

v(@*) — v(@) < v(y) — v(@E) < Mallly — 25 < Aarlly — 2|7

It follows that

=v(z*) - (¢, 2° - T)

=v(z®) — ZL—%

j:E >zvJ

=v(2®) = Llly — 2|y < v(y) — Llly — Z[l2

Suppose thally — Zjy > 1 or 8 = 1, we know thatl|y — Z||5 < |y — Z||2. This means(z) + a <
v(y) — Llly — 25 < v(y) — Aally — 2|7 < v(Z), a contradiction.
Next suppose thdty — Z||> < 1 and3 € (0,1). We also have that

a < v(y) — (@) — Ly — 7|2
< Mailly — @5 — Llly — |2

. L il
< Nally =715 (1= 3=y = 7137
va.
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, . 1=8Y : iy . 1/(1-8)
Sincea > 0, it must be thaél — ALIHZ/ _ ﬂfHé B) is also positive, and sfyy — Z||» < (Afl) . By
the choice of our,

A B/(1-8) 20
a<)\val<2al> :T:OA
which is a contradiction. Therefore, the minimax value®fi¢ no more than(z) + . O

The preceding lemma shows thais a primal optimal solution (even when prices are restiicté&here-
fore, if p = argmin, g(p) are the prices that minimize the Lagrangian dual, we must etz = z*(p)
is the induced bundle at pricgs The next lemma shows thatf are prices that approximately minimize
the Lagrangian dual, then the induced bundi€y’) is close taz.

Lemma 14. Letp’ € P be a price vector such that(p’) < minyep g(p) + . Letz’ = z*(p') be the
induced bundle at priceg’. Thenz’ satisfies

2" — 7| <2v/a/o.

Proof. Let R-OPT denote the Lagrangian value when we restrict tioe gpace t®. From Lemmal3, we
have that R-OP min,cp g(p) € [v(Z),v(Z) + a]. By assumption, we also have

g(p) = L(z,p)) < R-OPT+ a < v(Z) + 2.
Note thatl(z, p') = v(Z) — (p/,Z — Z) = v(Z) andz’ is the maximizer fo (-, p’), so it follows that
0< L(2,p)— L@,p) <20

Since we know that is ac-strongly concave function ovér, the utility functionu(-,p’) = v(-) — (¢, -) is
alsoo-strongly concave ovef'.® Then we have the following by Lemnfsand the above argument,

20 2 L(&,p') - L@ = ula ) ~u@,p) 2 S’ ~ 2 @)
This meang|z’ — z|| < 2¢/a/o. O

Based on Lemma4, we can reduce the problem of finding the appropriate pricésduce the target
bundle to finding the approximate optimal solutiona@min,cp» g(p). Even though the functiow is
unknown to the producer (becausés unknown), we can still approximately optimize the fuoatiusing
projected subgradient descent if we are provided accessbgradients ofj. The next lemma shows that
the bundlez*(p) purchased by the consumer gives a subgradient of the Lagydaraj objective function at

p.
Lemma 15. Letp be any price vector, and*(p) be the induced bundle. Then

( —2*(p)) € 99(p).

3If f(-) is ao-strongly concave function oveéF andg(-) is a concave function ovet, then(f + g)(-) is ac-strongly concave
function overC'.
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Proof. Givenz’ = arg Max,¢(o 1]d L(x,p), we know by the envelope theorem that a subgradiemt an

be obtained as follows
99

8pj
Note thatz’ corresponds to the induced bundlepdfecause

— . ql
=T x.

i foreachj € [d].

7’ = argmax L(z, p)
zeC

= argmax [v(z) — (p,z — T)]

zeC
= argmax [v(z) — (p, 7)]
zeC
= argmax u(z,p) = z"(p)
zeC
Therefore, the vectair — z*(p)) is a subgradient of at the price vectop. O

Now that we know the subgradients of the functipatp can be easily obtained from the induced bundle
purchased by the consumer, it remains to observe that AthgotiearnPrice(z, ) is performing projected
gradient descent on the Lagrange dual objective, and tgzmik convergence.

Proof of Theoreni2. By Lemmal4, it suffices to show that the price vecreturned by projected gradient

descent satisfies

520'

») < mi _
g(p)_gggg(p)Jr 1

Note that the seP is contained in thé, ball centered ab with radiusL. Also, for eachp?, the subgradient
we obtain is bounded|z — z*(p!)|| < v/[|Z]? + Jz*(p*)||> < V2 since||C|| < ~. Since we set

T 32d L%~? )= V2
glo? LVdT

we can apply the guarantee of projected gradient descentTreeoren, which gives:

A . V2Ly %o
_ < -
9(p) — ming(p) < T 1
By Lemmal4, we know that the resulting bundi€ (p) satisfies thatz — z*(p)|| < e. O

Remark 16. Since noise tolerance is not required in this setting, itoasgble approximately induce the
target bundle only usingoly-logarithmicallyin (1/¢) number of observations. We will give an ellipsoid-
based variant of.earnPrice in AppendixD that achieves this guarantee.

3.5 Profit Maximization

Finally, we will show how to combine the algorithbrearnPrice with the zeroth order optimization algo-
rithm ZOO to find the approximate profit-maximizing price vector. Atigthlevel, we will useZOO to
(approximately) optimize the profit functionover the bundle space and ussarnPrice to (approximately)
induce the optimal bundle.
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Before we show how to usOO, we will verify that if we run the algorithrmi_earnPrice to obtain
pricesp that approximately induce the desired bund)eand observe the revenue generated from piices
we will indeed obtain an approximation to the revenue fuorcti(x).

Recall from Lemma that the profit function can be written as a function of thedian

r(z) = (Vou(z),z) — c(x)

as long as the producer uses the profit maximizing price vé¢tdz) to induce the bundle. However,
the price vector returned dyearnPrice might not be the optimal price vector for the induced bundite.
order to have an estimate of the optimal profit for each bungéeneed to guarantee that prices returned
by LearnPrice are the profit maximizing ones. To do that, we will restrict tiundle space thatOO is
optimizing over to be the interior af. Now we show that for every bundle in the interior @f there is a
unique price vector that induces that bundle. Thus, theisegare the profit-maximizing prices inducing
that bundle.

Lemma 17. Let2’ be a bundle inntc. ThenVu(z') is the unique price vector that induces

Proof. Letp’ be a price vector such that(p’) = x. Sincelntc C C, we must have

2’ = argmax [v(z) — (', z)] .
z€lnto

By the definition ofInt<, we know that there exists somie> 0 such that the bad B, is contained inC.
Now consider the functiorf: R — R such thatf(z) = u(x,p’). It follows thatz’ is a local optimum
of f neighborhoodB,. Sincef is continuously differentiable, we must havéf (z') = 0 by first-order
conditions. Therefore, we must have

V(') =Vou(@a) -p' =0,
which implies thap’ = Vu(z'). O

Instead of using the interior itself, we will use a simple afliciently computable proxy for the interior
obtained by slightly shifting and contractirdg

Claim 18. For any0 < ¢ < 1/2, let the set
Cs = (1-20)C + 41,

wherel denotes thel-dimensional vector with 1 in each coordinate. Givénl, Cs is contained in the
(6/2)-interior of C. That is,Cs C Int¢ s/o-

Proof. Our goal is to show that’s + §By C C', whereB, denote the unit ball centered @t Any point in
Cs+ (6/2) By can be written as’ + (6/2) ¢ for 2’ € Cs andy’ € By. We will show thate’ + (§/2) y' € C.
Sincex’ € Cj, there exists: € C such that

' = (1-28)x+ 1.

Sincey’ € By, there existy € (0, 1] such that



To see this, note thd0, 1]¢ contains a ball of radius/4 whose center i$1/2) - 1. By Assumption3.1, C
contains(0, 1]¢, soy € C. Therefore for some,y € C,

2+ (0/2)y = (1 —20)x + 61 + 20y — 61
= (1 —20)x + 2dy,
—_—
eC

where we used convexity ¢f. Hencexz' + (§/2)y' € C, as desired. O

We will let ZOO operate on the se&ts instead ofC, and we first want to show that there is little loss
in profit if we restrict the induced bundle tG;. The following is just a formal, quantitative version of of
Assumption3.2

Assumption 3.6 (Quantitative version of AssumptioB.2). The producer’s cost function: ]Rii — Ris
Acost-Lipschitz over the domai@ with respect to thés norm: forz, 2’ € C,

le(z) = e(@)] < Acostllz — 2]
Given this assumption, the profit function is also Holdemtamious.
Lemma 19. For anyz, y € C such that|z — y|| < 1, the following holds
(@) = ()] < Aval + Acost) |z = ylI”.

