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Abstract—Large-scale integration of plug-in electric vehicles
(PEV) in power systems can cause severe issues to the existing
distribution system, such as branch congestions and significant
voltage drops. As a consequence, smart charging strategiesare
crucial for the secure and reliable operation of the power system.
This paper tries to achieve high penetration level of PEVs with the
existing distribution system infrastructure by proposing a smart
charging algorithm that can optimally utilize the distribu tion
system capacity. Specifically, the paper proposes a max-weight
PEV dispatch algorithm to control the PEV charging rates,
subject to power system physical limits. The proposed max-
weight PEV dispatch algorithm is proved to be throughput
optimal under very mild assumptions on the stochastic dynamics
in the system. This suggests that the costly distribution system
infrastructure upgrade can be avoided, or failing that, at least
successfully deferred. The proposed PEV dispatch algorithm
is particularly attractive in integrating the renewable energy
sources in the distribution system, by successfully absorbing their
intermittency.

Index Terms—Plug-in electric vehicle, smart charging, max-
weight algorithm, distribution system, renewable energy sources,
fluid limits.

I. I NTRODUCTION

PLUG-IN electric vehicles (PEV) are widely envisioned
to be the key solution to the society’s energy security

challenges [1], due to its great potential in reducing the whole
society’s dependence on foreign oil or petroleum, as well as
improving the carbon footprint of the transportation sector. As
major automakers are planning to produce a diverse range of
PEVs in the near future [1], utility companies are becoming
increasingly concerned with the adverse impacts of the unco-
ordinated PEV charging to the power system, in particular at
the distribution level [2]. Several studies have shown that[2],
[3], the current distribution system, which was planned and
built based on historical load demand decades ago, can only
accommodate around10% PEV penetration level in typical
scenarios if all PEVs charge in an uncoordinated fashion.
As the PEV penetration level increases, the uncoordinated
charging can cause severe impacts on the distribution system,
such as significant branch congestion and large voltage drops
[2], [4]. Thus, in order to achieve large-scale deployment of
PEVs in the existing power system, it is crucial to design
smart PEV charging strategies, so that not only the PEV
energy demands can be successfully satisfied, but also the
power system can operate in a secure and reliable manner,
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without the costly upgrade of the existing infrastructure,or
failing that, successfully defer a major upgrade. In other words,
the ‘physical’ structure can be reused or efficiently utilized
through intelligent design of the ‘cyber’ infrastructure in the
future cyber-physical electric power system.

In the past research, the coordinated PEV charging has been
investigated by many researchers, such as [2], [4], [5], [6]. De-
spite these interesting research results, there are relatively few
research addressing the coordinated PEV charging considering
the physical limits in the power system. On the other hand,
it is important to notice that such constraints are vital forthe
reliable operation of the power system, in particular because
a PEV will become the biggest energy-consuming device in
the household [7], which is very likely to cause severe grid
stress if managed inappropriately [2]. A brief summary of the
past research papers that consider such physical constraints is
as follows. [8] proposes a heuristic method for real-time PEV
charging scheduling considering the voltage constraints in the
system, where the PEVs are selected in a greedy manner. In
[9], a deterministic optimization is adopted to compute the
PEV charging schedules, assuming perfect knowledge of non-
PEV loads and all PEV driving patterns ahead of time. A
real-time PEV charging algorithm is also proposed in [10]
for low-voltage distribution systems, where the overall goal is
to deliver the maximum amount of total power to the PEV
batteries, subject to power system constraints.

As a result of the fundamental power system constraints, the
successful integration of PEVs into the existing power system,
as well as the capability of utilizing PEVs to provide ancillary
vehicle-to-grid services [11], relies crucially on the smart
charging algorithm’s ability to utilize the ‘capacity region’ of
the existing power system. Informally, such ‘capacity region’
is defined as the set of feasible PEV loads, subject to the
power system constraints, such as branch rating, voltage limits
and charging circuit rating. Note that it is highly challenging
to utilize the ‘capacity region’ efficiently, since it can vary
significantly over time due to various random factors, such as
the non-PEV loads and distributed generation with renewable
energy sources. Whereas the later is both time varying and
highly intermittent, and therefore is very difficult to predict
ahead of time, the former can also be hard to characterize and
predict, as it can respond to the time varying electricity price
with the implementation of demand response [12].

