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Abstract

In this paper, a new state-of-the-art multi-cell MMSE sclkeis proposed for massive MIMO
networks, which includes an uplink MMSE detector and a davkiMMSE precoder. The main novelty
is that it exploits all available pilots for interferencepguession. Specifically, |ek” and B denote the
number of users per cell and the number of orthogonal pilguseces in the network, respectively,
where3 = B/K is the pilot reuse factor. Then our multi-cell MMSE schemiiagts all B channel
directions, that can be estimated locally at each baseostatd actively suppress both intra-cell and
inter-cell interference. The proposed scheme is partityutsactical and general, since power control for
the pilot and payload, imperfect channel estimation andtrarly pilot allocation are all accounted for.
Simulations show that significant spectral efficiency (S&ng are obtained over the single-cell MMSE
scheme and the multi-cell ZF, particularly for largend/or K. Furthermore, large-scale approximations
of the uplink and downlink SINRs are derived, which are asigtigally tight in the large-system limit.
The approximations are easy to compute and very accuratefevesmall system dimensions. Using
these SINR approximations, a low-complexity power congiglorithm is also proposed to maximize
the sum SE.
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I. INTRODUCTION

Multi-user multiple-input-multiple-output (MU-MIMO) ceimunication has drawn consider-
able interest in recent years. By scheduling multiple usershare the spatial channel simulta-
neously, the spatial degrees of freedom offered by multpleennas can be exploited to focus
signals on intended receivers, reduce interference, adlill increase the system data rate [1]-
[6]. These features make MU-MIMO incorporated into recemd @volving wireless standards
like 4G long-term evolution (LTE) and LTE-Advanced [7].

Massive MU-MIMO, or very large MU-MIMO, is an emerging teadlogy that scales up
MU-MIMO by orders of magnitudel [8], [9]. The idea is to emplayn array comprising say
a hundred, or more, antennas at the base station (BS) ane @1y of users simultaneously
per cell. Compared to the contemporary cellular systems,siystem SE can be drastically
increased without consuming extra bandwidth [7]-[9]. Wkliand downlink transmit power
can also be reduced by an order of magnitude since the pbaseent processing provides a
comparable array gain [10]. In the limit of an infinite numloérantennas, intra-cell interference
and uncorrelated noise can be averaged out by using simpkrext precoders and detectors,
and the only performance limitation is pilot contaminat&rd the distortion noise from hardware
impairments|([3], [[11]. Furthermore, in time division dupl€TDD) mode, the channel training
overhead scales linearly with the number of users, instédideonumber of BS antennas, which
allows for adding antennas elements without affecting thiming overhead [12]. These features
make massive MIMO one of the key technologies for the nexegaion wireless communication
systems.

In the uplink reception and downlink transmission, the noeshmon linear processing schemes
are matched filtering (MF), zero forcing (ZF) and minimum meguare error (MMSE).Let
B denote the number of orthogonal pilot sequences that anélaleain the network, andy
denote the number of users in each cell. We can then dgfineB/K > 1 as the pilot reuse
factor, since onlyl/g of the cells use the same set of pilots. In conventional madgilMO
systems, the BS first listens to the uplink pilot signallimgnfi its own cell, estimates th&
intra-cell channels and then constructs its transceivecgssing based on the channel estimates
to mitigate the intra-cell interference [|13]-]16]. Howevparts of the inter-cell interference can

also be suppressed when> 1. If the BS is aware of all pilot sequences, then it can locally



estimateB channel directions by listening to the pilot signallingrfrall cells instead of only
from its own cell. Since itg< users only occupys out of the B channel directions, the BS is
able to select its user-specific detectors in the uplink ppsess interference from other cells, and
design precoders in the downlink to mitigate interferereakage to other cells. Based on similar
observations, some multi-cell detection and precodingisas have been proposed|in/[16]+[19].
In [17], a multi-cell ZF detector (referred to as full-pildE detector in[[1]7]) is proposed, which
exploits and orthogonalizes all available directions ttigmie parts of the inter-cell interference.
It achieves a higher SE than the conventional ZF when thef@mbeg users are near to the
edges of the surrounding cells. In general cellular netgohowever, the gain is less obvious,
partly due to the loss in array gain & in multi-cell ZF, instead of as with conventional
ZF. Uplink multi-cell MMSE detectors are proposed in [16]da[19], but the former is limited
to 4 = 1 and equal power allocation, and the latter is based on thealistic assumption that
perfect channel state information (CSlI) is known at BS. Thatirecell MMSE precoder proposed
in [18] brings a notable gain over single-cell processingswever, like [16], this scheme does
not account for arbitrary pilot allocation which, as showrji7], is an important way to suppress
pilot contamination and achieve high system SE in massivel®deployments. Moreover, no
closed-form performance expressions are provided ih [18].

