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Abstract

A Stackelberg gameis played between aleaderand afollower. The leader first chooses an action,
then the follower plays his best response. The goal of the leader is to pick the action that will maximize
his payoff given the follower’s best response. In this paperwe present an approach to solving for the
leader’s optimal strategy in certain Stackelberg games where the follower’s utility function (and thus the
subsequent best response of the follower) isunknown.

Stackelberg games capture, for example, the following interaction between a producer and a con-
sumer. The producer chooses thepricesof the goods he produces, and then a consumer chooses to
buy a utility maximizing bundle of goods. The goal of the seller here is to set prices to maximize his
profit—his revenue, minus the production cost of the purchased bundle. It is quite natural that the seller
in this example should not know the buyer’s utility function. However, he does have access torevealed
preferencefeedback—he can set prices, and then observe the purchased bundle and his own profit. We
give algorithms for efficiently solving, in terms of both computational and query complexity, a broad
class of Stackelberg games in which the follower’s utility function is unknown, using only “revealed
preference” access to it. This class includes in particularthe profit maximization problem, as well as
the optimal tolling problem in nonatomic congestion games,when the latency functions are unknown.
Surprisingly, we are able to solve these problems even though the optimization problems are non-convex
in the leader’s actions.
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1 Introduction

Consider the following two natural problems:

1. Profit Maximization via Revealed Preferences: A retailer, who sellsd goods, repeatedly interacts
with a buyer. In each interaction, the retailer decides how to price thed goods by choosingp ∈ R

d
+,

and in response, the buyer purchases the bundlex ∈ R
d
+ that maximizes her utilityv(x) − 〈x, p〉,

wherev is an unknown concave valuation function. The retailer observes the bundle purchased, and
therefore his profit, which is〈x, p〉 − c(x), wherec is an unknown convex cost function. The retailer
would like to set prices that maximize his profit after only a polynomial number of interactions with
the buyer.

2. Optimal Tolling via Revealed Behavior: A municipal authority administersm roads that form a
networkG = (V,E). Each roade ∈ E of the network has an unknown latency functionℓe : R+ →
R+ which determines the time it takes to traverse the road givena level of congestion. The authority
has the power to set constant tollsτe ∈ R+ on the roads in an attempt to manipulate traffic flow. In
rounds, the authority sets tolls, and then observes theNash equilibrium flowinduced by the non-atomic
network congestion game defined by the unknown latency functions and the tolls, together with the
social cost (average total latency) of the flow. The authority would like to set tolls that minimize the
social cost after only a polynomial number of rounds.

Although these problems are quite different, they share at least one important feature—the retailer and
the municipal authority each wish to optimize anunknownobjective function given only query access to
it. That is, they have the power to choose some set of prices ortolls, and then observe the value of their
objective function that results from that choice. This kindof problem (alternately calledbandit or zeroth
order optimization) is well-studied, and is well understood in cases in which the unknown objective being
maximized (resp. minimized) is concave (resp. convex). Unfortunately, the two problems posed above
share another important feature—when posed as bandit optimization problems, the objective function being
maximized (resp. minimized) is generally not concave (resp. convex). For the profit maximization problem,
even simple instances lead to a non concave objective function.

Example 1. Consider a setting with one good (d = 1). The buyer’s valuation functionv(x) =
√
x, and the

retailer’s cost function isc(x) = x. The buyer’s utility for buyingx units at pricep is
√
x − x · p. Thus, if

the price isp, a utility-maximizing buyer will purchasex∗(p) = 1
4p2

units. The profit of the retailer is then

Profit(p) = p · x∗(p)− c(x∗(p)) = 1

4p
− 1

4p2
.

Unfortunately, this profit function is not concave.

Since the retailer’s profit function is not concave in the prices, it cannot be optimized efficiently using
generic methods for concave maximization. This phenomenonpersists into higher dimensions, where it
is not clear how to efficiently maximize the non-concave objective. The welfare objective in the tolling
problem is also non-convex in the tolls. We give an example inAppendixA.

Surprisingly, despite this non-convexity, we show that both of these problems can be solved efficiently
subject to certain mild conditions. More generally, we showhow to solve a large family ofStackelberg
gamesin which the utility function of the “follower” is unknown. AStackelberg gameis played by a
leader and afollower. The leader moves first and commits to an action (e.g., setting prices or tolls as in
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our examples), and then the followerbest responds, playing the action that maximizes her utility given the
leader’s action. The leader’s problem is to find the action that will optimize his objective (e.g., maximizing
profit, or minimizing social cost as in our examples) after the follower best responds to this action.

Traditionally, Stackelberg games are solved assuming thatthe leader knows the follower’s utility func-
tion, and thus his own utility function. But this assumptionis very strong, and in many realistic settings
the follower’s utility function will be unknown. Our results give general conditions—and several natural
examples—under which the problem of computing an optimal Stackelberg equilibrium can be solved effi-
ciently with only revealed preferences feedback to the follower’s utility function.

For clarity of exposition, we first work out our solution in detail for the special case of profit maximiza-
tion from revealed preferences.We then derive and state ourgeneral theorem for optimally solving a class of
Stackelberg games where the follower’s utility is unknown.Finally, we show how to apply the general theo-
rem to other problems, including the optimal tolling problem mentioned above and a natural principal-agent
problem.

1.1 Our Results and Techniques

The main challenge in solving our class of Stackelberg gamesis that for many natural examples, the leader’s
objective function is not concave when written as a functionof his own action. For instance, in our example,
the retailer’s profit is not concave as a function of the pricehe sets. Our first key ingredient is to show that in
many natural settings,the leader’s objective is concave when written as a functionof the follower’s action.

Consider again the retailer’s profit maximization problem.Recall that if the buyer’s valuation function
v(x) =

√
x, then when she faces a pricep, she will buy the bundlex∗(p) = 1/4p2. In this simple case, we

can see that setting a price ofp∗(x) = 1/2
√
x will induce the buyer to purchasex units. In principle, we

can now write the retailer’s profit function as a function of the bundlex. In our example, the retailer’s cost
function is simplyc(x) = x. So,

Profit(x) = p∗(x) · x− c(x) =
√
x

2
− x.

Written in terms ofx, the profit function is concave! As we show, this phenomenon continues in higher
dimensions, for arbitrary convex cost functionsc and for a wide class of concave valuation functions sat-
isfying certain technical conditions, including the well studied families of CES and Cobb-Douglas utility
functions.

Thus, if the retailer had access to an oracle for the concave functionProfit(x), we could use an algorithm
for bandit concave optimization to maximize the retailer’sprofit. Unfortunately, the retailer does not directly
get to choose the bundle purchased by the buyer and observe the profit for that bundle: he can only setprices
and observe the buyer’s chosen bundlex∗(p) at those prices, and the resulting profitProfit(x∗(p)).

Nevertheless, we have reduced the retailer’s problem to a possibly simpler one. In order to find the
profit maximizing prices, it suffices to give an algorithm which simulates access to an oracle forProfit(x)
given only the retailer’s query access tox∗(p) andProfit(x∗(p)). Specifically, if for a given bundlex, the
retailer could find pricesp such that the buyer’s chosen bundlex∗(p) = x, then he could simulate access to
Profit(x) by setting pricesp and receivingProfit(x∗(p)) = Profit(x).

Our next key ingredient is a “tâtonnement-like” procedurethat efficiently finds prices that approximately
induce a target bundlex given only access tox∗(p), provided that the buyer’s valuation function is Hölder
continuous and strongly concave on the set of feasible bundles. Specifically, given a target bundlex, our
procedure finds pricesp such that|Profit(x∗(p)) − Profit(x)| ≤ ε. Thus, we can use our procedure to
simulate approximate access to the functionProfit(x). Our procedure requires onlypoly(d, 1/ε) queries
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to x∗(p). Using recent algorithms for bandit optimization due to Belloni et al. [BLNR15], we can maxi-
mize the retailer’s profits efficiently even with only approximate access toProfit(x). When our algorithms
receivenoiselessfeedback, we can improve the dependence on the approximation parameterε to be only
poly(log 1/ε).

A similar approach can be used to solve the optimal tolling problem assuming the unknown latency func-
tions are convex and strictly increasing. As in the preceding example, the municipal authority’s objective
function (social cost) is not convex in the tolls, butis convex in the induced flow. Whenever the latency
function are strictly increasing, thepotential functionof the routing game is strongly convex, and so we can
use our tâtonnement procedure to find tolls that induce target flows at equilibrium.

Our results for maximizing profits and optimizing tolls follow from a more general method that allows
the leader in a large class of continuous action Stackelberggame to iteratively and efficiently maximize his
objective function while only observing the follower’s response. The class requires the following conditions:

1. The follower’s utility function is strongly concave in her own actions and linear in the leader’s actions.

2. The leader’s objective function is concave when written as a function of the follower’s actions.1

Finally, we show that our techniques are tolerant to two different kinds of noise. Our techniques work
even if the follower only approximately maximizes his utility function, which corresponds to bounded, but
adversarially chosen noise – and also if unbounded, but wellbehaved (i.e. zero mean and bounded variance)
noise is introduced into the system. To illustrate this noise tolerance, we show how to solve a simpled-
dimensional principal-agent problem, in which the principal contracts for the production ofd types of goods
that are produced as a stochastic function of the agent’s actions.

1.2 Related Work

There is a very large literature in operations research on solving so-called “bilevel programming” problems,
which are closely related to Stackelberg games. Similar to aStackelberg game, the variables in a bilevel
programming problem are partitioned into two “levels.” Thesecond-level variables are constrained to be the
optimal solution to some problem defined by the first-level variables. See [CMS05] for a survey of the bilevel
programming literature. Unlike our work, this literature does not focus substantially on computational issues
(many of the algorithms are not polynomial time). [KCP10] show that optimally solving certain discrete
Stackelberg games is NP-hard. Even ignoring computationalefficiency, this literature assumes knowledge
of the objective function of the “follower.” Our work departs significantly from this literature by assuming
that the leader has no knowledge of the follower’s utility function.

There are two other works that we are aware of that consider solving Stackelberg games when the
follower’s utility function is unknown. Letchford, Conitzer, and Munagala [LCM09] give algorithms for
learning optimal leader strategies with a number of queriesthat is polynomial in the number of pure strate-
gies of the leader. In our setting, the leader has a continuous and high dimensional action space, and so
the results of [LCM09] do not apply. Blum, Haghtalab, and Procaccia [BHP14] consider the problem of
learning optimal strategies for the leader in a class ofsecurity games. They exploit the structure of security
games to learn optimal strategies for the leader in a number of queries that is polynomial in the represen-
tation size of the game (despite the fact that the number of pure strategies is exponential). The algorithm
of [BHP14] is not computationally efficient – indeed, the problem theyare solving is NP-hard. Neither of
these techniques apply to our setting – and despite the fact that in our setting the leader has a continuous

1When the leader and follower are instead trying to minimize acost function, replace “concave” with “convex” in the above.

3



action space (which is exponentially large even under discretization), we are able to give an algorithm with
both polynomial query complexity and polynomial running time.

There is also a body of related work related to our main example of profit maximization. Specifically,
there is a recent line of work onlearning to predict from revealed preferences([BV06, ZR12, BDM+14]). In
this line, the goal is topredict buyer behavior, rather than to optimize seller prices. Following these works,
Amin et al. [ACD+15] considered how to find profit maximizing pricing from revealed preferences in the
special case in which the buyer has a linear utility functionand a fixed budget. The technique of [ACD+15] is
quite specialized to linear utility functions, and does noteasily extend to more general utility functions in the
profit maximization problem, and not to Stackelberg games ingeneral. “Revealed preferences” queries are
quite similar todemand queries(see e.g. [BN09]). Demand queries are known to be sufficient to find welfare
optimal allocations, and more generally, to be able to solveseparable convex programs whose objective is
social welfare. In contrast, our optimization problem is non-convex (and so the typical methodology by
which demand queries are used does not apply), and our objective is not welfare.

The profit maximization application can be viewed as a dynamic pricing problem in which the seller
has no knowledge of the buyers utilities. Babaioff et al. [BDKS15] study a version of this problem that
is incomparable to our setting. On the one hand, [BDKS15] allow for distributionsover buyers. On the
other hand, [BDKS15] is limited to selling a single type of good, whereas our algorithms apply to selling
bundles of many types of goods. There is also work related to our optimal tolling problem. In an elegant
paper, Bhaskar et al. [BLSS14] study how one can iteratively find tolls such that a particular target flow
is an equilibrium of a non-atomic routing game where the latency functions are unknown, which is a sub-
problem we also need to solve in the routing application. Their technique is specialized to routing games,
and requires that the unknown latency functions have a knownsimple functional form (linear or low-degree
convex polynomial). In contrast, our technique works quitegenerally, and in the special case of routing
games, does not require the latency functions to satisfy anyknown functional form (or even be convex). Our
technique can also be implemented in a noise tolerant way, although at the expense of having a polynomial
dependence on the approximation parameter, rather than a polylogarithmic dependence (in the absence
of noise, our method can also be implemented to depend only polylogarithmically on the approximation
parameter.)

Finally, our work is related in motivation to a recent line ofwork designed to study thesample complexity
of auctions[BBHM08, CR14, HMR14, DHN14, CHN14, BMM15, MR15]. In this line of work, like in
our work, the goal is to optimize an objective in a game theoretic setting when the designer has no direct
knowledge of participant’s utility functions.

2 Preliminaries

We will denote the set of non-negative real numbers byR+ = {x ∈ R | x ≥ 0} and the set of positive real
numbers byR>0 = {x ∈ R | x > 0}. For a setC ⊆ R

d and a norm‖ · ‖, we will use‖C‖ = supx∈C ‖x‖
to denote the diameter ofC with respect to the norm‖ · ‖. When the norm is unspecified,‖ · ‖ will denote
the Euclidean norm‖ · ‖2.

An important concept we use is theinterior of a set. In the following, we will useBu to denote the unit
ball centered atu for anyu ∈ R

d.

Definition 1. For any δ > 0 and any setC ⊆ R
d, theδ-interior IntC,δ of C is a subset ofC such that a

pointx is in theδ-interior IntC,δ ofC if the ball of radiusδ centered atx is contained inC, that is:

x+ δB0 = {x+ δy | ‖y‖ ≤ 1} ⊆ C.
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The interiorIntC of C is a subset ofC such that a pointx is in IntC if there exists someδ′ > 0 such thatx
is in IntC,δ′ .

