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Introduced by Breiman [9], Random Forests are widely used clas-
sification and regression algorithms. While being initially designed as
batch algorithms, several variants have been proposed to handle on-
line learning. One particular instance of such forests is the Mondrian
Forest [23, 24], whose trees are built using the so-called Mondrian
process, therefore allowing to easily update their construction in a
streaming fashion. In this paper, we provide a thorough theoreti-
cal study of Mondrian Forests in a batch learning setting, based on
new results about Mondrian partitions. Our results include consis-
tency and convergence rates for Mondrian Trees and Forests, that
turn out to be minimax optimal on the set of s-Hélder function with
s € (0,1] (for trees and forests) and s € (1,2] (for forests only), as-
suming a proper tuning of their complexity parameter in both cases.
Furthermore, we prove that an adaptive procedure (to the unknown
s € (0,2]) can be constructed by combining Mondrian Forests with
a standard model aggregation algorithm. These results are the first
demonstrating that some particular random forests achieve minimax
rates in arbitrary dimension. Owing to their remarkably simple dis-
tributional properties, which lead to minimax rates, Mondrian trees
are a promising basis for more sophisticated yet theoretically sound
random forests variants.

1. Introduction. Introduced by Breiman [9], Random Forests (RF)
are state-of-the-art classification and regression algorithms that proceed by
averaging the forecasts of a number of randomized decision trees grown
in parallel. Many extensions of RF have been proposed to tackle quantile
estimation problems [25], survival analysis [21] and ranking [11]; improve-
ments of original RF are provided in literature, to cite but a few, better
sampling strategies [19], new splitting methods [27] or Bayesian alterna-
tives [10]. Despite their widespread use and remarkable success in practical
applications, the theoretical properties of such algorithms are still not fully
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understood (for an overview of theoretical results on RF, see [7]). As a result
of the complexity of the procedure, which combines sampling steps and fea-
ture selection, Breiman’s original algorithm has proved difficult to analyze.
A recent line of research [34, 38, 26, 12, 37, 3] has sought to obtain some
theoretical guarantees for RF variants that closely resembled the algorithm
used in practice. It should be noted, however, that most of these theoretical
guarantees only offer limited information on the quantitative behavior of the
algorithm (guidance for parameter tuning is scarce) or come at the price of
conjectures on the true behavior of the RF algorithm itself, being thus still
far from explaining the excellent empirical performance of it.

In order to achieve a better understanding of the random forest algo-
rithm, another line of research focuses on modified and stylized versions of
RF. Among these methods, Purely Random Forests (PRF) [8, 6, 5, 18, 2, 22]
grow the individual trees independently of the sample, and are thus partic-
ularly amenable to theoretical analysis. The consistency of such algorithms
(as well as other idealized RF procedures) was first obtained by [6], as a
byproduct of the consistency of individual tree estimates. These results aim
at quantifying the performance guarantees by analyzing the bias/variance
of simplified versions of RF, such as PRF models [18, 2]. In particular, [18]
shows that some PRF variant achieves the minimax rate for the estimation
of a Lipschitz regression function in dimension one. The bias-variance anal-
ysis is extended in [2], showing that PRF can also achieve minimax rates
for €2 regression functions in dimension one. These results are much more
precise than mere consistency, and offer insights on the proper tuning of the
procedure. Quite surprisingly, these optimal rates are only obtained in the
one-dimensional case (where decision trees reduce to histograms). In the
multi-dimensional setting, where trees exhibit an intricate recursive struc-
ture, only suboptimal rates are derived. As shown by lower bounds from [22],
this is not merely a limitation from the analysis: centered forests, a standard
variant of PRF, exhibit suboptimal rates under nonparametric assumptions.

From a more practical perspective, an important limitation of the most
commonly used RF algorithms, such as Breiman’s Random Forests [9] and
the Extra-Trees algorithm [19], is that they are typically trained in a batch
manner, where the whole dataset, available at once, is required to build the
trees. In order to allow their use in situations where large amounts of data
have to be analyzed in a streaming fashion, several online variants of decision
trees and RF algorithms have been proposed [16, 33, 36, 13, 14].

Of particular interest in this article is the Mondrian Forest (MF) algo-
rithm, an efficient and accurate online random forest classifier introduced
by [23], see also [24]. This algorithm is based on the Mondrian process [32,
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31, 30], a natural probability distribution on the set of recursive partitions
of the unit cube [0, l]d. An appealing property of Mondrian processes is that
they can be updated in an online fashion. In [23], the use of the conditional
Mondrian process enables the authors to design an online algorithm which
matches its batch counterpart: training the algorithm one data point at a
time leads to the same randomized estimator as training the algorithm on
the whole dataset at once. The algorithm proposed in [23] depends on a life-
time parameter A > 0 that guides the complexity of the trees by stopping
their building process. However, a theoretical analysis of MF is lacking, in
particular, the tuning of A is unclear from a theoretical perspective. In this
paper, we show that, aside from their appealing computational properties,
Mondrian Forests are amenable to a precise theoretical analysis. We study
MF in a batch setting and provide theoretical guidance on the tuning of A.

Based on a detailed analysis of Mondrian partitions, we prove consis-
tency and convergence rates for MF in arbitrary dimension, that turn out
to be minimax optimal on the set of s-Holder function with s € (0,2], as-
suming that A and the number of trees in the forest (for s € (1,2]) are
properly tuned. Furthermore, we construct a procedure that adapts to the
unknown smoothness s € (0, 2] by combining Mondrian Forests with a stan-
dard model aggregation algorithm. To the best of our knowledge, such results
have only been proved for very specific purely random forests, where the co-
variate space is of dimension one [2]. Our analysis also sheds light on the
benefits of Mondrian Forests compared to single Mondrian Trees: the bias
reduction of Mondrian Forests allow them to be minimax for s € (1, 2], while
a single tree fails to be minimax in this case.

Agenda. This paper is organized as follows. In Section 2, we describe the
considered setting and set the notations for trees and forests. Section 3
defines the Mondrian process introduced by [32] and describes the MF al-
gorithm. Section 4 provides new sharp properties for Mondrian partitions:
cells distribution in Proposition 1 and a control of the cells diameter in
Corollary 1, while the expected number of cells is provided in Proposition 2.
Building on these properties, we provide, in Section 5, statistical guarantees
for MF: Theorem 1 proves consistency, while Theorems 2 and 3 provide min-
imax rates for s € (0,1] and s € (1,2] respectively. Finally, Proposition 4
proves that a combination of MF with a model aggregation algorithm adapts
to the unknown smoothness s € (0, 2].

2. Setting and notations. We first describe the setting of the paper
and set the notations related to the Mondrian tree structure. For the sake
of conciseness, we consider the regression setting, and show how to extend
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the results to classification in Section 5.5.

Setting. We consider a regression framework, where the dataset %,
{(X1,Y1),...,(Xn,Yy)} consists of i.i.d. [0, 1]¢ x R-valued random variables.
We assume throughout the paper that the dataset is distributed as a generic
pair (X,Y) such that E[Y?] < co. This unknown distribution, characterized
by the distribution x of X on [0,1]? and by the conditional distribution of
Y| X, can be written as

(2.1) Y=fX)+e

where f(X) = E[Y | X] is the conditional expectation of Y given X, and ¢ is
a noise Satlsfying IE[ |X] = 0. Our goal is to output a randomized estimate
Fn(2,9y) : 0,1]¢ = R, where Z is a random variable that accounts for the
randomlzatlon procedure. To simplify notation, we will denote fn(x Z) =
fn(x Z, Dy). The quality of a randomized estimate fn is measured by its
quadratic risk

R(fa) = E[(Ja(X, 2) = F(X))?]

where the expectation is taken with respect to (X,Z,9,). We say that a
sequence (fn)n>1 is consistent whenever R(f,) — 0 as n — oo.

Trees and Forests. A regression tree is a particular type of partitioning
estimate. First, a recursive partition II of [0, 1]d is built by performing suc-
cessive axis-aligned splits (see Section 3), then the regression tree prediction
is computed by averaging the labels Y; of observations falling in the same
cell as the query point x € [0, 1]d, that is

where Cri(z) is the cell of the tree partition containing = and N, (Cr(z)) is
the number of observations falling into Cry(x), with the convention that the
estimate returns 0 if the cell Crr(x) is empty.

A random forest estimate is obtained by averaging the predictions of M
randomized decision trees; more precisely, we will consider purely random
forests, where the randomization of each tree (denoted above by Z) comes
exclusively from the random partition, which is independent of &Z,. Let
Oy = @D, ... I where I (for m = 1,..., M) are i.i.d. random
partitions of [0, 1]¢. The random forest estimate is thus defined as

(2.3) Fona (@, Tyy) = Z (e, TI0M)
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where ﬁl(az,l'[(m)) is the prediction, at point x, of the tree with random
partition II(™), defined in (2.2).

The Mondrian Forest, whose construction is described below, is a partic-
ular instance of (2.3), in which the Mondrian process plays a crucial role by
specifying the randomness II of tree partitions.

3. The Mondrian Forest algorithm. Given a rectangular box C' =
H;lzl[aj,bj] C R%, we denote |C| := z;l:l(bj — a;) its linear dimension.
The Mondrian process MP(C) is a distribution on (infinite) tree partitions
of C introduced by [32], see also [31] for a rigorous construction. Mondrian
partitions are built by iteratively splitting cells at some random time, which
depends on the linear dimension of the cell; the splitting probability on each
side is proportional to the side length of the cell, and the position is drawn
uniformly.

The Mondrian process distribution MP(A, C) is a distribution on tree par-
titions of C, resulting from the pruning of partitions drawn from MP(C).
The pruning is done by removing all splits occurring after time A > 0. In
this perspective, X is called the lifetime parameter and controls the com-
plexity of the partition: large values of A corresponds to deep trees (complex
partitions).

Sampling from the distribution MP(X,C) can be done efficiently by ap-
plying the recursive procedure SampleMondrian(C,7 = 0,\) described in
Algorithm 1. Figure 1 below shows a particular instance of Mondrian par-
tition on a square box, with lifetime parameter A = 3.4. In what follows,
Exp(A) stands for the exponential distribution with intensity A > 0.

Algorithm 1 SampleMondrian(C,7,\): samples a Mondrian partition of
C, starting from time 7 and until time A.

I: Inputs: A cell C' =], ,4la;,b;], starting time 7 and lifetime parameter A.
2: Sample a random variable Ec ~ Exp(|C])

3: if 74+ Ec < A then

4:  Sample a split dimension J € {1,...,d}, with P(J = j) = (b; — a;)/|C|

5: Sample a split threshold S; uniformly in [as,bs]

6: Split C along the split (J,S57):let Co ={x € C: 25 < Sy} and C1 =C\ Co
7:  return SampleMondrian(Cy,T + E¢c, A) U SampleMondrian(C1,7 + Ec, )

8: else

9:  return {C} (i.e., do not split C).

10: end if

REMARK 1. Using the fact that Exp is memoryless (if £ ~ Exp(\) and
u > 0 then E — u|E > u ~ Exp(})), it is possible to efficiently sample
Iy ~ MP(X,C) given its pruning ITy ~ MP(A,C) at time A < X.
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Fig 1: A Mondrian partition (left) with corresponding tree structure (right),
which shows the evolution of the tree over time. The split times are indicated
on the vertical axis, while the splits are denoted with bullets (o).

A Mondrian Tree estimator is given by Equation (2.2) where the par-
tition I1(™ is sampled from the distribution MP(), [0,1]%). The Mondrian
Forest grows randomized tree partitions Hg\l), . ,H&M), fits each one with
the dataset Z,, by averaging the labels falling into each leaf, then combines
the resulting Mondrian Tree estimates by averaging their predictions. In

accordance with Equation (2.3), we let

M
N 1 m m
(3.1) Prnm (@, n) = 77 SR (1)

m=1

be the Mondrian Forest estimate described above, where f)(\n;) (x,Hg\m)) de-

notes the Mondrian Tree based on the random partition Hg\m) and Iy s =
(Hg\l), e ,Hg\M)). To ease notation, we will write f)(fz) () instead of f;\? (z,

Hf\m)). Although we use the standard definition of Mondrian processes, the
way we compute the prediction in a Mondrian Tree differs from the original
one. Indeed, in [23], prediction is given by the expectation over a posterior
distribution, where a hierarchical prior is assumed on the label distribution
of each cell of the tree. In this paper, we simply compute the average of the
observations falling into a given cell.

