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Abstract

We investigate the loss surface of neural networks. We prove that even for one-hidden-layer
networks with “slightest” nonlinearity, the empirical risks have spurious local minima in most
cases. Our results thus indicate that in general “no spurious local minima” is a property limited to
deep linear networks, and insights obtained from linear networks are not robust. Specifically, for
ReLU(-like) networks we constructively prove that for almost all (in contrast to previous results)
practical datasets there exist infinitely many local minima. We also present a counterexample
for more general activations (sigmoid, tanh, arctan, ReLU, etc.), for which there exists a bad
local minimum. Our results make the least restrictive assumptions relative to existing results on
local optimality in neural networks. We complete our discussion by presenting a comprehensive
characterization of global optimality for deep linear networks, which unifies other results on this
topic.

1 Introduction

Neural network training reduces to solving nonconvex empirical risk minimization problems, a
task that is in general intractable. But success stories of deep learning suggest that local minima
of the empirical risk could be close to global minima. Choromanska et al. [4] use spherical spin-
glass models from statistical physics to justify how the size of neural networks may result in local
minima that are close to global. However, due to the complexities introduced by nonlinearity, a
rigorous understanding of optimality in deep neural networks remains elusive.

Initial steps towards understanding optimality have focused on deep linear networks. This area
has seen substantial recent progress. In deep linear networks there is no nonlinear activation; the
output is simply a multilinear function of the input. Baldi and Hornik [1] prove that some shallow
networks have no spurious local minima, and Kawaguchi [10] extends this result to squared error
deep linear networks, showing that they only have global minima and saddle points. Several other
works on linear nets have also appeared [8, 13-15, 27, 28].

The theory of nonlinear neural networks (which is the actual setting of interest), however, is
still in its infancy. There have been attempts to extend the “local minima are global” property
from linear to nonlinear networks, but recent results suggest that this property does not usually
hold [28]. Although not unexpected, rigorously proving such results turns out to be non-trivial,
forcing several authors (e.g., [6, 18, 24]) to make somewhat unrealistic assumptions (realizability
and Gaussianity) on data.

In contrast, we prove existence of spurious local minima under the least restrictive (to our
knowledge) assumptions. Since seemingly subtle changes to assumptions can greatly influence
the analysis as well as the applicability of known results, let us first summarize what is known;
this will also help provide a better intuitive perspective on our results (as the technical details are
somewhat involved).

1.1 What is known so far?
There is a large and rapidly expanding literature of optimization of neural networks. Some works
focus on the loss surface [1, 10, 14, 16—21, 24—28], while others study the convergence of gradient-



based methods for optimizing this loss [3, 6, 22]. In particular, our focus is on the loss surface
itself, independent of any algorithmic concerns; this is reflected in the works summarized below.

For ReLU networks, the works [21, 28] provide counterexample datasets that lead to spurious
local minima, dashing hopes of “local implies global” properties. However, these works fail
to provide statements about generic datasets, and one can argue that their setups are limited
to isolated pathological examples. In comparison, our Theorem 1 shows existence of spurious
local minima for almost all datasets, a much more general result. Zhou and Liang [28] also give
characterization of critical points of shallow ReLU networks, but with more than one hidden node
the characterization provided is limited to certain regions.

There are also results that study population risk of shallow ReLU networks under a restric-
tive assumption that input data is i.i.d. Gaussian distributed [6, 18, 24]. Moreover, these works
also assume realizability, i.e., the output data is generated from a neural network with the same
architecture as the model one trains, with unknown true parameters. These assumptions enable
one to compute the population risk in a closed form, and ensure that one can always achieve
zero loss at global minima. The authors of [18, 24] study the population risk function of the form
E.[(XF, ReLU(w!x) — ReLU(v] x))?], where the true parameters v;’s are orthogonal unit vectors.
Through extensive experiments and computer-assisted local minimality checks, Safran and Shamir
[18] show existence of local minima for k > 6. However, this result is empirical and does not have
constructive proofs. Wu et al. [24] show that with k = 2, there is no spurious local minima on the
manifold |wq |, = ||wz||, = 1. Du et al. [6] study population risk of one-hidden-layer CNN. They
show that there can be a spurious local minimum, but gradient descent converges to the global
minimum with probability at least 1/4.

Our paper focuses on empirical risk instead of population risk, and does not assume either
Gaussianity or realizability. Our assumption on the dataset is that it is not linearly fittable', which
is vastly more general and realistic than assuming that input data is Gaussian or that the output
is generated from an unknown neural network. Our results also show that [24] fails to extend to
empirical risk and non-unit parameter vectors (see the discussion after Theorem 2).

Laurent and von Brecht [14] studies one-hidden-layer networks with hinge loss for classifi-
cation. Under linear separability, the authors prove that Leaky-ReLU networks don’t have bad
local minima, while ReLU networks do. Our focus is on regression, and we only make mild
assumptions on data.

For deep linear networks, the most relevant result to ours is [13]. When all hidden layers are
wider than the input or output layers, Laurent and Brecht [13] prove that any local minimum of
a deep linear network under differentiable convex loss is global.> They prove this by showing a
statement about relationship between linear vs. multilinear parametrization. Our result in Theo-
rem 4 is strictly more general that their results, and presents a comprehensive characterization.

A different body of literature [16, 17, 20, 25, 26] considers sufficient conditions for global
optimality in nonlinear networks. These results make certain architectural assumptions (and some
technical restrictions) that may not usually apply to realistic networks. There are also other works
on global optimality conditions for specially designed architectures [7, 9].

1.2 Contributions and Summary of Results

We summarize our key contributions more precisely below. Our work encompasses results for

both nonlinear and linear neural networks. First, we study whether the “local minima are global”

property holds for nonlinear networks. Unfortunately, our results here are negative. Specifically,

we prove

— For piecewise linear and nonnegative homogeneous activation functions (e.g., ReLU), we prove
in Theorem 1 that if linear models cannot perfectly fit the data, one can construct infinitely

*That is, given input data matrices X and Y, there is no matrix R such that Y = RX.
2Although their result overlaps with a subset of Theorem 4, our theorem was obtained independently.



many local minima that are not global. In practice, most datasets are not linearly fittable, hence
this result gives a constructive proof of spurious local minima for generic datasets. In contrast,
several existing results either provide only one counterexample [21, 28], or make restrictive as-
sumptions of realizability [6, 18] or linear separability [14]. This result is presented in Section 2.

— In Theorem 2 we tackle more general nonlinear activation functions, and provide a simple
architecture (with squared loss) and dataset, for which there exists a local minimum inferior to
the global minimum for a realizable dataset. Our analysis applies to a wide range of activations,
including sigmoid, tanh, arctan, ELU [5], SELU [11], and ReLU. Considering that realizability
of data simplifies the analysis and ensures zero loss at global optima, our counterexample that
is realizable and yet has a spurious local minimum is surprising, suggesting that the situation
is likely worse for non-realizable data. See Section 3 for details.

We complement our negative results by presenting the following positive result on linear net-
works:

— Assume that the hidden layers are as wide as either the input or the output, and that the
empirical risk £ ((W])thll) equals {o(Wy 1 Wy - - - W), where { is a differentiable loss function
and W; is the weight matrix for layer i. Theorem 4 shows if (W]-) ]H: ng is a critical point of Z,
then its type of stationarity (local min/max, or saddle) is closely related to the behavior of
{y evaluated at the product WH+1 Wy If we additionally assume that any critical point of
£y is a global minimum, Corollary 5 shows that the empirical risk £ only has global minima
and saddles, and provides a simple condition to distinguish between them. To the best of our
knowledge, this is the most general result on deep linear networks and it subsumes several
previous results, e.g., [10, 13, 27, 28]. This result is in Section 4.

Notation. For an integer a > 1, [a] denotes the set of integers from 1 to a (inclusive). For a vector
v, we use [0]; to denote its i-th component, while [v];) denotes a vector comprised of the first i
components of v. Let 10 (0¢)) be the all ones (zeros) column vector or matrix with size (-).

2 *“ReLU-like” networks: bad local minima exist for most data

We study below whether nonlinear neural networks provably have spurious local minima. We
show in §2 and §3 that even for extremely simple nonlinear networks, one encounters spurious
local minima. We first consider ReLU and ReLU-like networks. Here, we prove that as long as
linear models cannot perfectly fit the data, there exists a local minimum strictly inferior to the
global one. Using nonnegative homogeneity, we can scale the parameters to get infinitely many
local minima.

Consider a training dataset that consists of m data points. The inputs and the outputs are
of dimension dy and d,, respectively. We aggregate these items, and write X € R%**" as the
data matrix and Y € R%*™ as the label matrix. Consider the 1-hidden-layer neural network
Y = Woh(Wi X + bi1L) + b1, where h is a nonlinear activation function, W, € R%*h p, € R,
Wy € R4%4x and by € R%. We analyze the empirical risk with squared loss

(W1, Wa, by, ba) = 5 [Wah (Wi X+b1 1) +ba Ty, = Y |-
Next, define a class of piecewise linear nonnegative homogeneous functions
hs, s (x) = max{s;+x,0} + min{s_x,0}, (1)

where s; > 0,5_ > 0 and s4 # s_. Note that ReLU and Leaky-ReLU are members of this class.



2.1  Main results and discussion

We use the shorthand X := [XT 1,,] T ¢ RE+1)xm The main result of this section, Theorem 1,
considers the case where linear models cannot fit Y, i.e., Y # RX for all matrix R. With ReLU-
like activation (1) and a few mild assumptions, Theorem 1 shows that there exist spurious local
minima.

Theorem 1. Suppose that the following conditions hold:

(C1.1) Output dimension is d, = 1, and linear models RX cannot perfectly fit Y.
(C1.2) All the data points x;’s are distinct.

(C1.3) The activation function h is hs s

(C1.4) The hidden layer has at least width 2: di > 2.

Then, there is a spurious local minimum whose risk is the same as linear least squares model. Moreover, due
to nonnegative homogeneity of hs,_ s_, there are infinitely many such local minima.

Noticing that most real world datasets cannot be perfectly fit with linear models, Theorem 1
shows that when we use the activation /i, s, the empirical risk has bad local minima for almost
all datasets that one may encounter in practice. Although it is not very surprising that neural
networks have spurious local minima, proving this rigorously is non-trivial. We provide a con-
structive and deterministic proof for this problem that holds for very general datasets, which is in
contrast to experimental results of [18]. We emphasize that Theorem 1 also holds even for “slight-
est” nonlinearities, e.g., when s; =1+ ¢ and s_ = 1 where € > 0 is small. This suggests that the
“local min is global” property is limited to the trivial setting of linear neural networks.

Existing results on squared error loss either provide one counterexample [21, 28], or assume
realizability and Gaussian input [6, 18]. Realizability is an assumption that the output is generated
by a network with unknown parameters. In real datasets, neither input is Gaussian nor output is
generated by neural networks; in contrast, our result holds for most realistic situations, and hence
delivers useful insight.

There are several results proving sufficient conditions for global optimality of nonlinear neural
networks [16, 20, 25]. But they rely on assumptions that the network width scales with the number
of data points. For instance, applying Theorem 3.4 of [16] to our network proves that if X has
linearly independent columns and other assumptions hold, then any critical point with W, # 0
is a global minimum. However, linearly independent columns already imply row(X) = R™, so
even linear models RX can fit any Y; i.e., there is less merit in using a complex model to fit Y.
Theorem 1 does not make any structural assumption other than d; > 2, and addresses the case
where it is impossible to fit Y with linear models, which is much more realistic.