We will also make use of the notions of Hölder continuity andLipschitzness.

Definition 2. A functionf : C → R is (λ, β)-Hölder continuous for someλ, β ≥ 0 if for anyx, y ∈ C,

|f(x)− f(y)| ≤ λ‖x− y‖β .

A functionf is λ-Lipschitz if it is(λ, 1)-Hölder continuous.

2.1 Projected Subgradient Descent

A key ingredient in our algorithms is the ability to minimizea convex function (or maximize a concave
function), given access only to the subgradients of the function (i.e. with a so-called “first-order” method).
For concreteness, in this paper we do so using the projected sub gradient descent algorithm. This algorithm
has the property that it isnoise-tolerant, which is important in some of our applications. However, we
note that any other noise-tolerant first-order method couldbe used in place of gradient descent to obtain
qualitatively similar results. In fact, we show in the appendix that for applications that do not require noise
tolerance, we can use the Ellipsoid algorithm, which obtains an exponentially better dependence on the
approximation parameter. Because we strive for generality, in the body of the paper we restrict attention to
gradient descent.

Let C ⊆ R
d be a compact and convex set that is contained in a Euclidean ball of radiusR, centered at

some pointx1 ∈ R
d. Let c : Rd → R be a convex “loss function.” Assume thatc is alsoλ-Lipschitz—-that

is, |c(x) − c(y)| ≤ λ‖x− y‖2. LetΠC denote the projection operator ontoC,

ΠC(x) = argmin
y∈C

‖x− y‖.

Projected subgradient descent is an iterative algorithm that starts atx1 ∈ C and iterates the following
equations

yt+1 = xt − η gt, wheregt ∈ ∂c(xt)
xt+1 = ΠX (yt+1)

The algorithm has the following guarantee.

Theorem 3. The projected subgradient descent algorithm withη = R
λ
√
T

satisfies

c

(
1

T

T∑

t=1

xs

)
≤ min

y∈C
c(y) +

Rλ√
T

Alternatively, the algorithm finds a solution withinε of optimal afterT = (Rλ/ε)2 steps.

2.2 Strong Convexity

We will make essential use ofstrong convexity/concavityof certain functions.
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Definition 4. Letφ : C → R be a function defined over a convex setC ⊆ R
d. We sayφ is σ-strongly convex

if for everyx, y ∈ C,

φ(y) ≥ φ(x) + 〈∇φ(x), y − x〉+ σ

2
· ‖y − x‖22.

We sayφ is σ-strongly concaveif (−φ) is σ-strongly convex.

An extremely useful property of strongly convex functions is that any point in the domain that is close
to the minimum in objective value is also close to the minimumin Euclidean distance.

Lemma 5. Letφ : C → R be aσ-strongly convex function, and letx∗ = argminx∈C φ(x) be the minimizer
of φ. Then, for anyx ∈ C,

‖x− x∗‖22 ≤
2

σ
· (φ(x) − φ(x∗)).

Similarly, ifφ is σ-strongly concave, andx∗ = argmaxx∈C φ(x), then for anyx ∈ C,

‖x− x∗‖22 ≤
2

σ
· (φ(x∗)− φ(x)).

2.3 Tools for Zeroth-Order Optimization

We briefly discuss a useful tool for noisy zeroth-order optimization (also known asbandit optimization)
by [BLNR15], which will be used as blackbox algorithm in our framework.The important feature we
require, satisfied by the algorithm from [BLNR15] is that the optimization procedure be able to tolerate a
small amount of adversarial noise.

Definition 6. LetC be a convex set inRd. We say thatC is well-rounded if there existr,R > 0 such that
Bd2(r) ⊆ C ⊆ Bd2(R) andR/r ≤ O(

√
d), whereBd2(γ) denotes anℓ2 ball of radiusγ in R

d.

LetC be a well-rounded convex set inRd andF, f : Rd → R be functions such thatf is convex andF
satisfies

sup
x∈C
|F (x)− f(x)| ≤ ε/d, (1)

for someε > 0. The functionF can be seen as an oracle that gives a noisy evaluation off at any point inC.
Belloni et al. [BLNR15] give an algorithm that finds a pointx ∈ C that approximately optimizes the convex
functionf and only uses function evaluations ofF at points inx ∈ C. The setC only needs to be specified
via a membership oracle that decides if a pointx is inC or not.

Lemma 7 ([BLNR15], Corollary 1). Let C be a well-rounded set inRd and f andF be functions that
satisfy Equation(1). There is an algorithmZOO(ε, C) (short for zeroth-order optimization) that makes
Õ(d4.5) calls2 toF and returns a pointx ∈ C such that

E[f(x)] ≤ min
y∈C

f(y) + ε.

Naturally, the algorithm can also be used to approximately maximize a concave function.

2The notationÕ(·) hides the logarithmic dependence ond and1/ε.

6



3 Profit Maximization From Revealed Preferences

3.1 The Model and Problem Setup

Consider the problem of maximizing profit from revealed preferences. In this problem, there is aproducer,
who wants to sell a bundlex of d divisible goods to aconsumer. The bundles are vectorsx ∈ C where
C ⊆ R

d
+ is some set offeasible bundlesthat we assume isknownto both the producer and consumer.

• The producer has anunknown cost functionc : Rd
+ → R+. He is allowed to set pricesp ∈ R

d
+ for

each good, and receives profit
r(p) = 〈p, x∗(p)〉 − c(x∗(p)),

wherex∗(p) is the bundle of goods the consumer purchases at pricesp. His goal is to find the profit
maximizing prices

p∗ = argmax
p∈Rd

+

r(p).

• The consumer has avaluation functionv : Rd
+ → R+. The valuation function isunknown to the

producer. The consumer has aquasi-linearutility function u(x, p) = v(x) − 〈p, x〉. Given pricesp,
the consumer will buy the bundlex∗(p) ∈ C that maximizes her utility. Thus,

x∗(p) = argmax
x∈C

u(x, p) = argmax
x∈C

(v(x)− 〈x, p〉) .

We callx∗(p) the induced bundle at pricesp.

In our model, in each time periodt the producer will choose pricespt and can observe the resulting
induced bundlex∗(pt) and profitr(pt). We would like to design an algorithm so that after a polynomial
number of observationsT , the profitr(pT ) is nearly as large as the optimal profitr(p∗).

We will make several assumptions about the functionsc andv and the setC. We view these assumptions
as comparatively mild:

Assumption 3.1(Set of Feasible Bundles). The set of feasible bundlesC ⊆ R
d
+ is convex and well-rounded.

It also contains the set(0, 1]d ⊆ C (the consumer can simultaneously buy at least one unit of each good).
Also,‖C‖2 ≤ γ (e.g. whenC = (0, 1]d, we haveγ =

√
d). Lastly,C is downward closed, in the sense that

for anyx ∈ C, there exists someδ ∈ (0, 1) such thatδ x ∈ C (the consumer can always choose buy less of
each good).

Assumption 3.2 (Producer’s Cost Function). The producer’s cost functionc : R
d
+ → R is convex and

Lipschitz-continuous.

Assumption 3.3(Consumer’s Valuation Function). The consumer’s valuation functionv : Rd
+ → R is non-

decreasing, Ḧolder-continuous, differentiable and strongly concave over C. For any price vectorp ∈ R
d
+,

the induced bundlex∗(p) = argmaxx∈C u(x, p) is defined.

Note that without the assumption that the consumer’s valuation function is concave and that the pro-
ducer’s cost function is convex, even with full information, their corresponding optimization problems
would not be polynomial time solvable. Our fourth assumption of homogeneityis more restrictive , but
as we observe, is satisfied by a wide range of economically meaningful valuation functions including CES
and Cobb-Douglas utilities. Informally, homogeneity is a scale-invariance condition — changing theunits
by which quantities of goods are measured should have a predictable multiplicative effect on the buyer
valuation functions:

7



Definition 8. For k ≥ 0, a functionv : Rd
+ → R+ is homogeneous of degreek if for everyx ∈ R

d and for
everyσ > 0,

v(σx) = σkv(x).

The functionv is simplyhomogeneousif it is homogeneous of degreek for somek ≥ 0.

Our fourth assumption is simply that the buyer valuation function is homogeneous ofsomedegree:

Assumption 3.4. The consumer’s valuation functionv is homogeneous.

3.2 An Overview of Our Solution

We present our solution in three main steps:

1. First, we show that the profit function can be expressed as aconcave functionr(x) of the consumer’s
induced bundlex, rather than as a (non-concave) function of the prices.

2. Next, we show that for a given candidate bundlex, we can iteratively find pricesp such thatx ≈ x∗(p).
That is, in each time periods we can set pricesps and observe the purchased bundlex∗(ps), and after
a polynomial number of time periodsS, we are guaranteed to find pricesp = pS such thatx∗(p) ≈ x.
Once we have found such prices, we can observe the profitr(x∗(p)) ≈ r(x), which allows us to
simulate query access tor(x).

3. Finally, we use our simulated query access tor(x) as feedback to a bandit concave optimization
algorithm, which iteratively queriesbundlesx, and quickly converges to the profit maximizing bundle.

3.3 Expressing Profit as a Function of the Bundle

First, we carry out Step1 above and demonstrate how to rewrite the profit function as a function of the
bundlex, rather than as a function of the pricesp. Note that for any given bundlex ∈ C, there might be
multiple price vectors that inducex. We denote the set of price vectors that inducex by:

P ∗(x) = {p ∈ R
d | x∗(p) = x}.

We then define the profit of a bundlex to be

r(x) = max
p∈P ∗(x)

r(p) = max
p∈P ∗(x)

〈p, x〉 − c(x).

Observe that the profit maximizing price vectorp ∈ P ∗(x) is the price vector that maximizesrevenue
〈p, x〉, since thecostc(x) depends only onx, and so is the same for everyp ∈ P ∗(x). The following lemma
characterizes the revenue maximizing price vector that induces any fixed bundlex ∈ C.

Lemma 9. Let x̂ ∈ C be a bundle, andP ∗(x̂) be the set of price vectors that induce bundlex̂. Then the
price vectorp = ∇v(x̂) is the revenue maximizing price vector that inducesx̂. That is,∇v(x̂) ∈ P ∗(x̂) and
for any price vectorp′ ∈ P ∗(x̂), 〈p′, x̂〉 ≤ 〈∇v(x̂), x̂〉.

Proof. Observe that for anyx ∈ C the gradient of the consumer’s utilityu(x, p) = v(x) − 〈p, x〉 with
respect tox is (∇v − p). If the prices arep = ∇v(x̂), then sincev is concave and∇v(x̂) − p = 0, x̂ is a
maximizer of the consumer’s utility function. Thus, we havex∗(∇v(x̂)) = x̂, and so∇v(x̂) ∈ P ∗(x̂).
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Suppose that there exists another price vectorp′ ∈ P ∗(x̂) such thatp′ 6= ∇v(x̂). Since the function
u(·, p′) is concave inx andx̂ ∈ argmaxx∈C u(x, p′), we know that for anyx′ ∈ C

〈
∇v(x̂)− p′, x′ − x̂

〉
≤ 0,

otherwise there is a feasible ascent direction, which contradicts the assumption thatx̂ maximizesu(x, p′).
By 3.1, we know there exists someδ < 1 such thatδx̂ ∈ C. Now considerx′ = δx̂, then it follows that

〈
∇v(x̂)− p′, (1− δ) x̂

〉
= (1− δ)

(
〈∇v(x̂), x̂〉 −

〈
p′, x̂

〉)
≥ 0.

Therefore,〈p′, x〉 ≤ 〈∇v(x), x〉, as desired. This completes the proof.

With this characterization of the revenue maximizing pricevector, we can then rewrite the profit as a
function ofx in closed form for anyx ∈ C:

r(x) = 〈∇v(x), x〉 − c(x). (2)

Next, we show thatr(x) is a concave function ofx whenever the valuationv satisfies 3.3 (concavity
and differentiability) and3.4(homogeneity).

Theorem 10. If the consumer’s valuation functionv is differentiable, homogeneous, and concave overC,
the producer’s profit functionr(x) = 〈∇v(x), x〉 − c(x) is concave over the domainC.

To prove this result, we invoke Euler’s theorem for homogeneous functions:

Theorem 11(Euler’s Theorem for Homogeneous Functions). Let v : C → R+ be continuous and differen-
tiable. Thenv is homogeneous of degreek if and only if

〈∇v(x), x〉 = k · v(x).

Proof of Theorem10. Recall that:
r(x) = 〈∇v(x), x〉 − c(x)

By the assumption thatv is continuous, differentiable, and homogeneous of some degreek ≥ 0, we have by
Euler’s theorem that

r(x) = kv(x)− c(x)
Because by assumption,v(x) is concave, andc(x) is convex, we conclude thatr(x) is concave.

Finally, we note that many important and well studied classes of valuation functions satisfy our assump-
tions – namely differentiability, strong concavity and homogeneity. Two classes of interest include

• Constant Elasticity of Substitution (CES).Valuation functions of the form:

v(x) =

(
d∑

i=1

αix
ρ
i

)β

,

whereαi > 0 for everyi ∈ [d] andρ, β > 0 such thatρ < 1 andβρ < 1. These functions are known
to be differentiable, Hölder continuous and strongly concave over the set(0,H]d (see AppendixB.1
for a proof). Observe thatv(σx) = (

∑d
i=1 αi(σxi)

ρ)β = σρβ(
∑d

i=1 αix
ρ
i )

β = σρβv(x), so these
functions are homogeneous of degreek = ρβ.
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• Cobb-Douglas.These are valuation functions of the form

v(x) =
d∏

i=1

xαi

i ,

whereαi > 0 for everyi ∈ [d] and
∑d

i=1 αi < 1. These functions are known to be differentiable,
Hölder continuous and strongly concave over the set(0,H]d (see AppendixB.1 for a proof). Observe

that v(σx) =
∏d

i=1(σxi)
αi = (

∏d
i=1 σ

αi)(
∏d

i=1 x
αi

i ) = σ
∑d

i=1
αi · v(x), so these functions are

homogeneous of degreek =
∑d

i=1 αi.