4. Local and global properties of the Mondrian process. In this
Section, we show that the properties of the Mondrian process enable us to
compute explicitly some local and global quantities related to the struc-
ture of Mondrian partitions. To do so, we will need the following two facts,
exposed by [32].
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Fact 1 (Dimension 1). For d = 1, the splits from a Mondrian process
Iy ~ MP(X,[0,1]) form a subset of [0,1], which is distributed as a Poisson
point process of intensity Adx.

FacT 2 (Restriction). Let Iy ~ MP(), [0, 1]¢) be a Mondrian partition,
and C = H?Zl[aj,bj] C [0,1]¢ be a box. Consider the restriction IIx|c of
Iy on C, i.e. the partition on C induced by the partition II, of [0,1]%. Then
I\ |c ~ MP(X, C).

Fact 1 deals with the one-dimensional case by making explicit the distri-
bution of splits for Mondrian process, which follows a Poisson point process.
The restriction property stated in Fact 2 is fundamental, and enables one
to precisely characterize the behavior of the Mondrian partitions.

Given any point z € [0,1]%, Proposition 1 below is a sharp result giving
the exact distribution of the cell C\(z) containing = from the Mondrian par-
tition. Such a characterization is typically unavailable for other randomized
trees partitions involving a complex recursive structure.

PROPOSITION 1 (Cell distribution). Let z € [0,1]¢ and denote by

Ox@) = ] Lja@), Rja(2)]

1<j<d

the cell containing = in a partition Iy ~ MP(X, [0, 1]%) (this cell corresponds
to a leaf). Then, the distribution of Cx(x) is characterized by the following
properties:

(1) Lia(x), Rix(z),...,Lax(x), Rgr(z) are independent;
(ii) For each j =1,...,d, Lj\(z) is distributed as (x — A" E; 1) V0 and
Rj\(z) as (x + AN Ej g) A1, where Ej 1, Ej r ~ Exp(1).

The proof of Proposition 1 is given in Section 7. Figure 2 is a graphical
representation of Proposition 1. A consequence of Proposition 1 is the next
Corollary 1, which gives a precise upper bound on the diameter of the cells.
In particular, this result is used in the proofs of the theoretical guarantees
for Mondrian Trees and Forests from Section 5 below.

COROLLARY 1 (Cell diameter). Set A > 0 and I ~ MP(),[0,1]¢) be a
Mondrian partition. Let x € [0,1]% and let Dy(z) be the ¢>-diameter of the
cell Cy\(x) containing x in IIy. For every 6 > 0, we have

(4.1) P(Dx(z) > 6) < d<1 + %) exp < _ j}_‘%)
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Cxr(z) —

Fig 2: Cell distribution in a Mondrian partition (Proposition 1).

and
4d
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In order to control the risk of Mondrian Trees and Forests, we need an
upper bound on the number of cells in a Mondrian partition. Quite surpris-
ingly, the expectation of this quantity can be computed exactly, as shown
in Proposition 2.

(4.2) E[Dx(2)?] <

PROPOSITION 2 (Number of cells). Set A > 0 and I, ~ MP(),[0,1]¢)
be a Mondrian partition. If K denotes the number of cells in IIy, we have
E[K,] = (1+ M)

The proof of Proposition 2 is given in the Supplementary Material, while
a sketch of proof is provided in Section 7. Although the proof is technically
involved, it relies on a natural coupling argument: we introduce a recursive
modification of the construction of the Mondrian process which keeps the
expected number of leaves unchanged, and for which this quantity can be
computed directly using the Mondrian-Poisson equivalence in dimension one
(Fact 1). A much simpler result is E[Ky] < (e(14 \))?, which was previously
obtained in [28]. By contrast, Proposition 2 provides the ezact value of this
expectation, which removes a superfluous e? factor.

REMARK 2. Proposition 2 naturally extends (with the same proof) to
the more general case of a Mondrian process with finite measures with no
atoms v1,...,vg on the sides C,...,C% of a box C C R? (for a definition
of the Mondrian process in this more general case, see [31]). In this case, we
have E [K)] = H1<j<d(1 +v;(C7)).
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As illustrated in this Section, a remarkable fact with the Mondrian Forest
is that the quantities of interest for the statistical analysis of the algorithm
can be made explicit. In particular, we have seen in this Section that, roughly
speaking, a Mondrian partition is balanced enough so that it contains O()\d)
cells of diameter O(1/)), which is the minimal number of cells to cover [0, 1]%.

5. Minimax theory for Mondrian Forests. This Section gathers
several theoretical guarantees for Mondrian Trees and Forests. Section 5.1
states the universal consistency of the procedure, provided that the lifetime
A belongs to an appropriate range. We provide convergence rates which turn
out to be minimax optimal for s-Holder regression functions with s € (0, 1]
in Section 5.2 and with s € (1,2] in Section 5.3, provided in both cases that
Ap is properly tuned. Note that in particular, we illustrate in Section 5.3 the
fact that Mondrian Forests improve over Mondrian trees, when s € (1,2]. In
Section 5.4, we prove that a combination of MF with a model aggregation
algorithm adapts to the unknown s € (0, 2]. Finally, results for classification
are given in Section 5.5.

5.1. Consistency of Mondrian Forests. The consistency of the Mondrian
Forest estimator is established in Theorem 1 below, assuming a proper tun-
ing of the lifetime parameter \,,.

THEOREM 1 (Universal consistency). Let M > 1. Consider Mondrian
Trees ]?/ST)n (form =1,...,M) and Mondrian Forest J?An,n,M given by Equa-
tion (3.1) for a sequence (A\n)n>1 satisfying A, — oo and A% /n — 0. Then,
under the setting described in Section 2 above, the individual trees f/gT)n (for

m = 1,..., M) are consistent, and as a consequence, the forest f, n v is
consistent for any M > 1.

The proof of Theorem 1 is given in the Supplementary Material. It uses
the properties of Mondrian partitions established in Section 4 together with
general consistency results for histograms. This result is universal, in the
sense that it makes no assumption on the joint distribution of (X,Y"), apart
from E[Y?] < oo in order to ensure that the quadratic risk is well-defined
(see Section 2).

The only tuning parameter of a Mondrian Tree is the lifetime \,, which
encodes the complexity of the trees. Requiring an assumption on this param-
eter is natural, and confirmed by the well-known fact that the tree-depth is
an important tuning parameter for Random Forests, see [7]. However, Theo-
rem 1 leaves open the question of a theoretically optimal tuning of A\, under
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additional assumptions on the regression function f, which we address in
what follows.

5.2. Mondrian Trees and Forests are minimax for s-Hélder functions with
s € (0,1]. The bounds obtained in Corollary 1 and Proposition 2 are ex-
plicit and sharp in their dependency on A. Based on these properties, we now
establish a theoretical upper bound on the risk of Mondrian Trees, which
gives the optimal theoretical tuning of the lifetime parameter \,. To pursue
the analysis, we need the following assumption.

AssuMPTION 1. Consider (X,Y) from the setting described in Section 2
and assume also that E[e| X] = 0 and Var(e | X) < 02 < 0o almost surely,
where ¢ is given by Equation (2.1).

Our minimax results hold for a class of s-Holder regression functions de-
fined below.

DEFINITION 1. Let p € N, g € (0,1] and L > 0. The (p, 5)-Holder
ball of norm L, denoted €7#(L) = €P#([0,1]¢, L), is the set of p times
differentiable functions f : [0,1]¢ — R such that

IVPf (@) = VPf(a)|| < Llle —2'|”  and [[V*f(2)| <L

for every z,2’ € [0,1] and k € {1,...,p}. Whenever f € €PP(L), we say
that f is s-Holder with s = p + 3.

Note that in what follows we will assume s € (0,2], so that p € {0,1}.
Theorem 2 below states an upper bound on the risk of Mondrian Trees and
Forests, which explicitly depends on the lifetime parameter \. Selecting A
that minimizes this bound leads to a convergence rate which turns out to
be minimax optimal over the class of s-Holder functions for s € (0,1] (see
for instance [35], Chapter 1.3 in [29] or Theorem 3.2 in [20]).

THEOREM 2. Grant Assumption 1 and assume that f € €%P (L), where
B € (0,1 and L > 0. Let M > 1. The quadratic risk of the Mondrian Forest
Fan, v with lifetime parameter X > 0 satisfies

—~ Br12 d
61 E[(Faa(x) - )] < S EE o g2 ).

In particular, as n — 0o, the choice X := X\, < L%/ (@+28)p1/(d+28) gipeq
(52)  E[(Fpnam(X) — f(X))?] = O(L2/(@+28),,-28/(d+20))

which corresponds to the minimax rate over the class €%°(L).
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The proof of Theorem 2 is given in Section 7. It relies on the properties
about Mondrian partitions stated in Section 4. Namely, Corollary 1 allows
to control the bias of Mondrian Trees (first term on the right-hand side
of Equation 5.1), while Proposition 2 helps in controlling the variance of
Mondrian Trees (second term on the right-hand side of Equation 5.1).

To the best of our knowledge, Theorem 2 is the first to prove that a purely
random forest (Mondrian Forest in this case) can be minimax optimal in
arbitrary dimension. Minimax optimal upper bounds are obtained for d = 1
in [18] and [2] for models of purely random forests such as Toy-PRF (where
the individual partitions correspond to random shifts of the regular partition
of [0,1] in k intervals) and PURF (Purely Uniformly Random Forests, where
the partitions are obtained by drawing k£ random thresholds uniformly in
[0,1]). However, for d = 1, tree partitions reduce to partitions of [0, 1] in
intervals, and do not possess the recursive structure that appears in higher
dimensions, which makes their analysis challenging. For this reason, the
analysis of purely random forests for d > 1 has typically produced sub-
optimal results: for example, [5] exhibit an upper bound on the risk of the
centered random forests (a particular instance of PRF) which turns out to
be much slower than the minimax rate for Lipschitz regression functions. A
more in-depth analysis of the same random forest model in [22] exhibits a
new upper and lower bound of the risk, which is still slower than minimax
rates for Lipschitz functions. A similar result was proved by [2], who studied
the BPRF (Balanced Purely Random Forests algorithm, where all leaves
are split, so that the resulting tree is complete), and obtained suboptimal
rates. In our approach, the convenient properties of the Mondrian process
enable us to bypass the inherent difficulties met in previous attempts. One
specificity of Mondrian forests compared to other PRF variants is that the
largest sides of cells are more likely to be split. By contrast, variants of PRF
(such as centered forests) where the coordinate of the split is chosen with
equal probability, may give rise to unbalanced cells with large diameter.

Theorem 2 provides theoretical guidance on the choice of the lifetime
parameter, and suggests to set A := )\, =< n'/(4+2)_ Such an insight cannot
be gleaned from an analysis that focuses on consistency alone. Theorem 2 is
valid for Mondrian Forests with any number of trees, and thus in particular
for a Mondrian Tree (this is also true for Theorem 1). However, it is a well-
known fact that forests outperform single trees in practice [17]. Section 5.3
proposes an explanation for this phenomenon, by assuming f € €%#(L).

5.3. Improved rates for Mondrian Forests compared to a Mondrian Tree.
The convergence rate stated in Theorem 2 for f € €%P(L) is valid for
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both trees and forests, and the risk bound does not depend on the number
M of trees that compose the forest. In practice, however, forests exhibit
much better performances than individual trees. In this Section, we provide
a result that illustrates the benefits of forests over trees by assuming that
f € €YP(L). As the counterexample in Proposition 3 below shows, single
Mondrian trees do not benefit from this additional smoothness assumption,
and achieve the same rate as in the Lipschitz case. This comes from the fact
that the bias of trees is highly sub-optimal for such functions.

PROPOSITION 3. Assume that Y = f(X) + ¢ with f(z) = 1+ x, where
X ~U([0,1]) and ¢ is independent of X with variance o%. Consider a single

Mondrian Tree estimate f)(\lgl Then, there exists a constant Cy > 0 such that

0.2
inf E[(fi')(X) - £(X))?] > Co A i(%)m

for any n > 18.

The proof of Proposition 3 is given in the Supplementary Material. Since
the minimax rate over ¢! in dimension 1 is O(n~*/°), Proposition 3 proves
that a single Mondrian Tree is not minimax optimal over this set of functions.
However, it turns out that large enough Mondrian Forests, which average
Mondrian trees, are minimax optimal over €1'1. Therefore, Theorem 3 below
highlights the benefits of a forest compared to a single tree.