Proof. Recall the revenue component of the profit functiofVs(x), z). Sincev is a concave and homo-
geneous function, we know that the homogeneity degredisatis< 1. (See AppendiB for a proof). By
Euler’'s theorem (Theorerml),

(Vo(x),z) =k -v(z). 9)

Sincew is (Ava1, 3)-Holder continuous”, by Equationd we know that the revenugvv(x), x) is alsoAy,-
Holder continuous ove€'. Furthermore, since the cost functiens A..si-Lipschitz overC, the profit
function satisfies the following: for any, y € C such that|z — y|| < 1, we have

[r(x) = r(y)| < [(Vo(z),z) = (Voly), y)] + |e(z) = e(y)] < Aalllz = yl|7 + Acost |z =y
Since||z —y|| < 1, we know that|z — y[|” > ||z — y]|, so|r(z) — r(y)| < A1 + Acost) |z —yIP. O
We can bound the difference between the optimal profitssiandC.
Lemma 20. For any0 < § < 1/3~,

— < 36 B )\V3, )\COS *
r;leagr(w) leé%g;?“(w)_( 7)7 (Avar + Acost )

Proof. Letz* € argmax,cc r(z). We know that(1 — 20)z* + 61 € Cjs, and
|z* — (1 —2)" — 01| < 0]22" — 1] < 3d7.
By Lemmal9, we then have
r(a*) —r((1 = 8)a* +61) < (357)” (Avat + Acost)-

Furthermore, we also knowtax,cc;, r(z) > r((1 — d)z* + d1), so we have shown the bound above
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Now we focus on how to optimize the profit functienover the setC’'s. Recall the algorithmrzOO
requires approximate evaluations for the profit functiorSuch evaluations can be implemented using our
algorithmLearnPrice: for each bundle: € Cs, runLearnPrice(x, <) to obtain a price vectop such that
|z — x*(p)|| < e, and then the resulting profi(z*(p)) serves as an approximate evaluation:far):

[r(z) —r(@* )] < val + Acost ).

Algorithm 2 Learning the price vector to optimize profpro(C, «)

Input: Feasible bundle spacg, and target accuraay
Initialize:

‘ o /8 4 / 5
€ = min </\(d—|—1—|—(127)5)> ,m 0 =4e o = de” (Aval + Acost)

restricted bundle spaeg; = (1 — 26)C 4 §1 and number of iteration® = O(d*°)

Fort=1,...,T:
Z0OO(d/, Cys) queries the profit for bundle’
Let p! = LearnPrice(z!, ) and observe the induced bundig(p)
Sendr(z*(p')) to ZOO(c/, Cs) as an approximate evaluationsfr’)

7 = Z00(o/, Cy)

p = LearnPrice(z, ¢)

Output: the last price vectop

Theorem 21. Let« > 0 be the target accuracy. The instantiati@pro(C, o) computes a price vectqr
such that the expected profit
E[r(p)] = maxr(p) — o,
peRi
the number of times it calls the algorithbearnPrice is bounded by)(d*?), and the total observations it
requires from the consumerigly(d, 1/a). 4

Proof. First we show that each induced bundtep’) is in the interiorint. Note that in the algorithm, we
haves = §/4. By the guarantee dfearnPrice in Theorem12, we have that

" — 2" (")l < e =d/4.

By 18, we know thatr! € Int¢ 52, SO the ball of radius centered at! is contained irC, and hence:*(pt)
is in the interior ofC'. By Lemmal7 and Lemmad, each vectop! = Vu(z*(p')) is the profit-maximizing
prices for the induced bundle (p'), so the profit the algorithm observes is indeéd* (p')).

Next, to establish the accuracy guarantee, we need to beaumddurces of error. First, we need to
bound the error fronZOO. To simplify notation, let\ = (Aya1 + Acost). Recall from Lemmal9 that the
approximate profit evaluation(z*(p')) satisfies

(@) = r(@* ()] < A,

4 In AppendixD, we give a variant of the algorithm with query complexity lsog poly-logarithmically inl /a.
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By the accuracy guarantee in Lemmahe final queried bundlg satisfies

E[r(Z)] > maxr(z) — dAe”.
zeCy

Since we know tha(z) — r(z*(p))| < Ae, we also have

Elr(a”())] = maxr() — (d + 1)A".
xels
Next, as we are restricting the bundle spacé€'§pthere might be further loss of profit. Note that 4 <
1/3~, so we can bound it with Lemni0:

E[r (z*(p))] > Igleaé(r(x) ~A[(d+1)ef + (357)5] = max r(z) = A |[(d+ 1) 4 (12e7)P] .

If we plug in our setting for parameter, we recover the desired bound sincer*(p)) = r(p) and
maxeo r(xr) = Max, i r(p).

Finally, we need to bound the total number of observatiorsatorithm needs from the consumer. In
each iteration, the instantiatidrearnPrice(z?, ) requires number of observations bounded by according
to Theoreml2 -

T = d - pOly <_> -7 AV&I)
e O
Therefore, after plugging in, we have that the total number of observati@ywo needs is bounded by
O(T' x T) = poly(d,1/a)

(hiding constantS\cost, Aval, 7, 7). O

4 General Framework of Stackelberg Games

Now that we have worked out a concrete application of our otkth the context of learning to maximize
revenue from revealed preferences, we will abstract olinigaes and show how they can be used to solve a
general family of Stackelberg games in which the objectivihe follower is unknown to the leader. Along
the way, we will also generalize our technique to operate setéing in which the follower responds to
the leaders actions by onbpproximatelymaximizing her utility function. In addition to generalimj the
settings in which our approach applies, this avoids a teeghmioncern that might otherwise arise — that
bundles maximizing strongly concave utility functions imidpe non-rational. In addition to being able to
handle approximations to optimal bundles that would be éeduby taking a rational approximation, we
show our method is robust to much larger errors.

In our general framework, we consideSgackelberg gamthat consists of éeaderwith action set4y,
and afollower with action setdr. Each player has a utility functiofi,, Ur: A, x Ap — R. In the
corresponding Stackelberg game, the leader chooses am acti A, and then the follower chooses a
¢-best response’(p) such that

Ur(p,2'(p)) > Ur(p,2*(p)) — ¢,
wherex*(p) = argmax,c 4, Ur(p, x) is the follower'sexactbest-response. Note that whee= 0, 2’ (p) =

z*(p).
The example of maximizing revenue from revealed prefereixa special case of this framework. The
producer is the leader and his action space consists ofspriemd the follower is the consumer and her
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action space is the bundieshe purchases. The producer’s utility for a gairz) is his revenue minus the
cost of producing: and the consumer’s utility is her value femminus the price she pays.

In general, we consider solving the leader’s optimizatiombem—findp € Ay, such thatU; (p, *(p))
is (approximately) maximized. Formally, we consider a sldss of Stackelberg games that have the fol-
lowing structure.

Definition 22. An instance is &tackelberg gam&(.Az, Ar, ¢) which consists of two players—theader
and thefollower such that:

e the leader has action set; C R, the follower has action setz C R<, both of which are convex
and compact;

o the follower’s utility functionUr: A;, x Ar — R takes the form

Ur(p,z) = ¢(z) — (p, ),
where¢: R? — R is a strongly concave, differentiable function unknowrheleader;
e the leader’s utility functior,: A; x Ar — R is an unknown function.
The optimization problem associated with the game inst&wex,c 4, ¥ (p, z*(p)).

Ouir first step to solve the problem is to rewrite the leaddilgyufunction so that it can be expressed as
a function only in the follower's action. For each action lo¢ tfollowerz € A, the set of leader’s actions
that inducer is

P*(z) ={p€ AL | z"(p) = z}.
Among all of the leader’s actions that induegethe optimal one is:

p*(ZL') = argmax UL(p> 33‘),
pEP*(x)

where ties are broken arbitrarily. We can then rewrite thelde’s objective as a function of onty
Y(x) = UL(p” (), ). (10)

Note that to approximately solve the leader’s optimizapooblem, it is sufficient to find the follower’s
actionz € Ap which approximately optimizegr(-), together with the actiop € Ay, that approximately
inducesz. Before we present the algorithm, we state the assumptioritbeoutility functions of the two
players that we will need.