3.4 Converting Bundles to Prices

Next, we carry out Step2 and show how to find priceŝp to induce a given bundlêx. Specifically, the
producer has a target bundlêx ∈ C in mind, and would like to learn a price vectorp̂ ∈ R

d
+ such that the

induced bundlex∗(p̂) is “close” to x̂. That is,

‖x̂− x∗(p̂)‖2 ≤ ε,

for someε > 0.
Our solution will actually only allow us to produce a price vector p̂ such that̂x andx∗(p̂) are “close in

value.” That is
|u(x̂, p̂)− u(x∗(p̂), p̂)| ≤ δ.

However, by strong concavity of the valuation function, this will be enough to guarantee that the actual
bundle is close to the target bundle. The following is just anelaboration of assumption3.3:

Assumption 3.5(Quantitative version of3.3). The valuation functionv is both

1. (λval, β)-Hölder continuous over the domainC with respect to theℓ2 norm—for allx, x′ ∈ C,

|v(x) − v(x′)| ≤ λval · ‖x− x′‖β2 ,

for some constantsλval ≥ 1 andβ ∈ (0, 1], and

2. σ-strongly concave over the interior ofC—for all x, x′ ∈ C,

v(x′) ≤ v(x) + 〈∇v(x), x′ − x〉 − (σ/2) · ‖x− x′‖22.

Our algorithmLearnPrice(x̂, ε) is given as Algorithm1. We will prove:

Theorem 12. Let x̂ ∈ C be a target bundle andε > 0. ThenLearnPrice(x̂, ε) outputs a price vector̂p
such that the induced bundle satisfies‖x̂− x∗(p̂)‖ ≤ ε and the number of observations it needs is no more
than

T = d · poly
(
1

ε
,
1

σ
, γ, λval

)
.
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Algorithm 1 Learning the price vector to induce a target bundle:LearnPrice(x̂, ε)
Input: A target bundlêx ∈ C, and target accuracyε

Initialize: restricted price spaceP = {p ∈ R
d
+ | ‖p‖ ≤

√
dL} where

L = (λval)
1/β

(
4

ε2σ

)(1−β)/β

p1j = 0 for all goodj ∈ [d] T =
32dL2γ2

ε4σ2
η =

√
2γ

L
√
dT

For t = 1, . . . , T :
Observe the purchased bundle by the consumerx∗(pt)
Update price vector with projected subgradient descent:

p̂t+1
j = ptj − η

(
x̂j − x∗(pt)j

)
for eachj ∈ [d], pt+1 = ΠP

[
p̂t+1

]

Output: p̂ = 1/T
∑T

t=1 p
t.

To analyzeLearnPrice(x̂, ε), we will start by defining the following convex program whosesolution is
the target bundlêx.

max
x∈C

v(x) (3)

such that xj ≤ x̂j for every goodj ∈ [d] (4)

Sincev is non-decreasing, it is not hard to see thatx̂ is the optimal solution. Thepartial Lagrangianof
this program is defined as follows,

L(x, p) = v(x) −
d∑

j=1

pj(xj − x̂j),

wherepj is the dual variable for each constraint (4) and is interpreted as the price of goodj. By strong
duality, we know that there is avalueOPT such that

max
x∈C

min
p∈Rd

+

L(x, p) = min
p∈Rd

+

max
x∈C
L(x, p) = OPT = v(x̂). (5)

We know thatOPT = v(x̂) becausêx is the optimal solution to (3)-(4).
We can also define theLagrange dual functiong : Rd → R to be

g(p) = max
x∈C
L(x, p).

We will show that an approximately optimal price vector forg approximately induces the target bundle
x̂, and thatLearnPrice(x̂, ε) is using projected subgradient descent to find such a solution to g. In order
to reason about the convergence rate of the algorithm, we restrict the space of the prices to the following
bounded set:

P =

{
p ∈ R

d
+ | ‖p‖2 ≤

√
d (λval)

1/β

(
4

ε2σ

)(1−β)/β
}
. (6)

First, we can show that the minimax value of the Lagrangian remains closed toOPT even if we restrict
the prices to the setP.
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Lemma 13. There exists a value R-OPT such that

max
x∈C

min
p∈P
L(x, p) = min

p∈P
max
x∈C
L(x, p) = R-OPT.

Moreover,v(x̂) ≤ R-OPT≤ v(x̂) + ε2σ
4 .

Proof. SinceC andP are both convex andP is also compact, the minimax theorem [Sio58] shows that
there is a value R-OPT such that

max
x∈C

min
p∈P
L(x, p) = min

p∈P
max
x∈C
L(x, p) = R-OPT. (7)

SinceP ⊆ R
d
+, by (5), we have R-OPT≥ v(x̂). Thus, we only need to show that R-OPT≤ v(x̂) + α,

whereα = ε2σ/4. Let (x•, p•) be a pair of minimax strategies for (7). That is

x• ∈ argmax
x∈C

min
p∈P
L(x, p) and p• ∈ argmin

p∈P
max
x∈C
L(x, p)

It suffices to show thatL(x•, p•) ≤ v(x̂) + α. Suppose not, then we have

v(x̂) + α < L(x•, p•) = min
p∈P
L(x•, p) = v(x•)−max

p∈P
〈p, x• − x̂〉 ≤ v(x•).

Now consider the bundley such thatyj = max{x•j , x̂j} for eachj ∈ [d]. It is clear thatv(y) ≥
v(x•) > v(x̂). Let L = (λval)

1/β ( 4
ε2σ

)(1−β)/β
, then we can construct the following price vectorp′ ∈ P

such thatp′j = L for each goodj with x•j > x̂j, andp′j = 0 for all other goods. Since we assume thatv is
(λval, β)-Hölder continuous with respect toℓ2 norm, we have

v(x•)− v(x̂) ≤ v(y)− v(x̂) ≤ λval‖y − x̂‖β2 ≤ λval‖y − x̂‖β1

It follows that

v(x̂) + α < L(x•, p•) ≤ L(x•, p′)
= v(x•)− 〈p′, x• − x̂〉
= v(x•)−

∑

j:x•
j>x̂j

L (y − x̂j)

= v(x•)− L‖y − x̂‖1 ≤ v(y)− L‖y − x̂‖2

Suppose that‖y − x̂‖2 ≥ 1 or β = 1, we know that‖y − x̂‖β2 ≤ ‖y − x̂‖2. This meansv(x̂) + α <

v(y)− L‖y − x̂‖β2 ≤ v(y)− λval‖y − x̂‖β2 ≤ v(x̂), a contradiction.
Next suppose that‖y − x̂‖2 < 1 andβ ∈ (0, 1). We also have that

α < v(y)− v(x̂)− L‖y − x̂‖2
≤ λval‖y − x̂‖β2 − L‖y − x̂‖2

≤ λval ‖y − x̂‖β2
(
1− L

λval
‖y − x̂‖1−β

2

)
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Sinceα > 0, it must be that
(
1− L

λval
‖y − x̂‖1−β

2

)
is also positive, and so‖y − x̂‖2 <

(
λval

L

)1/(1−β)
. By

the choice of ourL,

α < λval

(
λval
L

)β/(1−β)

=
ε2σ

4
= α

which is a contradiction. Therefore, the minimax value of (7) is no more thanv(x̂) + α.

The preceding lemma shows thatx̂ is a primal optimal solution (even when prices are restricted). There-
fore, if p̂ = argminp∈P g(p) are the prices that minimize the Lagrangian dual, we must have thatx̂ = x∗(p̂)
is the induced bundle at priceŝp. The next lemma shows that ifp′ are prices that approximately minimize
the Lagrangian dual, then the induced bundlex∗(p′) is close tôx.

Lemma 14. Let p′ ∈ P be a price vector such thatg(p′) ≤ minp∈P g(p) + α. Let x′ = x∗(p′) be the
induced bundle at pricesp′. Thenx′ satisfies

‖x′ − x̂‖ ≤ 2
√
α/σ.

Proof. Let R-OPT denote the Lagrangian value when we restrict the price space toP. From Lemma13, we
have that R-OPT= minp∈P g(p) ∈ [v(x̂), v(x̂) + α]. By assumption, we also have

g(p′) = L(x′, p′) ≤ R-OPT+ α ≤ v(x̂) + 2α.

Note thatL(x̂, p′) = v(x̂)− 〈p′, x̂− x̂〉 = v(x̂) andx′ is the maximizer forL(·, p′), so it follows that

0 ≤ L(x′, p′)− L(x̂, p′) ≤ 2α.

Since we know thatv is aσ-strongly concave function overC, the utility functionu(·, p′) = v(·)− 〈p′, ·〉 is
alsoσ-strongly concave overC.3 Then we have the following by Lemma5 and the above argument,

2α ≥ L(x′, p′)− L(x̂, p′) = u(x′, p′)− u(x̂, p′) ≥ σ

2
‖x′ − x‖2 (8)

This means‖x′ − x‖ ≤ 2
√
α/σ.

Based on Lemma14, we can reduce the problem of finding the appropriate prices to induce the target
bundle to finding the approximate optimal solution toargminp∈P g(p). Even though the functiong is
unknown to the producer (becausev is unknown), we can still approximately optimize the function using
projected subgradient descent if we are provided access to subgradients ofg. The next lemma shows that
the bundlex∗(p) purchased by the consumer gives a subgradient of the Lagrange dual objective function at
p.

Lemma 15. Letp be any price vector, andx∗(p) be the induced bundle. Then

(x̂− x∗(p)) ∈ ∂g(p).
3If f(·) is aσ-strongly concave function overC andg(·) is a concave function overC, then(f + g)(·) is aσ-strongly concave

function overC.
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Proof. Givenx′ = argmaxx∈[0,1]d L(x, p), we know by the envelope theorem that a subgradient ofg can
be obtained as follows

∂g

∂pj
= x̂j − x′j for eachj ∈ [d].

Note thatx′ corresponds to the induced bundle ofp because

x′ = argmax
x∈C

L(x, p)

= argmax
x∈C

[v(x)− 〈p, x− x̂〉]

= argmax
x∈C

[v(x)− 〈p, x〉]

= argmax
x∈C

u(x, p) = x∗(p)

Therefore, the vector(x̂− x∗(p)) is a subgradient ofg at the price vectorp.

Now that we know the subgradients of the functiong atp can be easily obtained from the induced bundle
purchased by the consumer, it remains to observe that Algorithm LearnPrice(x̂, ε) is performing projected
gradient descent on the Lagrange dual objective, and to analyze its convergence.

Proof of Theorem12. By Lemma14, it suffices to show that the price vectorp̂ returned by projected gradient
descent satisfies

g(p̂) ≤ min
p∈P

g(p) +
ε2σ

4
.

Note that the setP is contained in theℓ2 ball centered at0 with radiusL. Also, for eachpt, the subgradient
we obtain is bounded:‖x̂− x∗(pt)‖ ≤

√
‖x̂‖2 + ‖x∗(pt)‖2 ≤

√
2γ since‖C‖ ≤ γ. Since we set

T =
32dL2γ2

ε4σ2
η =

√
2γ

L
√
dT

we can apply the guarantee of projected gradient descent from Theorem3, which gives:

g(p̂)−min
p∈P

g(p) ≤
√
2Lγ√
T

=
ε2σ

4

By Lemma14, we know that the resulting bundlex∗(p̂) satisfies that‖x̂− x∗(p)‖ ≤ ε.

Remark 16. Since noise tolerance is not required in this setting, it is possible approximately induce the
target bundle only usingpoly-logarithmically in (1/ε) number of observations. We will give an ellipsoid-
based variant ofLearnPrice in AppendixD that achieves this guarantee.

3.5 Profit Maximization

Finally, we will show how to combine the algorithmLearnPrice with the zeroth order optimization algo-
rithm ZOO to find the approximate profit-maximizing price vector. At a high level, we will useZOO to
(approximately) optimize the profit functionr over the bundle space and useLearnPrice to (approximately)
induce the optimal bundle.
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Before we show how to useZOO, we will verify that if we run the algorithmLearnPrice to obtain
pricesp̂ that approximately induce the desired bundlex, and observe the revenue generated from pricesp̂,
we will indeed obtain an approximation to the revenue function r(x).

Recall from Lemma9 that the profit function can be written as a function of the bundle

r(x) = 〈∇v(x), x〉 − c(x)

as long as the producer uses the profit maximizing price vector ∇v(x) to induce the bundlex. However,
the price vector returned byLearnPrice might not be the optimal price vector for the induced bundle.In
order to have an estimate of the optimal profit for each bundle, we need to guarantee that prices returned
by LearnPrice are the profit maximizing ones. To do that, we will restrict the bundle space thatZOO is
optimizing over to be the interior ofC. Now we show that for every bundle in the interior ofC, there is a
unique price vector that induces that bundle. Thus, these prices are the profit-maximizing prices inducing
that bundle.

Lemma 17. Letx′ be a bundle inIntC . Then∇v(x′) is the unique price vector that inducesx′.

Proof. Let p′ be a price vector such thatx∗(p′) = x. SinceIntC ⊆ C, we must have

x′ = argmax
x∈IntC

[
v(x)− 〈p′, x〉

]
.

By the definition ofIntC , we know that there exists someδ > 0 such that the ballδBx′ is contained inC.
Now consider the functionf : Rd → R such thatf(x) = u(x, p′). It follows thatx′ is a local optimum
of f neighborhoodδBx′ . Sincef is continuously differentiable, we must have∇f(x′) = 0 by first-order
conditions. Therefore, we must have

∇f(x′) = ∇v(x′)− p′ = 0,

which implies thatp′ = ∇v(x′).

Instead of using the interior itself, we will use a simple andefficiently computable proxy for the interior
obtained by slightly shifting and contractingC.

Claim 18. For any0 < δ < 1/2, let the set

Cδ = (1− 2δ)C + δ1,

where1 denotes thed-dimensional vector with 1 in each coordinate. Given3.1, Cδ is contained in the
(δ/2)-interior ofC. That is,Cδ ⊆ IntC,δ/2.

Proof. Our goal is to show thatCδ + δB0 ⊆ C, whereB0 denote the unit ball centered at0. Any point in
Cδ +(δ/2)B0 can be written asx′+(δ/2) y′ for x′ ∈ Cδ andy′ ∈ B0. We will show thatx′+(δ/2) y′ ∈ C.
Sincex′ ∈ Cδ, there existsx ∈ C such that

x′ = (1− 2δ)x+ δ1.