THEOREM 3. Grant Assumption 1 and assume that f € €YP(L), with
B € (0,1] and L > 0. In addition, assume that X has a positive and Cp-

Lipschitz density p w.r.t the Lebesgue measure on [0,1]%. Let J?/\,mM be the
Mondrian Forest estimate given by (3.1). Sete € (0,1/2) and B. = [¢, 1—¢]?.
Then, we have

f) 2(1 + A)4 202 + 9|| f|1%,
E[(fama(X) — f(X))*1X € B.] < ( n ) Zo(l —||2!£|)|d

144L%dp, e T2L%d3 <p10p>2 16L2q'+7 (ﬁf 8dL?
po(l —2e)d A3 M P2 A20+6) \pg

(5.3) W3VE

where po = inf,cpgqye p(x) and py = SUPgel0,1)4 p(x). In particular, letting
s =1+ 3, the choices

A, = L(@+29)1/(@+25)  gp g Np o> [AB/(d+25) ) 28/(d+2s)
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give
(5.4)  E[(faman (X) = F(X))?| X € B] = O(L2/(@+23),=25/(d+2s)y

which corresponds to the minimax risk over the class €5 (L).
In the case where ¢ = 0, which corresponds to integrating over the whole
hypercube, the bound (5.4) holds if 2s < 3. On the other hand, if 2s > 3,

letting

N\, = L2/@+3)p1/(d+3)  ong M, > [A4/(d+3),,2/(d+3)

yields the following upper bound on the integrated risk of the Mondrian Forest
estimate over By

(5.5) E[(Frnmn, (X) = F(X))*] = O3y =3/(043)),

The proof of Theorem 3 is given in Section 7 below. It relies on an im-
proved control of the bias, compared to the one used in Theorem 2 in the
Lipschitz case: it exploits the knowledge of the distribution of the cell C)(z)
given in Proposition 1 instead of merely the cell diameter given in Corollary 1
(which was enough for Theorem 2). The improved rate for Mondrian Forests
compared to Mondrian Trees comes from the fact that large enough forests
have a smaller bias than single trees for smooth regression functions. This
corresponds to the fact that averaging randomized trees tends to smooth the
decision function of single trees, which are discontinuous piecewise constant
functions that approximate smooth functions sub-optimally. Such an effect
was already noticed by [2] for purely random forests.

REMARK 3. While Equation (5.4) gives the minimax rate for €% func-
tions, it suffers from an unavoidable standard artifact, namely a boundary
effect which impacts local averaging estimates, such as kernel estimators
[39, 2]. It is however possible to set € = 0 in (5.3), which leads to the sub-
optimal rate stated in (5.5).

5.4. Adaptation to the smoothness. The minimax rates of Theorems 2
and 3 for trees and forests are achieved through a specific tuning of the
lifetime parameter A, which depends on the considered smoothness class
¢PB(L) through s = p+ 8 and L > 0, while on the other hand, the number
of trees M simply needs to be large enough in the statement of Theorem 3.
Since in practice such smoothness parameters are unknown, it is of interest
to obtain a single method that adapts to them.

In order to achieve this, we adopt a standard approach based on model
aggregation [29]. More specifically, we split the dataset into two part: the first
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is used to fit Mondrian Forest estimators with A varying in an exponential
grid, while the second part is used to fit the STAR procedure for model
aggregation, introduced in [4]. The appeals of this aggregation procedure
are its simplicity, its optimal guarantee and the lack of parameter to tune.

Let ng = [n/2], Zn, = {(X:,Y:) : 1 <@ < ng} and Zygr1m = {(X;,Y0) -
no+1<i<n} Also,let I. = {i € {ng+1,...,n}: X; € [¢,1 — ¢]%}
for some € € (0,1/2). If I, is empty, we let the estimator be g, = 0. We
define A = |logy(n'/%)| and M = [n?*/?] and consider the geometric grid
A={2:a=0,...,A}. Now, let

'y, ..., 0% ~ MP(n'/4 [0,1])

nl/dsr:

be i.i.d. Mondrian partitions. For m =1,..., M, we let Hg\m) be the pruning

of TI'™ in which only splits occurring before time A have been kept. We

nl/d
consider now the Mondrian Forest estimators

fa = f2a,n0,M
for every a = 0,..., A, where we recall that these estimators are given
by (3.1). The estimators f, are computed using the sample Z,, and the
Mondrian partitions Hgf), 1<m< M. Let

& = argmin - S (Ful(X;) - Vi)?
a=0,...,A |I€| iel.

be a risk minimizer and let G = Ua[fa,ﬁé] where [f,g] = {(1 —t)f + tg :

t € [0,1]}. Note that G is a star domain with origin at the empirical risk

minimizer f4, hence the name STAR [4]. Then, the adaptive estimator is a

convex combination of two Mondrian forests estimates with different lifetime

parameters, given by

(56) G = argmin { - 3" (9(%) - ¥i)*}.

ge(j |I€| i€l

PROPOSITION 4. Grant Assumption 1, with |Y| < B almost surely and
f € €PP(L) with p € {0,1}, B € (0,1] and L > 0. Also, assume that the
density p of X is Cp-Lipschitz and satisfies po < p < p1. Then, the estimator
gn defined by (5.6) satisfies:

E[(@n(X) — F(X))*| X € B]

67 < JJjin B[00 - JOOF | X € B
60082 (log(1 4 logy n) 4 1)

cin

+ 4B2e—cln/4 +
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where B, = [g,1 —€]? and ¢1 = po(1 — 2¢)¢/4. In particular, we have
(5:8)  E[@a(X) ~ f(X)?|X € B.] = O(LX/ 2720/ (042)),
where s = p+ .

The proof of Proposition 4 is to be found in the Supplementary Material.
Proposition 4 proves that the estimator g,, which is a STAR aggregation of
Mondrian Forests, is adaptive to the smoothness of f, whenever f is s-Holder
with s € (0, 2].

5.5. Results for binary classification. We now consider, as a by-product
of the analysis conducted for regression estimation, the setting of binary clas-
sification. Assume that we are given a dataset 7, = {(X1,Y1),...,(Xn,Yn)}
of i.i.d. random variables with values in [0,1]¢ x {0,1}, distributed as a
generic pair (X,Y) and define n(x) = P[Y = 1|X = z|. We define the
Mondrian Forest classifier gy, s as a plug-in estimator of the regression
estimator. Namely, we introduce

Grnr (@) = 1(Fapar(z) > 1/2)

for all z € [0,1]9, where ]?,\n M is the Mondrian Forest estimate defined
in the regression setting. The performance of gy, as is assessed by the 0-1
classification error defined as

(5.9) L(@xn,p) = P@rnm(X) #Y),

where the probability is taken with respect to (X, Y, Il as, %), where Iy as
is the set sampled Mondrian partitions, see (3.1). Note that (5.9) is larger
than the Bayes risk defined as

L(g") =P(g"(X) #Y),

where g*(z) = 1(n(z) > 1/2). A general theorem [15, Theorem 6.5] allows
us to derive an upper bound on the distance between the classification risk
of grn,m and the Bayes risk, based on Theorem 2.

COROLLARY 2. Let M > 1 and assume that n € €%1(L). Then, the
Mondrian Forest classifier gy, = g, n,m with parameter A\, < nt/(@+2) gt
isfies

L(Gn) — L(g") = o(n™"/(**2)),
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The rate of convergence o(n~'/(@+2)) for the error probability with a Lip-
schitz conditional probability 7 is optimal [40]. We can also extend in the
same way Theorem 3 to the context of classification. This is done in the
next Corollary, where we only consider the 1! case for convenience.

COROLLARY 3. Assume that X has a positive and Lipschitz density p
w.r.t the Lebesque measure on [0, 1] and that n € €11(L). Let Go, = G, .m0,
be the Mondrian Forest classifier composed of M, 2 n2/d+4) trees, with
lifetime X\, < nY/(@+4Y)  Then, we have

(5.10)  PGu(X) £ Y|X € B —P[g*(X) # Y|X € B.] = o(n™2/(4+4)
for all € € (0,1/2), where B. = [¢,1 — ¢]¢.

This shows that Mondrian Forests achieve an improved rate compared to
Mondrian trees for classification.

6. Conclusion. Despite their widespread use in practice, the theoret-
ical understanding of Random Forests is still incomplete. In this work, we
show that the Mondrian Forest, originally introduced to provide an efficient
online algorithm, leads to an algorithm that is not only consistent, but in fact
minimax optimal under nonparametric assumptions in arbitrary dimension.
This provides, to the best of our knowledge, the first results of this nature for
a random forest method in arbitrary dimension. Besides, our analysis allows
to illustrate improved rates for forests compared to individual trees. Mon-
drian partitions possess nice geometric properties, which can be controlled
in an exact and direct fashion, while previous approaches [6, 2] require ar-
guments that work conditionally on the structure of the tree. This suggests
that Mondrian Forests can be viewed as an optimal variant of purely random
forests, which could set a foundation for more sophisticated and theoretically
sound random forest algorithms.

The minimax rate O(n=2%/(2s+d)) for a s-Holder regression with s € (0, 2]
obtained in this paper is very slow when the number of features d is large.
This comes from the well-known curse of dimensionality phenomenon, a
problem affecting all fully nonparametric algorithms. A standard approach
used in high-dimensional settings is to work under a sparsity assumption,
where only s < d features are informative. A direction for future work
is to improve Mondrian Forests using a data-driven choice of the features
along which the splits are performed, reminiscent of Extra-Trees [19]. From
a theoretical perspective, it would be interesting to see how the minimax
rates obtained here can be combined with results on the ability of forests to
select informative variables (see, for instance, [34]).
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7. Proofs. This Section gathers the proofs of Proposition 1 and Corol-
lary 1 (cell distribution and cell diameter). Then, a sketch of the proof of
Proposition 2 is described in this Section (the full proof, which involves
some technicalities, can be found in the Supplementary Material). Finally,
we provide the proofs of Theorem 2 and Theorem 3.

Proor oF ProproOSITION 1. Let 0 < a1,...,ap,b1,...,b, < 1 be such
that a; <x; <bj for 1 <j<d. Let C:= H;lzl[aj,bj]. Note that the event

E\(C,z) = {Lia(z) < a1, Ri\(@) = b1,...,Loa(z) < ag, Rax(z) = ba}

coincides — up to the negligible event that one of the splits of I occurs on
coordinate j at a; or b; — with the event that II\ does not cut C, i.e. that
the restriction II)|c of II) to C' contains no split. Now, by the restriction
property of the Mondrian process (Fact 2), IT,|¢ is distributed as MP(X, C);
in particular, the probability that II)|c contains no split is exp(—A|C]).
Hence, we have

(7.1) P(E\(C,z)) = e Mz—a1) o= A(b1—z) o . o A E—aa) o= A(ba—z)

In particular, setting a; = b; = x in (7.1) except for one a; or b;, and using
that L; \(z) <« and R; x(x) > x, we obtain

(7.2)  P(Rja(z) > b)) =e %™ and P(Lja(z) < aj) = e Mo7%),

Since clearly R;x(x) < 1 and L;x(x) > 0, Equation (7.2) implies (i7). Ad-
ditionally, plugging Equation (7.2) back into Equation (7.1) shows that
Lix(z), Ria(2),...,Lgx(z), Rgr(z) are independent, i.e. point (z). This
completes the proof. O

PROOF OF COROLLARY 1. Using Proposition 1, for 1 < j < d, Dj\(z) =
Rj\(x) —xj+x; — L \(z) is stochastically upper bounded by A\™1(E; + E»)
with Fj, Es two independent Exp(1) random variables, which is distributed
as Gamma(2, A). This implies that
(7.3) P(D;x(x) = 8) < (1+A5)e ™™

for every § > 0 (with equality if § < z; A (1 — x;)) and E[D;(2)%] <
A"2(E[E?] + E[E2]) = 4/A%. The bound (4.1) for the diameter Dy(x) =
[z;l:l DjA(z)%'/? is obtained by noting that

5 d 5
P(Da(z) > 8) <B(3j : Djale) > ﬁ) < ]Z::I]P’(Dj,x(x) > ﬁ) ,

while (4.2) follows from the identity E[Dy(z)?] = Z;l:l E[Dj x(z)?. O
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SKETCH OF PROOF OF PROPOSITION 2. Let us provide here an outline
of the argument; a fully detailed proof is available in the Supplementary
Material. The general idea of the proof is to modify the construction of
Mondrian partitions (and hence their distribution) in a way that leaves the
expected number of cells unchanged, while making this quantity directly
computable.