In this paper, a new state-of-the-art multi-cell MMSE tregigser scheme is proposed, which
includes an uplink MMSE detector and a downlink transmit MMf@recoder. The novelty of
the multi-cell MMSE scheme is that al pilots are exploited at each BS to actively suppress
both intra-cell and inter-cell interference. Power cohfar the pilot and payload, imperfect
channel estimation and arbitrary pilot allocation are attaunted for in our scheme. Numerical
results show that significant SE gains can be obtained byrtiymped scheme over conventional
single-cell schemes and the multi-cell ZF from|[17], and glés become more significant as
and/or K increase. Furthermore, large-scale approximations otighi@k and downlink SINRs
are derived for the proposed multi-cell MMSE scheme, which asymptotically tight in the

large-system limit. The approximations are easy to compirtee they only depend on large-

A special case of the downlink MMSE precoder is the reguéatiZF (RZF) precoder, which is obtained when all the users
in a cell have equal pathlosses [20]. Since this is generatythe case in cellular networks, RZF provides lower pengoice

than the MMSE precoder and is not considered in this paper.



scale fading, power control and pilot allocation, and shdawive very accurate even for small
system dimensions. Based on the SINR approximations, adowplexity iterative power control

algorithm for sum SE maximization is proposed for the modi- MMSE scheme. Compared
to the equal power allocation policy, our proposed algamitignificantly improves the system
sum SE and also provides good user fairness.

The paper is organized as follows: In Sectioh I, we descthee system model and the
construction of the multi-cell MMSE transceiver. Largelgcapproximations of the uplink and
downlink SINRs are derived in Sectignllll. Based on the SINRraximations, a low complexity
iterative power control algorithm is proposed in Secfiolh 8/mulation results are provided in
Section Y before we conclude the paper in Sectioh VI. All fiscare deferred to the appendix.

Notations Boldface lower and upper case symbols represent vectdrenatrices, respectively.
The trace, transpose, conjugate, Hermitian transpose atkdxnmverse operators are denoted
by tr(-), ()T, ()%, () and ()71, respectively.

[I. SYSTEM MODEL AND TRANSCEIVER DESIGN

We consider a synchronous massive MIMO cellular networkwiultiple cells. Each cell is
assigned with an index in the cell séf and the cardinalityL| is the number of cells. The BS
in each cell is equipped with an antenna arraylbfantennas and servés single-antenna users
within each coherence block. Assume that this time-frequdrock consists of/. seconds and
W, Hz, such thatT,. is smaller than the coherence time of all users &ndis smaller than
the coherence bandwidth of all users. This leaves roontferT, x W, transmission symbols
per block, and the channels of all users remain constaninvthich block. Leth;; denote the
channel response from usktin cell [ to BS j within a block, and assume that it is a realization

from a zero-mean circularly symmetric complex Gaussiatritdigion:
hjlk ~ CN (O, dj (Zlk> I]\/[) . (1)

The vectorz,, € R? is the geographical position of usérin cell [ and d;(z) is an arbitrary
function that accounts for the channel attenuation (ea&th poss and shadowing) between BS
j and any user position. Since the user position changes relatively slowlyz,;) is assumed
to be known at BSj for all [ and all k.

We consider a TDD protocol in this paper. where the downlihkrmels are estimated by

uplink pilot signaling by exploiting channel reciprocity TDD mode, each transmission block



is divided into two phasest) uplink channel estimation phase, where each BS estimateS$h
from uplink pilot signalling which occupie® out of S symbols in each block2) uplink and
downlink payload data transmission phase, where each B&gses the received uplink signal
and the to-be-transmitted downlink signals using the exttioh CSI. Let(™ and (% denote the
fixed fractions allocated for uplink and downlink payloadadtransmission, respectively. These
fractions can be selected arbitrarily under the condititvag ("' + (' = 1 and that("'(S — B)
and ¢¥(S — B) are positive integers. In what follows, the uplink channsiiraation is first

discussed to lay a foundation for the transceiver design.