Sincey′ ∈ B0, there existsy ∈ (0, 1]d such that

1

2
y′ = 2y − 1.
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To see this, note that(0, 1]d contains a ball of radius1/4 whose center is(1/2) · 1. By Assumption3.1, C
contains(0, 1]d, soy ∈ C. Therefore for somex, y ∈ C,

x′ + (δ/2) y′ = (1− 2δ)x + δ1+ 2δy − δ1
= (1− 2δ)x + 2δy︸ ︷︷ ︸

∈C

,

where we used convexity ofC. Hence,x′ + (δ/2) y′ ∈ C, as desired.

We will let ZOO operate on the setCδ instead ofC, and we first want to show that there is little loss
in profit if we restrict the induced bundle toCδ. The following is just a formal, quantitative version of of
Assumption3.2:

Assumption 3.6(Quantitative version of Assumption3.2). The producer’s cost functionc : Rd
+ → R is

λcost-Lipschitz over the domainC with respect to theℓ2 norm: forx, x′ ∈ C,

|c(x) − c(x′)| ≤ λcost‖x− x′‖.

Given this assumption, the profit function is also Hölder continuous.

Lemma 19. For anyx, y ∈ C such that‖x− y‖ ≤ 1, the following holds

|r(x)− r(y)| ≤ (λval + λcost)‖x− y‖β .

Proof. Recall the revenue component of the profit function is〈∇v(x), x〉. Sincev is a concave and homo-
geneous function, we know that the homogeneity degree satisfiesk ≤ 1. (See AppendixB for a proof). By
Euler’s theorem (Theorem11),

〈∇v(x), x〉 = k · v(x). (9)

Sincev is (λval, β)-Hölder continuousC, by Equation9 we know that the revenue〈∇v(x), x〉 is alsoλval-
Hölder continuous overC. Furthermore, since the cost functionc is λcost-Lipschitz overC, the profit
function satisfies the following: for anyx, y ∈ C such that‖x− y‖ ≤ 1, we have

|r(x)− r(y)| ≤ |〈∇v(x), x〉 − 〈∇v(y), y〉| + |c(x) − c(y)| ≤ λval‖x− y‖β + λcost‖x− y‖

Since‖x− y‖ ≤ 1, we know that‖x− y‖β ≥ ‖x− y‖, so|r(x)− r(y)| ≤ (λval + λcost)‖x− y‖β.

We can bound the difference between the optimal profits inCδ andC.

Lemma 20. For any0 < δ ≤ 1/3γ,

max
x∈C

r(x)−max
x∈Cδ

r(x) ≤ (3δγ)β(λval + λcost).

Proof. Let x∗ ∈ argmaxx∈C r(x). We know that(1− 2δ)x∗ + δ1 ∈ Cδ, and

‖x∗ − (1− 2δ)x∗ − δ1‖ ≤ δ‖2x∗ − 1‖ ≤ 3δγ.

By Lemma19, we then have

r(x∗)− r((1− δ)x∗ + δ1) ≤ (3δγ)β(λval + λcost).

Furthermore, we also knowmaxx∈Cδ
r(x) ≥ r((1− δ)x∗ + δ1), so we have shown the bound above.
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Now we focus on how to optimize the profit functionr over the setCδ. Recall the algorithmZOO
requires approximate evaluations for the profit functionr. Such evaluations can be implemented using our
algorithmLearnPrice: for each bundlex ∈ Cδ, run LearnPrice(x, ε) to obtain a price vectorp such that
‖x− x∗(p)‖ ≤ ε, and then the resulting profitr(x∗(p)) serves as an approximate evaluation forr(x):

|r(x)− r(x∗(p))| ≤ (λval + λcost)ε
β .

Algorithm 2 Learning the price vector to optimize profit:Opro(C,α)
Input: Feasible bundle spaceC, and target accuracyα

Initialize:

ε = min

{(
α

λ(d+ 1 + (12γ)β)

)1/β

,
1

12γ

}
δ = 4ε α′ = dεβ(λval + λcost)

restricted bundle spaceCδ = (1− 2δ)C + δ1 and number of iterationsT = Õ(d4.5)
For t = 1, . . . , T :

ZOO(α′, Cδ) queries the profit for bundlext

Let pt = LearnPrice(xt, ε) and observe the induced bundlex∗(pt)
Sendr(x∗(pt)) to ZOO(α′, Cδ) as an approximate evaluation ofr(xt)

x̂ = ZOO(α′, Cδ)
p̂ = LearnPrice(x̂, ε)
Output: the last price vector̂p

Theorem 21. Let α > 0 be the target accuracy. The instantiationOpro(C,α) computes a price vector̂p
such that the expected profit

E [r(p̂)] ≥ max
p∈Rd

+

r(p)− α,

the number of times it calls the algorithmLearnPrice is bounded bỹO(d4.5), and the total observations it
requires from the consumer ispoly(d, 1/α). 4

Proof. First we show that each induced bundlex∗(pt) is in the interiorIntC . Note that in the algorithm, we
haveε = δ/4. By the guarantee ofLearnPrice in Theorem12, we have that

‖xt − x∗(pt)‖ ≤ ε = δ/4.

By 18, we know thatxt ∈ IntC,δ/2, so the ball of radiusε centered atxt is contained inC, and hencex∗(pt)
is in the interior ofC. By Lemma17 and Lemma9, each vectorpt = ∇v(x∗(pt)) is the profit-maximizing
prices for the induced bundlex∗(pt), so the profit the algorithm observes is indeedr(x∗(pt)).

Next, to establish the accuracy guarantee, we need to bound two sources of error. First, we need to
bound the error fromZOO. To simplify notation, letλ = (λval + λcost). Recall from Lemma19 that the
approximate profit evaluationr(x∗(pt)) satisfies

|r(xt)− r(x∗(pt))| ≤ λεβ .
4 In AppendixD, we give a variant of the algorithm with query complexity scaling poly-logarithmically in1/α.
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By the accuracy guarantee in Lemma7, the final queried bundlêx satisfies

E[r(x̂)] ≥ max
x∈Cδ

r(x)− dλεβ .

Since we know that|r(x̂)− r(x∗(p̂))| ≤ λε, we also have

E[r(x∗(p̂))] ≥ max
x∈Cδ

r(x)− (d+ 1)λεβ .

Next, as we are restricting the bundle space toCδ, there might be further loss of profit. Note thatδ = 4ε ≤
1/3γ, so we can bound it with Lemma20:

E[r (x∗(p̂))] ≥ max
x∈C

r(x)− λ
[
(d+ 1)εβ + (3δγ)β

]
= max

x∈C
r(x)− λ

[
(d+ 1)εβ + (12εγ)β

]
.

If we plug in our setting for parameterε, we recover the desired bound sincer(x∗(p̂)) = r(p̂) and
maxx∈C r(x) = maxp∈Rd

+
r(p).

Finally, we need to bound the total number of observations the algorithm needs from the consumer. In
each iteration, the instantiationLearnPrice(xt, ε) requires number of observations bounded by according
to Theorem12

T ′ = d · poly
(
1

ε
,
1

σ
, γ, λval

)

Therefore, after plugging inε, we have that the total number of observationsOpro needs is bounded by

O(T ′ × T ) = poly(d, 1/α)

(hiding constantsλcost, λval, σ, γ).

4 General Framework of Stackelberg Games

Now that we have worked out a concrete application of our method in the context of learning to maximize
revenue from revealed preferences, we will abstract our techniques and show how they can be used to solve a
general family of Stackelberg games in which the objective of the follower is unknown to the leader. Along
the way, we will also generalize our technique to operate in asetting in which the follower responds to
the leaders actions by onlyapproximatelymaximizing her utility function. In addition to generalizing the
settings in which our approach applies, this avoids a technical concern that might otherwise arise – that
bundles maximizing strongly concave utility functions might be non-rational. In addition to being able to
handle approximations to optimal bundles that would be induced by taking a rational approximation, we
show our method is robust to much larger errors.

In our general framework, we consider aStackelberg gamethat consists of aleaderwith action setAL

and afollower with action setAF . Each player has a utility functionUL, UF : AL × AF → R. In the
corresponding Stackelberg game, the leader chooses an action p ∈ AL, and then the follower chooses a
ζ-best responsex′(p) such that

UF (p, x
′(p)) ≥ UF (p, x

∗(p))− ζ,
wherex∗(p) = argmaxx∈AF

UF (p, x) is the follower’sexactbest-response. Note that whenζ = 0, x′(p) =
x∗(p).

The example of maximizing revenue from revealed preferences is a special case of this framework. The
producer is the leader and his action space consists of prices p and the follower is the consumer and her
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action space is the bundlex she purchases. The producer’s utility for a pair(p, x) is his revenue minus the
cost of producingx and the consumer’s utility is her value forx minus the price she pays.

In general, we consider solving the leader’s optimization problem—findp ∈ AL such thatUL(p, x
∗(p))

is (approximately) maximized. Formally, we consider a sub-class of Stackelberg games that have the fol-
lowing structure.

Definition 22. An instance is aStackelberg gameS(AL,AF , φ) which consists of two players—theleader
and thefollower such that:

• the leader has action setAL ⊆ R
d, the follower has action setAF ⊆ R

d, both of which are convex
and compact;

• the follower’s utility functionUF : AL ×AF → R takes the form

UF (p, x) = φ(x)− 〈p, x〉,

whereφ : Rd → R is a strongly concave, differentiable function unknown to the leader;

• the leader’s utility functionUL : AL ×AF → R is an unknown function.

The optimization problem associated with the game instanceismaxp∈AL
ψ(p, x∗(p)).

Our first step to solve the problem is to rewrite the leader’s utility function so that it can be expressed as
a function only in the follower’s action. For each action of the followerx ∈ AF , the set of leader’s actions
that inducex is

P ∗(x) = {p ∈ AL | x∗(p) = x}.
Among all of the leader’s actions that inducex, the optimal one is:

p∗(x) = argmax
p∈P ∗(x)

UL(p, x),

where ties are broken arbitrarily. We can then rewrite the leader’s objective as a function of onlyx:

ψ(x) = UL(p
∗(x), x). (10)

Note that to approximately solve the leader’s optimizationproblem, it is sufficient to find the follower’s
actionx̂ ∈ AF which approximately optimizesψF (·), together with the action̂p ∈ AL that approximately
inducesx̂. Before we present the algorithm, we state the assumptions on the utility functions of the two
players that we will need.

Assumption 4.1. The gameS(AL,AF , φ) satisfies the following properties.

1. The functionψ : AL → R defined in(10) is concave andλL-Lipschitz;

2. The functionφ : AF → R is non-decreasing,σ-strongly concave andλF -Lipschitz;

3. The action space of the leaderAL contains the following set

P = {p ∈ R
d
+ | ‖p‖ ≤

√
dλF }; (11)

4. The action space of the followerAF has bounded diameter,‖AF ‖ ≤ γ.
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4.1 Inducing a Target Action of the Follower

We first consider the following sub-problem. Given a target action x̂ of the follower we want to learn an
actionp̂ for the leader such that the induced action satisfies

‖x′(p̂)− x̂‖ ≤ ε.

We now give an algorithm to learn̂p that requires only polynomially many observations of the follower’s
ζ-approximate best responses.

Algorithm 3 Learning the leader’s action to induce a target follower’s action: LearnLead(x̂, ε)
Input: A target follower action̂x ∈ AF , and target accuracyε

Initialize: restricted action spaceP = {p ∈ R
d
+ | ‖p‖ ≤

√
dλF}

p1j = 0 for all j ∈ [d] T =

(
16
√
2dλFγ

ε2σ − 4ζ

)2

η =

√
2γ√

dλF
√
T

For t = 1, . . . , T :
Observe the induced action by the followerx∗(pt)
Update leader’s action:

p̃t+1
j = ptj − η

(
x̂j − x∗(pt)j

)
for eachj ∈ [d], pt+1 = ΠP

[
p̂t+1

]

Output: p̂ = 1/T
∑T

t=1 p
t.

Theorem 23. Let x̂ ∈ AF be a target follower action andε > 0. ThenLearnLead(x̂, ε) outputs a leader
action p̂ such that the induced follower action satisfies‖x̂ − x′(p̂)‖ ≤ ε and the number of observations it
needs is no more than

T = O

(
dλ2F γ

2

ε4σ2

)

as long asε > 2
√

2ζ/σ.

4.2 Optimizing Leader’s Utility

Now that we know how to approximately induce any action of thefollower usingLearnLead, we are ready
to give an algorithm to optimize the leader’s utility function UL. Recall that we can write theUL as a
functionψ that depends only of the follower’s action. In order to obtain the approximately optimal utility
ψ(x), the leader must play theoptimalactionp that induces the follower to play approximatelyx.

Assumption 4.2. For any x̂ ∈ AF andε > 0, the instantiationLearnLead(x̂, ε) returnsp̂ such that

p̂ = p∗ (x∗(p̂)) .

Whenever this assumption holds, we can useLearnLead to allow the leader to obtain utilityUL(p̂, x
∗(p̂)) =

ψ(x∗(p̂)).
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While 4.2 appears to be quite strong, we can often achieve it. Recall that we were able to satisfy4.2
in our revealed preferences application by operating in theinterior of the feasible region of the follower’s
action space, and we can similarly do this in our principal-agent example. Moreover, it is trivially satisfied
whenever the leader’s objective functiondepends only on the follower’s action, since in this case, every
leader-actionp which induces a particular follower-actionx is optimal. This is the case, for example, in our
routing games application in Section5.

Now we will show how to use the algorithmZOO to find an approximate optimal point for the function
ψ. First, we will useLearnLead to provide approximate function evaluation forψ at eacĥx ∈ AF : our
algorithm first runsLearnLead(x̂, ε) to learn a price vector̂p, and we will use the observed function value on
the induced follower’s approximate best responseψ(x′(p̂)) as an approximation forψ(x̂). SinceLearnLead
guarantees that‖x′(p̂)− x̂‖ ≤ ε, by the Lipschitz property ofψ we have

|ψ(x̂)− ψ(x′(p̂))| ≤ λLε.

With these approximate evaluations,ZOO can then find a(dλLε)-approximate optimizer ofψ with only
Õ(d4.5) iterations by Lemma7. The full algorithm is presented in Algorithm4.