In this paper, we take a rigorous approach to design smart
charging algorithms that can utilize the distribution system
‘capacity region’ optimally. As a major contribution of this
paper, we propose a max-weight PEV dispatch algorithm,
based on a queueing formulation of the PEV charging problem.
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According to the algorithm, the PEV charging rates are com-
puted in real time, based on the current PEV battery states and
the other related system parameters, such as non-PEV loads
and renewable generation. The PEV dispatch can efficiently
coordinate the PEV charging rates subject to power system
constraints, and therefore can always guarantee the secureand
reliable operation of the power system. More interestingly, the
proposed PEV dispatch algorithm is guaranteed to optimally
utilize the ‘capacity region’ of the distribution system, in
the sense that the algorithm achieves the optimal throughput
asymptotically. Specifically, we develop a theoretic framework,
which guarantees the throughput optimality of the proposed
PEV dispatch algorithm under very mild assumptions on
the stochastic dynamics in the power system. This implies
that, intuitively, with such algorithms, the existing power grid
can accommodate the highest PEV penetration level without
costly upgrade on the existing infrastructure. Further, this
algorithm is also very valuable in achieving the vehicle-to-grid
services, by providing larger ‘capacity margin’ for providing
ancillary services. Finally, the algorithm is very promising
to be implemented with the advent of the widely available
information and communication technology (ICT), such as the
advanced metering infrastructure (AMI), which enables the
distribution system operator (DSO) to efficiently manage the
PEV loads in real time.

The rest of the paper is organized as follows. Section II
formulates the optimal PEV charging problem, and Section III
proposes the max-weight PEV dispatch algorithm. Section IV
proves the throughput optimality of the algorithm, and Section
V demonstrates the simulations results. Finally, Section VI
concludes this paper.

II. OPTIMAL PEV CHARGING PROBLEM

A. PEV Battery Queueing Model

A discrete-time system is considered in this paper, where the
length of each time slot matches the sampling and operation
time scale of the DSO, which is on the order of minutes [4],
[10]. As the PEV loads are delay tolerant, it is natural to model
the battery of each PEV as a queueUi(n) of ‘energy jobs’,
which has the following dynamics:

Ui(n) = [Ui(n− 1)− ηi∆tPi(n)]
+ +Ai(n), ∀i, n (1)

In above, the queue lengthUi(n) represents the amount of
‘energy jobs’ that needs to be served by the PEV charger
to successfully refill the battery of PEVi. [·]+ = max(·, 0),
since queue lengths can not be negative.Ai(n) is the amount
of external ‘energy job’ arrivals during time slotn, due to
the energy consumption from driving.Pi(n) is the charging
power,ηi is the efficiency of the charging circuit, and∆t is the
length of the time slot. The charging powerPi(n) is subject
to the charging circuit rating constraint:

Pmin
i ≤ Pi(n) ≤ Pmax

i , for all PEV i (2)

Further, the charging process is also constrained by the PEV
availability, so that

Pi(n) = 0 if ai(n) = 0, for all PEV i (3)

whereai(n) the indicator that PEVi is allowed to draw energy
from the power grid during time slotn. This is specified by
both the physical availability of PEVi for the charging circuit,
i.e., whether PEVi is plugged into the power grid, and the
charging control signals by the DSO. In the later case, it
is possible that the DSO will curtail the charging processes
of certain PEVs, in order to provide vehicle-to-grid services.
Note that such ‘on-off’ assumption is not without loss of
generality for vehicle-to-grid services, since the granularity
of an individual PEV load is relatively small [7] in terms
of providing vehicle-to-grid services. Finally, as the goal of
this paper is to achieve the largest capacity region, the PEV
availability ai(n) in this paper is modeled as an external
control signal, which is given in each time slot.