Assumption 4.1. The gameS( Ay, Ar, ¢) satisfies the following properties.
1. The function): A;, — R defined in(10) is concave and -Lipschitz;
2. The functiony: Ar — R is non-decreasingy-strongly concave andz-Lipschitz;

3. The action space of the leaddr;, contains the following set

P={p ek |[pll < Varr); (11)

4. The action space of the followgkr has bounded diametefAr|| < .
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4.1 Inducing a Target Action of the Follower

We first consider the following sub-problem. Given a targgtoa = of the follower we want to learn an
actionp for the leader such that the induced action satisfies

12 () — 2l < =.

We now give an algorithm to leari that requires only polynomially many observations of thikofeer’'s
(-approximate best responses.

Algorithm 3 Learning the leader’s action to induce a target followecsaam: LearnLead(Z, ¢)

Input: A target follower actiorr € A, and target accuracy
Initialize: restricted action spade = {p € R% | |[p|| < VdAr}

2
e20 — 4¢ VdApVT
Fort=1,...,T:
Observe the induced action by the followet(p’)
Update leader’s action:
Pt =ph—n (@, —2*(p");) foreachj € [d),  p*' =TIp [p"']

Output: p=1/TSE , p'.

Theorem 23. Letz € A be a target follower action and > 0. ThenLearnLead(z, ) outputs a leader
action p such that the induced follower action satisfigs— 2/(p)|| < ¢ and the number of observations it

needs is no more than )

glo?
aslong ax > 2./2(/o.

4.2 Optimizing Leader’s Utility

Now that we know how to approximately induce any action offtil®wer usingLearnLead, we are ready
to give an algorithm to optimize the leader’s utility furaniUz. Recall that we can write th&, as a
function «) that depends only of the follower’s action. In order to obttie approximately optimal utility
¥ (x), the leader must play theptimalactionp that induces the follower to play approximately

Assumption 4.2. For anyx € Ap ande > 0, the instantiationLearnLead(z, ) returnsp such that
p=p"(="(p))-

Whenever this assumption holds, we canlusarnLead to allow the leader to obtain utilit¥/;, (p, *(p)) =

P(x*(p))-
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While 4.2 appears to be quite strong, we can often achieve it. Readlib were able to satisfyt.2
in our revealed preferences application by operating innterior of the feasible region of the follower’s
action space, and we can similarly do this in our princiggfa example. Moreover, it is trivially satisfied
whenever the leader’s objective functidepends only on the follower's actiomince in this case, every
leader-actiorp which induces a particular follower-actianis optimal. This is the case, for example, in our
routing games application in Sectién

Now we will show how to use the algorith@OO to find an approximate optimal point for the function
. First, we will useLearnLead to provide approximate function evaluation forat eachr € Ap: our
algorithm first rund.earnLead(z, ) to learn a price vectgs, and we will use the observed function value on
the induced follower’s approximate best responée (p)) as an approximation fap(z). SinceLearnLead
guarantees thafr’(p) — 7|| < ¢, by the Lipschitz property of we have

(&) — (' (P))] < Are.

With these approximate evaluatiorBDO can then find ddAre)-approximate optimizer of) with only
O(d*®) iterations by Lemma&. The full algorithm is presented in Algoritheh

Algorithm 4 Leader learn to optimizd:earnOpt (A, o)
Input: Follower action spacé’, and target accuraay
Initialize: number of iterationd” = O(n*?) ands = 5577
Fort=1,...,T:
Z00(deA, Ar) queries the objective value for actioh € Ap
Let p! = LearnLead(z', ) and observe the induced actiof{p')
Sendy(z'(p')) to ZOO(deA,, Cs) as an approximate evaluationofz?)
T =200(deAr, Ar)
p = LearnLead(z, ¢)
Output: the leader actiop

Theorem 24. Let« > 0 be the target accuracy. The instantiatibearnOpt (Ar, o) computes a leader
actionp along with its induced follower action*(p) that satisfies

E[UL (5,2 ()] = max U (p,a" () - o

and the number of observations the algorithm requires ofdlewer is bounded by
~ [ d9°
o(%)

as long asy > Q(dAp+/C/0).

5 Optimal Traffic Routing from Revealed Behavior

In this section, we give the second main application of ochiéque discussed in the introduction: how to
find tolls to induce an approximately optimal flow in a nonsato traffic routing game when the latency
functions are unknown.
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A nonatomic routing gamé& (G, ¢, D) is defined by a grapty = (V, E), latency functiorn/, on each
edgee € F, and the source, destination and demands:f@ommodities:D = {(s;, i, ki) }icin)- The
latency functior¢.: Ry — [0, 1] represents the delay on each edges a function of the total flow on that
edge. For simplicity, we assum)e , k; = 1, and we letn denote the number of edggs)|.

For each commodity, the demand; specifies the volume of flow fromy to ¢; routed by (self-interested)
agents. The game is nonatomic: infinitely many agents eacatiatanly an infinitesimal amount of flow
and each agent of typeselects an action (a$)-¢; path) so as to minimize her total latency. The aggregate
decisions of the agents induce a multicommodity f(gW),c,;, with each vectorr’ = (f!)ccr € Fi, Where
F; is the flow polytope for thé’'th commaodity:

{fZGRT Z le)w: Z wav’UGV\{Sivti}a Z f;iw_ Z fz,szki}

(vyw)eE (u,v)eE (si,w)eE (u,s;)€E

LetF = {f =>", f"| f* € F; for eachi} denote the set of feasible flows. A flofvdefines a latency
lc(fe) on each edge. Given a pathP, we write/p(f) = > . p le(fe) to denote the sum latency on all
edges in the path. Nlashor Wardropequilibrium is defined as follows:

Definition 25 (Wardrop equilibrium) A multicommaodity rovfis a Wardrop equilibrium of a routing game
if it is feasible and for every commodityand for all s;-t; pathsP, Q with f% > 0, we havelp(f) < £o(f).

Crucial to our application is the following well known lemmahich states that a Wardrop equilibrium
can be found as the solution to a optimization problem (comveenever the latencies are non-decreasing),
which minimizes a potential function associated with thetir@y game

Lemma 26 ([MS9€]). A Wardrop equilibrium can be computed by solving the follmpdptimization prob-
lem:

fe
}Iéljr__l O(f) = ZE:/O le(z) dx

Whenever the latency functiofisare each non-decreasing, this is a convex program. Welctike potential
function of the routing game.

Now suppose there is a municipal authority which admingstle network and wishes to minimize the
social cost of the equilibrium flow:
Z fe : e

eeE

The authority has the power to impose constant tolls on thesdA toll vectorr = (7.).cr € R7 induces

a new latency function on each edg&:(f.) = ¢(f.) + 7., which gives rise to a different routing game
G(G, (", D) with a new potential functio®”. In particular, the equilibrium flow*(7) induced by the toll
vector is the Wardrop equilibrium of the tolled routing game

Z/fe x) +Te) dw] = argmin | D(f)

feF feF | ichm feF

+Z7'e'fe]-

f*(r) = argmin ®"(f) = argmin [
ecl

While the latency functions are unknown to the authoritg doal is to find a toll vectof such that the
induced flowf*(7) approximately minimizes the total congestion functibn
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We can formulate this problem as an instance of the type afk8liberg game we defined in Defini-
tion 22, where the authority is the leader, and there is a single "fldayer minimizing the game’s potential
function, serving the role of the follower. We will refer them as the toll player and the flow player
respectively. In our setting:

1. The toll player has action setc R’ and the flow player has action s&t

2. The flow player has a utility functioti: R x 7 — R of the form
Up(r, f) = =®(f) — (7. f);
3. The toll player has a utility functioty;, : R’ x F — R of the form
UL(7, f) = =¥ (/).

Now we will apply the tools in Sectiod to solve this problem. Before we begin, we will impose the
following assumptions on the latency functions to matcthhwitl. We need two types of assumptions: one
set to let us find tolls to induce a target flow, and another trajutee that once we can induce such flows
(and hence implement a “flow cost oracle”), we can optimizer dows.

To find tolls to induce a target flow, we require that the po&ritinction ® be strongly convex in the
flow variables. The following conditions are sufficient toagantee this:

Assumption 5.1. For each edge: € F, /. is differentiable and has derivative bounded away from :zero
there exists some > 0 such that for allz € [0, 1], ¢.(z) > o.

Recall that the potential functio®(z) is a function onm variables(f.).cg, and it's Hessialv2® at
eachf € F is a diagonal matrix with entrie&,(f.) > o. Therefore, we know tha¥’?®(f) = oI for
any f € F, and so under Assumptidhl, ® is ao-strongly convex function oveF. Note that the only
condition we really require is that the potential functiandirongly convex, and there are weaker conditions
that imply this, but we state Assumptiénl because of its simplicity.