Algorithm 4 Leader learn to optimize:LearnOpt(AF , α)

Input: Follower action spaceC, and target accuracyα
Initialize: number of iterationsT = Õ(n4.5) andε = α

λL(d+1)
For t = 1, . . . , T :

ZOO(dελL,AF ) queries the objective value for actionxt ∈ AF

Let pt = LearnLead(xt, ε) and observe the induced actionx′(pt)
Sendψ(x′(pt)) to ZOO(dελL, Cδ) as an approximate evaluation ofψ(xt)

x̂ = ZOO(dελL,AF )
p̂ = LearnLead(x̂, ε)
Output: the leader action̂p

Theorem 24. Let α > 0 be the target accuracy. The instantiationLearnOpt(AF , α) computes a leader
action p̂ along with its induced follower actionx∗(p̂) that satisfies

E[UL(p̂, x
∗(p̂))] ≥ max

p∈AL

UL(p, x
∗(p))− α,

and the number of observations the algorithm requires of thefollower is bounded by

Õ

(
d9.5

α4

)
,

as long asα ≥ Ω(dλL
√
ζ/σ).

5 Optimal Traffic Routing from Revealed Behavior

In this section, we give the second main application of our technique discussed in the introduction: how to
find tolls to induce an approximately optimal flow in a non-atomic traffic routing game when the latency
functions are unknown.
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A nonatomic routing gameG(G, ℓ,D) is defined by a graphG = (V,E), latency functionℓe on each
edgee ∈ E, and the source, destination and demands forn commodities:D = {(si, ti, ki)}i∈[n]. The
latency functionℓe : R+ → [0, 1] represents the delay on each edgee as a function of the total flow on that
edge. For simplicity, we assume

∑n
i=1 ki = 1, and we letm denote the number of edges|E|.

For each commodityi, the demandki specifies the volume of flow fromsi to ti routed by (self-interested)
agents. The game is nonatomic: infinitely many agents each control only an infinitesimal amount of flow
and each agent of typei selects an action (ansi-ti path) so as to minimize her total latency. The aggregate
decisions of the agents induce a multicommodity flow(f i)i∈[n], with each vectorf i = (f ie)e∈E ∈ Fi, where
Fi is the flow polytope for thei’th commodity:

Fi =



f

i ∈ R
m
+ |

∑

(v,w)∈E
f ivw =

∑

(u,v)∈E
f iuv,∀v ∈ V \ {si, ti},

∑

(si,w)∈E
f isiw −

∑

(u,si)∈E
f iu,si = ki





Let F = {f =
∑n

i=1 f
i | f i ∈ Fi for eachi} denote the set of feasible flows. A flowf defines a latency

ℓe(fe) on each edgee. Given a pathP , we writeℓP (f) =
∑

e∈P ℓe(fe) to denote the sum latency on all
edges in the path. ANashor Wardropequilibrium is defined as follows:

Definition 25 (Wardrop equilibrium). A multicommodity floŵf is a Wardrop equilibrium of a routing game
if it is feasible and for every commodityi, and for allsi-ti pathsP,Q with f̂ iP > 0, we haveℓP (f̂) ≤ ℓQ(f̂).

Crucial to our application is the following well known lemma, which states that a Wardrop equilibrium
can be found as the solution to a optimization problem (convex whenever the latencies are non-decreasing),
which minimizes a potential function associated with the routing game

Lemma 26([MS96]). A Wardrop equilibrium can be computed by solving the following optimization prob-
lem:

min
f∈F

Φ(f) :=
∑

e

∫ fe

0
ℓe(x) dx

Whenever the latency functionsℓe are each non-decreasing, this is a convex program. We callΦ the potential
function of the routing game.

Now suppose there is a municipal authority which administers the network and wishes to minimize the
social cost of the equilibrium flow:

Ψ(f) =
∑

e∈E
fe · ℓe(fe).

The authority has the power to impose constant tolls on the edges. A toll vectorτ = (τe)e∈E ∈ R
m
+ induces

a new latency function on each edge:ℓτe(fe) = ℓ(fe) + τe, which gives rise to a different routing game
G(G, ℓτ ,D) with a new potential functionΦτ . In particular, the equilibrium flowf∗(τ) induced by the toll
vector is the Wardrop equilibrium of the tolled routing game:

f∗(τ) = argmin
f∈F

Φτ (f) = argmin
f∈F

[
∑

e∈E

∫ fe

0
(ℓe(x) + τe)dx

]
= argmin

f∈F

[
Φ(f) +

∑

e∈E
τe · fe

]
.

While the latency functions are unknown to the authority, his goal is to find a toll vector̂τ such that the
induced flowf∗(τ̂ ) approximately minimizes the total congestion functionΨ.
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We can formulate this problem as an instance of the type of Stackelberg game we defined in Defini-
tion 22, where the authority is the leader, and there is a single “flow” player minimizing the game’s potential
function, serving the role of the follower. We will refer to them as the toll player and the flow player
respectively. In our setting:

1. The toll player has action setτ ∈ R
m
+ and the flow player has action setF ;

2. The flow player has a utility functionUF : Rm
+ ×F → R of the form

UF (τ, f) = −Φ(f)− 〈τ, f〉;

3. The toll player has a utility functionUL : R
m
+ ×F → R of the form

UL(τ, f) = −Ψ(f).

Now we will apply the tools in Section4 to solve this problem. Before we begin, we will impose the
following assumptions on the latency functions to match with 4.1. We need two types of assumptions: one
set to let us find tolls to induce a target flow, and another to guarantee that once we can induce such flows
(and hence implement a “flow cost oracle”), we can optimize over flows.

To find tolls to induce a target flow, we require that the potential functionΦ be strongly convex in the
flow variables. The following conditions are sufficient to guarantee this:

Assumption 5.1. For each edgee ∈ E, ℓe is differentiable and has derivative bounded away from zero:
there exists someσ > 0 such that for allx ∈ [0, 1], ℓ′e(x) ≥ σ.

Recall that the potential functionΦ(x) is a function onm variables(fe)e∈E , and it’s Hessian∇2Φ at
eachf ∈ F is a diagonal matrix with entriesℓ′e(fe) ≥ σ. Therefore, we know that∇2Φ(f) � σI for
any f ∈ F , and so under Assumption5.1, Φ is aσ-strongly convex function overF . Note that the only
condition we really require is that the potential function be strongly convex, and there are weaker conditions
that imply this, but we state Assumption5.1because of its simplicity.

Once we can implement a flow oracle, we need to be able to use a bandit convex optimization algorithm
to optimize social cost over flows. Hence, we require that thesocial cost function be convex and Lipschitz.
The following assumptions are sufficient to guarantee this:

Assumption 5.2. For each edgee ∈ E, ℓe is convex and(λ/m)-Lipschitz continuous over[0, 1].

Note that this guarantees thatΨ is λ-Lipschitz overF .
We first show that we can use the algorithmLearnLead to learn a toll vector to induce any flow as a

Wardrop equilibrium.

Lemma 27. Fix any non-atomic routing game satisfying Assumption5.1. Let f̂ ∈ F in a target flow and
ε > 0. Then the instantiationLearnLead(f̂ , ε) outputs a toll vector̂τ such that the induced Wardrop
equilibrium flowf∗(τ̂) satisfies‖f̂ − f∗(τ̂ )‖ ≤ ε, and the number of observations on the flow behavior it
needs is no more than

O

(
m3

ε4σ2

)
.
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Proof. Before we apply Theorem23, we still need to show that the potential functionΦ of the original
routing game (without tolls) is Lipschitz overF . Note that this does not require any assumptions on the
latency functionsℓe other than that they are bounded in[0, 1]. Let f, g ∈ F , then we can write

|Φ(f)−Φ(g)| =
∣∣∣∣∣
∑

e

(∫ fe

0
ℓe(x) dx−

∫ ge

0
ℓe(x) dx

)∣∣∣∣∣

=

∣∣∣∣∣
∑

e∈E

∫ fe

ge

ℓe(x) dx

∣∣∣∣∣

≤
∑

e∈E
max{ℓe(fe), ℓe(ge)} |fe − ge|

≤
∑

e

|fe − ge| ≤
√
m‖f − g‖,

where the last inequality follows from the fact that‖x‖1 ≤
√
m‖x‖2 for anyx ∈ R

m. Also, observe that
each flow vector inF has norm bounded by

√
m. Therefore, we know thatΦ is a

√
m-Lipschitz function.

Then we can instantiate Theorem23and obtain the result above.

Now we can instantiate Theorem24 and show thatLearnOpt can find a toll vector that induces the
approximately optimal flow.

Pre-processing Step The setF is not a well-rounded convex body inRm (it has zero volume), so we will
have to apply the following standard pre-processing step totransform it into a well-rounded body. First,
we find a maximal setI of linearly independent points inF . We will then embed the polytopeF into this
lower-dimensional subspace spanned byI, so thatF becomes full-dimensional. In this subspace,F is a
convex body with a relative interior. Next, we apply the transformation of [LV06] to transformF into a
well-rounded body withinSpan(I).5 We will run ZOO over the transformed body.

Lemma 28. Letα > 0 be the target accuracy. The instantiationLearnOpt(AF , α) computes a toll vector
τ̂ such that the induced floŵf = f∗(τ̂) is α-approximately optimal in expectation:

E

[
Ψ
(
f̂
)]
≤ min

f∈F
Ψ(f) + α.

The total number of observations we need on the flow behavior is bounded by

Õ

(
m11.5

α4

)
.

Remark 29. Just as with the profit maximization example, if we do not require noise tolerance, then we can
improve the dependence on the approximation parameterα to be polylogarithmic. We show how to do this
in the appendix.

5See Section 5 of [LV06] for details of the rounding algorithm.
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6 The Principal-Agent Problem

Our general framework applies even when the leader observesonly thenoisy feedbackthat arises when the
follower only approximately maximizes her utility function. This corresponds toadversarially chosennoise
of bounded magnitude. In this section, we show how to handle the natural setting in which the noise being
added need not be bounded, but is well behaved – specifically has mean 0, and bounded variance. This can
be used to model actual noise in an interaction, rather than afailure to exactly maximize a utility function.
As a running example as we work out the details, we will discuss a simpleprincipal-agentproblem related
to our profit-maximization example.

In a principal-agentproblem, the principal (the leader) defines a contract by which the agent (the fol-
lower) will be paid, as a function of work produced by the agent. The key property of principal agent
problems is that the agent is not able to deterministically produce work of a given quality. Instead, the agent
chooses (and experiences cost as a function of) a level ofeffort, which stochastically maps to the quality of
his work. However, the effort chosen by the agent is unobservable to the principal – only the quality of the
finished product.

We consider a simpled-dimensional principal-agent problem, in which the resultof the agent can be
evaluated alongd dimensions, each of which might require a different amount of effort. Since the agent
knows how effort is stochastically mapped to realizations,we abstract away the agent’s choice of an “effort”
vector, and instead (without loss of generality) view the agent as choosing a “target contribution”x ∈ C ⊆
R
d
+ – the expected value of the agent’s ultimate contribution. The agent experiences some strongly convex

costc(x) for producing a target contribution ofx, but might nevertheless be incentivized to produce high
quality contributions by the contract offered by the principal. However, the contribution that is actually
realized (and that the principal observes) is a stochastically perturbed version ofx: x̃ = x + θ, where
θ ∈ R

d is a noise vector sampled from the mean-zero Gaussian distributionN (0, I).
The principal wants to optimize over the set of linear contracts: he will choose a price vectorp ∈ R

d
+,

such that in response to the agent’s realized contributionx̃, the agent collects reward〈p, x̃〉. His goal is to
choose a price vector to optimize his expected value for the agent’s contribution, minus his own costs.

The agent’s strongly convex cost functionc : C → R+ is unknown to the principal. If the principal’s
contract vector isp and the agent attempts to contributex, then his utility is

Ua(p, x) = 〈p, (x+ θ)〉 − c(x),

and his expected utility is justua(p, x) = E[Ua(p, x)] = 〈p, x〉 − c(x). Fixing any pricep, the agent will
attempt to play theinducedcontribution vector:x∗(p) = argmaxx∈C (〈p, x〉 − c(x)) in order to optimize
his expected utility.

The principal has valuevi for each unit of contribution in thei-th dimension, and upon observing the
realized contributioñx, his utility is

up(p, x̃) = 〈v, x̃〉 − 〈p, x̃〉 = 〈v − p, x̃〉.

The principal’s goal is to find a price vectorp̂ to (approximately) maximize his expected utility:

E[up(p, x
∗(p) + θ)] = E [〈v − p, x∗(p) + θ〉] = 〈v − p, x∗(p)〉.

This is an instantiation of our class of Stackelberg games inwhich the principal is the leader with action
setRd

+ and utility functionψ(p, x) = 〈v − p, x〉, and the agent is the follower with action setC and
utility function φ(p, x) = 〈p, x〉 − c(x). Indeed, in expectation, it is merely a “procurement” version of
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our profit-maximization example. However, the crucial difference in this application (causing it to deviate
from the general setting defined in Definition22) is that the leader only gets to observe a noisy version
of the follower’s best response at each round:x̃ = x∗(p) + θ. We will adapt the analysis from Section3
and Section4 to show that our algorithm is robust to noisy observations. We make the following assumptions,
which correspond to the set of assumptions we made in our previous applications.

Assumption 6.1. The following assumptions parallel4.1and 3.1.

1. The set of feasible contributionsC ⊆ R
d
+ is convex, closed, and bounded. It also contains the unit

hypercube,[0, 1]d ⊆ C (the agent can simultaneously attempt to contribute at least one unit in each
dimension) and in particular contains0 ∈ R

d (the agent can contribute nothing). Lastly,‖C‖2 ≤ γ;

2. the agent’s cost functionc is homogeneous, 1-Lipschitz andσ-strongly convex;

3. the principal’s valuation vector has norm‖v‖ ≤ 1.

6.1 Inducing the Agent’s Contribution Using Noisy Observations

We will first show that in general,LearnLead can learn the leader’s action which approximately induces
any target follower action̂x even if the algorithm only observes noisy perturbed best responses from the
follower. This result holds in full generality, but we illustrate it by using the principal-agent problem.

First, given any target contribution̂x, consider the following convex program similar to Section3.4:

min
x∈C

c(x) (12)

such that xj ≥ x̂j for everyj ∈ [d] (13)

The Lagrangian of the program is
L(x, p) = c(x) + 〈p, x− x̂〉,

and the Lagrangian dual objective function is

g(p) = min
x∈C
L(x, p).