B. Charging Constraints

As a PEV is the biggest energy consuming device in a
household, it is crucial that not only the PEV batteries can
be successfully refilled, but also that the power system can
operate in an efficient, reliable and secure manner. In this
paper, we model the physical constraint in the distribution
system as the voltage limits for each bus:

V min
k ≤ Vk(n) ≤ V max

k , for each busk. (4)

It is well-known that the PEV charging power can cause
significant voltage drop to buses in the power system [2]. This
is specified by the network coupling, which is as follows. For
each time slot, the impact of the PEV load on the power system
states can be described by the AC power flow equations:

P net
k + Pk = Vk

∑

j∈Nk

Vj [Gkj cos(θk − θj) +Bkj sin(θk − θj)]

Qnet
k = Vk

∑

j∈Nk

Vj [Gkj sin(θk − θj)−Bkj cos(θk − θj)] (5)

wherePk(n) represent the PEV load at busk, P net
k (n) and

Qnet
k (n) are the net injection of active and reactive power for

the non-PEV load:

P net
k (n) = P base

k (n)− P renew
k (n) (6)

Qnet
k (n) = Qbase

k (n)−Qrenew
k (n) (7)

where P renew
k (n) and Qrenew

k (n) are the active and reactive
renewable generation for a busk with distributed generation,
and zero otherwise. Thus, if the charging processes of PEVs
are uncoordinated, it is well possible that the PEV charging
at one bus can make the voltage constraint at a remote bus
become violated. On the other hand, if the charging processes
of all PEVs are coordinated carefully, it is very promising
that not only the power system can operate reliably, but
also the highly intermittent renewable energy sources can be
successfully ‘absorbed’ to refill the PEV batteries.

Note that, intuitively, the above constraints (2), (3), (4)and
(5) specify a ‘capacity region’ on the PEV charging rates
in each time slotn, which is not only time varying, but
also highly stochastic, because of the changes in the base
loadP base

k (n), Qbase
k (n), the intermittent renewable generation

P renew
k (n), Qrenew

k (n), as well as the PEV availabilityai(n).
It is also important to note that the charging rate can vary
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significantly over the locations of the PEVs. For example,
the voltage drops at all buses in the power system are much
less sensitive to a PEV located close to the substation than
a PEV located at the end of the main feeder. Thus, in order
to efficiently utilize the capacity region that is available, it
is crucial for the DSO to specify the PEV charging rates
judiciously, in order to successfully refill all PEV batteries.

III. M AX -WEIGHT PEV DISPATCH ALGORITHM

As stated in the Introduction, this paper advocates a max-
weight PEV dispatch algorithm for efficient control of the
PEV charging rates in each time slot. It will be shown
later that the algorithm can optimally utilize the time-average
‘capacity region’ of the power system asymptotically, evenin
the presence of the highly intermittent renewable generation.

The real-time PEV dispatch algorithm is illustrated in Al-
gorithm 1. The charging rates are computed by DSO for each
time slot, after it collects system-wide information usingsmart
metering infrastructure, such as AMI. The central step is the
optimization in (8), which essentially solves an optimal power
flow problem, by treating the PEV charging power asnegative
generation. The charging weight (or negative generation cost)
for each PEV is specified byUi(n). Thus, a PEV with larger
energy queue length is more likely to draw energy from the
power grid, in order to decrease its energy queue length, and
vice versa.

Algorithm 1 Max-Weight PEV Dispatch
1: At the beginning of each time slotn, DSO collectsai(n),

Ui(n) for all PEV i, and the non-PEV load profileP net
k (n)

andQnet
k (n) for all buses.

2: DSO computes charging rates{Pi(n)} as follows:

maximize{Pi}

N
∑

i=1

Ui(n)ηiPi

subject to Charging circuit constraint in(2), ∀PEV i

PEV availability in (3), ∀PEV i

Voltage constraint in(4), ∀busk

AC power flow in (5), ∀busk (8)

3: DSO sends the charging ratesPi(n) to each PEVi.