Once we can implement a flow oracle, we need to be able to ugedit banvex optimization algorithm
to optimize social cost over flows. Hence, we require thast®al cost function be convex and Lipschitz.

The following assumptions are sufficient to guarantee this:
Assumption 5.2. For each edge: € E, /. is convex and)\/m)-Lipschitz continuous ove, 1].

Note that this guarantees thatis A-Lipschitz over.F.
We first show that we can use the algorithumarnLead to learn a toll vector to induce any flow as a
Wardrop equilibrium.

Lemma 27. Fix any non-atomic routing game satisfying Assumptich Letf € Fin a target flow and
e > 0. Then the instantiationearnLead(f,¢) outputs a toll vectorr such that the induced Wardrop
equilibrium flow f*(7) satisfies|f — f*(7)|| < e, and the number of observations on the flow behavior it

needs is no more than
m3
Ol ——=].
gdo?
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Proof. Before we apply Theorer@d3, we still need to show that the potential functiénof the original
routing game (without tolls) is Lipschitz oveF. Note that this does not require any assumptions on the
latency functiond, other than that they are boundedin1]. Let f, g € F, then we can write

fe Jge
|®B(f) — ®(g)| = Z(/O KE(w)dx—/O ee(m)dx>‘
fe
= / le(x)dx
ecE Y 9e
< Zmax{ﬁe(fe),ﬁe(ge)} | fe — gel
ecF

< Z ’fe _ge’ < \/EHf _9”7

where the last inequality follows from the fact that||; < /m/||z||2 for anyz € R™. Also, observe that
each flow vector inF has norm bounded by'm. Therefore, we know thab is a \/m-Lipschitz function.
Then we can instantiate Theoret and obtain the result above. O

Now we can instantiate Theore&# and show that.earnOpt can find a toll vector that induces the
approximately optimal flow.

Pre-processing Step The setF is not a well-rounded convex body R (it has zero volume), so we will
have to apply the following standard pre-processing stegpatwsform it into a well-rounded body. First,
we find a maximal sef of linearly independent points i. We will then embed the polytop# into this
lower-dimensional subspace spannedibyso thatF becomes full-dimensional. In this subspagejs a
convex body with a relative interior. Next, we apply the sfmmmation of [VO06] to transformF into a
well-rounded body withirspan(Z).> We will run ZOO over the transformed body.

Lemma 28. Leta > 0 be the target accuracy. The instantiatibearnOpt (Ar, o) computes a toll vector
7 such that the induced flof= f*(7) is a-approximately optimal in expectation:

E [\If <f)] <min¥(f) + a.

fer

The total number of observations we need on the flow beha/lminded by

11.5
~(m
0 .
(%)
Remark 29. Just as with the profit maximization example, if we do notirequoise tolerance, then we can

improve the dependence on the approximation paraneterbe polylogarithmic. We show how to do this
in the appendix.

5See Section 5 ofL[v06] for details of the rounding algorithm.
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6 The Principal-Agent Problem

Our general framework applies even when the leader obsenlgshenoisy feedbackhat arises when the
follower only approximately maximizes her utility functioThis corresponds tadversarially chosenoise

of bounded magnitude. In this section, we show how to hatdlenatural setting in which the noise being
added need not be bounded, but is well behaved — specifialyriean 0, and bounded variance. This can
be used to model actual noise in an interaction, rather tHaiuae to exactly maximize a utility function.
As a running example as we work out the details, we will disasimpleprincipal-agentproblem related

to our profit-maximization example.

In a principal-agentproblem, the principal (the leader) defines a contract bycliie agent (the fol-
lower) will be paid, as a function of work produced by the dgemfhe key property of principal agent
problems is that the agent is not able to deterministicaibdpce work of a given quality. Instead, the agent
chooses (and experiences cost as a function of) a lewedfat, which stochastically maps to the quality of
his work. However, the effort chosen by the agent is unolag®evto the principal — only the quality of the
finished product.

We consider a simplé-dimensional principal-agent problem, in which the residilthe agent can be
evaluated along dimensions, each of which might require a different amodréffort. Since the agent
knows how effort is stochastically mapped to realizatioms abstract away the agent’s choice of an “effort”
vector, and instead (without loss of generality) view therags choosing a “target contribution’c C' C
Ri — the expected value of the agent’s ultimate contributiome @gent experiences some strongly convex
costc(z) for producing a target contribution of, but might nevertheless be incentivized to produce high
guality contributions by the contract offered by the prpati However, the contribution that is actually
realized (and that the principal observes) is a stochdigtiparturbed version ofe: & = x + 6, where
6 € R is a noise vector sampled from the mean-zero Gaussianbdistm A (0, I).

The principal wants to optimize over the set of linear cartgahe will choose a price vectpre R%,
such that in response to the agent’s realized contributidhe agent collects rewarg, Z). His goal is to
choose a price vector to optimize his expected value for gleatss contribution, minus his own costs.

The agent’s strongly convex cost functionC' — R, is unknown to the principal. If the principal’s
contract vector i and the agent attempts to contributehen his utility is

Ua(p,l‘) = <p> (l’ + 9)> - C(l‘),

and his expected utility is just,(p, z) = E[U,(p,x)] = (p,x) — c(z). Fixing any pricep, the agent will
attempt to play thénducedcontribution vector:z*(p) = argmax, o ({p, z) — ¢(x)) in order to optimize
his expected utility.

The principal has value; for each unit of contribution in théth dimension, and upon observing the
realized contributiorz, his utility is

Up(p,i') = <U7j> - <p,j‘> = <U - p7i’>
The principal’'s goal is to find a price vectpito (approximately) maximize his expected utility:
Elup(p, 2" (p) + 6)] = E[(v — p,z"(p) + )] = (v — p, " (p))-

This is an instantiation of our class of Stackelberg gameghich the principal is the leader with action
setRi and utility functionvy(p,z) = (v — p,z), and the agent is the follower with action sgtand
utility function ¢(p,z) = (p,xz) — c¢(x). Indeed, in expectation, it is merely a “procurement” vemnsof
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our profit-maximization example. However, the crucial elifince in this application (causing it to deviate
from the general setting defined in Definiti@?) is that the leader only gets to observe a noisy version
of the follower’s best response at each rousd= z*(p) + 0. We will adapt the analysis from Sectién
and Sectiort to show that our algorithm is robust to noisy observatione.nike the following assumptions,
which correspond to the set of assumptions we made in ourqueapplications.

Assumption 6.1. The following assumptions parallel.1and 3.1

1. The set of feasible contributiords C ]Rii is convex, closed, and bounded. It also contains the unit
hypercube]0, 1] C C (the agent can simultaneously attempt to contribute attleas unit in each
dimension) and in particular contair® ¢ R (the agent can contribute nothing). Lastly;|> < v;

2. the agent’s cost functionis homogeneous, 1-Lipschitz amestrongly convex;

3. the principal’s valuation vector has norfw|| < 1.

6.1 Inducing the Agent’'s Contribution Using Noisy Observatons

We will first show that in general.earnLead can learn the leader’s action which approximately induces
any target follower actiorr even if the algorithm only observes noisy perturbed begiamses from the
follower. This result holds in full generality, but we illiate it by using the principal-agent problem.

First, given any target contributiary consider the following convex program similar to Sectio#f

min c(x) (12)
suchthat  z; > z; for everyj € [d] (13)

The Lagrangian of the program is
ﬁ(ac,p) = C(l‘) + <p,ac - §>7
and the Lagrangian dual objective function is

9(p) = min L(z, p).
By the same analysis used in the proof of Lemidaif we find a price vectop € P such thatg(p) >
max,cp ¢(p) — o, then we know that the induced contribution vectd(p) satisfies|z*(p) —z|| < v/2a/0.
Now we show how to (approximately) optimize the functigiased on the realized contributions of the
agent, which correspond to mean-zero perturbations ofgaets best response.