By the same analysis used in the proof of Lemma14, if we find a price vector̂p ∈ P such thatg(p̂) ≥
maxp∈P g(p)−α, then we know that the induced contribution vectorx∗(p̂) satisfies‖x∗(p̂)− x̂‖ ≤

√
2α/σ.

Now we show how to (approximately) optimize the functiong based on the realized contributions of the
agent, which correspond to mean-zero perturbations of the agent’s best response.

As shown in Lemma15, a subgradient ofg at pricep is (x∗(p) − x̂), but now since the principal only
observes the realized contribution vectorx̃, our algorithm does not have access to subgradients. However, we
can still obtain an unbiased estimate of the subgradient: the vector(x̃− x̂) satisfiesE [x̃− x̂] = (x∗(p)− x̂)
because the noise vector is drawn fromN (0, I). This is sufficient to allow us to analyzeLearnLead as
stochastic gradient descent. The principal does the following: initialize p1 = 0 and at each roundt ∈ [T ],
observes a realized contribution vectorx̃t = x∗(pt) + θt and updates the contract prices as follows:

pt+1 = ΠP
[
pt + η(x̃t − x̂)

]
,

where eachθt ∼ N (0, I), η is a learning rate andP = {p ∈ R
d
+ | ‖p‖ ≤

√
d}; Finally, the algorithm

outputs the average price vectorp̂ = 1/T
∑T

t=1 p
t. We use the following standard theorem about the

convergence guarantee for stochastic gradient descent (a more general result can be found in [NJLS09]).
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Lemma 30. With probability at least1 − β, the average vector̂p output by stochastic gradient descent
satisfies

max
p∈P

g(p)− g(p̂) ≤ O
(√

d√
T

(
γ +
√
d log

(
Td

β

)))
.

Algorithm 5 Learning the price vector from noisy observations:LearnPriceN(x̂, ε, β)

Input: A target contribution̂x ∈ C, target accuracyε, and confidence parameterβ
Initialize: restricted price spaceP = {p ∈ R

d
+ | ‖p‖ ≤

√
d}

p1j = 0 for all j ∈ [d] T = Õ

(
dγ2

ε4σ2

)
η =

√
2γ√
d
√
T

For t = 1, . . . , T :
Observe the realized contribution by the agentx̃t = x∗(pt) + θ, whereθ ∼ N (0, I)
Update price vector:

p̃t+1
j = ptj + η

(
x̂j − x̃tj

)
for eachj ∈ [d], pt+1 = ΠP

[
p̂t+1

]

Output: p̂ = 1/T
∑T

t=1 p
t.

Lemma 31. Let x̂ ∈ C be any target contribution vector. Then, with probability at least1−β, the algorithm
LearnPriceN(x̂, ε, β) outputs a contract price vector̂p for the principal such that the induced contribution
vectorx∗(p̂) satisfies

‖x̂− x∗(p̂)‖ ≤ ε,
and the number observations on therealizedcontributions of the agent it needs is no more than

T = Õ

(
dγ2

ε4σ2

)
.

6.2 Optimizing the Principal’s Utility

Finally, we show how to optimize the principal’s utility by combiningLearnPriceN andZOO.
Following from the same analysis of Lemma9, we know that the principal’s utility-maximizing price

vector to induce expected contribution̂x is∇c(x̂). We can then rewrite the expected utility of the principal
as a function of the attempted contribution of the agent:

up(x) = 〈v −∇c(x), x〉.
Sincec is a homogeneous and convex function, by Theorem10, up is a concave function.

Similar to Section3.5, we will run ZOO to optimize over the interior subset:

Cδ = (1− 2δ)C + δ1,

so any price vector̂p given byLearnPriceN is the unique price that induces the agent’s attempted contri-
bution vectorx∗(p̂) (Lemma17). By the same analysis of Lemma20, we know that there is little loss in
principal’s utility by restricting the contribution vectors toCδ.
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Lemma 32. The functionup : C → R is 2-Lipschitz, and for any0 < δ < 1,

max
x∈C

up(x)−max
x∈Cδ

up(x) ≤ 6δγ.

Now we show how to useLearnPriceN to provide an noisy evaluation forup at each point ofCδ (scale
of δ determined in the analysis). For eachp̂ theLearnPriceN returns, the realized contribution vector we
observe is̃x = x∗(p̂) + θ, so the utility experienced by the principal is

up(p̂, x̃) = 〈v − p̂, x̃〉.

We first demonstrate thatup(p̂, x̃) gives an unbiased estimate forup, and we can obtain an accurate estimate
by taking the average of a small number realized utilities. In the following, let constanta = ln 2/(2π).

Lemma 33. Let x′ ∈ C be the contribution vector such thatp′ = ∇c(x′) is the unique price vector that
inducesx′. Let noise vectorsθ1, . . . , θs ∼ N (0, I) andx̃j = x′+ θj for eachj ∈ [s]. Then with probability
at least1− β, ∣∣∣∣∣∣

1

s

s∑

j=1

up(p̂, x̃
j)− up(x′)

∣∣∣∣∣∣
≤
√
d

s

√
2

a
ln

2

β
.

Proof. Let b = v − p′, then we can write

1

s

s∑

j=1

up(p̂, x̃
j)− up(x′) =

1

s

s∑

j=1

(
〈b, x̃j〉 − 〈b, x′〉

)

=
1

s

s∑

j=1

〈b, θj〉

=
1

s

s∑

j=1

d∑

i=1

biθ
j
i

Note that eachθji is sampled from the Gaussian distributionN (0, 1), and we use the fact that ifX ∼
N (0, σ21) andY ∼ N (0, σ22) then(bX+cY ) ∼ N (0, b2σ21+c

2σ22). We can further derive that1s
∑s

j=1

∑d
i=1 biθ

j
i

is a random variable with distributionN (0, ‖b‖2/s). Then we will use the following fact about Gaussian
tails: letY be a random variable sampled from distributionN (0, ι2) anda = ln 2/(2π), then for allζ > 0

Pr [|Y | > ζ] ≤ 2 exp
(
−aζ2/ι2

)

It follows that with probability at least1− β, we have

∣∣∣∣∣∣
1

s

s∑

j=1

d∑

i=1

biθ
j
i

∣∣∣∣∣∣
≤

√
ln 2

β

as
‖b‖.

Finally, note that we can bound‖b‖ = ‖v − p′‖ ≤
√
2d, so replacing‖b‖ by

√
2d recovers our bound.

Now we are ready to give the algorithm to optimize the principal’s utility in Algorithm 6.
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Algorithm 6 Learning the price vector to optimize under noisy observations:OproN(C,α, β)

Input: Feasible bundle spaceC, target accuracyα, and confidence parameterβ
Initialize:

ε =
α

12γ + 3d
δ = 2ε α′ = 3dε β′ = β/2T s =

2d ln 2
β′

aε2

restricted bundle spaceCδ = (1− 2δ)C + δ1 and number of iterationsT = Õ(d4.5)
For t = 1, . . . , T :

ZOO(α′, Cδ) queries the profit for bundlext

Let pt = LearnPriceN(xt, ε, β′)
For j = 1, . . . s:

Principal post pricept

Let x̃j(pt) be the realized contribution and experiences utilityu(pt, x̃j(pt))
Send1

s

∑s
j=1 u(p

t, x̃j(pt)) to ZOO(α′, Cδ) as an approximate evaluation ofup(xt)
x̂ = ZOO(α′, Cδ)
p̂ = LearnPrice(x̂, ε)
Output: the last price vector̂p

Theorem 34. Letα > 0 and0 < β < 1/2. With probability at least1 − β, the price vector̂p output by
OproN(C,α, β) satisfies

E [up(p̂, x
∗(p̂))] ≥ max

p∈P
up(p, x

∗(p))− α,

and the number of observations on realized contributions isbounded by

Õ

(
d9.5

α4

)
.

Proof. First, by Lemma31and union bound, with probability at least1− β/2, we have‖xt − x∗(pt)‖ ≤ ε
for all t ∈ [T ]. We condition on this level of accuracy for the rest of the proof. By the same analy-
sis of Footnote4, we know that each target contributionx∗(pt) is in the interiorIntC , so we have that
up(x

∗(pt)) = up(p
t, x∗(pt)).

To establish the accuracy guarantee, we need to bound two sources of error. First, we need to bound the
error fromZOO. Note that the target contributionx∗(pt) satisfies

|up(xt)− up(x∗(pt))| ≤ 2ε.

By Lemma33 and our setting ofs, we have with probability at least1− β′ that
∣∣∣∣∣∣
1

s

s∑

j=1

up(p
t, x̃j(pt))− up(x∗(pt))

∣∣∣∣∣∣
≤ ε.

By union bound, we know such accuracy holds for allt ∈ [T ] with probability at least1−β/2. We condition
on this level of accuracy, then the average utility providesan accurate evaluation forup(xt) at each queried
pointxt ∣∣∣∣∣∣

1

s

s∑

j=1

up(p
t, x̃j(pt))− up(xt)

∣∣∣∣∣∣
≤ 3ε.
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By Lemma7, we know that the vector̂x output byZOO satisfies

E [up(x̂)] ≥ max
x∈Cδ

up(x)− 3dε.

Finally, by Lemma32 and the value ofε, we also have

E [up(x̂)] ≥ max
x∈C

up(x)− (12εγ + 3dε) = max
x∈C

up(x)− α.

Note maxx∈C up(x) = maxp∈P up(p, x∗(p)), so we have shown the accuracy guarantee. In each itera-

tion, the algorithm requires̃O
(

dγ2

ε4σ2

)
noisy observations for runningLearnPriceN ands observations for

estimatingup(x∗(pt)), so the total number of observations is bounded by

Õ

(
d4.5 ×

(
γ2d(γ + d)4

σ2α4
+
d(γ + d)2

α2

))
= Õ

(
d9.5

α4

)

where we hide constantsσ, γ in the last equality.

7 Conclusion

In this paper, we have given algorithms for optimally solving a large class of Stackelberg games in which the
leader has only “revealed preferences” feedback about the follower’s utility function, with applications both
to profit maximization from revealed preferences data, and optimal tolling in congestion games. We believe
this is a very natural model in which to have access to agent utility functions, and that pursuing this line
of work will be fruitful. There are many interesting directions, but let us highlight one in particular. In our
profit maximization application, it would be very natural toconsider a “Bayesian” version of our problem.
At each round, the producer sets prices, at which point a new consumer, with valuation function drawn from
an unknown prior, purchases her utility maximizing bundle.The producer’s goal is to find the prices that
maximize herexpectedprofit, over draws from the unknown prior. Under what conditions can we solve this
problem efficiently? The main challenge (and the reason why it likely requires new techniques) is that the
expected valueof the purchased bundle need not maximize any well-behaved utility function, even if each
individual consumer is maximizing a concave utility function.
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A A Routing Game Where Social Cost is Not Convex in The Tolls

As we stated in the introduction, we can give a simple exampleof a routing game in which the function
mapping a set of tolls on each of the edges to the social cost ofthe equilibrium routing in the routing game
induced by those tolls is not a convex function of the tolls. The example is related to the canonical examples
of Braess’ Paradoxin routing games.

Let SC (τ1, τ2) be the function that maps a pair of tolls for the twoA → B edges to the social cost
(excluding the tolls) of the equilibrium routing. For each of the inputs we consider, the equilibrium will be
unique, so multiplicity of equilibria is irrelevant.
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S

A

T

B

4x/10

1/2 4x/10

1/2

1/200 + τ1 τ2

Figure 1:A routing game in which the function mapping tolls to social cost of the unique equilibrium routing is not convex. In
this example, there aren players each trying to route1/n units of flow fromS to T . There are two edges fromA toB with tolls τ1
andτ2, and we assume without loss of generality that all other tolls are fixed to0. Each edge is labeled with the latency function
indicating the cost of using that edge when the congestion onthat edge isx ∈ [0, 1]. Note that the latencies (excluding the tolls) on
every edge are bounded in[0, 1].

First, consider the set of tollsτ = τ1 = τ2 = 0. It is not hard to verify that the unique equilibrium is for
every player to use the routeS → A→ B → T using theA→ B edge on the right (with latency0).6 Each
player will experience a total latency of1 along their route. ThusSC (τ) = 8n/10.

Now consider the tollsτ ′ in which τ1 = 1, τ2 = 2. At these tolls, it is not hard to verify that the unique
equilibrium is forn/2 players to useS → A→ T and half to useS → B → T .7 Every player experiences
a total latency of2/10 + 1/2 = 7/10. ThusSC (t′) = 7n/10.

Finally, consider the convex combination99τ/100 + τ ′/100 in which τ1 = 1/100 andτ2 = 1/50. In
this case, the unique equilibrium routing will have every player use the routeS → A → B → T but
using theA → B edge on the left (with latency1/200 and latency-plus-toll3/200). To see why, observe
that if a player were atA, then no matter what the other players are doing, the cheapest path toT is to
goA → B → T using the left edge (note that the right edge has latency-plus-toll 1/50 whereas the left
edge has latency-plus-toll3/200). Thus, the cost of goingB → T is exactly1/2 and the cost of going
A → B → T is exactly1/2 + 3/200. Now, if the player is atS, goingS → B → T costs exactly1,
whereas goingS → A → B → T costsat most4/10 + 1/2 + 3/200 = 183/200 < 1/2. Thus, every
player will choose the pathS → A → B → T , using the leftA → B edge. Every player experiences a
total latency of exactly183/200. Thus,SC (t′′) = 183n/200.

6Since the graph is a DAG, we can use backwards induction. FromA, it can never cost more to goA → B → T than to go
A → T . Since one can go fromA to B for a cost of0, players are indifferent about ending up at nodeA and nodeB. Since
S → A can never cost more thanS → B, and players are indifferent betweenA andB, every player would choose the path
S → A → B → T (using the0 latency path fromA toB.

7At these tolls, no player will never use eitherA → B edge. Thus, they will balance the traffic so thatS → A → T and
S → B → T have equal cost. By symmetry, half will go throughA and half throughB.
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But, since

SC (99τ/100 + τ ′/100) =
183n

200

>
99

100
· 8n
10

+
1

100
· 7n
10

=
99

100
· SC (τ) +

1

100
· SC (τ ′),

we can see that the functionSC (τ) is not convex inτ .