The PEV dispatch algorithm is easy to implement, as it
is executed in real time, based on only current system state
information. Note that the optimization in (8) utilizes theen-
ergy queue length as the weight for computing charging rates.
This is the key to guarantee that the algorithm can achieve
throughput optimality over the long term. Other algorithms,
in particular the one that maximizes the unweighted charged
energy in one time slot, is well known to be sub-optimal in
the literature. In this case, the batteries with large energy
queue lengths are essentially ‘penalized’, which may grow
very large, as the algorithm always tries to serve PEVs with
small queues in the worst case scenario. In the next section,
we will develop a theory to formally prove the throughput

optimality of Algorithm 1, with very mild assumptions on the
stochastic dynamics in the power system.

IV. A T HEORY ON THROUGHPUTOPTIMALITY

For the ease of demonstration, we first convert the original
system to a system with discrete modes. Note that all symbols
in bold fonts, such asP andQ, represent vectors.

A. An Equivalent Discrete System

The ‘capacity region’ of the distribution system in each
time slot depends crucially on both non-PEV loads and PEV
availability at each bus. In order to analyze the performance
of the PEV dispatch algorithms in a rigorous manner, we
formally denote these external parameters in a compact form
as the vector of system ‘mode’s = (P net,Qnet,a). It is also
assumed that all real power and reactive power in the system
are discrete. Note that this is only for the ease of analysis,and
is without loss of generality, since the quantization step sizes
can be made arbitrarily small. Thus, the system ‘mode’ vector
s take values in a discrete set, which we denote asS. For a
fixed discrete system modes ∈ S, the PEV charging power
vectorP are only allowed to take values in a bounded, discrete
‘capacity region’C(s), according to the physical limits. This
is a discretized region of the feasible region in (8). With the
above notations, the PEV battery queueing dynamics can be
rewritten in a very compact form as follows:

Ui(n) = Ui(0)−
∑

s

∑

P

TP

s (n)ηiPi∆t+ Λi(n) (9)

∑

P

TP

s
(n) = Ts(n), (10)

∑

s

Ts(n) = n, (11)

TP

s (n) is non-decreasing. (12)

In above,TP
s (n) is the total number of time slots that a

particular PEV charging rate profileP is chosen when the
system mode iss during the firstn time slots. Note that
P ∈ C(s), due to physical limits. Thus, (12) follows naturally.
The role of DSO is to control the PEV charging rate profiles
intelligently, as represented byTP

s (n), to make all queue
lengths small.Ts(n) is the total number of time slots that
the system is in modes, according to the definition in (10).
Thus, (11) follows naturally, since the system has to be in one
mode during each time slot.Λi(n) represents the cumulative
external energy job arrivals to the energy queue of PEVi
during the firstn time slots.

The system specification in (9)-(12) includes many stochas-
tic processes, such as the net loadP net,Qnet, the PEV avail-
ability a, and the PEV energy job arrivalsΛ. Such processes
are driven by very complex external dynamics, such as the
intermittent wind power generation, and the PEV driving
patterns, which are very challenging to model accurately. Thus,
in this paper, instead of specifying restricted assumptions on
these stochastic processes, we only the following very mild
technical assumptions on these processes, as follows:
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Assumption 1:The number of energy job arrivals in each
time slot is uniformly bounded:

Λi(n)− Λi(n− 1) ≤ K1, ∀n, i (13)

whereK1 is a positive constant.
Assumption 2:The Strong Law of Large Numbers (SLLN)

applies to all external stochastic processes in the system:

lim
n→∞

Λi(n)/n = λi, with probability 1,∀i (14)

lim
n→∞

Ts(n)/n = πs, with probability 1, ∀s ∈ S (15)

whereλi is the average energy job arrival rate to the battery
of PEV i, andπs is the average time fraction that the system
mode is ats.

Note that such assumptions are very mild, and can be
used to model many sources of uncertainties in the power
system, in particular the random PEV driving patterns and
intermittent renewable generation. Based on the described
system model above, we are now able to quantitatively specify
the ‘throughput region’ of the PEV charging in the distribution
system, in the following theorem.