It is worth comparing our result with [14], who use hinge loss based classification and assume
linear separability to prove “no spurious local minima” for Leaky-ReLU networks. Their result
does not contradict our theorem because the losses are different and we do not assume linear
separability.

One might wonder if our theorem holds even with d; > m. Venturi et al. [23] showed that one-
hidden-layer neural networks with d; > m doesn’t have spurious valleys; however, their result
shows nonexistence of strict spurious local minima, whereas due to hs +,s. we only have non-strict
local minima. Based on [2], one might claim that with wide enough hidden layer and random W;
and by, one can fit any Y; however, this is not the case, by our assumption that linear models RX
cannot fit Y. Note that there is a non-trivial region in the parameter space where Wy X + b1l >0
(entry—w1se) In this region, the output of neural network Y is still a linear combination of rows of

,50 Y cannot fit Y; in fact, it can only do as well as linear models.



2.2 Analysis of Theorem 1

The proof of the theorem is split into two steps. First, we prove that there exist local minima
(W b; ) 1 whose risk value is the same as the linear least squares solution, and that there are

1nf1n1tely many such minima. Second, we will construct a tuple of parameters (W b; ) _, that has
strictly smaller empirical risk than (W], Bj)]zzl

Step 1: A local minimum as good as the linear solution. The main idea here is to exploit
the weights from the linear least squares solution, and to tune the parameters so that all inputs
to hidden nodes become positive. Doing so makes the hidden nodes “locally linear,” so that the
constructed (W],b]) —_, that produce linear least squares estimates at the output become locally
optimal.

Recall that X = [XT lm}T € RE+1D>M and define a linear least squares loss fo(R) :=
$IRX — Y|% that is minimized at W, so that V{y(W) = (WX — Y)XT = 0. Since d, = 1, the
solution W € R%*(%+1) is a row vector. For all i € [m], let 7; = W [x] 1] be the output of the
linear least squares model, and similarly Y = WX.

Let 7 := min {—1,2min, 7;}, a negative constant making #7; —# > 0 for all i. Define parameters

A [Wliay ] 3 [[W]d 1—’7] A 1 of ;
W) =a S x S Wo= g 05 4|, =1,
! {O(dl—l)xdx ! —11g, 1 2 {‘"S* 4 1} 2=

where a > 0 is any arbitrary fixed positive constant, [W] d,] 8ives the first d, components of
W, and [W];, 11 the last component. Since 7; = [W]j4,x; + [W]4, 11, for any i, Wix; + b1 > 0y
(Component—w1se) given our choice of 7. Thus, all hidden node inputs are positive. Moreover,
Y= —s+(«xY —ayly,) + 15, =Y, so that the loss £((W;, b]-)]zzl) =Y = Y|} = f(W).

So far, we checked that (W], b]) -1 has the same empirical risk as a linear least squares solution.
It now remains to show that this pqlnt is indeed a local minimum of /. To that end, we consider
the perturbed parameters (W; + A;, b; + 5]-)]2-:1, and check their risk is always larger. A useful point

is that since W is a minimum of £o(R) = 1||[RX — Y||Z, we have
WX -YV)XT=(Y-Y)[XT 1.] =0, (2)

so (Y —Y)XT = 0and (Y — Y)1,, = 0. For small enough perturbations, (W; 4 A;)x; + (b; +61) > 0
still holds for all 7. So, we can observe that

C(ON) + 8y, b+ 6)7) = 31V = Y + AX + 815 [f = 3]V — YIIE + 3] AX + 5151, €

where A and § are A := s, (WoA1 + AWy + AyAq) and & := s (Wady + Apby + Axdy) + 6o they are
aggregated perturbation terms. We used (2) to obtain the last equality of (3). Thus, £((W; + A, bj +
6;)? i 1) =>4 ((Wj,b]) p 1) for small perturbations, proving (Wj, b; 02 j)i—1 is indeed a local minimum of

£. Since this is true for arbitrary a > 0, there are infinitely many such local minima. We can also
construct similar local minima by permuting hidden nodes, etc.

Step 2: A point strictly better than the local minimum. The proof of this step is more involved.
In the previous step, we “pushed” all the input to the hidden nodes to positive side, and took
advantage of “local linearity” of the hidden nodes near (W],b]) 1 But to construct parameters
(W;, b; i)? j)i_y that have strictly smaller risk than (W b; i)? j)i1 (to prove that (W b; i)? j)i_q 1s a spurious
local minimum), we make the sign of inputs to the hidden nodes different depending on data.

To this end, we sort the indices of data points in increasing order of §;;i.e., 71 <72 < -+ - < .

Define the set J := {j € [m —1] | Li<;(#i — i) # 0,§; < Jj41}. The remaining construction



is divided into two cases: J # @ and J = @, whose main ideas are essentially the same. We
present the proof for J # @, and defer the other case to Appendix Az as it is rarer, and its proof,
while instructive for its perturbation argument, is technically too involved.

Case 1: J # @. Pick any _jO € J. We can observe that Zigjo(gi —y) = —Yisj, (7 — i),
W,sothaty‘i—ﬁ <Oforalli <jjand 7; — B > 0forall i > jo.
Then, let 7y be a constant satisfying 0 < |y| < M whose value will be specified later. Since
|v| is small enough, sign(i; — B) = sign(7; — p + ’y) = sq:;n(yZ B — ). Now select parameters

) Wlag 7 Wlg,e1—B+7
Wi=| =Wl |, bi= [ -[Wla,1 +B+7

04, -2) xdy 04,2

because of (2). Define g =

Wy = o1 {1 ~1 051_2},132:/3.

Recall again that [W]y 1x; + [Wly, 11 = §;. Fori <jo, 7i — B+ <0and —f; ++v >0, s0

_s-i—Bt+y) s+ (-FitB+7) + =5
' sy tso Sy +s_ Th=i- —i—s_ly

)

Similarly, fori > jo, 7; —f+v > O0and —7; + B+ ¥ < Oresultsin §; = 7; + —. Here, we push

s+ +s
the outputs #; of the network by zL_rZ: 7 from ¥;, and the direction of the “push” varies depending
on whether i < jp or i > jp.

The empirical risk for this choice of parameters is
U _ + —S_ Sy —s— 2

K((W b; )] 1) - 721<]0 (yl +S Y= yz) +5 21>]0 ( + sy +s_ Y yz)
= to(W) -2 [2,5]-0(% W S

Since Yi<j (7 — yi) # 0 and sy # s_, we can choose sign(7y) = sign([Li<j, (7 — yi)l(s+ —s-)),
and choose small || so that Z((W],b])jzl) < l(W) = é((W],b])]z-zl), proving that (W b; )] pisa
spurious local minimum.

Ty +0(A).

3 Counterexample: bad local minima for many activations

The proof of Theorem 1 crucially exploits the piecewise linearity of the activation functions. Thus,
one may wonder whether the spurious local minima seen there are an artifact of the specific
nonlinearity. We show below that this is not the case. We provide a counterexample nonlinear
network and a dataset for which a wide range of nonlinear activations result in a local minimum
that is strictly inferior to the global minimum with exactly zero empirical risk. Examples of
such activation functions include popular activation functions such as sigmoid, tanh, arctan, ELU,
SELU, and RelLU.

We consider again the squared error empirical risk of a one-hidden-layer nonlinear neural
network:

C((Wj, bj)7_y) = 3| Wah(Wh X +b115,) +ba 15, = Y|[3,

where we fix dy = dy = 2 and dy, = 1. Also, let h%) (x) be the k-th derivative of & : R — R,
whenever it exists at x. For short, let i’ and /"' denote the first and second derivatives.

3.1 Main results and discussion

Theorem 2. Let the loss £((W;, b;) 71) and network be as defined above. Consider the dataset

X:[(l) ; },Y:[O 0 1].

ST ST



For this network and dataset the following results hold:
1. If there exist real numbers v1,v,,v3,v4 € R such that
(C2.1) h(v1)h(vg) = h(vp)h(v3), and
(C2.2) h(01)h (”3*”4) £ h(v3)h (%)

then there is a tuple (Wj, b; )] 1 at which £ equals 0.

2. If there exist real numbers vq,vp,u1,uy € R such that the following conditions hold:

(C2.3) ulh(01> + ush(vp) = %,

(C2.4) h is infinitely differentiable at v1 and vy,

(C2.5) there exists a constant ¢ > 0 such that |h") (v1)| < ¢"n! and |h(") (vy)| < c"n!.
(C2.6) (u1h’(01))2 + L() > 0,

(C2.7) (urh! (v1)unh! (02))2 < ((uh' (01))2+ ) (! (07))2 + 12222,

~

then there exists a tuple ( i, bi ) 1 such that the output of the network is the same as the linear least

squares model, the risk E((W E )] ) =3 and (W b; ) _, s a local minimum of £.

Theorem 2 shows that for this architecture and dataset, activations that satisfy (C2.1)-(C2.7)
introduce at least one spurious local minimum. Notice that the empirical risk is zero at the global
minimum. This means that the data X and Y can actually be “generated” by the network, which
satisfies the realizability assumption that others use [6, 18, 24]. Notice that our counterexample is
“easy to fit,” and yet, there exists a local minimum that is not global. This leads us to conjecture
that with harder datasets, the problems with spurious local minima could be worse. The proof of
Theorem 2 can be found in Appendix A3.

Discussion. Note that the conditions (C2.1)—(C2.7) only require existence of certain real num-
bers rather than some global properties of activation /, hence are not as restrictive as they look.
Conditions (C2.1)—(C2.2) come from a choice of tuple (W b; ) j)ie1 that perfectly fits the data. Condi-

tion (C2.3) is necessary for constructing (W b; ) j)ie1 with the same output as the linear least squares

model, and Conditions (C2.4)—(C2.7) are needed for showing local minimality of (W b; ) j)j—1 Via
Taylor expansions. The class of functions that satisfy conditions (C2.1)-(C2.7) is quite large, and
includes the nonlinear activation functions used in practice. The next corollary highlights this ob-
servation (for a proof with explicit choices of the involved real numbers, please see Appendix As).

Corollary 3. For the counterexample in Theorem 2, the set of activation functions satisfying conditions
(C2.1)~(C2.7) include sigmoid, tanh, arctan, ELU, and SELUL.

Admittedly, Theorem 2 and Corollary 3 give one counterexample instead of stating a claim
about generic datasets. Nevertheless, this example shows that for many practical nonlinear acti-
vations, the desirable “local minimum is global” property cannot hold even for realizable datasets,
suggesting that the situation could be worse for non-realizable ones.

Remark: “ReLU-like” activation functions. Recall the piecewise linear nonnegative homoge-
neous activation function /s, s . They do not satisfy condition (C2.7), so Theorem 2 cannot be
directly applied. Also, if s— = 0 (i.e., ReLU), conditions (C2.1)—(C2.2) are also violated. However,
the statements of Theorem 2 hold even for f, s, which is shown in Appendix A6. Recalling
again s; = 1+ ¢ and s_ = 1, this means that even with the “slightest” nonlinearity in activation
function, the network has a global minimum with risk zero while there exists a bad local mini-
mum that performs just as linear least squares models. In other words, “local minima are global”
property is rather brittle and can only hold for linear neural networks. Another thing to note is



that in Appendix A6, the bias parameters are all zero, for both (W, b; ) —, and (Wj, Bj)]Z:l‘ For

models without bias parameters, (Wj)]z:1 is still a spurious local minimum, thus showing that [24]
fails to extend to empirical risks and non-unit weight vectors.