Consider a Mondrian partition IIy ~ MP(X,[0,1]¢) and a cell C' formed
at time 7 in it (e.g., C' = [0,1]¢ for 7 = 0). By the properties of exponential
distributions, the split of C' (if it exists) from Algorithm 1 can be obtained
as follows. Sample independent variables E;, U; with E; ~ Exp(1) and U; ~
U([0,1]) for j =1,...,d. Let T; = (b; — aj) " E; and Sj = a; + (b; — a;)U;
where C' = H;l:l[aj, bj], and set J = argmin; ;<4 Tj. If 7+ T > A then C
is not split (and is thus a cell of IT). On the other hand, if 7+ Ty < A then
C' is split along coordinate J at S; (and at time 7+ T7) into C' = {x € C':
xzy < Sy} and C” = C\C'. This process is then repeated for the cells C” and
C", by using independent random variables £, U; and E7/, U respectively.

Now, note that the number of cells K(C) in ITy contained in C'is the sum
of the number of cells in C" and C”, namely K, (C’) and K,(C"). Hence, the
expectation of K (C) (conditionally on previous splits) only depends on the
distribution of the split (J,Ss,7), as well as on the marginal distributions of
K, (C") and K(C"), but not on the joint distribution of (K(C"), K)(C")).

Consider the following change: instead of splitting C’ and C” based on
the independent random variables E}, U} and EY, U}’ respectively, we reuse
for both C" and C” the variables E;,U; (and thus S;,T}) for j # J, which
were not used to split C. It can be seen that, for both C’ and C”, these
variables have the same conditional distribution given J,S;,T; as the in-
dependent ones. One can then form the modified random partition II) by
recursively applying this change to the construction of IIy, starting with
the root and propagating the unused variables at each split. By the above
outlined argument, its number of cells K satisfies E[K,] = E[K].

On the other hand, one can show that the partition II, is a “product” of
independent one-dimensional Mondrian partition I ~ MP(X, [0,1]) along
the coordinates j = 1,.. ., d (this means that the cells of Il » are the Cartesian
products of cells of the Hg\) Since the splits of a one-dimensional Mondrian
partition of [0, 1] form a Poisson point process of intensity Adx (Fact 1), the
expected number of cells of IT is 1 + A. Since the I} for j = {1,...,d} are
independent, this implies that E[IN( x] = (1 + A% Once again, the full proof
is provided in the Supplementary Material. O

PrROOF OF THEOREM 2. Recall that the Mondrian Forest estimate at x
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is given by
1 & am
f)\nM = Z )\771
=1

By convexity of the function ' — (y — v/)

1 M
R(fanar) < 57 2 RO = R(FD).
m:l

2m)

since the random trees estimators f, ’ have the same distribution for m =

1... M. Hence, it suffices to prove Theorem 2 for the tree estimator f)(\lgl

We will denote for short f)\ = f)(\lzl all along this proof.

Bias-variance decomposition. We establish a bias-variance decomposition
of the risk of a Mondrian tree, akin to the one stated for purely random
forests by [18]. Denote fy(z) := E[f(X)|X € Cy(x)] (which depends on II,)
for every z in the support of x. Given IIy, the function fy is the orthogonal
projection of f € L2([0,1]%, ) on the subspace of functions that are constant
on the cells of II). Since f>\ belongs to this subspace given %,,, we have
conditionally on (II, Z,,):

Ex [(f(X) = A(X))?] = Ex[(f(X) — A(X))?] + Ex [(/A(X) — (X))

This gives the following decomposition of the risk of f)\ by taking the ex-
pectation over (IIx, Z,):

(74)  R(f) =E[(f(X) - HA(X)?] +E[(A(X) - H(X))?].

The first term of the sum, the bias, measures how close f is to its best
approximation fy that is constant on the leaves of ITy (on average over IIy).
The second term, the variance, measures how well the expected value fin(z)
is estimated by the empirical average fy(x) (on average over Z,,11,).

Note that (7.4) holds for the estimation risk integrated over the hypercube
[0,1]¢, and not for the pointwise estimation risk. This is because in general,
we have Eg, [fr(z)] # fa(z): indeed, the cell Cy(z) may contain no data
point in Z,, in which case the estimate f)\(az) equals 0. It seems that a
similar difficulty occurs for the decomposition in [18, 2], which should only
hold for the integrated risk.
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Bias term. For each x € [0,1]? in the support of p, we have

1) = 5 = [y L 0@ fEw)

< sup [f(z) — f(2)| < LDA(z)",
2€Cx (=)

where D) () is the ¢2-diameter of C)(z), since f € €%#(L). By concavity
of 2+ 28 for B € (0,1] and Corollary 1, this implies
4d

(7.5)  E[(f(z) - fa(®))?] < L’E[Dx(2)*] < L’E[Dx(2)*) < LZ(V>6-

Integrating (7.5) with respect to p yields the following bound on the bias:

i %
(6 B[(/() - )2 < YL

Variance term. In order to bound the variance term, we use Proposition 2
in [2]: if IT is a random tree partition of the unit cube in & cells (with k¥ € N*
deterministic) formed independently of the dataset &, then

(77) E[(fu(X) ~ n(X))?] < 202 + 9l 1).

Note that Proposition 2 in [2], stated in the case where the noise variance
is constant, still holds when the noise variance is just upper bounded, based
on Proposition 1 in [1]. For every k € N*, applying (7.7) to the random
partition IIy ~ MP(), [0,1]%) conditionally on the event {K) = k}, we get

E[(FA(X) = Fan(X))?] = Y P(Ky = k) E[(fA(X) — Fr(X))?| Ky = K]

k=1

< DR = k) = (207 + 9] %)
k=1

= BB o0 o2

Using Proposition 2, we obtain an upper bound of the variance term:

(7.8) E[(/A(X) — fA(X))?] <

d
A (302 1 9)12.)

Combining (7.6) and (7.8) leads to (5.1). Finally, the bound (5.2) follows by
using A = A, in (5.1), which concludes the proof of Theorem 2. O
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Proor oF THEOREM 3. Consider a Mondrian Forest
1 M )
o~ m
(@) =57 E:lfA (),
m=

where the Mondrian Trees f)(\m) form =1,..., M are based on independent
partitions Hg\m) ~ MP(),[0,1]%). Also, for x in the support of p let

A (@) = Ex[f(0)| X € 0V (@)
which depends on Hf\m). Let fr(z) = E| f)(\m) ()], which is deterministic and
does not depend on m. Denoting fi r(z) = ﬁ fozl f/\m) (x), we have
E[(faa(@) = f(2))*) < 2E[(Far(e) = Froar(@)) + 2E[(Faw (@) = £(2))%)

In addition, Jensen’s inequality implies that
—~ _ 1 m =(m
E[(faar(@) = Frar@))?] < 72 D E[(A" @) - F{" @)

=E[(/\"(z) - 1V (@))?].

For every x we have that fim)(x) areii.d.form =1,..., M with expectation
fa(z), so that

ra ar(FO (z
E[(f(@) ~ F@)?] = (la) - fa)? + 1)

Since f € €VP(L) we have in particular that f is L-Lipschitz, hence

4dL?
22
for all z € [0,1]%, where we used Corollary 1 and where D) (z) stands for the

diameter of C)\(x). Consequently, taking the expectation with respect to X,
we obtain

E[(Hu(X) = F(X)*] <

Var(fi7 (2)) < E[(J{"(2) — f(2))?] < L*E[D(2)?] <

BAL” | SE[(FO(X) - 70 (X))

S M2
+2E[(/A(X) - £(X))?].
The same upper bound holds also conditionally on X € B, := [¢,1 — ¢]%
~ 8dL?
E X)- f(X)?X € B € —

E[(TI(x) = FVX))?IX € B] + 2B[(/(X) — F(X))|X € B.].
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Variance term. Recall that the distribution p of X has a positive density
p: [0,1]¢ — R% which is Cp-Lipschitz, and recall that py = inf, 0,14 P(2)
and p1 = sup,ep 14 P(z), both of which are positive and finite, since the
continuous function p reaches its maximum and minimum over the compact
set [0,1]%. As shown in the proof of Theorem 2, the variance term satisfies

d
B[V () - 707 < T (002 g2,

Hence, the conditional variance in the decomposition (7.9) satisfies

E[(FfV(X) - FIV(X))2X € B.] < P(X € B)'E[(f{V(x) — FV(Xx))?]

d
<A o0 4 gig2,)

(7.10) <pyt(1—2)
Ezpression of ]‘7)\ It remains to control the bias term in the decomposi-
tion (7.9), which is the most involved part of the proof. Let us recall that
C(z) stands for the cell of I, which contains = € [0, 1]%. We have

P =By [ JEREIG @)
(7.11) = /[071}11 f(z) Fya(x, 2z)dz,
where we defined
_ [ p()1(z € CA(2))
e

In particular, f[o 14 F,\(z,2)dz = 1 for any x € [0, 1]¢ (letting f = 1 above).
Let us also define the function I\, which corresponds to the case p = 1:

1(z € CA(!E))]

F(z,2) = E[ vol(C(x))

where vol(C') stands for the volume of a box C.

Second order expansion. Assume that f € €115([0,1]?) for some 3 € (0, 1].
This implies that

1f(2) = f(z) = Vf(z)" (2 — z)]
1

:‘/0 [Vf(a;+t(z—x))—Vf(a:)]T(z—a:)dt
1

</0 L(t|z = z])’ ||z — x|t < L]z — =] **7.
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Now, by the triangle inequality,

(f(2) = f(@) Fpa(x, 2)dz| — Vi@) (2 = 2)Fya(z, 2)dz
1., -1, |

< ‘ /[0 1]d(f(z) — (@) = V@) (2 — ) Fya(z, z)dz‘
SL/ |’Z_xH1+BFp,)\(J?,Z)dZ,
[0,1]4
so that, using together [ F,\(z,2)dz =1 and (7.11), we obtain

@~ f@] <[V [ - o)Falnd:

[0,1)¢

=A

bL [ e el B2
|

)

(7.12)

=B

Hence, it remains to control the two terms A, B from Equation (7.12). We
will start by expressing F),  in terms of p, using the distribution of the cell
Cy(z) given by Proposition 1 above. Next, both terms will be bounded by
approximating Fj, x by F)\ and controlling these terms for F) (this is done
in Technical Lemma 1 below).

Ezplicit form of F), 5. First, we provide an explicit form of F}, ) in terms of
p. We start by determining the distribution of the cell C\(x) conditionally on
the event 2z € Cy(z). Let C = C(z,2) =[], cqlzj A 2j 25 V 2] €0, 1]¢ be
the smallest box containing both x and z; also, let a; = x; Az, b = x;V 2,
a = (aj)1<j<a and b = (b;)1<;j<d- Note that z € C\(z) if and only if II\ does
not cut C. Since C' = C(x, z) = C(a,b), we have that z € Cy(z) if and only
if b € Cy(a), and in this case Cy(z) = C)(a). In particular, the conditional
distribution of Cy(z) given z € Cy(z) equals the conditional distribution of
Cy(a) given b € Cy(a).

Write C\(a) = H?:1[L>\,j (a), Ry j(a)]; by Proposition 1, we have L j(a) =
(aj —=A'E;)V0, Ry ;(a) = (aj+A'E; g) A1, where E; 1, Ej r, 1 < j < d
are i.i.d. Exp(1) random variables. Note that b € Cy(a) is equivalent to
Ry j(a) = b for j =1,...,d, i.e. to Ej g > A(bj — a;). By the memory-less
property of the exponential distribution, the distribution of Ej; r — A(b; —
aj) conditionally on F;r > A(bj — a;j) is Exp(1). As a result (using the
independence of the variables Ej 1, F; r), we obtain the following statement:
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Conditionally on b € C)(a), the coordinates Ly ;(a), Ry j(a), 1 <
J < d, are distributed as (a; — )\_lEé»’L) V0, (b + )\_IE}R) A,
where £, B p are i.i.d. Exp(1) random variables.