B Missing Proofs in Section3

Lemma 35. Suppose functionv : Rd
+ → R+ is a concave and homogeneous of some degreek ≤ 0. Then

k ≤ 1.

Proof. First, we show thatv(0) = 0. To see this, observe that for anyb > 1, we can writev(0) = v(b,0) =
bkv(0). For anyx ∈ R

d
+ such thatx 6= 0, we have the following due to the concavity ofv:

v(x)/2 =
1

2
[v(0) + v(x)] ≤ v(x/2) =

(
1

2

)k

v(x).

This means thatk ≤ 1.

B.1 Properties of CES and Cobb-Douglas Utilities

In this sub-section, we give proofs showing that both CES andCobb-Douglas utility functions are strongly
concave and Hölder continuous in the convex region(0,H]d.

B.1.1 Constant Elasticity of Substitution (CES)

Consider valuation functions of the form:

v(x) =

(
d∑

i=1

αix
ρ
i

)β

,

whereαi > 0 for everyi ∈ [d] andρ, β > 0 such thatρ < 1 andβρ < 1.

Theorem 36. Let C be a convex set such that there exists some constant thatH > 0 such thatC ⊆
(0,H]d. Thenv isR-strongly concave over theC for some constantR and is(((maxi αi)d)

β , ρβ)-Hölder
continuous.

Proof. We will derive the Hessian matrix∇2v of the functionv, and show that there exists some fixed
R > 0 such that for everyx ∈ C and everyy ∈ R

d, we havey⊺∇2v(x)y ≤ −R‖y‖2. First, we have the
first partial derivatives

∂v

∂xi
= β

(
d∑

k=1

αkx
ρ
k

)(β−1) (
ραi x

ρ−1
i

)

34



Now we take the second partial derivatives. For anyi 6= j,

∂2v

∂xi∂xj
= β(β − 1)

(
d∑

k=1

αkx
ρ
k

)β−2 (
ραjx

ρ−1
j

)(
ραix

ρ−1
i

)

and for anyi,

∂2v

∂x2i
= β (β − 1)

(
d∑

k=1

αkx
ρ
k

)β−2 (
ραi x

ρ−1
i

)2
+ β

(
d∑

k=1

αkx
ρ
k

)β−1

(ρ(ρ− 1)αix
ρ−2
i ).

Recall that theij-th entry of the Hessian matrix is(∇2v)i,j = ∂2v/∂xi∂xj , and we could write

y⊺
(
∇2v(x)

)
y =

d∑

i=1

d∑

j=1

∂2v

∂xi∂xj
yiyj

= 2
∑

i 6=j

∂2v

∂xi∂xj
yiyj +

d∑

i=1

∂2v

∂2xi
y2i

= 2β(β − 1)ρ2
∑

i 6=j

αiαj

(
d∑

k=1

αkx
ρ
k

)β−2

(xρ−1
i yi)(x

ρ−1
i yj)

+

d∑

i=1


β(β − 1)

(
d∑

k=1

αkx
ρ
k

)β−2 (
ραix

ρ−1
i yi

)2
+ β

(
d∑

k=1

αkx
ρ
k

)β−1 (
ρ(ρ− 1)αix

ρ−2
i y2i

)



= β(β − 1)ρ2

(
d∑

k=1

αkx
ρ
k

)β−2( d∑

k=1

αkx
ρ−1
k yk

)2

+ βρ(ρ− 1)

(
d∑

k=1

αkx
ρ
k

)β−1( d∑

k=1

αkx
ρ−2
k y2k

)

We will first consider the case whereβ ≤ 1. Then both of the terms above are non-positive , and

y⊺(∇2v(x))y ≤ −βρ(1− ρ)
(

d∑

k=1

αkx
ρ
k

)β−1( d∑

k=1

αkx
ρ−2
k y2k

)

≤ −βρ(1− ρ) inf
x∈C





(
d∑

k=1

αkx
ρ
k

)β−1


 inf

k∈[d],x∈C
{αkx

ρ−2
k }

(
d∑

k=1

y2k

)

≤ −βρ(1− ρ)
(

d∑

k=1

αkH
ρ

)β−1

min
k
{αk}Hρ−2‖y‖2

= −βρ(1− ρ)
(

d∑

k=1

αk

)β−1

min
k
{αk}Hρβ−2‖y‖2

Thus,y⊺(∇2v(x))y ≤ −R‖y‖2 for R = βρ(1− ρ)
(∑d

k=1 αk

)β−1
mink{αk}Hρβ−2.
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Now we consider the case whereβ > 1. Since we have assumed thatρβ < 1, we also know that
(β − 1)ρ < 1− ρ. Letκ = (β−1)ρ

(1−ρ) and we know that0 < κ < 1. It follows that

y⊺
(
∇2v(x)

)
y = βρ(1 − ρ)

(
d∑

k=1

αkx
ρ
k

)β−2

κ
(

d∑

k=1

αkx
ρ−1
k yk

)2

− κ
(

d∑

k=1

αkx
ρ
k

)(
d∑

k=1

αkx
ρ−2
k y2k

)


− βρ(1− ρ)
(

d∑

k=1

αkx
ρ
k

)β−2 [
(1− κ)

(
d∑

k=1

αkx
ρ
k

)(
d∑

k=1

αkx
ρ−2
k y2k

)]

(Cauchy-Schwarz) ≤ −βρ(1− ρ)(1 − κ)
(

d∑

k=1

αkx
ρ
k

)β−1( d∑

k=1

αkx
ρ−2
k y2k

)

≤ −βρ(1− ρ)(1 − κ)
(

d∑

k=1

αβ
kx

ρβ−2
k y2k

)

≤ −βρ(1− ρ)(1 − κ) inf
k∈[d],x∈C

{
αβ
kx

ρβ−2
k

}
‖y‖2

≤ −βρ(1− ρ)(1 − κ)min
k

{
αβ
k

}
Hρβ−2‖y‖2

This means,y⊺(∇2v(x))y ≤ R‖y‖2 for R = βρ(1 − ρ)(1 − κ)mink=1

{
αβ
k

}
Hρβ−2. Therefore, we have

shown thatv isR strongly concave inC for some positive constantR.
Next, we will show that the function is Hölder continuous over C. Let x, y ∈ C such thatx 6= y.

Without loss of generality, assume thatv(x) ≥ v(y), and letεi = |xi − yi| for eachi ∈ [d]. Then we have

(
∑

i

αix
ρ
i

)β

−
(
∑

i

αiy
ρ
i

)β

≤
(
∑

i

αi|xi − yi|ρ
)β

≤
(
max

i
αi

)β

·
(
∑

i

ερi

)β

≤
(
max

i
αi

)β

· (d‖x− y‖ρ2)
β

≤
(
max

i
αi

)β

· dβ ‖x− y‖ρβ2

where the first step follows from the sub-additivity. This shows that the function is(((maxi αi)d)
β , ρβ)-

Hölder continuous overC, which completes the proof.

B.1.2 Cobb-Douglas

Consider valuation functions of the form

v(x) =

d∏

i=1

xαi

i ,

whereαi > 0 for everyi ∈ [d] and
∑d

i=1 αi < 1.
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Theorem 37. LetC be a convex set such that there exists some constant thatH > 0 such thatC ⊆ (0,H]d.
Thenv is (1,

∑
i αi)-Hölder continuous andR-strongly concave overC for some constantR.

Proof. Similar to the previous proof, we will show that there existssome constantR > 0 such that for every
x ∈ C and everyy ∈ R

d, we havey⊺∇2v(x)y ≤ −R‖y‖2. First, we could write down the following first
and second partial derivatives of the function:

∂v

∂xi
= αix

αi−1
i

∏

j 6=i

x
αj

j

∂2v

∂2xi
= αi(αi − 1)xαi−2

i

∏

j 6=i

x
αj

j

and for anyi 6= j,
∂2v

∂xi∂xj
= αix

αi−1
i αjx

αj−1
j

∏

k 6=i,j

xαk

k

Let y ∈ R
d, and letκ =

∑d
i=1 αi ∈ (0, 1).

y⊺(∇2v(x))y =

d∑

i=1

d∑

j=1

yi
∂2v

∂xi∂xj
yj

= 2
∑

i 6=j

∏

k 6=i,j

xαk

k (αix
αi−1
i yi)(αjx

αj−1
j yj) +

d∑

i=1

αi(αi − 1)xαi−2
i y2i

∏

j 6=i

x
αj

j

=

(
d∏

k=1

xαk

k

)
2
∑

i 6=j

(αix
−1
i yi)(αjx

−1
j yj) +

d∑

i=1

αi(αi − 1)x−2
i y2i )




=

(
d∏

k=1

xαk

k

)

(

d∑

i=1

αix
−1
i yi

)2

−
d∑

i=1

αix
−2
i y2i




(Cauchy-Schwarz) ≤
(

d∏

k=1

xαk

k

)[(
d∑

i=1

αi

)(
d∑

i=1

αix
−2
i y2i

)
−

d∑

i=1

αix
−2
i y2i

]

≤
(

d∏

k=1

xαk

k

)[
κ

(
d∑

i=1

αix
−2
i y2i

)
−

d∑

i=1

αix
−2
i y2i

]

≤ −
(

d∏

k=1

xαk

k

)
(1− κ)

(
d∑

i=1

αix
−2
i y2i

)

≤ −H(
∑

k αk−2)(1− κ)min
k
{αk}‖y‖2

Therefore,v isR-strongly concave inC for R = H(
∑

k αk−2)(1− κ)mink{αk}.

37



Next, we will show that the function is(1,
∑

i αi)-Hölder continuous. Letx, y ∈ C such thatx 6= y.
Without loss generality, assume thatv(x) ≥ v(y). We could write

d∏

i=1

xαi

i −
d∏

i=1

yαi

i ≤
d∏

i=1

|xi − yi|αi

≤
d∏

i=1

‖x− y‖αi

2 = ‖x− y‖
∑

i αi

2

where the first step follows from the sub-additivity ofv. This shows that the function is(1,
∑

i αi)-Hölder
continuous, which completes the proof.

C Detailed Analysis of Section4

Just as in Section3.4, we start by considering the following convex program associated withx̂

max
x∈AF

φ(x) (14)

such that xj ≤ x̂j for everyj ∈ [d] (15)

The Lagrangian of the program is

L(x, p) = φ(x)−
d∑

j=1

pj(xj − x̂j),

wherepj is the dual variable for each constraint (15) and the vectorp is also interpreted as the action of the
leader. We can interpret the Lagrangian as the payoff function of a zero-sum game, in which the leader is the
minimization player and the follower is the maximization player. To guarantee the fast convergence of our
later use of gradient descent, we will restrict the leader toplay actions inPm as defined in (11). It is known
that such a zero-sum game has valueV : the leader has a minimax strategyp∗ such thatL(x, p∗) ≤ V for all
x ∈ AF , and the follower has a maxmin strategyx∗ such thatL(x∗, p) ≥ V for all p ∈ P. We first state the
following lemma about thevalueof this zero-sum game.

Lemma 38. The value of the Lagrangian zero-sum game isV = φ(x̂), that is

max
x∈AF

min
p∈P
L(x, p) = min

p∈P
max
x∈AF

L(x, p) = φ(x̂)

Proof. The proof is identical to the proof of Lemma13.

An approximate minimax equilibrium of a zero-sum game is defined as follows.

Definition 39. Let α ≥ 0. A pair of strategiesp ∈ P and x ∈ AF form anα-approximate minimax
equilibrium if

L(x, p) ≥ max
x′∈AF

L(x′, p)− α ≥ V − α and L(x, p) ≤ min
p′∈P
L(x, p′) + α ≤ V + α.

First observe that fixing a strategyx, the maximization player’s best response in this zero-sum game is
the same as the follower’s best response in the Stackelberg game.
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Claim 40. Letp′ ∈ P be any action of the leader, then

arg max
x∈AF

L(x, p′) = x∗(p′)

Proof. We can write

arg max
x∈AF

L(x, p′) = arg max
x∈AF

[
φ(x)− 〈p′, x− x̂〉

]

= arg max
x∈AF

[
φ(x)− 〈p′, x〉

]

= arg max
x∈AF

UF (p
′, x)

The second equality follows from the fact that〈p′, x̂〉 is independent of the choice ofx.

Now we show that if a strategy pair(p′, x′) is an approximate minimax equilibrium in the zero-sum
game, thenp′ approximately induces the target actionx̂ of the follower. Hence, our task reduces to finding
an approximate minimax equilibrium of the Lagrangian game.

Lemma 41. Suppose that a pair of strategies(p′, x′) ∈ P ×AF forms anα-approximate minimax equilib-
rium. Then the induced follower actionx∗(p′) satisfies‖x̂− x∗(p′)‖ ≤

√
4α/σ.

Proof. By the definition of approximate minimax equilibrium, we have

φ(x̂)− α ≤ L(x′, p′) ≤ φ(x̂) + α

and also by40,
max
x∈AF

L(x, p′)− α = L(x∗(p′), p′)− α ≤ L(x′, p′) ≤ φ(x̂) + α

Note that
L(x̂, p′) = φ(x̂)− 〈p′, x̂− x̂〉 = φ(x̂).

It follows thatL(x∗(p′), p′) ≤ L(x̂, p′)+ 2α. Sinceφ is aσ-strongly concave function, we know that fixing
any leader’s actionp, L is also aσ-strongly concave function inx. By Lemma5 and the above argument,
we have

2α ≥ L(x∗(p′), p′)− L(x̂, p′) ≥ σ

2
‖x∗(p′)− x‖2

Hence, we must have‖x∗(p′)− x‖ ≤
√

4α/σ.

To compute an approximate minimax equilibrium, we will use the following T -round no-regret dy-
namics: the leader plays online gradient descent (a “no-regret” algorithm), while the follower selects an
ζ-approximate best response every round. In particular, theleader will produce a sequence of actions
{p1, . . . , pT } against the follower’s best responses{x1, . . . , xT } such that for each roundt ∈ [T ]:

pt+1 = ΠP
[
pt − η · ∇pL(xt, pt)

]
and xt = x′(pt).

At the end of the dynamics, the leader hasregretdefined as

RL ≡
1

T

T∑

t=1

L(xt, pt)− 1

T
min
p∈P

T∑

t=1

L(xt, p).