4 Global optimality in linear networks

In this section we present our results on deep linear neural networks. Assuming that the hidden
layers are at least as wide as either the input or output, we show that critical points of the loss
with a multilinear parameterization inherit the type of critical points of the loss with a linear
parameterization. As a corollary, we show that for differentiable losses whose critical points are
globally optimal, deep linear networks have only global minima or saddle points. Furthermore, we
provide an efficiently checkable condition for global minimality.

Suppose the network has H hidden layers having widths d,...,dy. To ease notation, we set
do = dyx and dy 11 = dy. The weights between adjacent layers are kept in matrices W; € R%>i1
(j € [H+1]), and the output Y of the network is given by the product of weight matrlces with

the data matrix: ¥ = Whgi1Wg - - Wi X. Let (W ) ;{ *1 be the tuple of all weight matrices, and W;;

denote the product W;W;_1--- W; 1 W; for i > j, and the identity for i = j — 1. We consider the

empirical risk £((W;) fp{l) which, for linear networks assumes the form

5((WJ)JHJ{1) = Llo(Why11), (4)

where /y is a suitable differentiable loss. For example, when {5(R) = 1||[RX — Y|2, ¢(( ])H+1)

j=1
%||WH+1:1X - Y”Iz; = eO(WHle:l)- Lastly, we write VKO(M) = VRKO(R”R:M.
Remark: bias terms. We omit the bias terms by, ..., b1 here. This choice is for simplicity;
models with bias can be handled by the usual trick of augmenting data and weight matrices.

4.1 Main results and discussion
We are now ready to state our first main theorem, whose proof is deferred to Appendix Ay.

Theorem 4. Suppose that for all j, d; > min{dx,dy}, and that the loss { is given by (4), where (g is
differentiable on R%>%*. For any crztzcal point (W )H+1 of the loss ¢, the following claims hold:

1. If V(W) # 0, then (W; )H+1 is a saddle of (.
2. If VU (Wy ):O, then
(a) ( ) +1 is a local min (max) of £ ifWHH:l is a local min (max) of £y; moreover,
) (W ) 41 is a global min (max) of € if and only if Wy 11 is a global min (max) of £o.

3. If there exists j* € [H + 1| such that WH+1:]'*+1 has full row rank and Wi 1.4 has full column rank,
then Vly(Wr.1.4) = 0, so 2(a) and 2(b) hold. Also,
(a) WH+1 1 is a local min (max) of £y zf( )HT is a local min (max) of £.
Let us paraphrase Theorem 4 in words. In particular, it states that if the hidden layers are “wide
enough” so that the product Wiy, 1.1 can attain full rank and if the loss ¢ assumes the form (4) for

a differentiable loss ¢y, then the type (optimal or saddle point) of a critical point (W ) ]HH of £ is

governed by the behavior of ¢; at the product WH+1 1.
Note that for any critical point (W )H+1 of the loss ¢, either V{o(Wy.1.1) # 0or VI (Whi1.) =

0. Parts 1 and 2 handle these two cases. Also observe that the condition in Part 3 implies V{j = 0,



so Part 3 is a refinement of Part 2. A notable fact is that a sufficient condition for Part 3 is WH+1:]
having full rank. For example, if d, > dy, full-rank WH+1:1 implies rank(VAVHH:z) = dy, whereby
the condition in Part 3 holds with j* = 1.

If W41 is not critical for £y, then (W])HJrl

j=1
]H:ng is also a local min/max of ¢. Notice, however, that Part 2(a) does not

address the case of saddle points; when WH+1 1 is a saddle point of ¢y, the tuple ( ])jlitl can

must be a saddle point of ¢. If WH+1 1 is a local

min/max of £y, ( ])

behave arbitrarily. However, with the condition in Part 3, statements 2(a) and 3(a) hold at the

same time, so that Wy 1.1 is a local min/max of £q if and only if (W )]mil is a local min/max of /.

Observe that the same “if and only if” statement holds for saddle Eomts due to their definition; in
summary, the types (min/max/saddle) of the critical points (W and Wy, 1.4 match exactly.

Although Theorem 4 itself is of interest, the following Corollary highlights its key implication
for deep linear networks.

Corollary 5. In addition to the assu gtzons in Theorem 4, assume that any critical point of Lo is a global
min (max). For any critical pomt Thof 6, if Ve (Wiri1:) # O, then (W )]HJ[l is a saddle of £, while

if V(W 1.1) = 0, then (W, )]HJ{l isa global min (max) of £.

Proof If V/o(Wy,1.1) # 0, then Wy 1 is a saddle point by Theorem 4.1. If VKO(WHH 1) =0,
then Wy, 1. is a global min (max) of £y by assumption. By Theorem 4.2(b), (W )]H*il must be a

global min (max) of . O

Corollary 5 shows that for any differentiable loss function ¢y whose critical points are global min-
ima, the loss ¢ has only global minima and saddle points, therefore satisfying the “local minima
are global” property. In other words, for such an ¢y, the multilinear re-parametrization introduced
by deep linear networks does not introduce any spurious local minima/maxima; it only introduces sad-
dle points. Importantly, Corollary 5 also provides a checkable condition that distinguishes global
minima from saddle points. Since ¢ is nonconvex, it is remarkable that such a simple necessary
and sufficient condition for global optimality is available.

Our result generalizes previous works on linear networks such as [10, 27, 28], because it pro-
vides conditions for global optimality for a broader range of loss functions without assumptions

on datasets. Laurent and Brecht [13] proved that if (W )]HJ{l is a local min of /, then WHH:l isa

critical point of ¢y. First, observe that this result is implied by Theorem 4.1. So our result, which
was proved in parallel and independently, is strictly more general. With additional assumption
that critical points of ¢y are global minima, Laurent and Brecht [13] showed that “local min is
global” property holds for linear neural networks; our Corollay 5 gives a simple and efficient test
condition as well as proving there are only global minima and saddles, which is clearly stronger.

5 Discussion and Future Work

We investigated the loss surface of deep linear and nonlinear neural networks. We proved two the-
orems showing existence of spurious local minima on nonlinear networks, which apply to almost
all datasets (Theorem 1) and a wide class of activations (Theorem 2). We concluded by Theorem 4,
showing a general result studying the behavior of critical points in multilinearly parametrized
functions, which unifies other existing results on linear networks. Given that spurious local min-
ima are common in neural networks, a valuable future research direction will be investigating
how far local minima are from global minima in general, and how the size of the network affects
this gap. Another direction would be to add regularizers and see how they affect the loss surface.
Additionally, one can try to show algorithmic results in a similar flavor as [6]. We hope that our
paper will be a stepping stone to such future research.
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A1 Notation

We first list notation used throughout the appendix. For integers a < b, [a,b] denotes the set
of integers between them. We write [b], if 4 = 1. For a vector v, we use [v]; to denote its i-th
component, while [v] i] denotes a vector comprised of the first i components of v. Let 1; (or 0,) be

the all ones (zeros) column vector in R?. For a subspace V C R?, we denote by V' its orthogonal
complement.

For a matrix A, [A];; is the (i, j)-th entry and [A].; its j-th column. Let omax(A) and omin(A)
denote the largest and smallest singular values of A, respectively; row(A), col(A), rank(A), and
|Allr denote respectively the row space, column space, rank, and Frobenius norm of matrix A.
Let null(A) := {v | Av = 0} and leftnull(A) := {v | vT A = 0} be the null space and the left-null
space of A, respectively. When A is a square matrix, let tr(A) be the trace of A. For matrices
A and B of the same size, (A, B) = tr(ATB) denotes the usual trace inner product of A and B.
Equivalently, (A, B) = tr(ATB) = tr(ABT). Let 04,,, be the all zeros matrix in R¥*".

A2 Proof of Theorem 1, Step 2, Case 2

Case 2. J = @. We start with a lemma discussing what J = @ implies.
Lemma A.1. If J = O, the following statements hold:
1. There are some §;’s that are duplicate; i.e. for some i # j, §; = ;.
2. If j; is non-duplicate, meaning that §; 1 < §; < Jj1, J;j = y; holds.
3. If gj is duplicate, Y. —g (Vi — yi) = 0 holds.
4. There exists at least one duplicate §; such that, for that §;, there exist at least two different i's that
satisfy §; = gj and i 7 ;.

Proof We prove this by showing if any of these statements are not true, then we have J # @ or
a contradiction.

1. If all the y;’s are distinct and J = @, by definition of 7, §; = y; for all j. This violates our
assumption that linear models cannot perfectly fit Y.

2. If we have jj; # y; for a non-duplicate j;, at least one of the following statements must hold:

Yicj-1(Ui —yi) #0or Li<;(7i — yi) # 0, meaning that j—1 € J orj € J.

3. Suppose 7; is duplicate and Ei:y‘i:y]—<]7i —yi) #0. Letk = min{i | 7; = 7;} and [ = max{i |
¥i = ¥;}- Then at least one of the following statements must hold: Y ;<1 (7; — y;) # 0 or
Yi<i(@i —vyi) # 0. If Yick 1(7i — yi) # 0, we can also see that 1 < ¥, sok—1 € J.
Similarly, if ;< (#; —y;) # 0, thenl € J.

4. Since Ei:]]i:]]j (7i —yi) = 0 holds for any duplicate j;, if 7; # y; holds for one i then there
must be at least two of them that satisfies 7; # y;. If this doesn’t hold for all duplicate i;,

with Part 2 this means that j; = y; holds for all j. This violates our assumption that linear
models cannot perfectly fit Y.

O

From Lemma A.1.4, we saw that there is a duplicate value of 7; such that some of the data points i
satisfy §; = §; and ; # y;. The proof strategy in this case is essentially the same, but the difference
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is that we choose one of such duplicate j;, and then choose a vector v € R to “perturb” the linear
least squares solution [W ][d ] in order to break the tie between i’s that satisfies ; = 7; and §; # ;.
We start by defining the minimum among such duplicate values y* of 7;’s, and a set of indices

j that satisfies 7; = 7*.

¥ = min{y; | 3i # j such that j; = 7; and 7; # y;},

Jr={iemy=79}
Then, we define a subset of J*:

T={jeT" |y #y}

By Lemma A.1.4, cardinality of J is at least two. Then, we define a special index in J:

h=
jeT:
Index jy is the index of the “longest” x; among elements in J;. Using the definition of j;, we can
partition J* into two sets:

TE=4eT | (x,x) 2 ||x 2} T2 ={ie T | (xj,x,) < ||x, 15}

For the indices in J*, we can always switch the indices without loss of generality. So we can
assume that j < j; = maxJ< forallj € JZ and j > j; forall j € JZ.

We now define a vector that will be used as the “perturbation” to [W] [4y]- Define a vector
v € R%, which is a scaled version of Xjp:

v= Xjys

8
MHthz

where the constants g and M are defined to be
1 o o,
g = gmin{|gi —gjl | i.j € [m], g # §;}, M = max|xil,.
ie[m]

The constant M is the largest ||x;||, among all the indices, and g is one fourth times the minimum
gap between all distinct values of 7;.

Now, consider perturbing [W],) by a vector —av’. where & € (0,1] will be specified later.
Observe that

(W — [a0? 0]) [Jﬂ =W ﬁl] —avTx; = 7; — avlx;.

Recall that j < j; = max J< forall j € JZ and j > j; for all j € JZ. We are now ready to present
the following lemma:
Lemma A.2. Define
) .o«
J2 = argmax <x]-, x]-1> , B=V - EUT(le + sz)-
jeJz
Then,
g —avlx; — B <0foralli<j,
g —avlx; — B> 0foralli> ji.

Also, Zi>]’1 (y_l ) Zz<]1( yl) = 2(?]1 - yjl) # 0.