Hence, the distribution of C\(z) conditionally on z € Cy(z) has the same
distribution as

d
(7.13)  C\(x,2) := H zj A\ zj— lEj,L) VO, (x; Ve + A_lEj,R) A 1]

where By 1, E\ R, ..., Eqr, Eqr are i.i.d. Exp(1) random variables. In addi-
tion, note that z € C\(x) if and only if the restriction of II) to C'(z, z) has no
split (i.e., its first sampled split occurs after time A). Since this restriction
is distributed as MP (X, C(x, z)) using Fact 2, this occurs with probability
exp(—A|C(z, z)|) = exp(—=A||z — z||1). Therefore,

Foa(e.2) = P(s € Cafa)) B[ - BE

|
(7.14) =€_A”x_Z”1E[{/C o) p(—z;d J }

where C)(z, z) is as in (7.13). In addition, applying (7.14) to p = 1 yields

ZGC)\ }

Fy(z,2) = Me Mol T] E [{Ap:j — 2|+ By AN A z)
(7.15) 1<j<d
+E;r N A1 — xjV Zj)}_l].

The following technical Lemma will prove useful in what remains of the
proofs, whose proof is given in Supplementary Material.

LEMMA 1. The function F, ) given by (7.15) satisfies

e Azin(l—z;)]

.
—

H /[071}d(2 — x)F)\(sz)dzuz - %

and 1
2 d
— — < —
/[;)71}11 2HZ iUH F’)\(SU,Z)dZ S )\2

for any x € [0,1]%.
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Control of the term B in Equation (7.12). It follows from (7.14) and from
the bound p(y)/p(z) = po/p1 that

(7.16) Fpale,2) € LRy (a,2),
0
so that
/ |2 — 2| TP E, A (x, 2)dz < b |z — || " TP Fy(z, 2)dz
[0,1]4 bo Jio,1)4
145)/2
(7.17) <2 ( Iz — ]| 2F(x, z)dz>( /
po [0,1]4
2dN\ (1+8)/2
(7.18) (v) ,

where (7.17) follows from the concavity of = — z(T8/2 for g € (1,2],
while (7.18) comes from Lemma 1.

Control of the term A in FEquation (7.12). It remains to control A =
f[og}d('z — 2)F, \(x,z)dz. Again, this quantity is controlled in the case of
a uniform density (p = 1) in Lemma 1. However, this time the crude
bound (7.16) is no longer sufficient, since we need first-order terms to com-
pensate in order to obtain the optimal rate. Rather, we will show that

Fya(x,z) = (1+O(|lx — z[]) + O(1/N)) Fx(x, 2).

A first upper bound on |F, x(x,z) — F\(z,z)|. Since p is Cp-Lipschitz and
lower bounded by pg, we have

p(y) 1‘ _ Ip(y) = p(2)| < ﬂ”
p(z)

7.19
(7.19) p(z) Po
for every y € Cy(z, z), so that

y—z| < &diam Ci(z, 2)
Do

1- &diam Cx(z,2) < p(y) <1+ &diam Cx(z, 2).
Po p(2) Po
Integrating over C\\(z, z) and using p(y)/p(z) = po/p1 gives

1:20) {1+ Sdiom Cy(.2)} vl Cy(o.2) 7 < / LU

pO C)\ IEZ (Z)

g{(l—%diamc)\(:n,z))\/g—l} vol Cy\(x, )1-

In addition, since (14 u)~! > 1 — u for u > 0, we have

-1
{1 + &diam Cx(z, 2)} z1- &diam C(z,2),
Po Po
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so that setting a := (1 — %diam Ca(z,2)) V z—‘l) € (0,1] gives

1—a < (Cp/po)diam Cy(z, 2) _ p1Cp
a po/p1 pg

Now, Equation (7.20) implies that

at—1= diam C)\(z, 2).

Cp .. -1 / p(y) -1 -1
——=diam C)(«, z) vol C(x, z < —=—=d — vol Oy (x,
Po A, 2)vol G (@, 2) { Oy (z,2) p(2) y} volCa(a,2)

plcp
I

< diam C\(x, 2) vol Oy (z, 2) 7' .

Taking the expectation over C)(x, z) and using (7.14) leads to

—%E[diam Ci(z,2)vol Cy(z,2) 1] < MNz==lv (B (2, 2) — FA(x, 2))
0

< p;ng [diam Oy (, z) vol C(z, 2) ']
0

so that

p1Cyp —Allz—2z]|
Eoa(r,2) — Fa(7,2)| < e 1
gy @R - BEal <

x E[diam Cy(, z) vol Oy (z,2) '] .
Control of E[diam Cy(z, z) vol Cx(z,2)"!]. Let us define the interval
Ci(x,z) = [(x] Nzj— )\_1Ej7L) V0, (xj Vz;+ )\_1Ej7R) A 1]

and let ]Cﬁ;(m,z)\ = (x; V2 + X IEjR) A1 — (x; Azj — A1E; L) V0 be
its length. We have diam C)(x,z) < diam 1 Cy(x, z) using the triangular
inequality, so that

-

Il
A

E [diam Cy(z, 2) vol Cy(z, z)_l] < E[ |C’i(x, z)| vol Cy\(, z)_l]

J

d d d
=Y E[IA@ ]Ik )| = SB[ T ICk @, )17
j=1 =1 J=1  I#j
d r . .
(7.22) <> E[IC@,2)|E[IC{@, =) [E[ T ICk (@, =)
j=1 I#j
d d
(7:23) =Y E[IC{(@ )| xE|[]IC@. )]

=1
(7.24)  =E[diam nC\(z,2)] x exp(A||lz — z|[1) F)(z, 2).

<.
Il
—
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Inequality (7.22) relies on the fact that E[X]E[X '] > 1 for any positive
random variable X with X = |C{(z,z)|. Equality (7.23) comes from the
independence of |Ci(z,2)|,...,|C{¢(z,2)|. Multiplying both sides of (7.24)
by e Mr==l1 Jeads to

e M=zl [diam C)\(z, 2) vol Cy(z, 2) 7!

(7.25) < E[diam pnCy\(z, 2)] FA(z, 2) .

In addition,

d

E [diam ;1 C\(z, 2)] < ZE“x] — 2|+ AN YE;r + Ej, L)
j=1
2d
(7.26) = llz =zl + -

Finally, combining Equations (7.21), (7.25) and (7.26) gives

(7.27) |Fpa(z,2) — Fx(z,2)] <

plcp
2

2d
7 (e =2l + ) P 2)

Control of A. From (7.27), we can control f[o 1}d(z —x)Fp a(x, z)dz by ap-
proximating Fj, y by F\. Indeed, we have

(7.28) H /[O’l]d(z —x)Fpa(z,2)dz — /[O’Hd(z _ HJ)FA(:c,z)dzH
</ iz = all x |Fpa (. 2) = Fa(e, 2)lde,

)

with

[ el X s 2) = Bt 2

)

C 2d
<2 [ ealle -l + X Bz by (20)
Py Jio,1)4

p10
< 2”

\/E/ |z — 2] 2Fa(z, ) dz—i——/ |z — || Fx(z, z)dz]

< R (oot )
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where we used the inequalities |[v]| < ||v|li < V/d|v]| as well as the Cauchy-
Schwarz inequality. Hence, using Lemma 1, we end up with

piCyrdvd 2d |d
— F —F dz < — 4+ =
/[071}(1 ”Z LEH X ’ PJ\(‘TVZ) A(‘Tvz)’ Z pg [ A2 Y /\2:|

. plcp 3d\/8
=7
Inequalities (7.28) and (7.29) together with Lemma 1 entail that

H /[0 W(z N x)va/\(x’Z)dsz <2 H /[0 1]d(z - ZE)F)\(ZE,Z)dzuz

(7.29)

2
w2 [ o= allBae2) - B 9)ldz)
[0,1]¢

(7.30)

d
< 18 e Alzind—z;)] | 2(p1Cp 3d\/3>2.
A2 4 p: N
7j=1
Control of the bias. The upper bound (7.12) on the bias writes
(fa(@) = f(@)* < (IVf(2) TA|+ LB)* < 2(|Vf (@)|* x ||A|]* + L*B?),
so that plugging the bounds (7.18) of B and (7.30) of ||A| gives

(fl@) = f(=))?
d
18 C, 3d\/d\?2 2d\ (1+8)/2
<or2|2° —Az;A(1—z4)] P1itp 2P1 [ 4a
s 2L [/\2]_2::16 ’ ’ +2< p: A2 )}+2L p0<)\2)

9 d 2 33 2 7145
< 365 e Alzin(i—z;)] 36L4d (pl(;P)z 8L°d (ﬂ)Z
By integrating over X conditionally on X € B, this implies

s 2 243 C
E[(fA(X) = f(X))?*X € B.] < %%(A) 4 %(plzpy

20
N 8L2q1tH (12)2
20+B) \py)

where we have, using the fact that pyg < p(z) < pp for any z € [0, 1],

(7.31)

d 1—¢
PYe(N) = ZE[G—)\[X]‘/\(I—XJ')} | X e Be] < L/ e~ Aur1-w)] g,
€

= po(1 — 2e)4
poi—227 <7 . SN -2
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Conclusion. The decomposition (7.9), together with the bounds (7.10) on
the variance and (7.31) on the bias lead to Inequality (5.3) from the state-
ment of Theorem 3. In particular, if £ € (0,3) is fixed, Inequality (5.3)
writes

~ )\d L2 L2
E[(faar(X) = F(X))?X € B] = O( =+ 75+ 5.

One can optimize the right-hand side by setting A = \,, =< L%/(d+2s),1/(d+2s)
and M = M, > N2 = [48/(d+25)28/(d+25) with s = 143 € (1, 2]. This leads
to the minimax rate O(L?#(4+25)y=2s/(d+25)) for f € €1F(L) as announced

in the statement of Theorem 3.
On the other hand, we have e ** = 1 whenever ¢ = 0, so that Inequal-
ity (5.3) becomes in this case

—~ )\d L2 L2
E[(Frar(X) = FOO) < O(=+ 5 + 7737 )-

When 2s < 3 (i.e. § < 1/2), this leads to the same rate as above, with the
same choice of parameters. When 2s > 3, this leads to the suboptimal rate
O(L24/(d+3) p=3/(d+3)) ith the choice M, > \, = L/(@+3)p1/(@+3)  This
concludes the proof of all the claims from Theorem 3. O
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Supplementary material for the paper
“Minimax optimal rates for Mondrian
trees and forests”

8. Introduction. This supplementary material to the paper “Mini-
max optimal rates for Mondrian trees and forests” gathers several proofs
and technical details and definitions that were omitted in the main paper.
Namely, we start with a glossary of notations, then give extra definitions
and notations for trees and nested trees partitions in Section 9. Then, we
provide proofs that were omitted in the main paper by order of appearance,
namely the proofs of Proposition 2, Theorem 1, Proposition 3, Proposition 4
and Lemma 1.

Sign Description

D Data set

L Distribution of X on [0, 1]¢

C, resp. |C| A generic cell C' C [0,1]¢, resp. half-perimeter of C'

A Lifetime parameter of Mondrian process

MP(A, C) Distribution of a Mondrian process defined on cell C'
with lifetime parameter .

IT,, resp. II,\|C Partition drawn from MP(X,[0,1]¢), resp. from
MP(A, C)

Ci(z) Cell of a Mondrian Tree with parameter A containing
T.

Dy (x) Diameter of C)\(z)

Ky Number of cells in a Mondrian Tree partition II)

f ):Z) (x) Mondrian Tree estimate at query point x based on the
Mondrian partition Hg\m)

f)\’n, Mm(z) Mondrian Forest estimate at query point x based on
the Mondrian partitions I py = (Hg\l), ... ,Hg\M))

_)(\m) (x) Expected value of the regression function f inside the
cell C’)(\m) ()

fa(2) Expected value of fim)(x) over Hg\m) ~ MP(),[0,1]%)

N(T),N°(T), L(T)
by

= (UV)VGNO(T)
Oy = (jV7 Sv)

Nodes, interior nodes and leaves of a tree

Set of splits for all nodes in the tree

A split at node v characterized by its split dimension
Jjv € {1,...,d} and its threshold s, € [0, 1]
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Sign Description

Ty Birth time of a node v

9. Specific notations. Let us now introduce some specific notations
to describe the decision tree structure and the Mondrian Process.