As shown in Lemmad.5, a subgradient of at pricep is (z*(p) — =), but now since the principal only
observes the realized contribution vectoour algorithm does not have access to subgradients. Howese
can still obtain an unbiased estimate of the subgradieatvélstor(z — ) satisfiesE [z — z] = (z*(p) — )
because the noise vector is drawn fravi{0, 7). This is sufficient to allow us to analyZeearnLead as
stochastic gradient descent. The principal does the faligwinitialize p' = 0 and at each rount € [T,
observes a realized contribution vectdr= z*(p') + 6' and updates the contract prices as follows:

Pt =T1p [pf + (@ - 7)),

where eact¥® ~ N(0,1), n is a learning rate an® = {p € R% | ||p|| < V/d}; Finally, the algorithm
outputs the average price vector= 1/T Zlept. We use the following standard theorem about the
convergence guarantee for stochastic gradient descerdréaganeral result can be found MJLS09).
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Lemma 30. With probability at leastl — /3, the average vectop output by stochastic gradient descent

satisfies
maxg(p) ~ 9(7) < O (% (7 T Valog (%))) |

Algorithm 5 Learning the price vector from noisy observatiohearnPriceN(z, ¢, 3)

Input: A target contributioric € C, target accuracy, and confidence parameter
Initialize: restricted price space = {p € R? | ||p|| < Vd}

. - Ay V2y
L'—oforalljeld T:O<—> ==
Pj j € ld n JavT

Fort=1,...,T:
Observe the realized contribution by the agént x*(p') + 6, where ~ N/(0, 1)
Update price vector:

]53-“ = pz- +n(z; — 5}3) for eachj € [d], pt =1Ip []’5”1]

Output: p=1/T S, p'.

Lemma 31. Letx € C be any target contribution vector. Then, with probabilitjeast1 — 3, the algorithm
LearnPriceN(Z, ¢, ) outputs a contract price vectgrfor the principal such that the induced contribution
vectorz™*(p) satisfies

17 —2"(P)] <e,

and the number observations on tiealizedcontributions of the agent it needs is no more than

~ [ dv?

6.2 Optimizing the Principal’s Utility

Finally, we show how to optimize the principal’s utility bpmbiningLearnPriceN andZOO.

Following from the same analysis of LemrBawe know that the principal’s utility-maximizing price
vector to induce expected contributiaris V¢(z). We can then rewrite the expected utility of the principal
as a function of the attempted contribution of the agent:

up(z) = (v — Ve(z), x).

Sincec is a homogeneous and convex function, by Theot€m, is a concave function.
Similar to SectiorB.5, we will run ZOO to optimize over the interior subset:

Cs = (1 — 25)0 + 41,

SO any price vectop given byLearnPriceN is the unique price that induces the agent’s attempted ieontr
bution vectorz*(p) (Lemmal?). By the same analysis of Lemn28, we know that there is little loss in
principal’s utility by restricting the contribution vea®to Cs.
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Lemma 32. The functionu,,: C' — R is 2-Lipschitz, and forang < § < 1,

— < 667.
max up(z) — max up(x) < 60y

Now we show how to uskearnPriceN to provide an noisy evaluation fat, at each point o’ (scale
of § determined in the analysis). For eagelthe LearnPriceN returns, the realized contribution vector we
observe ist = z*(p) + 6, so the utility experienced by the principal is

up(B,%) = (v — P, ).

We first demonstrate that,(p, Z) gives an unbiased estimate fgy, and we can obtain an accurate estimate
by taking the average of a small number realized utilitieghk following, let constant = In 2/(27).

Lemma 33. Let2’ € C be the contribution vector such that = V(') is the unique price vector that
inducesr’. Let noise vector8!, ..., 0° ~ N(0,1) and#’ = 2/ + ¢’ for each; € [s]. Then with probability

at leastl — 3,
1 o . d [2. 2
- D, 7)) — N </=4/=In=.
Sj§:1up(p,x) up(z') _\/;/anﬁ

Proof. Letb = v — p/, then we can write

S w5 #) gl = Y (10,5) — (.4)
j=1 Jj=1
— li@, 9j>
S =
s d

1 .
=22 bt}

j=1i=1

Note that each?ﬁ is sampled from the Gaussian distributidf(0, 1), and we use the fact that X ~
N(0,0%) andY ~ N(0,03) then(bX+cY) ~ N(0,b%07+c?03). We can further derive thaty " _, S b6
is a random variable with distributia®'(0, ||b]|*/s). Then we will use the following fact about Gaussian
tails: letY be a random variable sampled from distributigif0, :2) anda = In2/(27), then for all¢ > 0

Pr(|Y] > (] < 2exp (—a¢?/:%)
It follows that with probability at least — 3, we have
s d 2
1 . In £
. 0| < —£
5 2. 2 bt <\l
7j=11i=1
Finally, note that we can bouri|| = |jv — p’|| < v/2d, so replacing|b|| by v/2d recovers our bound. [

Now we are ready to give the algorithm to optimize the priatgputility in Algorithm 6.
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Algorithm 6 Learning the price vector to optimize under noisy obseovestiOproN (C, «, 3)
Input: Feasible bundle spacg, target accuracy, and confidence parametér
Initialize:

2
2dh’lF

ag?

(07

= - =92 I = = B/oT =
€ 197 1 3d 0=2¢ o = 3de B =p/ s

restricted bundle spaggs = (1 — 26)C + 61 and number of iteration® = O(d*?)
Fort=1,...,T:
Z0OO(d/, Cs) queries the profit for bundle’
Letp! = LearnPriceN(z!, ¢, ')
Forj=1,...s:
Principal post price?
Let 27 (p?) be the realized contribution and experiences utility’, 77 (p'))
Send: Y7, u(p',# (p')) to ZOO(a’, Cs) as an approximate evaluationof(x')
T =27200(d, Cy)
p = LearnPrice(z, ¢)
Output: the last price vectop

Theorem 34. Leta > 0 and0 < 8 < 1/2. With probability at leasti — 3, the price vectop output by
OproN (C, «, 8) satisfies
E [ip(5, 2" (7)) = max uy (p, " (p)) = o

and the number of observations on realized contributiormismded by
- [/ d%°
O <?> .
Proof. First, by Lemma31and union bound, with probability at least- 3/2, we have||z! — z*(p')|| < e

for all t € [T]. We condition on this level of accuracy for the rest of thegbroBy the same analy-
sis of Footnote4, we know that each target contributiari(p) is in the interiorIntc, so we have that

up(*(p")) = up(p’, z* (p"))-
To establish the accuracy guarantee, we need to bound tweesoof error. First, we need to bound the
error fromZOO. Note that the target contributiort (p') satisfies
Jup(@) — up(z™(p"))] < 2e.

By Lemma33 and our setting of, we have with probability at leagt— 5’ that
1< y .
S F (@) —upa ()| <e
j=1

By union bound, we know such accuracy holds for ail [7'] with probability at least — 3/2. We condition
on this level of accuracy, then the average utility providesaccurate evaluation far, () at each queried
point z*

1L L
=2 w0 F (1) — up(ah)| < 3e.
j=1
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By Lemma7, we know that the vectar output byZOO satisfies

. Cag
B [up(2)] = maxuy () — 3de

Finally, by Lemma32 and the value of, we also have

7)] > — = —a.
E[up(x)]_r;leaé(up(w) (12e7y + 3de) r;leaé(up(w) !

Note max,cc up(x) = maxyep up(p, *(p)), SO we have shown the accuracy guarantee. In each itera-
tion, the algorithm require® (5%22) noisy observations for runninigearnPriceN ands observations for
estimatingu, (z*(p')), so the total number of observations is bounded by

2 4 2 9.5
~( yed(y+d)* | dy+d) ~(d
0 <d45 % ( oot + o =0 ot

where we hide constants v in the last equality. O

7 Conclusion

In this paper, we have given algorithms for optimally sofyalarge class of Stackelberg games in which the
leader has only “revealed preferences” feedback aboubtlmvier’s utility function, with applications both
to profit maximization from revealed preferences data, gifral tolling in congestion games. We believe
this is a very natural model in which to have access to agélity dtinctions, and that pursuing this line
of work will be fruitful. There are many interesting diremtis, but let us highlight one in particular. In our
profit maximization application, it would be very naturaldonsider a “Bayesian” version of our problem.
At each round, the producer sets prices, at which point a m&swmer, with valuation function drawn from
an unknown prior, purchases her utility maximizing bundlée producer’s goal is to find the prices that
maximize herexpectegrofit, over draws from the unknown prior. Under what cormais can we solve this
problem efficiently? The main challenge (and the reason wihiely requires new techniques) is that the
expected valuef the purchased bundle need not maximize any well-behatitity function, even if each
individual consumer is maximizing a concave utility fuiocti
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A A Routing Game Where Social Cost is Not Convex in The Tolls

As we stated in the introduction, we can give a simple exaropke routing game in which the function
mapping a set of tolls on each of the edges to the social cabeafquilibrium routing in the routing game
induced by those tolls is not a convex function of the tollse Bxample is related to the canonical examples
of Braess’ Paradoxn routing games.