Now take the average actions for both players for this dynamics: x = 1
T

∑T
t=1 x

t andp = 1
T

∑T
t=1 p

t.
A well-known result by [FS96] shows that the average plays form an approximate minimax equilibrium.
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Theorem 42([FS96]). The average action pair(p, x) forms a(RL + ζ)-approximate minimax equilibrium
of the Lagrangian zero-sum game.

To simulate the no-regret dynamics, we will have the following T -round dynamics between the leader
and the follower: in each roundt, the leader plays actionpt based the gradient descent update and observes
the induced actionx∗(pt). The gradient of the Lagrangian∇pL can be easily computed based on the
observations. Recall from40 that the follower’s best responses to the leader’s actions are the same in both
the Stackelberg game and the Lagrangian zero-sum game. Thismeans that the gradient of the Lagrangian
can be obtained as follows

∇pL(x∗(p′), p′) =
(
x̂− x∗(p′)

)
.

In the end, the algorithm will output the average play of the leader1/T
∑T

t=1 p
t. The full description of

the algorithmLearnLead is presented in Algorithm3, and before we present the proof of Theorem23, we
first include the no-regret guarantee of gradient descent.

Lemma 43 ([Zin03]). LetD be a closed convex set such that‖D‖ ≤ D, and letc1, . . . , cT be a sequence
of differentiable, convex functions with bounded gradients, that is for everyx ∈ D,||∇ct(x)||2 ≤ G. Let
η = D

G
√
T

andω1 = ΠD [0] be arbitrary. Then if we computeω1, . . . , ωT ∈ D based on gradient descent

ωt+1 = ΠD
[
ωt − η∇c(ωt)

]
, the regret satisfies

R ≡ 1

T

T∑

t=1

ct(ωt)−min
ω∈D

1

T

T∑

t=1

ct(ω) ≤ GD√
T

(16)

Proof of Theorem23. We will first bound the regret of the leader in the no-regret dynamics. Each vector of
P has norm bounded by

√
dλF . Also, since the gradient of the Lagrangian at pointp′ is

∇pL(x∗(p′), p′) = (x̂− x∗(p′)),

we then know that the gradient is bounded the norm ofAF , which isγ. The regret is bounded by

RL =

√
2dλF γ√
T

.

Let x = 1/T
∑T

t=1 x
∗(pt) denote the average play of the follower. It follows from Theorem42 that (p̂, x)

forms an(RL + ζ)-approximate minimax equilibrium, and so by Lemma41, we have

‖x̂− x∗(p̂)‖ ≤
√

4(RL + ζ)

σ
=

√
4
√
2dλF γ

σ
√
T

+
4ζ

σ
.

Plugging in our choice ofT , we get‖x∗(p̂) − x̂‖ ≤ ε/2, and also the total number of observations on the
follower is alsoT . Finally, by strong concavity of the functionφ and Lemma5, we have that

‖x′(p̂)− x∗(p̂)‖ ≤
√

2ζ

σ
≤ ε/2.

By triangle inequality, we could show that the approximate best-response satisfies‖x′(p̂)− x̂‖ ≤ ε.

Finally, we give the proof of Theorem24.
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Proof of Theorem24. Since for eachxt, the approximate evaluation based onx′(pt) satisfies|ψ(xt) −
ψ(x′(pt))| ≤ λLε, by Lemma7 we know that the action̂x output byZOO(dελL,AF ) satisfies

E [ψ(x̂)] ≥ max
x∈AF

ψ(x) − dελL = max
p∈AL

UL(p, x
∗(p))− dελL.

Finally, we will useLearnLead(x̂, ε) to output a leader action̂p such that‖x∗(p̂) − x̂‖ ≤ ε, and so
ψ(x∗(p̂)) ≥ ψ(x̂)− λLε. Therefore, in the end we guarantee that

E [UL(p̂, x
∗(p̂))] = E [ψ(p̂)] ≥ E [ψ(x̂)]− λLε ≥ max

p∈AL

UL(p, x
∗(p))− (d+ 1)ελL.

Plugging in our choice ofε, we recover theα accuracy guarantee. Note that in each iteration, the numberof
observations on the follower required by the call ofLearnLead is

T ′ = O

(
dλ2F γ

2

ε4σ2

)

Therefore the total number of observations our algorithm needs is bounded by

O
(
T ′ × T

)
= Õ

(
d5.5λ2F γ

2

ε4σ2

)

Again plugging in our value ofε, the bound on the number of observations needed is

Õ

(
d9.5λ2Fλ

4
Lγ

2

α4σ2

)
.

Hiding the constants (λF , λL, γ andσ), we recover the bound above.

D Improvement with Ellipsoid in Noiseless Settings

In this section, we present variants of theLearnPrice andLearnLead algorithms that uses the Ellipsoid
algorithm as a first-order optimization method. In particular, this will allow us to improve the dependence
of the query complexity on the target accuracy parameterα. For the technique we give in this section, the
number of observations of the follower’s actions will have apoly-logarithmic dependence on1/α instead of
a polynomial one. We also improve the polynomial dependenceon the dimension.

D.1 The Ellipsoid Algorithm

We will briefly describe the ellipsoid method without going into full detail. LetP ⊂ R
d be a convex

body, andf : P → [−B,B] be a continuous and convex function. Letr,R > 0 be such that the setP is
contained in an Euclidean ball of radiusR and it contains a ball of radiusr. Theellipsoid algorithm solves
the following problem:minp∈P f(p).

The algorithm requires access to aseparation oraclefor P: given anyp ∈ R
d, it either outputs thatx is

a member ofP, or if p 6∈ P then it outputs a separating hyperplane betweenp andP. It also requires access
to afirst-order oracle: given anyp ∈ R

d, it outputs a subgradientw ∈ ∂f(p). The algorithm maintains an
ellipsoidEt with centerct in R

d over rounds, and in each roundt does the following:
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1. If the center of the ellipsoidct 6∈ P, it calls the separation oracle to obtain a separating hyperplane
wt ∈ R

d such thatP ⊂ {p : (p − ct)⊺wt ≤ 0}; otherwise it calls the first-order oracle atct to obtain
wt ∈ ∂f(ct).

2. Obtain a new ellipsoidEt+1 with centerct+1 based on the ellipsoidEt and vectorwt. (See e.g. [Bub14]
for details.) We will treat this ellipsoid update as a black-box step and write it as a functionellip(E, c,w)
that takes an ellipsoidE along with its centerc and also a vectorw as input and returns a new ellipsoid
E′ with its centerc′ as output.

The sequence of ellipsoid centers{ct} produced by the algorithm has the following guarantee.

Theorem 44(see e.g. [Bub14]). For T ≥ 2d2 log(R/r), the ellipsoid algorithm satisfies{c1, . . . , cT }∩P 6=
∅ and

min
c∈{c1,...,cT }∩P

f(c)−min
p∈P

f(p) ≤ 2BR

r
exp

(
− T

2d2

)
.

In other words, with at mostT = O
(
d2 log

(
BR
rε

))
calls to the first-order oracles, the ellipsoid algorithm

finds a pointp ∈ ({ct} ∩ P) that isε-optimal for the functionf .

D.2 Learning Prices with Ellipsoid

We will first revisit the problem in Section3.4and give an ellipsoid-based variant ofLearnPrice that (when
there is no noise) obtains a better query complexity forLearnPrice. Recall that we are interested in com-
puting a price vector̂p ∈ P such that the induced bundlex∗(p̂) is close to the target bundlêx.

Recall from Lemma14 that it is sufficient to find an approximately optimal solution to the Lagrangian
dual functiong(p) = argmaxx∈C L(x, p). We will use the ellipsoid algorithm to find such a solution. Note
that the feasible region for prices is given explicitly:P = {p ∈ R

d
+ | ‖p‖ ≤

√
dL}, so a separation oracle

for P is easy to implement. Furthermore, we know from Lemma15 that for anyp, we can obtain a gradient
based on the buyer’s purchased bundle:(x̂−x∗(p)) ∈ ∂g(p). This means we have both the separation oracle
and first-order oracle necessary for running ellipsoid. ThealgorithmLearnPE is presented in Algorithm7.

Algorithm 7 Learning the price vector to induce a target bundle:LearnPE(x̂, ε)
Input: A target bundlêx ∈ IntC , and target accuracyε

Initialize: restricted price spaceP = {p ∈ R
d
+ | ‖p‖ ≤

√
dL}

c1 = 0 E1 = {p ∈ R
d | ‖p‖ ≤

√
dL} T = 100d2 ln

(
dλvalγ

εσ

)
L = (λval)

1/β

(
4

ε2σ

)(1−β)/β

For t = 1, . . . , T :
while ct 6∈ P then let obtain a separating hyperplanew and let(Et, ct)← ellip(Et, ct, w)
Let pt = ct

Observe the purchased bundle by the consumerx∗(pt)
Update the ellipsoid(Et+1, ct+1)← ellip(Et, ct, (x̂− x∗(pt))):

Output: p̂ = argminp∈{p1,...,pT } ‖x̂− x∗(p)‖
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Theorem 45. Let x̂ ∈ IntC be a target bundle andε > 0. ThenLearnPE(x̂, ε) outputs a price vector̂p
such that the induced bundle satisfies‖x̂− x∗(p̂)‖ ≤ ε and the number of observations it needs is no more
than

T = O

(
d2 ln

(
dλval γ

εσ

))

Proof. By Lemma14, it suffices to show that there exists a price vectorp̂ ∈ {pt}Tt=1 such that

g(p̂) ≤ min
p∈P

g(p) +
ε2σ

4
.

We will show this through the accuracy guarantee of ellipsoid. Note that the setP is contained in a ball of
radius2

√
dλval and contains a ball of radius

√
dλval. Furthermore, the Lagrangian dual objective value is

also bounded: for anyp ∈ P:

|g(p)| = |max
x∈C

v(x)− 〈p, x− x̂〉|

≤ max
x∈C

v(x) + |〈p, x∗(p)− x̂〉|

≤ λval γ + ‖p‖ · ‖x∗(p)− x̂‖
≤ λval γ +

√
2dλval γ

≤ 2
√
dλval γ

By Theorem44, the following holds

min
p∈{p1,...,pT }

g(p)− min
p′∈P

g(p′) ≤ ε2σ

4
.

By Lemma14, there exists somep ∈ {p1, . . . , pT } such that the resulting bundlex∗(p) satisfies that
‖x̂ − x∗(p)‖ ≤ ε. Since we are selectinĝp as p̂ = argminp∈{p1,...,pT } ‖x̂ − x∗(p)‖, we must have‖x̂ −
x∗(p̂)‖ ≤ ε.

Now we could useLearnPE to replaceLearnPrice in the algorithmOpro as a sub-routine to induce
target bundles. The following result follows from the same proof of Footnote4.

Theorem 46. Letα > 0 be the target accuracy. If we replaceLearnPrice byLearnPE in our instantiation
of Opro(C,α), then the output price vector̂p has expected profit

E [[r(p̂)]] ≥ max
p∈Rd

+

r(p)− α,

the number of times it callsLearnPE is bounded by
(
d4.5 · polylog(d, 1/α)

)
, and the observations the

algorithm requires from the consumer is at most

d6.5 polylog

(
λval, γ,

1

α
,
1

σ

)
.
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Algorithm 8 Learning the toll vector to induce a target flow:LearnTE(f̂ , ε)

Input: A target flowf̂ ∈ F , and target accuracyε
Initialize: restricted toll spaceP = {p ∈ R

d
+ | ‖p‖ ≤ m}

c1 = 0 E1 = {x ∈ R
d | ‖x‖ ≤ m} T = 100

(
m2 ln

(m
εσ

))

For t = 1, . . . , T :
while ct 6∈ P then let obtain a separating hyperplanew and let(Et, ct)← ellip(Et, ct, w)
Let τ t = ct

Observe the induced flowf∗(τ t)
Update the ellipsoid(Et+1, ct+1)← ellip(Et, ct,−(f̂ − f∗(pt))):

Output: τ̂ = argminτ∈{τ1,...,τT } ‖f̂ − f∗(τ)‖

D.3 Learning Tolls with Ellipsoid

We will also revisit the problem in Section5. We give a similar ellipsoid-based algorithm to induce target
flow. See Algorithm8.

Theorem 47. Let f̂ ∈ F be a target bundle andε > 0. ThenLearnTE(f̂ , ε) outputs a toll vector̂τ such
that the induced flow satisfies‖f̂ − f∗(τ̂)‖ ≤ ε and the number of observations it needs is no more than

T = O
(
m2 ln

(m
εσ

))

Proof. Let functiong be defined as

g(τ) = min
f∈F

Φ(f) + 〈τ, f − f̂〉.

It suffices to show that there exists someτ ′ ∈ {τ1, . . . , τT } such thatg(τ ′) ≥ minτ∈P g(τ) − ε2σ
2 .

Before we instantiate the accuracy theorem of ellipsoid, note that the setP is contained in a ball of radius
m and contains a ball of radiusm/2, and also that the value ofg(τ) is bounded for anyτ ∈ P:

|g(τ)| = |min
f∈F

Φ(f) + 〈τ, f − f̂〉|

≤ max
f∈F

Φ(f) + max
f∈F
‖f − f̂‖‖τ‖

≤ m+
√
2mm ≤ 2

√
m3

Given thatT = 4m2 ln(m/εσ), we know by Theorem44 that

max
τ ′∈{τ1,...,τT }

g(τ ′)−max
τ∈P

g(τ) ≥ ε2σ

2

Therefore, the output toll vector satisfies

‖f̂ − f∗(τ̂)‖ ≤ ε.

This completes our proof.
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Finally, with this convergence bound, we could also improvethe result of Lemma28.

Theorem 48. Letα > 0 be the target accuracy. If we replaceLearnLead by LearnTE in the instantiation
of LearnOpt(AF , α), then the output toll vector̂τ and its the induced floŵf = f∗(τ̂) is α-approximately
optimal in expectation:

E

[
Ψ
(
f̂
)]
≤ min

f∈F
Ψ(f) + α.

The number of times it callsLearnTE is bounded by
(
m4.5 · polylog(m, 1/α)

)
, and so the total number of

observations we need on the flow behavior is bounded by

m6.5 polylog

(
λ,

1

α
,
1

σ

)
.
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