9.1. Trees and nested trees partitions. A decision tree (T, X)) is composed
of the following components:

e A finite rooted ordered binary tree T', with nodes N (T'), interior nodes
N°(T) and leaves L(T) (so that N(T) is the disjoint union of N°(T)
and £(T')). The nodes v € N(T) are finite words on the alphabet
{0, 1}, that is elements of the set {0,1}* = J,,5¢10, 1}": the root € of
T is the empty word, and for every interior v € {0,1}*, its left child
is vO (obtained by adding a 0 at the end of v) while its right child is
vl (obtained by adding a 1 at the end of v).

e A family of splits ¥ = (ov)veno(r) at each interior node, where
each split oy = (jv, Sv) is characterized by its split dimension j, €
{1,...,d} and its threshold s, € [0, 1].

We associate to IT = (T, ¥) a partition (Cy)yes(r) of the unit cube [0,1]¢,
called a tree partition (or guillotine partition). For each node v € N (T), we
define a hyper-rectangular region C recursively:

e The cell associated to the root of T is [0, 1]%;
e For each v € N°(T), we define

Cyvo:={x e Cy:xj, <s;,} and Cy1:=Cy \ Cyo.

The leaf cells (Cy)yer(r) form a partition of [0, 1]% by construction. In what
follows, we will identify a tree with splits (7,%) with its associated tree
partition, and a node v € N(T) with the cell Cy, C [0,1]¢. The Mondrian
process, described in the next Section, defines a distribution over nested tree
partitions, defined below.

DEFINITION 2 (Nested tree partitions). A tree partition II' = (7”,%') is
a refinement of the tree partition II = (7,X) if T is a subtree of T” and,
for every v € N(T) C N(T"), oy = 0%,. A nested tree partition is a family
(I1;)4=0 of tree partitions such that, for every t,¢' € Rt with ¢ < ¢/, Tl
is a refinement of II;. Such a family can be described as follows: let T be
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the (in general infinite, and possibly complete) rooted binary tree, such that
N(T) = Uiz N(T) € {0,1}*. For each v € N(T), let 7y = inf{t > 0 |
v € N(T})} < oo denote the birth time of the node v. Additionally, let oy
be the value of the split oy, in II; for ¢ > 7, (which does not depend on
t by the refinement property). Then, II is completely characterized by T,

¥ = (0v)ven(r) and T = (Tv)ven(T)-

9.2. Mondrian Process. To define rigorously the Mondrian Process, we
introduce the function ®¢, which maps any family of couples (e¥, u%) € R™ x
[0, 1] indexed by the coordinates j € {1,...,d} and the nodes v € {0,1}* to
a nested tree partition II = ®¢((e,ud)v, ;) of C. The splits oy = (jv, sv)
and birth times 7 of the nodes v € {0,1}* are defined recursively, starting
from the root e:

e For the root node ¢, we let 7. = 0 and C, = C.

e At each node v € {0,1}*, given the labels of all its ancestors v/ T
v (so that in particular 7, and Cy are determined), denote Cy, =
H?Zl[a{,, ). Then, select the split dimension jy € {1,...,d} and its
location sy as follows:

. e o
(9.1) Jyv = argmin ———, sy =aly + (b —aly) - uly,
j=1,..d bJ, —al,
where we break ties in the choice of jy e.g., by choosing the smallest
index j in the argmin. The node v is then split at time 7, +ed* /(B —
al’) = Tvo = Tv1, we let Cyg = {z € Cy : 2, < sy}, Cv1 = Cy \ Cyo
and recursively apply the procedure to its children v0 and v1.

For each A € R, the tree partition ITy = @Xc((ez,, ud)v,;) is the pruning
of II at time A, obtained by removing all the splits in Il that occurred strictly
after A, so that the leaves of the tree are the maximal nodes (in the prefix
order) v such that 7, < .

DEFINITION 3 (Mondrian process). Let (EJ, U\],')VJ- be a family of inde-
pendent random variables, with EY ~ Exp(1), UZ ~ U([0,1]). The Mondrian
process MP(C') on C' is the distribution of the random nested tree parti-
tion ®c((EY,U7)v,j). In addition, we denote MP(\, C) the distribution of
pc((BV, U)v.)-

10. Proof of Proposition 2. At a high level, the idea of the proof is
to modify the construction of the Mondrian partition (and hence, the dis-
tribution of the underlying process) without affecting the expected number
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of cells. More precisely, we show a recursive way to transform the Mon-
drian process that leaves E[K ] unchanged, and which eventually leads to a
random partition ﬁ,\ for which this quantity can be computed directly and
equals (14 )% We will in fact show the result for a general box C' (not just
the unit cube). The proof proceeds in two steps:

1. Define a modified process II, and show that E[K,] = H?Zl(l +A|CY)).

2. It remains to show that E[K,] = E[K,]. For this, it is sufficient to
show that the distribution of the birth times 7, and 7, of the node
v is the same for both processes. This is done by induction on v, by
showing that the splits at one node of both processes have the same
conditional distribution given the splits at previous nodes.

Let (E\J,, U\Z)ve{o,l}*,lgjgd be a family of independent random variables
with EJ ~ Exp(1) and U ~ U([0,1]). By definition, TT = ®&¢((E, U3)y ;)
(®c being defined in Section 3) follows a Mondrian process distribution
MP(C). Denote for every node v € {0,1}* Cy the cell of v, 7 its birth
time, as well as its split time 7y, dimension Jy, and threshold S, (note that
Ty = Tvo = Tv1)- In addition, for A € R*, denote Iy ~ MP(A,C) the tree
partition restricted to time A, and K) € N U {400} its number of nodes.

Construction of the modified process. Now, consider the following modified
nested partition of C, denoted II, and defined through its split times, di-
mension and threshold 7. Vs Jv, SV (which determine the birth times 7, and
cells Cy), and current j-dimensional node v;j(v) € {0,1}* (1 < j < d) at
each node v. First, for every j = 1,...,d, let IT7 = <I>CJ((EV, Ul )VE{O 1) ~
MP(C7) be the nested partition of the interval C’J determlned by (ES,Ud)v;
its split times and thresholds are denoted (S%,7V). Then, II is defined re-
cursively as follows:

e At the root node ¢, let 7. = 0, C. = C and vi(e) :==efor1 <j<d.

e At node v, given (7v/,Cy/, v;(V'))ycy (i.e., given (Jyr, Sy, Ty )vicy)
define:
(10.1) Ty = min T” Jy = argmlnT v (v)’ Sy =87

1<j<d vitv)’ 1<j<d vi(v)?

vi(via ifj=Jy

vi(v) else.

(10.2) vj(va) = {

Finally, for every A € R*, define I, and K, as before from II. This con-
struction is illustrated in Figure 3.
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Tree on the first Tree on the second -
i i Tree on the two features
feature (j = 1) feature (j = 2)
0 —
1.3¢
1.7¢
23 T l__l
vi(v) va (V) v
v
birth time
I 1 | I 1 | I . |
time = 1.3 time = 1.7 time = 2.3

Fig 3: Modified construction in dimension two. At the top, from left to right:
trees associated to partitions IT'', I’ and II respectively. At the bottom,
from left to right: successive splits in II leading to the leaf v (depicted in
yellow).
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Computation of E[IN( Al. Now, it can be seen that the partition ﬁ,\ is a
rectangular grid which is the “product” of the partitions 17 of the intervals
C7,1 < j <d. Indeed, let z € [O,Hd, and let C\(z) be the cell in IIy that
contains x; we need to show that C)(x) = H;lzl CY (x), where Cf () is the
subinterval of C7 in the partition II” that contains xj. The proof proceeds
in several steps:

o First, Equatlon (10.1) shows that, for every node v, we have Cy, =
I« <j<d C’ ) since the successive splits on the j-th coordinate of Cy

are precisely the ones of C 'J )
e Second, it follows from (10.1) that T, = ming¢j<q Tyj (v)) also, since the
cell Cy is formed when its last split is performed, 7, = max;<;<q Tg (v)"
e Let v be the node such that Cy = C)(x), and v/ be such that C’y,j =
C;\](:Ej) By the first point, it suffices to show that v;(v) = v for

1<j<d
e Observe that v (resp. v;) is characterized by the fact that z € Cy
and 7y < A < Ty (resp. xj € C],J and 7' <AL T'j ;). But since

G = H1<j<d C' @) (ﬁrst point), z € C~ 1mphes x] € C @) Likewise,
since Ty = maxi<;j<d Tv_m and T = m1n1<]<dT @) (second point),
" J
< A < Ty implies T‘/,_(v) A< T @) Since these properties
J

characterize v/, we have v;(V) = V , which concludes the proof.

Hence, the partition IT, is the product of the partitions IV = q)cj((E'\j/,
U{)v)a of the intervals C7, 1 < j < d, which are independent Mondrians
distributed as MP(A, CY). By Fact 1, the splits of the Mondrian partition
MP(\, C7) are distributed as a Poisson point process on C7 of intensity A,
so that the expected number of cells in such a partition is 1 + A|C7]. Since
II, is a “product” of such independent partitions, we have:

d
(10.3) E[K,] = H 1+ MC7)).

Equality of E[K,] and E[K,]. In order to establish Proposition 2, it is thus
sufficient to prove that E[K,] = E[K,]. First, note that, since the number
of cells in a partition is one plus the number of splits (each split increases
the number of cells by one)

K,=1+ Z

ve{0,1}*



38 J. MOURTADA, S. GATFFAS AND E. SCORNET

so that we have, respectively,

(10.4) EK\ =1+ Y PTy<\)
ve{0,1}*

(10.5) EK\ =1+ Y
ve{0,1}*

Hence, it suffices to show that P(Ty, < ) = P(Ty, < \) for every v € {0,1}*
and A > 0, 4.e. that T3, and T\ have the same distribution for every v.

In order to establish this, we show that, for every v € {O 1}, the condi-
tional distribution of (Tv, JV,S ) given ,/V = U((TV ,JV ,S 1),V v) has
the same form as the conditional distribution of (Ty,Jy, Sy) given Fy =
o((Tyr, Jyr, Syr), v/ C v), in the sense that there exits a family of conditional
distributions (¥y )y such that, for every v, the conditional distribution of
(T, Jv, Sv) given Fy is Wy (-[(Lyr, Jvr, Sv), V' T V) and the conditional dis-
tribution of (Ty, Jy, Sy) given .Zy is Uy, (- (Tyr, Jyr, Sur), v/ E V).

First, recall that the variables (Ei,, UV )v'e{0,1}+,1<j<d are independent, so
(E‘]}, Ué)lgjgd is independent from .%,,. Hence, conditionally on %, E‘j,, Ué,
1 < j < d are independent with £ ~ Exp(1) and UJ ~ 1([0, 1]). Also, recall
that if 17, ..., Ty are independent exponential random variables of intensities
ALy Agy and if T' = miny ¢ j<4 T and J = argmin, ;4 Tj, then P(J = j) =
)\j/zg'l/:1 Njr, T~ Exp(zgz1 Aj) and J and T are independent. Hence,
conditionally on Z, Ty — 7 = minjcjcq B3 /|CY| ~ Exp(Z? LCY) =
Exp(|Cy]), Jy = argming ;4 EY |/|CY| equals j with probability |C2|/|Cy |,
Ty, Jy are independent and (Sy|Ty, Jy) ~ U(CL).

Now consider the conditional distribution of (fv, Jv, §V) given ?fvv Let
(Vy)ven be a path in {0,1}* from the root: vy := €, v,y1 is a child of
v, for v € N, and v, C v for 0 < v < depth(v). Define for v € N,
E) = E\j,v and Ul = U3, if V41 is the left child of v, and 1— U\J,v otherwise.
Then, the variables (EU,UU)UGN 1<j<d are independent, with E] ~ Exp(1),
Ul ~U([0,1]), so that the following Lemma applies.

LEMMA 2. Let (Ef;,Ug)UGN*’KKd be a family of independent random
variables, with U} ~ U([0,1]) and E}, ~ Exp(1). Let ai,...,aq > 0. For
1 < j < d, define the sequence (T3, L) yen as follows:

i, i B
'Lo—aJ’To—ajf
EJ
o forveN, L] 1—U]L v+1—T] L;“.

v+1
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Define recursively the variables %4 (veN,1<j<d) as well as jv,fv, U,
(v € N) as follows:

° TN/Oj =0forj=1,...,d. ' '
e for v € N, given VJ (1 < j < d), denoting T) = T‘Z/- and U = U2

\ZR
set
Jy —argmin 4, 7, — min 7 =T, 0, = 07,
1<j<d 1<5<d
(10.6) and Vi, = V] +1(J, = j).