Let SC(71,72) be the function that maps a pair of tolls for the twlo— B edges to the social cost
(excluding the tolls) of the equilibrium routing. For eadhtle inputs we consider, the equilibrium will be
unique, so multiplicity of equilibria is irrelevant.
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1/2

42,/10

Figure 1:A routing game in which the function mapping tolls to sociastof the unique equilibrium routing is not convex. In
this example, there areplayers each trying to route/n units of flow from.S to T'. There are two edges fror to B with tolls 71
andrz, and we assume without loss of generality that all othes taie fixed td). Each edge is labeled with the latency function
indicating the cost of using that edge when the congestighatredge is: € [0, 1]. Note that the latencies (excluding the tolls) on
every edge are bounded (in 1].

First, consider the set of tolls= 7, = 7 = 0. Itis not hard to verify that the unique equilibrium is for
every player to use the roufe— A — B — T using theA — B edge on the right (with latenay).® Each
player will experience a total latency pfalong their route. Thu§C(7) = 8n/10.

Now consider the tolls’ in which T = 1, » = 2. At these tolls, it is not hard to verify that the unique
equilibrium is forn /2 players to uses — A — T and half to use&s — B — T.” Every player experiences
atotal latency o2/10 + 1/2 = 7/10. ThusSC(t') = 7n/10.

Finally, consider the convex combinati®Ar/100 + 7//100 in which, = 1/100 and = 1/50. In
this case, the unique equilibrium routing will have evergyar use the rout¢ — A — B — T but
using theA — B edge on the left (with latency/200 and latency-plus-tolB/200). To see why, observe
that if a player were atd, then no matter what the other players are doing, the chegp#s to7 is to
go A — B — T using the left edge (note that the right edge has latencs~plili 1/50 whereas the left
edge has latency-plus-todl/200). Thus, the cost of goind3 — T is exactlyl/2 and the cost of going
A — B — T is exactlyl/2 + 3/200. Now, if the player is atS, goingS — B — T costs exactlyl,
whereas goingg — A — B — T costsat most4/10 + 1/2 + 3/200 = 183/200 < 1/2. Thus, every
player will choose the patd — A — B — T, using the leftA — B edge. Every player experiences a
total latency of exactlyt83/200. Thus,SC(¢") = 183n/200.

®Since the graph is a DAG, we can use backwards induction. Etpincan never cost more to gé — B — T than to go
A — T. Since one can go from to B for a cost of0, players are indifferent about ending up at notiend nodeB. Since
S — A can never cost more tha$t — B, and players are indifferent betweenand B, every player would choose the path
S — A — B — T (using the0 latency path fromA4 to B.

At these tolls, no player will never use eithdr — B edge. Thus, they will balance the traffic so titat> A — 7T and
S — B — T have equal cost. By symmetry, half will go throughand half throughB.
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But, since

183n

200

9 80, 1 Tn

100 10 100 10

99 1 ,
=100 SC(T)—I—lOO SC (),

we can see that the functicgfC'(7) is not convex inr.

SC(997/100 + 7' /100) =

B Missing Proofs in Section3

Lemma 35. Suppose function: Ri — R, is a concave and homogeneous of some defgrge0. Then
kE<1.

Proof. First, we show that(0) = 0. To see this, observe that for ahy- 1, we can writev(0) = v(b,0) =
b*v(0). For anyr € R such thatr # 0, we have the following due to the concavityof

1

k
o(a)/2 = 5 0(0) +ofa)] < v(a/2) = (3) ola)

This means that < 1. O

B.1 Properties of CES and Cobb-Douglas Utilities

In this sub-section, we give proofs showing that both CES@oldb-Douglas utility functions are strongly
concave and Holder continuous in the convex redinr7|?.

B.1.1 Constant Elasticity of Substitution (CES)

Consider valuation functions of the form:

4 5
v(r) = (Z a,-wf) ,
i=1

whereq; > 0 for everyi € [d] andp, 8 > 0 such thap < 1 andjp < 1.

Theorem 36. Let C' be a convex set such that there exists some constanttfhat 0 such thatC C
(0, H]?. Thenv is R-strongly concave over th@ for some constank and is(((max; a;)d)” , p3)-Holder
continuous.

Proof. We will derive the Hessian matri¥’2v of the functionv, and show that there exists some fixed
R > 0 such that for every: € C and everyy € R%, we haveyTV2v(z)y < —R||y||>. First, we have the
first partial derivatives

9 d (B-1)
oz, =p <Z asz> (pai xf_l)
k=1
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Now we take the second partial derivatives. For agy j,

5—2
8:2282}:@ =p(B-1) <kzd::1 amci) (pajx;,’—l) (paz p— 1)

and for anyi,
0% d =2 5 d B-1
ZEE (Za’%) (paat™) +5 (Zawi) (0(p — Dt ™).
‘ k=1 P

Recall that thej-th entry of the Hessian matrix {§72v); ; = 6%v/8z;0x;, and we could write

d d

yT (VPo(z))y = Z Z o

——YiYj
pa et 00z

0% 4 9% 9
=9 T i
Z 83328:@ Yl + ; 62332‘ Yi

B—2
=26(8 - 1)p* Y aiay (zakxk> (2f ™ ya) (@)

i#]

d p-2 d p-1
+y [5(5 - 1) (Z akfﬂZ) (paiwﬁ’_lyi>2 +5 (Z akﬂﬁi) (oo = Vaiat™ 2y3>}
i=1 k=1 k=1
d B=2 , 4 B=1 /4
—1)p? (Z ach) (Z asz_lyk> + Bp(p <Z akwk> <Z asz_zy]%)
k=1 k=1 k=1

We will first consider the case whefe< 1. Then both of the terms above are non-positive , and

B-1 , 4
yT(Vu(z))y < —Bp(1—p <Zakwk> (Zakwi_zyi>
k=1
g1 J
oo e d (Soet) | e tonr (S)

d p-1
< —Bp(1—p) <Z aka> mgn{ak}Hp_Q\\yllz
k=1
d p-1
— Bl —p) (Z ak> min{o  H772 Jy |
k=1

B—1
Thus,yT(Vu(x))y < —Rlly|* for R = Bp(1 - p) (S o) ming{a} 752,
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Now we consider the case whefe> 1. Since we have assumed th&t < 1, we also know that
(B—1p<1—p. Letk = (ﬁ__lp))p and we know thab < x < 1. It follows that

p=2 d 2 d d
yT (V2 (z )) y = Bp(1 — (Z akack> |:I<L (Z akxz_lyk> — K (Z Oé}ﬁi) (Z akx22yz>]
k=1 k=1 k=1
d A-2 d
ot (Sonat) [0 (Sot) (St 22|
k=1

k=1

d B=1 /4
(Cauchy-Schwarz) < —pp(1 — p)(1 — k) (Z ozm:Z) (Z akxz_zy,%>
k=1

—Bp(1—p) (Zak pB—2 )

< —Bp(l = p)(1 = x) ke[ill]lsfsec {afxzﬁ 2} vl

IN

< —Bp(1 = p)(1 = k) min {a] } HP2ly)?
This meansy™(V2uv(z))y < R||y||* for R = Bp(1 — p)(1 — k) ming—; {af} HrP=2_ Therefore, we have
shown thatv is R strongly concave i’ for some positive constarft.

Next, we will show that the function is Holder continuouseo?'. Let z,y € C such thatr # y.
Without loss of generality, assume thdt:) > v(y), and lets; = |x; — y;| for eachi € [d]. Then we have

B B B
(Z aﬂf) - (Z%‘yf) < (Zaz’m _yi‘p>

8 B

< <maxozi> . Zef
B

< (maxas) - (ale - u18)’
B

< (maxas) oyl

where the first step follows from the sub-additivity. Thissis that the function i§((max; o;)d)” , pf3)-
Holder continuous ovet’, which completes the proof.

B.1.2 Cobb-Douglas

Consider valuation functions of the form

whereq; > 0 for everyi € [d] ande:1 a; < 1.
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Theorem 37. LetC be a convex set such that there exists some constankithat) such thatC' C (0, H]9.
Thenv is (1, ), o;)-Holder continuous andk-strongly concave over’ for some constank.