Theorem 1: (Throughput Region)The PEV battery queues
are rate stable only if there is a static resource allocationpolicy
{µP

s }, which satisfies thatµP

s ≥ 0,
∑

P
µP

s = πs, and that

λi ≤
∑

s

∑

P

µP

s
ηiPi∆t (16)

A battery energy queueUi(n) is defined as ‘rate stable’ if

lim
n→∞

Ui(n)

n
= 0, with probability 1. (17)

Intuitively, (16) specifies that the average energy job ‘arrival
rate’ at each PEVi can be successfully served by the average
energy job ‘departure rate’ under certainstatic policy, which
is specified by the resource allocation decisions{µP

s
}, where

µP

s specifies the time fraction that PEV charging rate profileP

is adopted when the system mode is ats. Thus, if the battery
energy queues are not rate stable under any resource allocation
decisions{µP

s }, it is clear that the existing distribution system
cannot accommodate the corresponding PEV penetration level,
and that an upgrade on the existing infrastructure may be
necessary.

Proof: The proof of the theorem is a standard result, and
therefore is omitted due to space limit. One can find a standard
proof, for example, in [13].

Although the capacity region in Theorem 1 is well defined,
it is highly challenging to characterize, even if one has perfect
knowledge of the system parametersπs, due to the large
size of the problem. It is even more challenging to design
optimal scheduling algorithms to achieve such region. As a
major contribution of this paper, we prove that the max-
weight PEV dispatch in Algorithm 1 is throughput optimal
asymptotically. Before stating the formal proof, we provide
intuitive explanation by transforming the original systemto a
continuous system, where the analysis is much easier. Later
we will show that such transformation preserves the optimality
guarantee of the algorithm.

B. Fluid Sample Paths

The following continuous-time, deterministic system is re-
ferred to as a Fluid Sample Path (FSP) [14] of the original
discrete-time, stochastic system:

Ūi(t) = Ūi(0)−
∑

s

∑

P

T̄P

s
(t)ηiPi∆t+ λi(t) (18)

∑

P

T̄P

s (t) = πst (19)

T̄P

s (t) is non-decreasing. (20)

Note that in order to distinguish between the functions in two
systems, a functionf(·) in the original system is denoted
as f̄(·) in the FSP. It is important to notice the differences
between the FSP in (18)-(20) and the discrete system in (9)-
(12). In FSP, both energy job arrivals and system modes
are deterministic, which can be seen from (18) and (19),
respectively, whereas these processes are highly stochastic in
the original system. Such deterministic behavior dramatically
simplifies the design and analysis of the PEV charging algo-
rithm. Further, such system is rigorously constructed fromthe
original system. The detailed construction is highly nontrivial,
and is briefly illustrated in Appendix A. The following theorem
shows that the max-weight property in (8) is still preservedin
the FSP:

Theorem 2: (Max-Weight Property in FSP)For any FSP
associated with the max-weight scheduling,˙̄TP

s
(t) = 0 if

P 6∈ argmax
P ′

N
∑

i=1

Ūi(t)ηiP
′
i (21)

Thus, for any FSP associated with the max-weight algorithm,
the charging modeP always maximizes the fluid energy queue
length weighted PEV charging rate.

Proof: See Appendix B.

Based on the above theorem, we can now analyze the
optimality of the max-weight algorithm in any FSP.

Theorem 3: (Optimality in FSP)For any feasible energy
demand rateλ, any fluid limit under the max-weight charging
algorithm satisfies that̄Ui(t) = 0, ∀t ≥ 0 if Ūi(0) = 0, ∀i.

Proof: For a fixed fluid limit sample path, define the
following Lyapunov function

L(t) =
1

2

N
∑

i=1

(Ūi(t))
2 (22)
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It is sufficient to prove thaṫL(t) ≤ 0. We have

L̇(t) =
N
∑

i=1

Ūi(t)
˙̄Ui(t)

=
N
∑

i=1

Ūi(t)
(

−
∑

s

∑

P

˙̄TP

s
(t)ηiPi∆t+ λi

)

(a)

≤

N
∑

i=1

Ūi(t)
(

−
∑

s

∑

P

˙̄TP

s (t)ηiPi∆t

+
∑

s

∑

P

µP

s ηiPi∆t
)

= −
∑

s

∑

P

( ˙̄TP

s
− µP

s

)

(

N
∑

i=1

Ūi(t)Piηi∆t
)

(b)

≤ 0. (23)

where(a) is because the energy job arrival rateλ is feasible,
and therefore can be stabilized by a static policy, according
to Theorem 1.(b) is because the max-weight property of
the Algorithm 1 in FSP, which is guaranteed by Theorem 2.
Therefore, the theorem follows.