Then, the conditional distribution of(jv~7 fv, [71)) given Fypy, = a((jUI,TU/, Uy),
0 < v <) is the following (denoting L, = L%/j):

o J,,T,,U, are independent

o P(J, =j|F) = Lb/ (5, L),

o T, — Ty 1 ~ Exp(zjz1 L%) (with the convention T, = 0) and U, ~
U(o,1]).

In addition, note that, with the notations of Lemma 2, a simple induc-
tion shows that .J, = JVU, T, = Tvv, U, = v, and L] = \Cf,v , so that
Fy = Py, Applying Lemma 2 for v = depth(v) (so that v, = v) there-
fore gives the followmg conditionally on %y, the variables Tv, Iy, U are

independent, Ty, — 7y ~ Exp(|C4|), P(Jy = j | %) = \C]]/(Z L_1ICY|) and
Uy ~ U([0,1]), so that (Sy|Zy, Ty, Jy) ~ Z/{(CJ") Hence, we have proven
that, for every v, the conditional dlstrlbutlon of (Ty, Jyv, Sy) given %, is the
same as that of (Tv, Jv, Sy ) given JV By induction on v, since %, = ;45?6 is
the trivial o-algebra, this shows that 73, and fv have the same distribution
for every v. Plugging this into (10.4) and (10.5) and combining it with (10.3)
completes the proof of Proposition 2. O

PROOF OF LEMMA 2. We show by induction on v € N the following
property: conditionally on %, (T U,UU)1<j<d are independent, T) — Ty g ~
Exp(L}) and U} ~ U([0,1)).

Initialization For v = 0 (with .% the trivial o-algebra), since ‘N/Oj =0 we
have Tvg = Eg/aj ~ Exp(a;) = Exp(Lé), ﬁg = Ug ~ U([0,1]) and these
random variables are independent.

Inductive step Let v € N, and assume the property is true up to step v.
Conditionally on %41, i.e. on %, ﬁ,, jv, (71,, we have:
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o for j # JU, the variables Tm_1 — Ty = =TI — TU 1 are inde-

pendent Exp(L}) = Exp(LU +1) random variables (when condi-

tioned only on .%,, by the induction hypothesis), conditioned on

TU b To1 2 T, —Ty 1, S0 by the memory—less property of expo-
nential random variables Tv +1—Tv = (Tvv 1 Tv-1)— (T —T,_ 1) ~
Exp(L7 +1) (and those variables are independent).

e for j # J,, the variables ﬁgﬂ = U are independent (]0,1])
random variables (conditionally on .%,), conditioned on the inde-
pendent variables T, Jy,, Uy, 50 they remain independent ([0, 1])
random variables.

. (T{)]}rl Tv,ﬁ{)]:”r ) = (EJ” /LUH,UJ“ ) is distributed, condition-
v+1 v+1
7T 7T
ally on %11, i.e. on JU?TU?Vv—i-l?Lv—i-l? as Exp(L;% ) @ U([0,1]),
and independent of (T3, UUH)#JH.

This completes the proof by induction.

Let v € N. We have established that, Eonditionallx on ﬁvzvt_he variables
(T, Ul)1<j<a ave independent, with T —T,,_1 ~ Exp(L}) and U}, ~ ~ U([0,1]).
In particular, conditionally on .%,, U, is independent from (JU,T ), U, ~

U([0,1]), and (by the property of the minimum of 1ndependent exponential
random variables) J,, is independent of T}, T}, ~ Exp(z 1 L)) and P(J, =

JjlF) = L{,/(Z 0 1L] ). This concludes the proof of Lemma 2. O
11. Proof of Theorem 1. Recall that a Mondrian Forest estimate
with lifetime parameter ), is defined, for all x € [0,1]%, by
~ ~ 1
(@) = fxpm (@, p) = — ﬁ? (z, II{™),
m=1

where f)(\n;) (, Hg\m)) denotes the Mondrian Tree based on the random par-
tition Hg\m) and Iy = (H(Al), ... ,Hg\M)). To ease notation, we will write

f)(:z) () instead of f)(fz) (z, Hg\m)). First, note that, by Jensen’s inequality,
R(f/.\)\,n,M) = ]E(X 11y, M) [(f/;\ n M(‘T HA M) - f(X))2]
M
M Z cenon [P (X, T15) — (30

E oy (AL (T = £(X))?),
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since each Mondrian tree has the same distribution. Therefore, it is sufficient
to prove that a single Mondrian tree is consistent. Now, since Mondrian
partitions are independent of the dataset Z,, we can apply Theorem 4.2
from [20], which states that a Mondrian tree estimate is consistent if

(1) DA(X) — 0 in probability, as n — oo,
(1i) K)/n — oo in probability, as n — oo,

where D) (X) is the diameter of the cell of the Mondrian tree that contains
X, and K is the number of cells in the Mondrian tree. Note that the initial
assumptions in Theorem 4.2 in [20] contains deterministic convergence, but
can be relaxed to convergences in probability by a close inspection of the
proof. In the sequel, we prove that an individual Mondrian tree satisfies ()
and (i7) which will conclude the proof. To prove (i), just note that, according
to Corollary 1,

B[D(X)?) = EEIDA(X)?| X]] < 55,

which tends to zero, since A = \,, — o0, as n — oo. Thus, condition ()
holds. Now, to prove (ii), observe that

-0,

which tends to zero since A% /n — 0 by assumption, as n — oo. This con-
cludes the proof of Theorem 1. O

12. Proof of Proposition 3. Let Hg\l) be the Mondrian partition of
[0,1] used to construct the randomized estimator f)(\lr)L Denote by f)(\l) the
random function f)(\l)(x) = Ex [f(X)| X € Cx(z)], and define fy(z) = E [f)(\l)(:n)]
(which is deterministic). For the seek of clarity, we will drop the exponent
“(1)” in all notations, keeping in mind that we consider only one particular

Mondrian partition, whose associated Mondrian Tree estimate is denoted by
fan- Recall the bias-variance decomposition (7.4) for Mondrian trees:

(121)  R(F") =E[(F(X) - LX) +E[(AX) - 0.

We will provide lower bounds for the first term (the bias, depending on \)
and the second (the variance, depending on both A and n), which will lead
to the stated lower bound on the risk, valid for every value of \.
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Lower bound on the bias. As we will see, the point-wise bias E[(fy(x) —
f(x))?] can be computed explicitly given our assumptions. Let x € [0, 1].
Since fy(x) = E[fx(z)], we have

(12.2) E [(fa(z) = f(2))*] = Var(fx(2)) + (frx) = f(x)).

By Proposition 1, the cell of x in IT) can be written as C\(z) = [Lx(x), Rx(z)],
with Ly(z) = (x —A"'EL) V0 and Ry(z) = (z + A"'ER) A1, where EL, Eg
are two independent Exp(1) random variables. Now, since X ~ U(]0, 1]) and
flu) =14+u,

) — L [P N NGRS NG,
z) = @) = L@ /Lk(x) (14+u)du=1+ 5 .

Since Ly(x) and Ry(x) are independent, we have

Var(f)\(:n)) _ Var(L,\(x)) Zvar(R)\(x)) )

In addition,
Var(Ry(z)) = Var(z + A [Er A1 — 2)]) = A" 2Var(Eg A [A\(1 — z)])

Now, if E ~ Exp(1) and a > 0, we have
(12.3) E[E Aa] = / e “du+aP(E >a)=1—¢"
0

E[(E A a)?] = /Oa e "du+a®P(E > a)=2(1— (a+1)e™),

so that
Var(EAa) =E[(EAa)?] —E[EAa)> =1—2ae™® — e 2,
The formula above gives the variances of Ry (z) and Ly (x) respectively:

Var(Ry(z)) = A72(1 — 2X\(1 — z)e M177) — ¢=2A(1-2))
Var(Ly(z)) = )\_2(1 — 2 \ze M — 6_2’\90) ,

and thus

(12.4)

Var(fy(z)) = 4—1\2 (2- 2Aze N — 2\(1 — z)e MI?) _ g7 _ e_2>‘(1_x)) .
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In addition, the formula (12.3) yields

E[Rx(z)] = 2+ A7 (1 — e A077))
E[LA(x)] = — )\_1(1 _ e—)mc) 7

and thus

E[L(x)] ;E[R,\(w)] Cl4aa %(e—)\w M)y

Combining (12.4) and (12.5) with the decomposition (12.2) gives

(12.5) fa(z) =1+

(12.6) E[(fa(z) — f(:n))z] = 2—; (1 — e — \(1 — z)e M) e_)‘) .

Integrating over X, we obtain

E [(£3(X) = f(X))?]
1 Lo, ! CA(—z _
:W<1—/0)\xe’\da;—/o)\(l—x)e A )dx—e)‘>

1 1 - -
(22 2
(12.7) =3 <1 /\+e —i—/\e )

Now, note that the bias E[(f(X)— f(X))?] is positive for A € R% (indeed, it
is nonnegative, and non-zero since f is not piecewise constant). In addition,
the expression (12.7) shows that it is continuous in A on R, and that it
admits a limit 1—12 as A — 0 (using the fact that e™* =1 —/\—I-%2 — %3 +o(A3)).
Hence, the function A — E[(fx(X) — f(X))?] is positive and continuous on
R, so that it admits a minimum C; > 0 on the compact interval [0, 6]. In
addition, the expression (12.7) shows that for A > 6, we have

(12.8) E [(FA(X) - £(X))?] > 2—; (1 - %) _ 3—;

First lower bound on the variance. We now turn to the task of bounding
the variance from below. In order to avoid restrictive conditions on A, we
will provide two separate lower bounds, valid in two different regimes.

Our first lower bound on the variance, valid for A < n/3, controls the error
of estimation of the optimal labels in nonempty cells. It depends on o2, and
is of order @(0’2%). We use a general bound on the variance of regressograms
[2, Proposition 2] (note that while this result is stated for a fixed number
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of cells, it can be adapted to a random number of cells by conditioning on
Ky = k and then by averaging):

E | (fun(X) = H(X))?]

o2

(12.9) 2-——(E{K}]—2EHX[ > eqx—nP@Xe;c;»}>.

n
VG[,(H)\)

Now, recall that the splits defining II, form a Poisson point process on
[0,1] of intensity Adz (Fact 1). In particular, the splits can be described
as follows. Let (Ej)r>1 be an ii.d. sequence of Exp(1l) random variables,
and S, := Y 7_; By for p > 0. Then, the (ordered) splits in II) have the
same distribution as (A71S1,...,A71Sk, 1), where Ky := 1 +sup{p > 0 :
Sp < A}, In addition, the probability that X ~ 2/([0,1]) falls in the cell
[A_lsk_l, /\_15k A1) (1<k<K))is A_l(Sk A1l — Sg_1), so that

E[Z<mpmaeaw

VE,C(HA)

Ky—1
= E[ Z e_nAil(Sk_Sk—l) + e—n(l—Alszl)]

k=1
< E[Z 1(S, < )\)e_"/\lEk] +1
k=1
(12.10) =Y E[1(Sk < V]E[e™™ B 41
k=1
= ZE[l(Sk <A - / e M ety 4 1
k=1 0
_ A E il(s <A +1
Cn4A B
k=1
A
= E[K)] +1
n—+ A FT+
A
12.11 = 1 1
(12.11) )+

where (12.10) comes from the fact that Ej and Sk_; are independent. Plug-
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ging Equation (12.11) in the lower bound (12.9) yields

E [(ﬁ,n(X) _ f,\(X))2] > <(1 ) 201+ A)% _ 2)

A
<(1+)\)Z;i—2>.