Proof. Similar to the previous proof, we will show that there exstene constank > 0 such that for every
r € C and everyy € RY, we havey™V2u(z)y < —R||y||?. First, we could write down the following first
and second partial derivatives of the function:

o _ a‘xai_lnx%
= oz
al’i ¢ J

JFi

0% _ ,
5 = il — Dafi 2 [ 5

2 4.
Pai Ji
and for anyi # j,
dai0z, =o' oy kl;Ij T,

Lety € R%, and letx = % a; € (0,1).

d d 50

V2 2
d

, i— i—1 i— j
=23 T a0 (s i) (a2 ) + Y aslaq — Da 22 [ o
i#]

ki i=1 i

1’

22 (o, y, ajx yj +Zal «; w_2y22)
| iF]

)|

ac k) (; aiwi_lyi> _ izj;a,-wi‘zy?
‘)
)|

k

Il
—

Il
z&

Il
—

(Cauchy-Schwarz) < ok

d d d
(o) (St -t
i=1 i=1 i=1
d d
K (Z awﬁy?) — Z aixi_zy?]
i i=1

1) 0 (S

< —He 721 — k) min{oy |y

E]g

k

Il
—

(895

IN

E&

Z,

gt
{
[
[

k=1

IN

|
-~
o~
ﬂ.

Therefore is R-strongly concave i for R = HXr “~2)(1 — k) ming{oy }.
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Next, we will show that the function ifl, >, ;)-Holder continuous. Let,y € C such thatr # y.
Without loss generality, assume thdt:) > v(y). We could write

d d d
|1 EE S U L7l
i=1 i=1 i=1

d
< Tz - 9llg = llz -yl
=1

where the first step follows from the sub-additivity«of This shows that the function {8, >, «;)-Holder
continuous, which completes the proof. O

C Detailed Analysis of Sectior4

Just as in Sectiof.4, we start by considering the following convex program aikged withz

14
g 0 oo
suchthat  z; < Z; for everyj € [d] (15)

The Lagrangian of the program is

d
j=1

wherep; is the dual variable for each constrainf and the vectop is also interpreted as the action of the
leader. We can interpret the Lagrangian as the payoff fonaif a zero-sum game, in which the leader is the
minimization player and the follower is the maximizatiomyédr. To guarantee the fast convergence of our
later use of gradient descent, we will restrict the leadgldy actions irfPm as defined inX(1). It is known
that such a zero-sum game has vdluehe leader has a minimax strategysuch thatC(z, p*) < V for all

x € A, and the follower has a maxmin strategiysuch thatC(z*, p) > V for all p € P. We first state the
following lemma about thealueof this zero-sum game.

Lemma 38. The value of the Lagrangian zero-sum gam¥is- ¢(), that is

max min £(z, p) = min max L(z,p) = ¢(Z
xEA);pEP ( p) pEPJ:E.A); ( p) (b()

Proof. The proof is identical to the proof of Lemnia. O
An approximate minimax equilibrium of a zero-sum game israefias follows.

Definition 39. Leta > 0. A pair of strategiep € P andx € Ap form ana-approximate minimax

equilibrium if

L(x,p) > max L(z',p) —a >V -« and L(z,p) <min L(z,p ) +a <V +a.
r’eAp p'eEP

First observe that fixing a strategy the maximization player's best response in this zero-samegis
the same as the follower’s best response in the Stackellbeng.g
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Claim 40. Letp’ € P be any action of the leader, then

ﬁ / — * /
arg max (z,p") = z"(p')

Proof. We can write

arg max L(z,p’) = arg max [¢(z) — (p',x — T)]
r€EAR

r€EAR

= arg max [¢(z) — (¢, 2)]

— Ur(t
arg max F(p,x)

The second equality follows from the fact that, ) is independent of the choice of O

Now we show that if a strategy pafp’, 2’) is an approximate minimax equilibrium in the zero-sum
game, theny’ approximately induces the target actiomf the follower. Hence, our task reduces to finding
an approximate minimax equilibrium of the Lagrangian game.

Lemma 41. Suppose that a pair of strategi¢s’, z’') € P x Ar forms ana-approximate minimax equilib-
rium. Then the induced follower actiari (p) satisfies||z — z*(p/)|| < /4a/o.

Proof. By the definition of approximate minimax equilibrium, we lav
$(@) —a < L(z',p) < d(@) +a

and also by40,

max L(z,p) —a = L(z" (), p) —a < LEp) < 6(F) +a
TEAR

Note that
L(z,p) = ¢(@) — (', 7 - 7) = 6(2).
It follows thatL(z*(p'), p') < L(Z,p’) + 2. Sinceg is ac-strongly concave function, we know that fixing
any leader’s actiop, £ is also as-strongly concave function im. By Lemma5 and the above argument,
we have
20 > L(a" (p).¢) = L@EP) = Zlle" () — 2|

Hence, we must havier* (p') — z|| < v/4a/o. O

To compute an approximate minimax equilibrium, we will uke following T-round no-regret dy-
namics: the leader plays online gradient descent (a “neteglgorithm), while the follower selects an
(-approximate best response every round. In particular,laghder will produce a sequence of actions
{p',...,p"} against the follower’s best respondes, ..., z”'} such that for each rounde [T7:

P =1p [p' —n- VL2, p")] and o' =2/(p").
At the end of the dynamics, the leader hegretdefined as
1 & 1 4
= — t t _ 1 t
&_T;umm ﬂgmﬁmm

Now take the average actions for both players for this dyoarai = + >/, 2t andp = + 21 p.
A well-known result by FS94 shows that the average plays form an approximate minimailegum.
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Theorem 42([FS94). The average action pai{p, T) forms a(R 1, + ¢)-approximate minimax equilibrium
of the Lagrangian zero-sum game.

To simulate the no-regret dynamics, we will have the follogvi’-round dynamics between the leader
and the follower: in each roungl the leader plays actiopf based the gradient descent update and observes
the induced action:*(p'). The gradient of the Lagrangia®,£ can be easily computed based on the
observations. Recall frord0 that the follower’s best responses to the leader’s actiomsh@ same in both
the Stackelberg game and the Lagrangian zero-sum gamemgaiss that the gradient of the Lagrangian
can be obtained as follows

VpL(z*(p),p') = (T — 2*(p")) .

In the end, the algorithm will output the average play of #ederl /T’ Ethl p'. The full description of
the algorithmLearnLead is presented in Algorithn3, and before we present the proof of Theor2ghwe
first include the no-regret guarantee of gradient descent.

Lemma 43([Zin03]). LetD be a closed convex set such thji@|| < D, and letc!, ..., c” be a sequence
of differentiable convex functions with bounded gradigtitat is for every: € D,||Vc(z)|[; < G. Let
n= W andw! = IIp [0] be arbitrary. Then if we compute', ..., w” € D based on gradient descent

=IIp [w' — nVe(w')], the regret satisfies

T
Z c!(w') — min 1 Z dw) < ¢b (16)

Proof of Theoren23. We will first bound the regret of the leader in the no-regraetaiyics. Each vector of
P has norm bounded by'd\r. Also, since the gradient of the Lagrangian at pgiris

VL@ (p'),p) = (@ — 2" (")),
we then know that the gradient is bounded the normd gf which is~. The regret is bounded by

V2dApy
VT

Letz = 1/T Ethl x*(p') denote the average play of the follower. It follows from Then 42 that (p, 7)
forms an(R 1, + ¢)-approximate minimax equilibrium, and so by Lem#ig we have

o [4( RL+< \/4\/_)\ny 4‘

Plugging in our choice of’, we get||z*(p) — Z|| < ¢/2, and also the total number of observations on the
follower is alsoT". Finally, by strong concavity of the functiaghand Lemmab, we have that

2’ (p) — =" (P)|| < \/2;C <e/2.

By triangle inequality, we could show that the approximagstiresponse satisfi@s’(p) — z|| < e. O

Rp =

Finally, we give the proof of Theore2v.
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Proof of Theoren24. Since for each:!, the approximate evaluation based ©ifp') satisfies|y(z!) —
(2 (pt))| < Are, by Lemma7 we know that the actioft output byZOO (de)r,, Ar) satisfies

E[¢(Z)] > max ¢(z) — deAp = max Ur(p,z*(p)) — deAp.
z€EAR PEAL

Finally, we will useLearnLead(Z,¢) to output a leader actiop such that||z*(p) — Z|| < ¢, and so
P(z*(p)) > ¥(x) — Are. Therefore, in the end we guarantee that

EULE, 2" ()] = E[()] 2 E[Y(@)] - Are = max U (p,2™(p)) — (d+ 1)eAr.