C. Performance Guarantees

With the introduction of the FSP above, we are now
ready to prove the main result in this paper, which specifies
the throughput optimality of the max-weight PEV dispatch
algorithm in Algorithm 1.

Theorem 4: (Optimality in Original System)Under Algo-
rithm 1, for a feasible energy demand rateλ, all battery energy
queues are rate stable with probability 1.

Proof: The proof is in Appendix C.
Thus, we have established a theory to guarantee the optimality
of the max-weight PEV dispatch algorithm. The performance
of the algorithm will next be investigated in the case study in
the following section.

V. CASE STUDY

A. Simulation Setup

1) System Loads:The standard IEEE 13-bus test feeder
[15] is studied in this paper, which corresponds to a real-
world distribution system. The topology of the test feeder is
shown in Fig. 1, where the colored (black and gray) nodes
represent the buses associated with residential loads. In order
to demonstrate the potential of PEVs in integrating intermittent
renewable energy sources, it is assumed that a wind generator
is installed at bus 671, which is the gray node in Fig. 1. The
wind generation pattern for the simulation period is shown
in Fig. 2, which is obtained from a real-world data trace in
a Pennsylvania wind farm [16]. The simulation considers an
over-night charging scenario from 7pm to 5am in the next
day. It is assumed that all PEVs are always already plugged-
in during the simulation period, and are always available for
charging. Thus,ai(n) = 1 for all PEV i and time slotn. The
non-PEV residential load profile is specified by the real-world
data trace from the SCE website [17]. For each time slot, the
load at each bus is obtained by scaling the SCE load profile
proportionally according to the case file description [15].

Fig. 1. The topology of the standard IEEE 13-bus test feeder in the case study.
The colored nodes are associated with residential loads. A wind generator is
placed in the system at bus 671 (the gray node).
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Fig. 2. The wind generation output profile in the case study.

2) PEV Specification:The PEVs are allocated to the buses
associated with residential loads, according to Fig. 1. The
number of PEVs associated with each bus is proportional to
the estimate of the number of households for each bus, which
is obtained according to the average daily load specification
in the case file of the test feeder. For this simulation, the total
number of PEVs in the system is 2185, which corresponds to
the 50% penetration scenario. It is assumed that the maximum
charging power of each PEV charger is 1.92kW, which cor-
responds to the standard 120V, 16A charger. For the charging
simulation, it is assumed that the energy queue lengths for all
PEV batteries are 8.8 kWh. This is according to the national
survey of 25 miles average daily commute distance, and the
PEV consumption rate of 34 kWh/100 miles [18]. A summary
of the PEV specification for this simulation is in Table I.

B. Simulation Results

1) Solution Method:As the PEVs are large loads, it is
no longer accurate to model its impact on the power system
with conventional linear approximation techniques. For this
simulation, the optimal AC power flow in (8) is computed
by the technique of sequential convex programming [19],
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TABLE I
VEHICLE FACTS

Parameter Value
Battery Capacity 16 kWh

Energy Usage per 100 miles 34 kWh
Charging Rate (120 V, 16 A) 1.92 kW

Average Daily Commute Distance 25 miles
Daily Consumption 8.75 kWh
Charging Efficiency 0.90
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Fig. 3. The load profiles according to the PEV dispatch algorithm.

which works as follows. At each step, the algorithm tries to
obtain a local convex approximation of the original nonconvex
optimization problem, and then tries to solve the approximated
convex problem in a local region and obtain the PEV charging
rates. The algorithm then solves the AC power flow with the
updated PEV charging rates, and continues to approximate
the nonconvex problem (8) at the new operating point, and
search for locally optimal solutions. The algorithm will stop if
certain convergence criterion is satisfied. For this simulation,
the AC power flow is solved using the standard OpenDSS
software. The total computation time is around103 seconds on
a workstation with 64-bit Windows operating system running
with 2.26GHz Intel Duo processor and 8GB RAM.