S|% S|

Now, assume that 6 < A\ < g Since

n—/\_2 > (1+)\)n—n/3

1+ A
(1+ )n—l-/\ (A<n/3) n+n/3

the above lower bound implies, for 6 < A < 3,

o2\
dn

~

(12.12) E [ (An(X) - A(X)"] 2

Second lower bound on the variance. The lower bound (12.12) is only valid
for A < n/3; as A becomes of order n or larger, the previous bound becomes
vacuous. We now provide another lower bound on the variance, valid when
A > n/3, by considering the contribution of empty cells to the variance.
_Letve L(ITy). If CvAcontains no sample point from %, then for x € Cl:
fan(@) = 0 and thus (fy,(z) — fa(z))? = fa(z)? > 1. Hence, the variance
term is lower bounded as follows, denoting N,,(C) the number of 1 < i< n
such that X; € C' and Ny ,(z) = Ny (Cx(2)):

E[(f)\,n(X) - f)\(X))2] = P(N)\,n(X) = 0)

_E| 3 ]P’(XGCV)P(Nn(Cv):O)}
-veL(Ily)

:E— Z ]P’(XGCV)(l—IP’(Xer))n]

-veL(Ily)

(12.13) >E ( Y PXeO)(1-P(Xe Cv)))n}
- veL(ITy)

(12.14) >E| ) P(XeC)(1-P(Xc¢ Cv))r

- VGE(H)\)

(12.15) = (1 — E[ Y P(xe Cv)2Dn

VE,C(H/\)
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where (12.13) and (12.14) come from Jensen’s inequality applied to the con-
vex function  — x™. Now, using the notations defined above, we have

E[ Y P(Xe Cv)ﬂ [i(A—lEﬁ]

velly
]S
= [Z (Sk—1 < /\)IE[E,§|S,€_1]}
k=1
(12.16) =2\ 72 E[Z (Sp_1 < )]
k=1
=2\ 2R [K,]
(A+1)

(12.17)

where the equality E[E? | Sg_1] = 2 (used in Equation (12.16)) comes from
the fact that Ej ~ Exp(1) is independent of Si_;.
The bounds (12.15) and (12.17) imply that, if 2(A +1)/A? < 1, then

(12.18) E[(fan(X) = Fr(X))?] > <1 - WY

Now, assume that n > 18 and A > % > 6. Then

2041y B (1 3 3 (1,3 T o
A2 n n n 18 N (n>18)

so that, using the inequality (1 — x)"™ > 1 — ma for m > 0 and = € R,

n/8 n/8
LD\ T\ e T
A2 n 8 n 8

Combining the above inequality with (12.18) gives, letting Cy := 1/8%,

(12.19) E[(Fun(X) - A(X)?] > Cs.

Summing up. Assume that n > 18. Recall the bias-variance decomposi-
tion (12.1) of the risk R(fy ) of the Mondrian tree.

o If A <6, we saw that the bias (and hence the risk) is larger than Ci;
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o If A > %, Equation (12.18) implies that the variance (and hence the
risk) is larger than Cy;
o If6 < A < g, Equations (12.8) (bias term) and (12.12) (variance term)
imply that
1 02)\

In particular,

) -~ 1 a2\ 1 [(302\ %3
(1220) )\IEI}Z{er R(f)\’n) Cl A CQ A lnf <W + —> = C() N Z <—>

n
where we let Cy = C7 A Cs.

13. Proof of Proposition 4. First, note that in all cases, since |Y| <
B almost surely, we also have |g,(X)| < B almost surely, so that (Y —
Gn(X))? < 4B2% Let N. = |I.|. Note that N. is a binomial variable with
parameters n — ng = n/2 and P(X € B.) > po(1 — 2¢)¢ (since p = po).
Now, recall Chernoft’s bound: if N ~ Bin(m,p) and § € (0, 1), then P(N <
(1—8)mq) < e~™4%°/2; in particular, P(N < mq/2) < e™4/8. Hence, letting
c1 = po(1 —2¢)%/4,
(13.1) P(N: < c1n) < exp(—cin/4).

Conditionally on I, the sample 2’ = {(X;,Y;) : ¢ € I.} is an i.i.d. sample
of size N, of the conditional distribution of (X,Y’) given X € Bc; it is also
independent of Z,,,, and thus of the estimators fa, a=0,...,A. It follows
from Theorem 1 in the supplementary material “Proof of the optimality of
the empirical star algorithm” of [4] that the estimator g, defined by (5.6)
satisfies, with probability 1 — ¢ over the random sample 2’ conditionally on
Ne,

B [3(X) - Y)?| X € B] - min Eqxy)[(a(X) - ¥)’| X € B]

CB2%log[(A+1)67!]

Ne
for every 6 € (0,1), where C' = 600 and the expectation is taken with
respect to an independent sample (X,Y") (the bound (13.2) is deduced from
the aforementioned theorem by replacing Y by Y/B, which lies in [—1, 1]).
Since Y = f(X)+¢ with E[¢|X] = 0, we have E[(g(X)—Y)?|X] = E[(g(X)—
F(X))?|X] + E[e? | X]. Hence, inequality (13.2) writes

E(x,v)[(Gn(X) — F(X)?| X € B]

CB2log[(A+1)51!
< i, B [(R00) — S(X))2 X & 5]+ S80I

(13.2) <
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By integrating the above inequality over the confidence level §, we obtain
Exv)o [[@n(X) — f(X))*| X € Bz, N.]

< min Exy)[(fa(X) - f(X))?|X € B +

0<a<A

CBlog(A+1) +1]
N. ’

by taking the expectation over %,,,, conditioning on N, > c;n, and recalling
that A < logy(n), we get

(13.3) E[(Gn(X) — f(X))*| X € B, N: > c1n]

< min E[(7.(X) ~ 7(X))?|X € 5]  CE080 Hloam) 1]

0<a<A cn

Finally, combining the bounds (13.1) and (13.3) yields

E[(Gn(X) — f(X))?| X € B]
P(N: < cin)- AB* + E[(ﬁn(X) - f(X))2 | X € B, Ne > Cln]

<
< 2 —cin/4 : N _ 2
< 4B%e + Og})lgAE[(fa(X) f(X))* | X € B:]

(13.4)

N CB?[log(1 + logyn) + 1]
cn

)

which is precisely inequality (5.7).

Assume that f belongs to the class €P#(L), with p € {0,1}, 8 € (0,1]
and L > 0; we now proceed to show that g, achieves the minimax rate of
estimation for this class. Let s = p+ 8 € (0,2]. If p = 0 (namely, s < 1),
it follows from Theorem 2 (with the same adaptation as in the proof of
Theorem 3 to bound the variance term conditionally on X € Bc) that, for
every A > 0,

(4d)*L?  11B2%(1+ )¢

E[(f)\,no,M(X) - f(X))2 ‘X € Ba] < \2s po(l — 2E)dn0

(note that o, || f||cc < B since |Y| < B). It follows that, for some constants
C1,C5 independent of A\, L, n,

o (G2 Cy(142%)
Jmin E[(7L(X) ~ f(X)7| X € B <o£12A[<2a>28 T ]
2 d
(13.5) sS4 in [Cl?L » 2 ]
A€[Lnt/d] | A% n
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where we used the fact that, for every \ € [1,n1/ 4], there exists some «,
0 < a < A, such that A/2 < 2% < A It follows from (13.4) and (13.5) that

E[(@a(X) — f(X))*| X € B]

(i [OF £ SN sk

( 1,2d/(d+2s) 25 /(d+2s))

<0
o<A<n1/d
=0
where the last bound follows from the fact that A, = (L?n)"/(4+25) helongs
o [1,n!/%] for n large enough (and loglogn/n = o(n?s/(@+25))),
Now, consider the case p =1, i.e., 1 < s < 2. It follows from Theorem 3
that for some constants C3,C4 independent of A, L,n, we have for every

X € [1,n'/9] (using the fact that M > n?/¢ > X2, so that 1/(M?) < 1/M\* <
1/2% and e=*¢ /A% = O(1/)%))

CsL?  Cy(1+ N)?

A\2s * n i
From the same argument as in the case 0 < s < 1, combining inequali-
ties (13.6) and (13.4) yields

E[@n(X) o f(X))2 |X c Be] _ O(L2d/(d+2s)n—2s/(d+2s))

(136)  E[(fanm(X) - f(X)?| X € B.] <

which concludes the proof of Proposition 4. O

14. Proof of Lemma 1. According to Equation (7.15) from the main
text, we have

(14.1) F\(x,2) = Mexp(=\||z — z|]1) H Gr(zj, 25)

1<j<d
where we defined, for u,v € [0, 1],
Gi(u,v) =E [(A]u —v|+EiANANuAv)+Ea AN —uV v))_l]
= H(Mu—v[, A u Av,\(1 —uVw))

with E1, E» two independent Exp(1) random variables, and H : (R%)? —» R
the function defined by

H(a, bl,bg) =E [(a+ EiNby + Ea A bg)_l] ;

also, let
H(a)=E [(a + B+ Eg)_l} .
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Denote

A= (z —z)F)\(x, z)dz
[0,1]¢

1
B = / ~||z — z||2Fx(z, 2)dz.
0,114 2

Since 1 = fF/Sl)(u,v)dv = [ Xexp(=A|lu — v|)G(u,v)dv, applying Fubini’s
theorem we obtain

(14.2) A; = @) () and B = Z @3 (2)

J=1

where we define for u € [0,1] and k € N

1 v —u)k
(14.3) @’f\(u):/o )\exp(—)\]u—’u])G,\(u,v)( 1 ) dv.

Observe that

A1l-u) k
5 (u) = )\_k/ % exp(—|v])H(|v],Au +v A0, A(1 —u) —v VO0)dv.

—Au

We will control ®%(u) for k = 1,2. First, write
Au
AP (u) = —/ ve "H(v,\u — v, \(1 — u))dv
0
A1—u)
+ / ve "H (v, Au, \(1 — u) — v)dv
0
Now, let 8 := )\w. We have
B
AP (1) — / ve U [H (v, \u, A\(1 —u) —v) — H(v, \u — v, \(1 —u))]dv =
0
A1—u)

Au
- / ve "H(v,\u — v, \(1 — u))dv —I—/ ve "H(v, \u, \(1 — u) — v)dv
B B

=120 :=12>0

so that the left-hand side of the above equation is between —I; < 0 and
I, > 0, and thus its absolute value is bounded by |I1| V |I2|. Now, note that,
since H(v,-,-) < v~!, we have

[e.e]
|I5] < / ve Vv tdy = e
B
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and similarly |I;| < e™?, so that

B
‘)@i(u) - /0 ve Y [H (v, \u, A(1 —u) —v) — H(v, \u — v, A\(1 —u))]dv

=13
(14.4)
<e

It now remains to bound |I3|. For that purpose, note that since H is de-
creasing in its second and third argument, we have

H(v) — H(v,\u — v, A\(1 — u))
Hv, Au, \(1 —u) —v) — H(v,\u — v, A\(1 — u))
H

<
< H(v, Au, \(1 —u) —v) — H(v)
which implies

|H (v, \u, \(1 —u) —v) — H(v, \u — v, A\(1 — u))|
< max(|H (v, \u, A(1 —u) —v) — H(v)|,|H(v) — H(v, \u — v, \(1 — u))|).

Besides, since (a + E1 Aby + Es Aby)™ ! < (a+ By + Eo) P +a Y (1{E; >
bi} + 1{Es > by}),

(14.5) H(a,bi,bo) — H(a) <a '(e™® 4 e7t2),
for all a, by, by. Since \u —v > f and A(1 —u) —v > 8 for v € [0, 8], we have
|H(v) — H(v, \u — v, \(1 —w))|,|H(v) — H(v, \u, \(1 —u) —v)| < 20" te
so that for v € [0, ]
|H (v, \u, A1 — u) —v) — H(v, Au — v, \(1 — )] < 20 te ™
and hence
B
|I5] < / ve U |H (v, \u, A(1 —u) —v) — H(v, \u — v, A\(1 —w))|dv
0

B
< / ve Y20 e Bdu
0

o0
<2e_5/ e ’dv
0

(14.6) =2e"
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Combining Equations (14.4) and (14.6) yields:

(14.7) @}(0)] < Sl
that is,
’ d 2 9 &
/ (z —x)F)\(z,2)dz|| = Z P ( zj))” < 2 Z AlzsA(1=z)]
[0,1] = =
Furthermore,

A(1—-u) .2
0 < B3 (u) = )\_2/ %e"”'H(!v[,)\u +v A0, A1 —u)—ovV0)dv

—Au
o0
—2 2 —v, —1
<A / Yo do
0
=\"?
so that )
2
0< (I))\(u) < F)
which proves the second inequality by summing over j = 1,...,d. This
concludes the proof of Lemma 1. O
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