Plugging in our choice of, we recover ther accuracy guarantee. Note that in each iteration, the nuofber
observations on the follower required by the calLefrnLead is

T =0 (dA%72>

42

Therefore the total number of observations our algorithedsas bounded by

O(T/XT):O<M>

glo?
Again plugging in our value of, the bound on the number of observations needed is

ON <d9.5)\%)\%,}/2>
ato? :

Hiding the constants\, A1, v ando), we recover the bound above. O

D Improvement with Ellipsoid in Noiseless Settings

In this section, we present variants of thearnPrice and LearnLead algorithms that uses the Ellipsoid
algorithm as a first-order optimization method. In parégeuthis will allow us to improve the dependence
of the query complexity on the target accuracy parametdror the technique we give in this section, the
number of observations of the follower’s actions will haveody-logarithmic dependence dri« instead of

a polynomial one. We also improve the polynomial dependencie dimension.

D.1 The Ellipsoid Algorithm

We will briefly describe the ellipsoid method without goingtd full detail. Let? c R? be a convex
body, andf: P — [—B, B] be a continuous and convex function. keR? > 0 be such that the s&® is
contained in an Euclidean ball of radifisand it contains a ball of radius Theellipsoid algorithm solves
the following problemmin,cp f(p).

The algorithm requires access te@paration oracldor P: given anyp € R?, it either outputs that is
a member ofP, or if p ¢ P then it outputs a separating hyperplane betwgeand?P. It also requires access
to afirst-order oracle given anyp € RY, it outputs a subgradient € 9f(p). The algorithm maintains an
ellipsoid E* with centerc! in R? over rounds, and in each roundoes the following:
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1. If the center of the ellipsoid’ ¢ P, it calls the separation oracle to obtain a separating Ipjpee
w; € RY such thatP C {p: (p — ¢;)Tw; < 0}; otherwise it calls the first-order oracletto obtain
wy € Of (ct).

2. Obtain a new ellipsoid’*! with centerc; ,, based on the ellipsoil’ and vectory;. (See e.g.Bub14
for details.) We will treat this ellipsoid update as a bldok¢ step and write it as a functi@tlip (E, ¢, w)
that takes an ellipsoid along with its centee and also a vectaw as input and returns a new ellipsoid
E’ with its centerd’ as output.

The sequence of ellipsoid centdrs } produced by the algorithm has the following guarantee.

Theorem 44(see e.g.Bub14). For T > 2d? log(R/r), the ellipsoid algorithm satisfies:;, ..., cr} NP #

¢ and BR
2 T
. I Ay
eqo i f(e) —min fp) < = exp( zdz>

In other words, with at most = O (d? log (££)) calls to the first-order oracles, the ellipsoid algorithm
finds a poinp € ({¢;} NP) that ise-optimal for the functionf.

D.2 Learning Prices with Ellipsoid

We will first revisit the problem in Sectio®.4and give an ellipsoid-based variantlafarnPrice that (when
there is no noise) obtains a better query complexityLfearnPrice. Recall that we are interested in com-
puting a price vectop € P such that the induced bundié(p) is close to the target bundie

Recall from Lemmal4 that it is sufficient to find an approximately optimal solutito the Lagrangian
dual functiong(p) = argmax,.- L(z,p). We will use the ellipsoid algorithm to find such a solutiorotél
that the feasible region for prices is given explicitly:= {p € R? | ||p|| < VdL}, so a separation oracle
for P is easy to implement. Furthermore, we know from LemnB#hat for anyp, we can obtain a gradient
based on the buyer’s purchased bundie:-z*(p)) € dg(p). This means we have both the separation oracle
and first-order oracle necessary for running ellipsoid. dlgerithmLearnPE is presented in Algorithid.

Algorithm 7 Learning the price vector to induce a target bundlearnPE(z, <)

Input: A target bundler € Int, and target accuracy
Initialize: restricted price space = {p € R? | ||p|| < VdL}

(1-8)/8
d'=0 E'={peR!||p|<VdL} T =100d*In (f“_W> L= ()’ (i)
g g

Fort=1,...,T:
while ¢! ¢ P then let obtain a separating hyperplanend let(E?, ¢!) «+ ellip(E?, ¢!, w)
Letp! = ¢
Observe the purchased bundle by the consurhgr’)
Update the ellipsoid E* 1, c¢'+1) « ellip(EY, ¢, (Z — 2*(p))):
Output: p = argmingeg, oy [|7 — 2%(p)|
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Theorem 45. Letz € Intc be a target bundle and > 0. ThenLearnPE(Z, ) outputs a price vectop
such that the induced bundle satisfjgs— z*(p)|| < e and the number of observations it needs is no more

than D
T=0 <d2 In <7“”>>
0

Proof. By Lemmal4, it suffices to show that there exists a price vegar {p'}~_; such that

2

(A) < i ( ) 61
min g + .
g\p) = pEP p

We will show this through the accuracy guarantee of elligsdiote that the seP is contained in a ball of

radius2v/d )\, and contains a ball of radiugd\.,;. Furthermore, the Lagrangian dual objective value is
also bounded: for any € P:

l9(p)| = \gleagv(w) —(p,x —T)|

< Igleaéw(w) + |(p, " (p) — )|

< Avat v + ol - l2%(p) — 2|
< /\val v+ \/ﬁ/\val Y
< 2\/g/\val/7

By Theoremd4, the following holds

2’520'

min ~mina() < &2
pE{p17,_,7pT}g(p) p’e'P g(p) < 4

By Lemmal4, there exists somg € {p',...,p"”} such that the resulting bundle (p) satisfies that
|z — 2*(p)|| < e. Since we are selectingasp = argminpe g, ,ry |7 — 2*(p)|, we must havez —
z*(p)|| <e. O

Now we could usd_earnPE to replaceLearnPrice in the algorithmOpro as a sub-routine to induce
target bundles. The following result follows from the sameqgb of Footnotes.

Theorem 46. Leta > 0 be the target accuracy. If we replatearnPrice by LearnPE in our instantiation
of Opro(C, ), then the output price vectgrhas expected profit

Eflr®@)]l = max r(p) — o,

the number of times it callsearnPE is bounded by(d*® - polylog(d, 1/a)), and the observations the
algorithm requires from the consumer is at most

11
d6.5 pOIYIOg (Avala Y —> _> .
o O
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Algorithm 8 Learning the toll vector to induce a target floliearnTE (f, €)

Input: A target rowfe F, and target accuracy
Initialize: restricted toll spac® = {p € R | |[p|| < m}

d=0  B={reR|[of <m} T=100(mm(2))

E0

Fort=1,...,T:
while ¢! ¢ P then let obtain a separating hyperplanend let(E?, ¢!) «+ ellip(E?, ¢!, w)
Letr! = ¢!
Observe the induced floW* (1)
Update the ellipsoid ', ¢'*1) « ellip(E", ¢!, —(f = £ H):
Output: 7 = argmin ey [|f — f*(7)l

D.3 Learning Tolls with Ellipsoid

We will also revisit the problem in Sectidh We give a similar ellipsoid-based algorithm to induce ¢drg
flow. See Algorithm8.

Theorem 47. Letf € F be atarget bundle and > 0. ThenLearnTE(f, ¢) outputs a toll vectofr such
that the induced flow satisfidlg’ — f*(7)|| < ¢ and the number of observations it needs is no more than

_ 21, (M
r=0 (m n (EO’))
Proof. Let functiong be defined as

g(r) = min®(f) + (7, f - /).

fer
It suffices to show that there exists sonfec {r',... 77} such thatg(r’) > min,ep g(7) — 527"
Before we instantiate the accuracy theorem of ellipsoide tizat the seP is contained in a ball of radius

m and contains a ball of radius /2, and also that the value g¢fr) is bounded for any € P:

~

lg(T)] = lljfcréljlrl@(f) + (1. f =Dl
< max (1) + max |/ — fll7|
<m-+ V2mm < 2v/m3

Given thatT = 4m? In(m/ec), we know by Theorer4 that

2

(') (1) > =]
max T ) —IMax g\t —_—
rrefrtnrry? rep V=g
Therefore, the output toll vector satisfies
If = f @l <e.
This completes our proof. O
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Finally, with this convergence bound, we could also impriheeresult of Lemmas.

Theorem 48. Leta > 0 be the target accuracy. If we replatearnLead by LearnTE in the instantiation
of LearnOpt (Ap, «), then the output toll vector and its the induced floyf = f*(7) is a-approximately
optimal in expectation:

E [\If <f)] <min¥(f) + a.

fer

The number of times it callsearnTE is bounded bym*?® - polylog(m,1/«)), and so the total number of
observations we need on the flow behavior is bounded by

11
m5® polylog ()\, -, —> .
a’ o
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