13



Proof First observe that, for any x;, |aoTx;| < a||o|, ||xill, < % [|xi]l, < g- By definition of g,
we have 2¢ < 7; — ij; for any 7; < 7;. Using this, we can see that

i<y = Vi— rvaxi SUi+tg<yi—8<yi— chx]-. (A1)

In words, if 7; and §; are distinct and there is an order §; < ;, perturbation of [W] 4] by —avT
does not change the order. Also, since v is only a scaled version of x;,, from the definitions of JZ

and JZ,
vT(xj —xj) > 0forje€ J< and UT(Xj —x;) <0forje JZ. (A.2)

By definition of jp,
o’ (x;, — xj,) <0and o’ (x;, —x;) > 0forall j € JZ. (A.3)
It is left to prove the statement of the lemma using case analysis, using the inequalities (A.1),
(A.2), and (A.3). For all i’s such that j; < 7" = 7;,,
i —aoT xXi— B =7 — ot xXi— 7+ v (le +xj2)
= (7; — a0 x;) — (7" — a0T X; )—1—21) (xj, — xj,) <0.
Similarly, for all 7 such that j; > 7* = 7,,

. _ _ it
g —avlx; — B = (7 — a0’ x;) — (§* — ”‘Uijz) + EUT(le —xj,) >0.

For j € JZ (j < j1), we know ; = §*, so

vi— tvax]- -B= (y —aoTx: ) (]/ — ﬁz}T(le + ij))

= och[(le —x;)] + EU [(x]-2 —x;)] <0.

Also, forj € JZ (j > 1),

7 —av'x;— B = (g* - uchx]-) — (y‘* — %vT(xh + sz))
&.r

=50 [ — %) + (3, —x))] > 0.

This finishes the case analysis and proves the first statements of the lemma.

One last thing to prove is that Yi~.j, (7; — vi) — Li<j, (7 — vi) = —2(¥j, — ¥j,) # 0. Recall from
Lemma A.1.2 that for non-duplicate j;, we have j; = y;. Also by Lemma A.1.3 if j; is duplicate,
L=y, (7 — i) = 0. So,

Y G-y - Y Wi—vi)= ), @i—vy)— Y, @i—vi).

i~ i<j i€ i€z
Recall the definition of J; = {j € J" | §; # y;}. For j € T*\TZ, y; = y;. So,
Y @i—v)— X @i—v)= )Y @i-yi)— Y (Fi—v)

ieJ: ieJ3 iej;‘ﬂj;g iGJZ*ﬂJ;

Recall the definition of j; = argmax;. 73 1% ||,- For any other j € J. 2\t

leally > Ml il 2 o)
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where the first > sign is due to definition of j;, and the second is from Cauchy-Schwarz inequality.
Since x;, and x; are distinct by assumption, they must differ in either length or direction, or both.

So, we can check that at least one of “>” must be strict inequality, so ijl Hi > <x]-, x]-1> for all
j € J2\{j1}. Thus,

TN} = JE0 T2 and {ji} = J2 0 T2,
proving that

Y @i—v)- Y Wi—vi)= Y, @i—vi)— @ —vi)-

> i< jed N i}
Also, by Lemma A.1.3,
0=Y Wi-vi)=Y Wi—-v)=,—vi)+ Y Gi—vi)
ieJ* ieJ; j€eT i\ i}

Wrapping up all the equalities, we can conclude that

Z(yi_yi)_ 2(]71‘—]/1') (]/]1_]/]1)/

> i<h

finishing the proof of the last statement. O

It is time to present the parameters (W b; ) whose empirical risk is strictly smaller than the

V=1
local minimum (W b; ) j)ie1 with a sufficiently small choice of & € (0,1]. Now, let y be a constant
such that
- @ (3, %)
7 = sign((g), — yj) (51 — s )BT (A4)
Its absolute value is proportional to « € (0,1], which is a undetermined number that will be
specified at the end of the proof. Since || is small enough, we can check that

sign(7i — a0’ x; — B) = sign(7i — a0’ x; — B +7) = sign(7i — a0’ x; — B — 7).

Then, assign parameter values

i Wl —a0™ 1 Wla1—B+7
Wi = | -[Wly +av” |, by = |-[Wlga +B+7
04, —2)xd, 04,2
- 1 T -
e b g ks
With these parameter values,
. B vi— ao’ xz ,B +
Wix; +by = | -7 +av xl-l-,B-f—’Y
04,2

As we saw in Lemma A.2, for i < jj, §; —av x; — B+ < 0and —7; + av’x; + B+ > 0. So

== szl5+,s, (Wlxi + El) + Ez

1

= s_ (i —avTx;—B+17) -

_ i T,.
St ts_ S++S_S+( Yi+av x1+:3+’)')+ﬁ
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_ S —S_—
= gi—av’x; —
S++S_

Similarly, for i > ji, 7; —av’x; — B+ > 0and —; + av’x; + 4+ <0, so
) o Sy —5_

i = W2h5+,s (Wlxl + bl) + b2 ¥i— “Usz + + Y

St +s—

Now, the squared error loss of this point is

1

é(( jr E])]Z 1) HY_YH%
:1 ('—«wa« S+ — — y) + = Z(y—vax +S+_ Y- y>2
2i§]’1 S+ + 8- l>]1 + 8-
1 LG _ S+ —S§
== ¥i — aoT Xi — Vi yl—zxv Xi— Vi yl—tw Xi— Vi —v 4+ O(y )
2;( ) 1;:1 ( ) l;ji ( ) Sy +5S_
m
—to(W) ~ [2@ w) ! | 040 + | ¥ @i-) — ¥ (=0 | 2+ 0(a) +0(¢2),
i=1 i>j1 lS]]

Recall that Y/ ; (7; — y;) x] = 0 for least squares estimates 7;. From Lemma A.2, we saw that
Yisiy (i — vi) — Licj, (Ui —yi) = —2(Fj, —yj,)- As seen in the definition of 7 (A.4), the magnitude
of v is proportional to a. Substituting (A.4), we can express the loss as

af (7, — ) (s —s-) |07 (xj, —x;)
2(s4 +5-)

C((W;, bj)7y) = Lo(W) — +0(a?).

Recall that vT(le —xj,) > 0 from (A.3). Then, for sufficiently small « € (0,1],

A

therefore proving that (Wj, b;)2 j)i—1 is a spurious local minimum.

A3 Proof of Theorem 2

A3.1 Proof of Part 1

Given 01,02, v3,04 € R satisfying conditions (C2.1) and (C2.2), we can pick parameter values

(W], b]) 1 to perfectly fit the given dataset:

Wy = {”l ”2] by = {8] W = (n(os)le (2422) —h(on)h (252)) " [hles) ~h(on)], b2 = 0.

U3 04
With these values, we can check that ¥ = [0 0 1], hence perfectly fitting Y, thus the loss
o](w, bj)]zzl) =0.

A3.2 Proof of Part 2

Given conditions (C2.3)—(C2.7) on vy, vy, u1, U € IR, we prove below that there exists a local mini-
mum (W, b]-)jZ:1 for which the output of the network is the same as linear least squares model, and
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its empirical risk is ¢ ((W/, Ej)]zzl) = 1. If the conditions of Part 1 also hold, this local minimum is
strictly inferior to the global one.

First, compute the output Y of linear least squares model to obtain Y = |
assign parameter values

N 01 O a 0 N ~
Wi = [vz UJJH— [O:|IW2_[M1 uz], by = 0.

With these values we can check that Y = [% % 1], under condition (C2.3): u1h(vq) + uh(vy) =
1. The empirical risk is E((W],b])j D=1F+3i+%=4%

It remains to show that this is indeed a local minimum of £. To show this, we apply perturba-
tions to the parameters to see if the risk after perturbation is greater than or equal to £((W;, bj)]zzl).

1 1 1
3 3 3] Now

Let the perturbed parameters be

X v1+611 01+ 512} y [,31] X ¥
Wy = , by = Wor = |ug+€1 ur+er|, bh =1, A.
1= oyt vatom|’ 1T |B h=[ui+e up+e], =7 (A.5)

where 911, 012, (521, 022, B1, B2, €1, €2, and v are small real numbers. The next lemma rearranges the
terms in ¢ ((W b; i)? )iz 1) into a form that helps us prove local minimality of (W b; i)? j)i1- Appendix A4

gives the proof of Lemma A.3, which includes as a byproduct some equalities on polynomials that
may be of wider interest.

Lemma A.3. Assume there exist real numbers vq, v, U1, up such that conditions (C2.3)—(C2.5) hold. Then,
for perturbed parameters (W b; ) j)i—1 defined in (A.5),

O((W;, by)7y) > 5 + a1 (611 — 612)* + a2 (621 — 622)* + a3(611—612) (621 —622), (A.6)

! (5)

where ; = AU (”')) +0(1), fori = 1,2, and a3 = WW’% +0(1), and o(1) contains
terms that dzmmzsh to zero as perturbations vanish.

To make the the sum of the last three terms of (A.6) nonnegative, we need to satisfy a7 > 0
and a3 — 4aja, < 0; these inequalities are satisfied for small enough perturbations because of
conditions (C2.6)—(C2.7). Thus, we conclude that Z((W b; ) )iz D >1= K((Wj, Bj)]zzl) for small

enough perturbations, proving that (W], b]) —_; is a local minimum.

A4 Proof of Lemma A.3

The goal of this lemma is to prove that

" 2 74 2
(perturba’aons)2 <u1h12(vl) + i L(Lvl)) +0(1)> (611 — 012)?

1
37
i (uzh” 02 (l’l/ivz))z +0(1)> ((521 _522)2

(W, bj)iy) =

(uluzh’(m)h’(vz)
2

+ 0(1)> (011 — 612) (021 — 022), (A7)

where 0(1) contains terms that diminish to zero as perturbations decrease.
Using the perturbed parameters,

v+ +p1 v+t B vl+%+‘31

Wi X+ b1l = ; ,
! 1om Uz+521+ﬁ2 Uz+522+,82 Uz-l—@—Fﬁz
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so the empirical risk can be expressed as
(W, b)7y)
1w X vl o joqT 2
:—||W2h (WX + b1, ) + b1, - Y
= [0+ e0)h(or + 311 + Ba) + (2 + €2)(02 + b1 + B2) + 1

2
1
+3 [(u1 + €1)h(v1 + 612 + B1) + (uz + €2)h(v2 + 020 + B2) + 7]

1 b1+ 6 5o1 + 6 2
+ 5 |:(1/l1 +€1)h (01 + % +ﬁ1> + (M2+€2)h (02+ % +ﬁ2> +v— 1:| (A.8)

So, the empirical risk (A.8) consists of three terms, one for each training example. By expanding
the activation function h using Taylor series expansion and doing algebraic manipulations, we will
derive the equation (A.7) from (A.8).

Using the Taylor series expansion, we can express h(v1 + d11 + 1) as

h(”)(v

n!

1) (011 +B1)".

h(o1 4611+ B1) = h(v1) + )
n=1
Using a similar expansion for h(vy + &1 + B2), the first term of (A.8) can be written as

[(u1 + 61)h(01 + 611 + ﬁl) + (up + Gz)h(vz + 0p1 + ,32) + ’7]2
2

=

) ()

n!