2) System Load Profiles:The resulting system load profiles
are shown in Fig. 3, where the dotted line illustrates the
non-PEV load minus the wind generation, and the solid line
corresponds to the total PEV load. Note that the dotted load
profile is no longer smooth, due to the integration of the highly
intermittent wind generation. From the figure, one can clearly
observe that the PEV charging is ‘smart’, in the sense that
the total PEV load profile changes very adaptively to both
the wind generation and non-PEV load profiles. For example,
during the peak hour (around 8pm), when the non-PEV load is
very large, the PEV load is quite small, in order to guarantee
that the physical limits are not violated and that the power
system can operate in a secure and reliable manner. Further,
one can easily observe a ‘symmetry’ between the net load
profile and the PEV load profile, in particular during the mid-
night, in that an increase in the dotted load profile usually
results in a decrease in the PEV load profile, and vice versa. In
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Fig. 4. The profiles of the minimum three phase voltages in thecase study.

particular, as the dotted load suddenly drops around 2am, due
to the sudden increase in the wind power generation output,
one can clearly identify a very similar increase in the total
PEV charging profile. This immediately implies that the PEV
dispatch algorithm can successfully integrate the renewable
wind generation by absorbing its intermittency. Finally, one
can observe the sharp decrease in the total PEV load in the
morning of the next day. This indicates that most PEVs are
successfully refilled.

3) Voltage Profiles:The minimum voltage profiles for each
phase in the case study are shown in Fig. 4. One can clearly
observe that, the phase C is the bottle neck of the system, as
it has the lowest magnitude among all three phases. Note that,
interestingly, even if the voltages in the other two phases are
far away from the limit (0.95 per unit in this case study), the
corresponding PEV loads are still not allowed to charge more,
due to the coupling between the phases. Further, note that the
minimum voltage in the entire power system is always above
the physical limit. Thus, we conclude that the PEV dispatch
algorithm in Algorithm 1 can successfully control the charging
rates of all PEVs in the power system to maintain reliable
operation of the power system. This also partially explains
the symmetry between the dotted load profile and the PEV
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Fig. 5. The profile of the maximum energy queue lengths for each phase in
the case study.

load profile in Fig. 3, in that such constraint essentially places
an upper bound on the total load in the power system, so that
when the net load decreases due to wind power generation,
the PEV load will increase, and vice versa. However, it is
important to notice that one cannot simply substitute the
constraints in (8) with an upper bound on the total system
load, since such simplistic method will be very likely to result
in excessive voltage drops at certain buses, as suggested in
Fig. 4. Finally, one can observe the increase in the minimum
voltage near the end of the overnight charging period. This is
because many PEVs finish charging.

4) Battery States:In order to demonstrate the performance
of the PEV dispatch in refilling the PEV batteries, we plot
the profiles of the maximum energy queue lengths for each
phase in Fig. 5. The conclusion is that, for all three phases,
the PEV dispatch algorithm can successfully refill all PEV
batteries during the overnight charging period. Further, the
figure also confirms the coupling of the charging processes
between the three phases, which is suggested in Fig. 4, in that
even if the voltage limit in the phase A and B are far from
the boundary, the PEV loads are not allowed to charge further
during the charging period, due to their coupling effect to the
voltage in phase C, which is the bottleneck of the network.
Thus, the maximum energy queue lengths in all three phases
behave very similarly, with the PEV loads in phase B finish
relatively earlier, due to the fact that it is the least constrained
in voltage, according to Fig. 4. Similarly, the PEV loads in
phase A also finish earlier than phase C. Further, a more
careful inspection reveals that at the beginning of the charging
period, the charging rate is relatively low, in order to avoid the
power system congestion. The charging rate becomes much
higher near the end of the charging period. This is because,
during such period, the charging processes are essentiallyonly
constrained by the rating of the PEV charging circuits.