I\)\P—‘ N~

(u1 +e1) ( v1) + i hn 511+ﬁ1) ) (u2 + €2) (h(vz)Jr

e

(021 + ﬁz)”) +

[0 9)

1
3 +€1h(01 M] + 61 Z

1
T2

521 + B2)" +

(511 +B1)" + e2h(v2) + (u2 + €2) Z

where we used u1h(v1) + uxh(vy) = % To simplify notation, let us introduce the following func-
tion:

[e9) [e9)

t(d1,02) = e1h(v1) + exh(v2) + v + (ug +€1) Z 51 +B1)" + (u2 + €2) Z

(52—|—,32) .

With this new notation £(1,d,), after doing similar expansions to the other terms of (A.8), we get

=1
1M, 2 1N 2 o917 2 5114 012 621 + 620\ 12
=53t (511,521)] +5 [3+t((512,(522)] +3 [—3+t< = 22)]
11 811 4 812 0oy 40
=313 [t(511/521)+t(512,522)— f( 112 2 212 22)}
1 1 1[, (6114612 621 +60n\]12
+§[f(511,521)]2+§[t(512,522)]2+§ {t< 112 12 2 5 22)] (A.9)

Before we show the lower bounds, we first present the following lemmas that will prove useful
shortly. These are simple yet interesting lemmas that might be of independent interest.
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Lemma A.4. Forn > 2,

n
a +b" -2 (a—;—b) = (a—b)?pu(a,b),

where py, is a polynomial in a and b. All terms in p, have degree exactly n — 2. When n = 2, py(a,b) = 1.

Proof The exact formula for p,(a,b) is as the following:

n—2 k
pn(a,b) = Z k4+1—2""t1 Z(k+1fl) (7)] ak2pk
k=0 1=0

Using this, we can check the lemma is correct just by expanding both sides of the equation. The
rest of the proof is straightforward but involves some complicated algebra. So, we omit the details
for simplicity. O

Lemma A.5. For ny,ny > 1,

mgm | pmgm _ 9 <a42rb>n1 <c—i2—d>nz
(

=(a = b)*qu,ny (a,b,d) + (¢ = d)quym (¢, d,b) + (a = b)(c — d)ru; ny (a,b,,d)

where qu, n, and 1y, u, are polynomials in a, b, c and d. All terms in qy, n, and 1y, n, have degree exactly
ny+ny—2. Whenny =ny =1,q11(a,b,d) =0and r11(a,b,c,d) = %

Proof The exact formulas for g, u,(a,b,d), Guyn, (¢, d,b), and 1y, 4,(a,b,c,d) are as the following:

ny—2 kq
G (a,b,d) = Y |k +1—=2""171 Y (K “_ll)(?lﬂ am—k=2pkgne
k1=0 11— 1
np—2
. (C,d,b) _ Z kp+1— —np+1 Z k2 +1-— lz)( >‘| bnlcnz—kz—zdkzl
k=0 =0 b
n—1np,—1 kq
mbod) = 55 [ e (s )] P
k1 =0 ky= =01,= I

Similarly, we can check the lemma is correct just by expanding both sides of the equation. The
remaining part of the proof is straightforward, so we will omit the details. O

Using Lemmas A.4 and A.5, we will expand and simplify the “cross terms” part and “squared
terms” part of (A.g). For the “cross terms” in (A.9), let us split £(41,d) into two functions t; and

tr:
t1(01,62) =e1h(v1) + €2h(02) + ’Y + (ug + 1)l (1) (1 + ,31) (”2 + e2)l' (v2) (82 + B2)

51+51) (uz +€2) Z o+ B2)",

t2(01,62) =(u1 +€1) 2

so that t(d1,02) = t1(d1,02) + t2(d1,62). It is easy to check that

011 +01p o1 +6
t1(011,021) + t1(d12,022) 2t1( u > 12 2l 7 22) =0.
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Also, using Lemma A.4, we can see that

" " 51+ 6 "
(011 +B1)" + (b2 +B1)" =2 (11212 + 131) = (011 — 612)?pn (11 + B1,012 + B1),

" 01 + 6 "
(01 + B2)" + (62 + B2)" =2 ( 2222 1 By ) = (621 — 622)%Pn (021 + B2, 622 + B2),
2

SO

t2(011,621) + t2(612,022) — 2t (

0 7, (n)
=(u1 +€1)(611 — 612)* ¥ %Pn(&l + B1,012 + B1)
n=2 :

011 + 612 o1 + 22
2 ! 2

+ (uz 4+ €2) (00 — 0m)* Y
n=2

0 1 (n)
n(,UZ) pn(d21 + B2, 622 + B2).

Consider the summation

[e0]

Z Pn (611 + B1, 612 + B1)-

We assumed that there exists a constant ¢ > 0 such that [#(")(v1)| < ¢"n!. From this, for small

enough perturbations 11, d1p, and B1, we can see that the summation converges, and the sum-

mands converge to zero as n increases. Because all the terms in p, (n > 3) are of degree at least

one, we can thus write
i hl/ (vl)
= 4

Pn (011 + B1,612 + B1) = +o(1).

"
So, for small enough d11, d12, and 1, the term h (vl) dominates the summation. Similarly, as

long as 4,1, 522, and B are small enough, the summation ), 2 ( )pn(csﬂ + B2, 02 + B2) is

dominated by ( 2 In conclusion, for small enough perturbations,

ot (511 +012 on +522>

t(611,021) + (012, 022) — I
611 + 612 o1 + 622
2 ! 2

=t7(011,021) + t2(d12,622) — 2t (

-+ o(1)) (2 4 o)) (61 - 1202+ a2+ 0(1)) (42 4 0(0) ) (21 - 0)?
= (Mlhlzl(vl) +0(1)) (611 — b12)* + (uzh;(UZ) + 0(1)> (621 — 622). (A.10)

Now, it is time to take care of the “squared terms.” We will express the terms as

1 1 1 0114612 b+ 6 2
E[t(511'521)]2+§[t(512,(522)}2+§ [t( 1 5 12 %2 2 22)}

3 611+ 10 0o+ 6 2 , 5 s s e ,
2 {t< . 2 == 2 22)] E[t(éll"sﬂ)]z E[t(éu,(szz)]Z_ [t( 1 5 12 02 : 22)} ,

(A.11)
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and expand and simplify the terms in

1 1 611 + 612 0o + 6 2
E [t(511/52l)]2 + i [t(512r522)]2 - I:t ( 1 > 12, 21 5 22>:| )

This time, we split t(d1, ;) in another way, this time into three parts:

t3 = e1h(v1) + e2h(v2) + 7,

o p(n)

t4(51) = (Ml +€1) Z hTﬁvl)(& + ,31)",
n=1 :
0 1, (n)

t5(82) = (up + €2) 2 h n(' )(52 +B2)",
n=1 '

so that t(51,52) =13+ t4((51) + f5((52). With this,

1 511+ 012 O +0
[t(d11,621))> + 5 5 [t (812,02)]% — { ( 1 +o on 22)]
- b11 46 P
=t3 [t4((511) + 14(012) 2t4( 4 12) +t5(021) + t5(622) — <21 ton )}

2
(t4(51l))2 + (t4(512 -2 < 511 + (S]z)) ]

N —

+

N| =

2
- % (b5(021)) + (t5(022))* =2 <t5 (521;522» ]
" [t4(5ll)t5(521) + t4(012)t5(022) — 244 <5HJZF5H> ts (W)} ' (A.12)

We now have to simplify the equation term by term. We first note that

on +9 621 + 0
t(611) + ta(012) — 2ty (11212> + t5(621) + t5(00) — 2t5 (21222>

011 + 010 001 + 0
=f2(511,521)+f2(512,522)—2t2( 1 7 2 22 7 22>,

SO

o +9 o2 +0
ts [t4(‘5ll) +t4(d12) — 24 (“212) + t5(621) + t5(02) — 2t5 (Hﬂ

2
- Si1+b12 b+ 6
_t3 |:t2(§1l/(521) + t2(512,522) _2t2 ( 11 5 12’ 21 5 22>:|

=o(1) Kulh/;(vl) + 0(1)> (611 — 012)* + (uzh/;(UZ) + 0(1)) (021 — 522)2} , (A.13)

as seen in (A.10). Next, we have

(ta(012))* + (£a(012))* = 2 <t4 <M>>2

2

0 (m) (n2)
—ntea)? Y h"™) (v1)h'") (01)

nq!ny!

5 5 ni+ny
(811 + B1)™ ™2 + (815 + B1) T2 — 2 (11;12 + ,31) ] ,

nynp=1
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(e h(l’ll) h(nz)
=(u1 +€1)*(611 —612)* Y, (211)!112! (2,

711,1’12:1

Py (611 + B1,012 + B1)

—— 1 0(1)> (611 — 012)%, (A.14)

when perturbations are small enough. We again used Lemma A 4 in the second equality sign, and

the facts that py,+n, () = 0(1) whenever ny + np > 2 and that py(-) = 1. In a similar way,

sz1+522>) _ (u%(h%vz))z

(t5(621))2 + (t5(022))* — 2 <f5 ( > > + 0(1)> (01 —62)%  (A1s)

Lastly,

011+ 90 0r1 + 0
t4(011)t5(021) + ta(012)t5(022) — 214 ( u 3 12) ts ( 2l > 22)

o (n1) v (n2) N
=(u1 +€1)(up + €2) Z h") (v1)h\"2) ()

1’11,712:1

S11+9 "6+ 0 "2
+(512+ﬁ1)n1(522+ﬁ2)n2—2< 112 12+ﬁ1) ( 212 22"‘,32> ],

*  plm)(y )h("z)(y )
S — & 2 1 2
( 11 12) nl,n2221 111!1’12!

o p(n) B(n2)

+ (521 _ (522)2 Z (Ul) (02)

711,1’12:1

ihng] (011 + B1)" (621 + B2)™

:(u1 + 61)(1/12 + 6’2)

Gnymy (611 + B1, 012 + B1, 022 + B2)

- Guyny (621 + B2, 022 + B2, 012 + B1)
niinp.

o p(m) h(n2)
+ (01— 012) (61 — 62) Y (v1)h'"2)(v7)

i’ll,nzil

=(uruz +0(1)) [ (611 — 612)%0(1) + (821 — 822)%0(1) + (611 — 612) (821 — 622) (h/(vl)zh/(w) + 0(1))} ,
(A.16)

o Ty (011 + 1,612 4 B1, 021 + B2, 622 + B2)
niing:

where the second equality sign used Lemma A.5 and the third equality sign used the facts that
Gy, (*) = 0(1) and 7y, () = 0(1) whenever nq + np > 2, and that g1 1(-) = 0 and r11(-) = 3. If
we substitute (A.13), (A.14), (A.15), and (A.16) into (A.12),

L 1 011+ 612 O+ 6 2
§[t(511,521)]2+§[t((512,522)]2— {t( L > 12 %21 : 22)}

—o(0) [ (M0 o) (o1 - + (22 o)) (0 - 8]

(K (0:))2 2 (H (00))2
+ % (W + 0(1)> (611 — 612)* + % (W +0(1)> (621 — 62)?

+ (ugup +o(1)) {(511 —812)%0(1) + (621 — 822)%0(1) + (611 — 612) (621 — 622) (hl(vl)h/(m + 0(1))]

f + 0(1)> (511 - 512)2 + (W + 0(1)) ((521 — (522)2
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n (Mluzh’(zh)h/(vz)

5 + 0(1)> (611 — 612) (621 — 022). (A.17)

We are almost done. If we substitute (A.10), (A.11), and (A.17) into (A.9), we can get

_L 3 (ot dnton 2
3 2 2 72
uh” (v ush'" (v
+ 1T(1) +0(1)) (611 — 612)* + <212(2) + 0(1)> (621 — 62)?

uluzh’(l;)hl(vz) 4 0(1)> (611 — 612) (621 — 622)

% |:t (511 + 012 0n +(522>:|2+ (ulh//(vl) + u%(h/(Z)l))z

+
- (W +o(1)> (611 — 612)* + (W + 0(1)> (621 — 022)?
_l’_

EIRY)
) B 1 +0(1)> (011 — d12)

" 21,/ 2 ! /
N <u2h12(vz) i uz(h ivz)) +0(1)> (61— 60)2 + <u1uzh (Zl)h (v2) +O<1)) (611 — 612) (81 — 62),

which is the equation (A.7) that we were originally aiming to show.