VI. CONCLUSION

This paper proposes a queueing based scheduling approach
to achieve large-scale integration of PEVs into the existing

power system. Based on the queueing formation, a max-
weight PEV dispatch algorithm is formulated, and is proved
to be throughput optimal, under very mild assumptions on the
stochastic dynamics of the power system. Simulation results
demonstrate that, the proposed PEV dispatch algorithm can
not only successfully integrate the PEVs into the existing
power system, but also absorb the highly intermittent wind
power generation, as well as guarantee the secure and reliable
operation of the power system.

APPENDIX A
CONSTRUCTION OFFLUID L IMITS

Given the network dynamics(U (n),Λ(n), TP

s
(n))∞n=0, we

first extend the support fromN to R+ using linear interpo-
lation. For a fixed sample pathω, define the following fluid
scaling:

f r(t, ω) = f(rt, ω)/r, (24)

where the functionf(·) can be Ui(·),Λi(·) or TP

s
(·). It

can be verified that these functions are uniformly Lipschitz-
continuous, i.e., there is a positive constantK2 > 0 such that

|f r(t+ δ)− f r(t)| ≤ K2δ (25)

for any r, t > 0 and δ > 0. Thus, these functions are equi-
continuous. According to the Arzéla-Ascoli Theorem [20],any
sequence of functions{f rn(t)}∞n=1 contains a subsequence
{f rn

k (t)}∞k=1, such that w.p.1,

lim
k→∞

sup
τ∈[0,t]

|f rn
k (τ) − f̄(τ)| = 0 (26)

wheref̄(t) is a uniformly continuous function, and therefore
differentiable almost everywhere [20]. Define any such limit
(Ū(t), Λ̄(t), T̄P

s
(t)) as a fluid limit.

Now, the equations in (18) and (19) follow naturally from
the discrete-time system by takingk → ∞ along a convergent
subsequence. The deterministic energy job arrival processes
and the deterministic system mode processes in (19) are
because of the SLLN, by assumption.

APPENDIX B
PROOF OFTHEOREM 2

Proof: According to (21), there is another feasible sched-
ule P ′ ∈ C(s), so that

N
∑

i=1

Ūi(t)Piηi ≤
N
∑

i=1

Ūi(t)P
′
iηi + ε (27)

for some constantε > 0. Since all functions in FSP are
uniformly continuous, there isδ > 0, such that for any
τ ∈ (t− δ, t+ δ), we have

N
∑

i=1

Ūi(τ)Piηi ≤

N
∑

i=1

Ūi(τ)P
′
i ηi +

ε

2
(28)

Now, since all scaled functionsf rn
k (t) converge to the fluid

limits uniformly on compact set along the subsequence{nk},
there is a constantK, such that for anyk > K, we have

N
∑

i=1

U rk
i (τ)Piηi ≤

N
∑

i=1

U rk
i (τ)P ′

i ηi +
ε

4
(29)
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for any τ ∈ (t − δ, t + δ) in the scaled system. Recall the
definition of fluid scaling, the above implies that

N
∑

i=1

Ui(τ)Piηi ≤

N
∑

i=1

Ui(τ)P
′
i ηi +

rnk
ε

4
(30)

for anyτ ∈ (rnk
(t−δ), rnk

(t+δ)) in the original unscaled sys-
tem. According to Algorithm 1, the PEV charging rate profile
P is never scheduled duringτ ∈ (rnk

(t−δ), rnk
(t+δ)), which

implies thatTP
s (rnk

τ) is a constant for anyτ ∈ (t− δ, t+ δ)
and k > K. Thus, after takingk → ∞, we conclude that
T̄P

s
(τ) is also constant during(t − δ, t + δ), from which the

theorem follows.

APPENDIX C
PROOF OFTHEOREM 4

Proof: Assume that the claim does not hold. Then, ac-
cording to the definition of rate stability, there is a subsequence
{rk} and somei, such that

lim
k→∞

Ui(rk)/rk ≥ ε (31)

for someε > 0. Now, according to Appendix A, we can obtain
a subsequence{rnk

} which converges to a FSP. Note that in
this case, we have

Ūi(1) ≥ ε, (32)

which contradicts Theorem 3. Therefore, the network is rate
stable and the theorem holds.
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