A5 Proof of Corollary 3

For the proof of this corollary, we present the values of real numbers that satisfy assumptions
(C2.1)—(C2.7), for each activation function listed in the corollary: sigmoid, tanh, arctan, exponential
linear units (ELU, [5]), scaled exponential linear units (SELU, [11]).

To remind the readers what the assumptions were, we list the assumptions again. For (C2.1)-
(C2.2), there exist real numbers v, 05, v3,v4 € R such that

(C2.1) h(v1)h(vy) = h(vp)h(v3),
(Ca:2) hon)h (=52) # h(os)h (52).

For (C2.3)-(C2.7), there exist real numbers vy, vy, 11, up € R such that the following assumptions
hold:

(C2.3) uth(v1) + uzh(va) = 3,

(C2.4) h is infinitely differentiable at v; and vy,

(C2.5) There exists a constant ¢ > 0 such that |[1(") (v;)| < ¢"n! and |h(") (v5)] < c™n!.
(C2.6) (uyh! (v))? + M) > g,

(C2:7) (uah! (o)l (02) 2 < (' (01))% + 500 (! (02))? + 2522,

For each function, we now present the appropriate real numbers that satisfy the assumptions.
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As.1  Sigmoid

When © is sigmoid,
1

h(x) = TFexp(—7)’ h1(x) = log (1 x> .

Assumptions (C2.1)—(C2.2) are satisfied by

g~ (12 (D () () ()

and assumptions (C2.3)—(C2.7) are satisfied by

(1 1 (1) 22
o) = (7 ()47 (5).5.5).

Among them, (C2.4)—(Cz2.5) follow because sigmoid function is an real analytic function [12].

As.2 tanh

When F is hyperbolic tangent, assumptions (C2.1)—(C2.2) are satisfied by

1 (1 1 (1 1 /(1 1 (1
(v1,02,03,04) = (tanh 1 (2> tanh™! (4> Jtanh™! (4) tanh™! <8)> ,

and assumptions (C2.3)—(C2.7) are satisfied by

1 1 1
_ -1 (1 -1 (1 1
(v1,00,u1,u1) = (tanh (2) ,tanh (2> 1, 3) ,

Assumptions (C2.4)—(C2.5) hold because hyperbolic tangent function is real analytic.

As.3 arctan

When / is inverse tangent, assumptions (C2.1)—(C2.2) are satisfied by

(v1,v2,03,04) = (tan (;) ,tan (i) ,tan (i) ,tan (é)) ,

and assumptions (C2.3)—(C2.7) are satisfied by

1 1 1
(01102/1’[111’[1) =|tan| - ), tan | ~ /11_7 s
2 2 3

Assumptions (C2.4)—(C2.5) hold because inverse tangent function is real analytic.

As5.4 ELU and SELU
When 4 is ELU or SELU,

x x>0 1 x/A x>0

h(x):/\ , = ;
alexp(x) —1) x<0 log (£ +1) x<0
A x>0 )0 x>0

W (x) h"(x)

- Aaexp(x) x <0’ | Awexp(x) x <0’
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where & > 0, and A = 1 (ELU) or A > 1 (SELU). In this case, assumptions (C2.1)-(C2.2) are

satisfied by
- A _ A _ A _ Ax
e en = (10 () () (FF) 0 (5F))

Assumptions (C2.3)—(C2.7) are satisfied by

(v1,0p,u1,Up) = 11 2y 2 1
1,02,U1,U42) = 3/Og 3 /)\’/\(X ’

where (C2.4)—(C2.5) are satisfied because h(x) is real analytic at v; and v;.

A6 Proof of Theorem 2 for “ReLU-like” activation functions.

Recall the piecewise linear nonnegative homogeneous activation function

_ spx x>0
h5+,s(x):{s x x<0

where s > 0,s_ > 0and sy # s_, we will prove that the statements of Theorem 2 hold for hs s

A6.1 Proof of Part 1

In the case of s— > 0, assumptions (C2.1)—(C2.2) are satisfied by
1 1 1 1
(01/ 02,03, U4) - D A A

The rest of the proof can be done in exactly the same way as the proof of Theorem 2.1, provided
in Appendix A3.
For s_ = 0, which corresponds to the case of ReLU, define parameters

~ 10 2 = |0 o T1 2 z
wl_[_z 1],b1_[o],wz_{s+ —;},bz_o.
We can check that

_ _ - 021
s, s (WX +b11)) =54 {0 ] 0},

SO
Wals, s (WiX+5113)+b5,18 = [0 0 1].

A6.2 Proof of Part 2
Assumptions (C2.3)—(C2.6) are satisfied by

(v1,0p,u1,u1) = 22
1,092,441, 41) — ’ /3/3'

Assign parameter values



It is easy to compute that the output of the neural networkis Y = [} 1 1], s0 ¢((W;, Bj)]Z:l) =1
Now, it remains to show that this is indeed a local minimum of ¢. To show this, we apply
perturbations to the parameters to see if the risk after perturbation is greater than or equal to

L ((W]-, E]-)]Zzl). Let the perturbed parameters be

X v1+611 U1+ (512} y [ﬁl] X y
Wy = , by = o = |lug+€1 ur+e|, bh =1,
[02 L6y Uyt O B> 2 [ 1 1 U2 2} 2 =7

where 011, 812, 621,022, B1, B2, €1, €2, and 7y are small enough real numbers.
Using the perturbed parameters,

v1+on+ph1 v+t p Ul"‘@ﬂﬂ&

WiX + b1}, = ,
' R L R R S Ly )

so the empirical risk can be expressed as
£(Wj, Ej)]zzl)

1 X7 1, X Y %
1
== [(u1 +€1)s1(v1 + 611 + B1) + (12 + €2)s+ (v2 + Go1 + B2) + 7]

2
+ = [(u1 +€1)s4(v1 4+ d12 + B1) + (ua + €2)s4 (va + 62 + B2) + 'ﬂz

—= N =

S11 +0 b1 +0 2
+2{(”1+€1)5+ (01+H;—u+ﬁ1>+(“2+€2)5+ (Uz+ﬂ;—ﬂ+ﬁz)+7—1} :

To simplify notation, let us introduce the following function:
t(81,02) = sy€101 + sp€200 + 7y + 54 (w1 +€1) (61 + B1) + 5+ (U2 + €2) (62 + B2)
It is easy to check that

011+ 010 01+
t(611,021) + (412, 022) —Zt( 1 > 12 2 > 22) =0.

With this new notation £(d1,J;), we get
(W, by)7y)

11 211 217 2 S11 + 612 621 +0m\ ]2
:E [3+t(511/521):| +2 |:3+t((512,522)} +§ {—3+f< 112 12, 212 22)]
1 1 511+ 613 o1 + 06
=313 {t(511,5zl)+f(f512,522)Zt( i 7 2 212 22)}
1 1 1] [811+610 Sa1+0m\]1%_ 1 N
+2[t(511,521)12+2[t(512,522)}2+2[t( uton o 22)} > = (W b)),

2

A7 Proof of Theorem 4

Before we start, note the following partial derivatives, which can be computed using straightfor-
ward matrix calculus:

aaTevj = (Wasr41) " Ve (Wr11) (Wi—12) T,

forall j € [H+1].
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A7.1  Proof of Part 1, if d;, > d

For Part 1, we must show that if V£o(Wy1.1) # 0 then ( ]) ]H+11 is a saddle point of ¢. Thus, we

show that (W i) ;{ ng is neither a local minimum nor a local maximum. More precisely, for each j,
let B¢(W;) be an e-Frobenius-norm-ball centered at W;, and HH L B(W ;) their Cartesian product
We wish to show that for every € > 0, there exist tuples ( ]);{;11, (Q])HJrl € HHH B:(W i) such
that

(PN > (W) > £((Q) ). (A18)

To prove (A.18), we exploit /(W )]HJ{l) = lg(Wp111), and the assumption V(W 11) #

H+1
)

P11 — W14 is positive. Since /g is differentiable, if Py 1.1 — Wy y1.1 is small, then

6((Pj)jH:+11) =Co(Pr41:1) > lo(Wri11:1) :é((wf)jlil>'

0. The key idea is to perturb the tuple (W, so that the directional derivative of /) along

Similarly, we can show /¢ ((Q])HH) < (W )?*11) The key challenge lies in constructing these
perturbations; we outline our approach below; this construction may be of independent interest
too. For this section, we assume that dy > d, for simplicity; the case d;, > dy is treated in
Appendix A7.2.

Since V4 (Wyr1.1) # 0, col(Vﬁo(WHH 1)) must be a strict subspace of R%. Consider 9¢/9W;
at a critical point to see that (W 1.2)7 VKO(WHH 1) =0, 50 col (W 41.2) € col(Vﬁo(WHH )t S
R%. This strict inclusion implies rank(WHH 2) < dy < dy, so that null(WHH ») is not a trivial
subspace Moreover, null(Wy12) 2 null(Wg,) D -+ D null(W,). We can split the proof into
two cases: null(Wy 1) # null(Wy.,) and null(WHH:z) = null(Wy.,).

Let the SVD of V{o(Wy,1.1) = U;ZU/. Recall [U]]. 1 and [U,]. ; denote first columns of U; and

Uy, respectively.

Case 1: null(WHH ») # null(Wy.). In this case, null(WHH 2) 2 null(Wy.p). We will perturb

Wi and W1 to obtain the tuples (P )]H+ and (Q]) H+1 o create our perturbation, we choose

two unit vectors as follows:
vo = [Ur].1, v1 € null(Wy1.0) ﬂnull(Wsz)J‘.

Then, define Ay := evlvg € RU*4x and V; := Wj + Ay € Be(Wj). Since v; lies in null(Wy 1.),
observe that
Wrr12Vi = Wit + eWr 100108 = Whpta.

With this definition of V;, we can also see that
Ve (Wr1:) Vi (Wh2)" = Ve (Wrs1a) Wia)T + eVl (Wri1.1)vo0] (Wio) ™

Note that Vlo(Wiri1.1)(Wy. 1) is equal to 9/ 8WH+1 at a critical point, hence is zero. Since
vo = [Ur].1, we have VKO(WHH 1)00 = UmaX(Véo(WHH 1))[U;].1, which is a nonzero column
vector, and since v; € null(Wy2)t = row(Wpy.), o7 (Wp2)T is a nonzero row vector. From this
observation, VEO(WHH:l)vovl (Wh:2)T is nonzero, and so is VZO(WHH:l)VlT(WH;z)T.

We are now ready to define the perturbation on W1

eVLlo(Wrs11) VI (Wio)T
1V Lo (Wrig14) VE (W) T8

Agyr =
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so that Wiy 1 + Ayy1 € Be(Wy.1). Then, observe that
(As1WhaVi, V0 (Whi11)) = (Aps1, VO (Wii1a) VY (W) ™) > 0,

by definition of Ap . In other words, Ap4q Wy, V; is an ascent direction of ¢, at WH+1:1. Now
choose the tuples

(P])]H=+l (Vll WZ/-” WH/ WH+1 +77AH+])/

(Q])HH (Vi, Wy, ..., Wi, Wi — 78p41),

where 1 € (0,1] is chosen suitably. It is easy to verify that (P )]HJ{l, (Qj)jliﬁl € H}f{l Be(Wj), and
that the products

Pri11 = Wi + 1811 Wha Vi,
Qui11 = Wry11 — 18511 Who V3.

Since ¢, is differentiable, for small enough 7 € (0,1], £o(Pyy1:1) > Lo(Whi1.1) > Lo(Qry1:1),
proving (A.18). This construction is valid for any € > 0, so we are done.

Case 2: null(Wy12) = null(Wg,). By and large, the proof of this case goes the same, except
that we need a little more care on what perturbations to make. Define

j* = max{j € [2,H] | null(W;5) 2 null(W;_1,)}.

When you start from j = H down to j = 2 and compare null(W;5) and null(Wj_1,5), the first iterate
j at which you have null( ]2) # null(W i—1:2) is j*. If all null spaces of matrices from Wi to Wy
are equal, j* = 2 which follows from the notational convention that null(Wy.,) = null(I;) = {0}.
According to j*, in Case 2 we perturb Wy, Wy, 1, Wy, .. W to get (P )H+1 and (Q])H‘H.

Recall the definition of left-null space of matrix A: leftnull( ={v| vTA = 0}. By definition
of j*, note that

null( Wi 10) = null(Wypp) = - - = null(W 2)
& row(Wh112) = row(Wya) = ow(Wje.,)
& rank(Wy 1) = rank(WH:z) = k(W 2),

which means the products are all rank-deficient (recall rank(WHH ) < d and all d; > dy), and

hence they all have nontrivial left-null spaces leftnull(Wy.), . . leftnull( ) as well
We choose some unit vectors as the following:

vo = [Ur] 1,

01 € null(Wjp) Nnull(Wj. _12)h,
vn+ = (U1,

vy € leftnull(Wy.),

v]'* S leftnull(W]*z)
Then, for a v € (0, €] whose value will be specified later, define

Ay = yo0f € R%xdx
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- T dyxd
Agi1 = yogy1oy € R yXOaH

A]'*+1 = ’)/U]‘*+1?)}; S Rdj*+1><df*/

and V= Wj +4; accordingly for j =1, +1,...,H+ 1.
By definition of A;’s, note that

Vi1 +1 Wi 2V1

=Vistj2Wie12V1 + Visrje28js 1 Wi Vi = Vi o0 Wie 112 W1 (A.19)
=Vt +3Wie 122V1 + Vi 438 2 Wi 12V = Vg 13Wie 122 Vi (A.20)
=Wr12V1 + AgaWhaoVi = WiV (A.21)
=Wh11 + Wri1281 = Wii1a, (A.22)

N

where in (A.19) we used the definition that v« € leftnull(W]-*:z), in (A.20) that v}« 1 € leftnull(Wjs ;1.2),
in (A.21) that vy € leftnull(Wy.), and in (A.22) that v; € null(Wj*zz).
Now consider the following matrix product:

(Vis1jo41) Ve Wh 1) V] (Wje_12)"
=(Wj i1+ 85 10)" - Waa + B 1) Ve Wi 1) Wy + 8)TW; - W (A.23)

We are going to show that for small enough v € (0,¢], this product is nonzero. If we expand
(A.23), there are many terms in the summation. However, note that the expansion can be arranged
in the following form:

W1+ Aje )" (Wrn + A1) "V Wrr) (W + A)TWS - W,
=Co+C1y+ Co? + -+ + CyjeyayT7 2 (A.24)

where C; € R %41 for all j and C; doesn’t depend on 7y, and specifically

1 T T A TWT .. T

Because the C is exactly equal to 53— evaluated at a critical point ((W])]Iil), Co = 0. Also, due
j

to definitions of A]"s,
T T T 2 T\ (1A T
Ch—je 2 =(0j0je41) (V4105 10) - - (VHOF41) V(W 1) (0001 ) (W —12)

~

=0} 01141 Ve (Wr111)v00] (Wi 1) "

First, vj« is a nonzero column vector. Since vy, = [Uj].1 and vg = [U/]. 1, UIEHVKO(WHHJ)UO =
Omax(Vlo(Wy11.1)) > 0. Also, since vy € row(Wj*,l:z), vlT(Wj*,lzz)T will be a nonzero row vector.
Thus, the product Cy_j« 1> will be nonzero.

Since Cg_j+y2 # 0, we can pick any index (a, ) such that the (a,8)-th entry of Cy_j« 1o,

denoted as [Cy_j+ 12]s,p, is nonzero. Then, the (a, B)-th entry of (A.24) can be written as

ay+oyi++ CH—j*+2')’H7j*+21 (A.25)
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where ¢; = [Cj]a,ﬁ~ To show that the matrix product (A.23) is nonzero, it suffices to show that its
(a, B)-th entry (A.25) is nonzero. If ¢; = -+ - = cy—j4+1 = 0, then with the choice of ¥ = ¢, (A.25) is
trivially nonzero. If some of cy,...,cp— j*+1 are nonzero, we can scale v € (0, €| arbitrarily small,
so that ‘ )
leyy + - +CH7]‘*+1')’H7]*+1| > \CHfj*+27H7] 2],
and thus (A.25) can never be zero. From this, with sufficiently small 7, the matrix product (A.23)
is nonzero.
Now define the perturbation on Wj*:

Ao e(Vigro41) TV LW 1:0) VI (Wje _12) T
D (Vi1 41) TVl (Whaa) Vi (Wi _12) T8

so that Wj* +Aj € BG(W]-* ). Then, observe that

(Vi 185 Wi 212V1, V(Wi 11)) = te((Vig 187 Wi -12V1) TV (Wh1a))
= tr(AL (Vi) VWi )V (Wi _12)") = (Aj, (Vigage41) T V(W 12) Vi (W 12)") > 0.

This means that Vi 1.5 114+ Wj*,m Viand —Vy 1041 A]-*W-*,Lle are ascent and descent direc-
tions, respectively, of £o(R) at Wy, 1.1. After that, the proof is very similar to the previous case.

We can define

" A H+1 "
(P])JH” Vi, Wa, ..., Wi _q, W —|—17A]~*,Vj*+1,...,VH+1) e]_[. Be(W))

H+1
(Q])H+l (Vllwzl '-/I/V]* 1/ 77A] ,‘/] +17e - VH+1) &

01 Be(W)),

H+1) >

where 0 < 7 < 1 is small enough, to show that by differentiability of o(R), we get £((P;) i) it

LAY > eQpith).

A7.2 Proof of Part 1, if d;, > d
First, note that V/o(Wg1.1) (W)™ = 0, because it is am?[ evaluated at a critical point (W ) ]Pil
This equation implies row(V £o(Wr1.1)) " 2 row(Wi.p). Smce Vlo(Wir1.1) # 0, row (VL (Wr14))*
cannot be the whole R%, and it is a strict subspace of R%. Observe that Wy.; € R%*% and
dy < dy. Since row(Wg.1) C row(Vey(Wyi1:1))t € R%, this means rank(Wy.1) < dy, hence
leftnull(Wyy.1) is not a trivial subspace.

Now observe that

leftnull(Wp.;) D leftnull(Wyp) D - - - D leftnull(Wy),

where some of left-null spaces in the right could be zero-dimensional. The procedure of choos-
ing the perturbation depends on these left-null spaces. We can split the proof into two cases:
leftnull(Wy.;) # leftnull( W) and leftnull(Wy.) = leftnull(Wy.,). Because the former case is
simpler, we prove the former case first.

Before we dive in, again take SVD of V(W 11) = U;ZU!. Since V(W 1.1) # 0, there
is at least one positive singular value, 50 0max (V£ (Wg11.1)) > 0. Recall the notation that [U]]
and [U;]. 1 are first column vectors of U; and U, respectively.
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Case 1: leftnull(WH 1) # leftnull(Wy.p). In this case, leftnull(Wyy.;) 2 leftnull(Wg.,). We will
+1

perturb Wy and Wy to obtain the desired tuples (P i) ;{H and (Q;)i}

Now choose two unit vectors vy and vy 1, as the following:

]:

UH € leftnull(WH:l) ﬁleftnull(Wsz)J‘, UH4+1 = [Ul].ll,

and then define Ay, := €UH+127E € R%>H and Vgt = WH+1 + Apgt1- We can check Vg €
Be(Wy.1) from the fact that vy and vy are unit vectors. Since vy € leftnull(Wy.), observe
that

- R T -
Via+1Wha = Whp1a + evgriogWha = Whgaa.
With this definition of Vi1, we can also see that

(Wh2) Vi Ve (Whi11) = (Whi12)T V0 (Wri11) + €(Wia) Togofy 1 V0 (Wrr1a).-

Note that (Wi412) TVl (W 1.1) is exactly equal to 50 a - evaluated at (W )]H+1 hence is zero by as-
sumption that (W ) ]HJ{l is a critical point. Since vy € leftnull(WH 2)t = col(Wypp), (Whp)Top is a

nonzero column vector, and since vy = [Uj]. 1, UH+1V50(WH+1:1) = Omax (VO (Wri1.1)) ([Ur] 1),

which is a nonzero row vector. From this observation, we can see that (Wy.o) Toyoh 11 Vo( Wyi11)

is nonzero, and so is (WH:Z)TVE+1VI€O<WH+1:1>.

Now define the perturbation on Wy:

_ e(Wr2)TVE Vil (Wrig1:)
(W) TVE Ve (Wra) |6

so that Wy + A; € Be(W;). Then, observe that

(Vi1 W21, Ve (Wii14)) = tr((Via Wi2d1) TV (Whi1a))
=tr(A] (Wh2) TVE 4 Ve (Whi11)) = (A1, (Wh2)TVEL VO (Whi11)) >0,

by definition of A;. This means that VH+1VAVH:2A1 and —VH+1WH:2A1 are ascent and descent
directions, respectively, of £y(R) at W 1.1. Since £y is a differentiable function, there exists small
enough 0 < 7 <1 that satisfies

oW1 + Vi1 WiAr) > bo(Wriaa),

lo(Wht11 — Vi1 WhaA1) < Lo(Wrya).-

Now define

(P;)]hfrl (Wi + 1581, Wa, ..., Wi, Vi),

(Q])]Pi—il_l = ( 1— ﬂAl/WZr‘ . 'rWH/ VH+1)‘

We can check (P )]HJ{l, (Qj)jhs{l € H]If[l Be(W;), and

Pry11 = Wit + 1V Wiad.
Qu+11 = Wri11 — 1Vi1Wirady.

By definition of ¢((W. )HH) this shows that E(( )]H“) > (W )H“) > £((Q])H+1) This con-

>H+l

struction holds for any € > 0, proving that (W j)i=1 can be neither a local maximum nor a local

minimum.
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Case 2: leftnull(Wy.;) = leftnull(Wy,). By and large, the proof of this case goes the same,
except that we need a little more care on what perturbations to make. Define

j*=min{j € [2,H] | leftnull(WH:j) 2 leftnull(VAVH:jH)}.

When you start from j = 2 up to j = H and compare leftnull(Wy;;) and leftnull(Wp.;,1), the
first iterate j at which you have leftnull(WH;]-) #+ leftnull(WH;]-H) is j*. If all left-null spaces of
matrices from Wy, to Wy are equal, j* = H which follows from the notational convention that
leftnull(Wy.p11) = leftnull(Iy,,) = {0}. According to j*, in Case 2 we perturb W1, Wy, Wy, ...,
Wi« to get (P])]hfl1 and (Q]-)].H:J{l.

By definition of j*, note that

leftnull(Wyp.1 ) = leftnull(Wy) = - - - = leftnull(Wyy,+)
& col(Wi.1) = col(Wip) = - - - = col(Wyj+)
& rank(Wy.q) = rank(Wypp) = - - = rank(WH:j*)

which means the products are all rank-deficient (recall rank(Wy.1) < dy and all d; > dy), and
hence they all have nontrivial null spaces null(Wy.), . . ., null(WH:]-*) as well.
We choose some unit vectors as the following:

0y = [ur]',ll
vy € null(Wyp),

'U]'*_l (S null(WH]*)
vy € leftnull(WH:]-*) N lefmull(WH:]-*H)i,
o1 = (U] 1

Then, for a v € (0, €] whose value will be specified later, define

A = ’ﬂ)ﬂ)g S Rledx,

Aj*fl = ')/Uj*flv]?:ffz c ]Rdj*71><d]-*72,

— T dyxd
Agi1 = yogivg € RY7OH,

and V; := W]- + Aj accordingly forj=1,...,j" =1, H+1.
By definition of A]-’s, note that

Vi1 Whj Vi —1a

=V 1Waj 1 Vi 21 4+ Vi Wi Aje 21 Vie o1 = Viga Wirje -1 Vie o (A.26)
=Vi1Whj —2Vi 31 + Vi Waj 18 2 Vi 31 = Vi Whij 2V 31 (A.27)
=Vi1Wha + Vi WaoAy = Vi Wi (A.28)
=Whita + Mg Wi = Wayaa, (A.29)

where in (A.26) we used the definition that vj«_; € null(WH:]-* ),in (A.27) that v, € null(Wy. —1),
in (A.28) that v; € null(Wy.,), and in (A.29) that vy € leftnull(WH:j*).
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Now consider the following matrix product:

(Wrtje41) Vi1 Ve (Wri1:) (V1)
= (Wijo11)" Wrgr + 1) ' VO W) (W + AT (Wieg + A1) T (A.30)
We are going to show that for small enough 7y € (0, €], this product is nonzero. If we expand
(A.30), there are many terms in the summation. However, note that the expansion can be arranged
in the following form:
(Weje1)T (Wrrsa + Ap1) Ve Wr 1) Wi+ 80)T - (Wi + A5 )T
=Co+C1y+ G+ +Cpoy/ (A.31)

where C; € R%* -1 for all j and C; doesn’t depend on 7y, and specifically

Co = W]ZH o WL Ve (W)W WS - - W]Z,l,
1, R R
Cje = 7 Wiy WHAL Ve (Wr1a)A] -~ ALy

Because the Cj is exactly equal to % evaluated at a critical point ((W])]If{l), Co = 0. Also, due
]
to definitions of A]"s,

Cje =(Wijr 1) (vn0f11) VO (Wr1) (0001 ) (0197) - - - (v 20]. )

=(Wrj 1) "onofy 1 VO (Wri1a)000] ;.

First, since vy € col(WH:]-* +1), (Wy. j*+1)TZ)H is a nonzero column vector. Also, since vy11 = [U]. 1
and vy = [U,].1, the product UEHVKO(WHHJ)UO = Omax(V0(Wh,1.1)) > 0. Finally, v]-T*_l is a
nonzero row vector. Thus, the product C]-* will be nonzero.

Since Cj» # 0, we can pick any index (a, ) such that the (a,8)-th entry of C;:, denoted as
[Cj]a,p, is nonzero. Then, the (a, B)-th entry of (A.31) can be written as

cy+ e e, (A32)

where ¢; = [Cj]a,ﬁ~ To show that the matrix product (A.30) is nonzero, it suffices to show that its
(«, B)-th entry (A.32) is nonzero. If ¢y = -+ = cj«—1 = 0, then with the choice of v = ¢, (A.32) is
trivially nonzero. If some of cy, .. .,Cj*—1 are nonzero, we can scale v € (0, €] arbitrarily small, so
that ) )

ey 4 ey > e,

and thus (A.32) can never be zero. From this, with sufficiently small 7y, the matrix product (A.30)
is nonzero.
Now define the perturbation on Wj*:

L e(Wrrjei1) TVE VO (Wrii1:1) (Vie1a)T
! | (Werje 1) TV V0 (Wh 1) (Vi —12) T ||

so that Wj* +Aj € BS(WJ-* ). Then, observe that

(Vi1 W 1187 Vi 10, Ve (Wri1)) = te((Vir i Wi 1187 Vi 12) V0 (Wr412))
= tr(Af (Whpje 1) Vi VO Wri12) (Vi 212) ") = (Aj, Waje 1) Vi VWi 1a) (Vi —12) ) > 0.
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This means that VH+1WH:]'* 118+ Vi 1.1 and —Vy g WH:]«*HA]'* Vj«_1.1 are ascent and descent di-
rections, respectively, of £o(R) at Wy, 1.1. After that, the proof is very similar to the previous case.
We can define

(P

N N A H+1 A
])H+1 (Vl,...,V‘*,l,W'* +17A]'*,Wj*+1,...,WH,VH+1) EH. BS(W)

]:
H+1
(Q])HH (V1o Vi, Wi = 18 Wi, oo, Wiy, Vi) € L Be(W;),

where 0 < 7 < 1 is small enough, to show that by differentiability of y(R), we get £((P;) ]H+11) >

LAY > €.

A7.3 Proof of Part 2(a)

H+1
j=1 is a

In this part, we show that if V£y(Wy,1.1) = 0 and Wy, 1.1 is a local min of £y, then (W])
local min of . The proof for local max case can be done in a very similar way.

Since WH+1:1 is a local minimum of ¢y, there exists ¢ > 0 such that, for any R satisfying
IR — Wi 1.1]|r < €, we have £g(R) > £o(Wp41.1). We prove that (W )]HJ{l is a local minimum of

)H—l—l

¢ by showing that there exists a neighborhood of (W, j)i= in which any point (V}) ]Ii 1 satisfies

(V)Y = oW,
Now define

€
O0<e < .
= 2(H + 1) max {||Wg 141 lF W14 |5, 1}

Observe that m < 1fora > 0. Then, forall j € [H + 1], pick any V; such that ||V; — W]'HF <e€j

Denote A; = V; — W]- for all j. Now, by triangle inequality and submultiplicativity of Frobenius
norm,

H+1
| (Wr1 + Apga) - (W4 81) = Wegaallr < Y [Whgaj18iWicalls + O(mflx 1A117)
i=1
Hl X ,
< Z% [Wh 11 el 8 [R Wi —1allF + O(m]?ﬂlxej)
]:
SE + O(maxez) <eg,
2 i

for small enough €;’s.
Hi1; A yH A _
Given this, for any (V;); j)izy inthe neighborhood of (W; ) defined by €;’s, || Vi 411 Wri1allg <

€,80 Lo(Vyi11) > KO(WHJFM) meaning ¢((V, )H+1) (W )H+1) Thus, (W )]HJ{l is a local mini-

mum of /.

A7.4 Proof of Part 2(b)

For this part, we want to show that if V/o(Wy,1.1) = 0, then (W])]H ng is a global min (or max) of

¢ if and only if Wy, 1.1 is a global min (or max) of £y. We prove this by showing the following: if
d; > min{dy,dy} for all j € [H], for any R € R%*% there exists a decomposition (W]);L”l1 such
that R = Wy 1.1

We divide the proof into two cases: dy > dy and d, > d.
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Case 1: dy > dy. If dy > dy, by assumption d; > d,, for all j € [H]. Recall that Wy € Ré1 %dx
Given R € R%*4, we can fill the first dy rows of Wy with R and let any other entries be zero. For
all the other matrices W, ..., Wy1, we put ones to the diagonal entries while putting zeros to all
the other entries. We can check that, by this construction, R = Wy, for this given R.

Case 2: dy > dy. If dy > dy, we have d; > dy for all j € [H]. Recall W1 € R% >4 Given
R € R%>% we can fill the first dy columns of W41 with R and let any other entries be zero. For
all the other matrices Wi, ..., Wy, we put ones to the diagonal entries while putting zeros to all

the other entries. By this construction, R = Wy 1. for given R.
Once this fact is given, by ¢((W. )]Ifgl) =lo(Wy411),

inflo(R) = inf Ly(Wh+14) = inf LWy,

WhH11 (W])]HJT
Thus, any (W )HJr1 attaining a global min of ¢ must have infg ¢o(R) = KO(WHH 1), 50 Wy, is
also a global min of £y(R). Conversely, if £o(Wy411) = inf £o(R), then £((W;)IEi1) = infe(W;)iE41),

J7j=1
SO (W]) fl ng is a global min of . We can prove the global max case similarly.

]7j=1

A7.5 Proof of Part 3 and 3(a)

Suppose there exists j* € [H + 1] such that Wy +1:j++1 has full row rank and Wj*,m has full column
rank. For simplicity, define A := Wy, 1.;« j++1 and B := W] +_1.1. Since AT has linearly independent
columns, BT has linearly independent rows, and 9//0W;» = 0 at (W; VEEL AT 0o (Wi y1.1)BT =

=17
0 = V/y(Wpy1.1) = 0, hence Parts 2(a) and 2(b) are implied.
For Part 3(a), we want to prove that if (W )HJrl is a local min of ¢, then Wy 1.1 is a local min

of {y. By definition of local min, 3¢ > 0 such that, for any (V, )H+1 for which [|V; — W lg < €
(for j € [H + 1]), we have ¢((V, )HH) > (W )]HH) To show that Wy 1.1 is a local min of £y, we

have to show there exists a neighborhood of WH+1;1 such that, any point R in that neighborhood
satisfies {o(R) > ¢o(Wp1.1). To prove this, we state the following lemma:

Lemma A.6. Suppose A := WH+1:]'*+1 has full row rank and B := Wj*,m has full column rank. Then,
any R satisfying |R — W 1.1 ||p < Omin(A)0min(B)e can be decomposed into R = Vi 1.1, where

Vje = W + AT(AAT)"Y(R = Wiy 411)(B"B) 'B',
and V; = W for j # j*. Also, ||V; — Wj||g < € for all j.

Proof Since A := WHH: j*+1 has full row rank and B := W]«*,M has full column rank, oin(A) >
0, Omin(B) > 0, and AAT and BTB are invertible. Consider any R satisfying ||[R — Wy, 1.1][r <
Omin(A)0min(B)e. Given the definitions of V;’s in the statement of the lemma, we can check the
identity that R = V1.1 by

V11 = AViB = AW;B+ (R — Wry11) = W10 + (R — W14) = R.

Now It is left to show that ||V} W Il < €, so that (V, )]H+l indeed satisfies ||V; — W g <e
for all j. We can show that

Omax(AT(AATY ™) = 1/0in(A), Tmax((BTB)1BT) = 1/0min(B).
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Therefore,
|Vie = Wi |lp =||AT(AAT) "1 (R — Wy414)(B"B) 'BT g
S‘Tmax(AT(AAT)A)‘Tmax(<BTB)7lBT> IR — I’AVH+1:1 )3

1
<————————  Omin(A)omin(B)e = €.
_Umin(A)Umin(B) mm( ) mm( )

O

The lemma shows that for any R = V1.1 satisfying ||R — W4 1.1]|F < Omin(A)0min(B)e, we have

lo(R) = Lo(Vyi11) = E((V])]Izl) > K((W])]If{l) = £o(Wi1.1). We can prove the local maximum

part by a similar argument.
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