A. Uplink Channel Estimation

In the uplink channel estimation phase, the collective ivecesignal at BS;j is denoted as
Y; € CM*B where B is the length of the pilot sequences (it also equals to thebeunof
orthogonal pilot sequences available in the network). Thiercan be expressed as

K
Y; = Z Z Vo] + N, (2)

leL k=1
whereh;;;, is the channel response defined[ih ¢4),> 0 is the power control coefficient for the

pilot of userk in cell I, andN; € CM*5 contains independent and identically distributed (ji.d.
elements that folloWC (0, o). We assume that all pilot sequences originate from a prestefin

orthogonal pilot book, defined ag = {v,,...,vg}, where

B, by = by,
viv,, = P 3)
07 bl 7é 627

and letiy € {1,...,B} denote the index of the pilot sequence used by usén cell /.
Arbitrary pilot reuse is supported in our work by denoting tlelation betweerB and K by
B = K, wheres > 1 is called the pilot reuse factor. If the pilots are allocatédely in the
network, a larges brings a lower level of interference during pilot transnoss known as pilot
contamination.

Based on the received signal [ (2), the MMSE estimate of fiimkichannelh;;, is [17]

1

i = v/oiwd; (za) Y; (25) 7 v, (4)

where ¥; is the covariance matrix of the vectorized received sigralY ;) and is given by

K
¥, =E {Vec (Y;) vec (Yj)H} = Z Z Pemd; (Zem) V%ngm + 021p. (5)

el m=1



According to the orthogonality principle of MMSE estimatiothe covariance matrix of the

estimation erroth;;, = hj;;, — hyy;, is given by

lek = E {ﬁjlkﬁﬁk} = dj (Zlkz) (1 — plk:dj (Zlkz) VZ'IilIlj_lvilk) I, (6)
By utilizing that
1
H \,—1 . )
Vz' . . = V’i = i Vz' , (7)
k= J ZZEC Zﬁ:l pZmdj (Zém)viviém + o2 Uk JUk Vi

-~

Qjigg

wherea;;, is a scalar, the estimation error covariance matriXin () lsa expressed as
Ciie = d;j (zur) (1 — pud; (zar) iy, B) Tns. (8)

As pointed out in[[1F], the pai¥ ;(¥%)~'v; of the MMSE channel estimate ifil (4) depends

2

only on which pilot sequence that usem cell [ uses. Consequently, users who use the same pilot
sequence have parallel estimated channels at each BS, avtlylehe amplitudes are different

in the estimates. To show this explicitly, define thex B matrix
Hyj = [Bygi, o bygs| = Y5 (25) 7 Vv, 9)

which allows the channel estimate [0 (4) to be reformulated a
by, = pid; (zu) Hy jes,,, (10)

wheree; denotes théth column of the identity matriXz. The property that users with the same
pilot have parallel estimated channels is utilized to denew SE expressions in the sequel.
Notice that the estimated chanrfi;l”‘C is also a zero-mean complex Gaussian vector, with its

covariance matrix® ;. € CM*M being
D =d; (zi) Iy — Cjiie = plkd? (zik) ajiy,, B (11)

Define the covariance matrix dvaﬂ asév,ﬂ. Then according td (10) anﬂ]l]si,vm = a;; BI .

B. Uplink Multi-cell MMSE detector

After the uplink channel estimation, during the uplink pegd data transmission phase, the

received signay; € CM*! at BSj is

K
yi=Y_> Vahja +n, (12)

lel k=1



where 7;;, is the transmit power of the payload data from ugein cell I, z;, ~ CN(0,1)
is the transmitted signal from a Gaussian codebook, mne CA(0,02I),) is additive white
Gaussian noise (AWGN). Different symbols are used for plmwer and payload power to allow
for different power control policies for them. Denote theear detector used by Bgfor an

arbitrary userk in its cell asg;x, then the detected signal, is

i’jk = gﬁyj =, /Tjkgﬁzhjjkxjk + gﬁ Z \/Tlmhjlmxlm + gﬂnj. (13)
(L,m)#(5,k)
By using [138), the following achievable ergodic SE can beead for this user [13]
u u B u
Ry = ¢ (1 —~ §> E g,y {logz (1+75%) (14)

whereE; ', denotes the expectation with respect to all the channehasts obtained at BS

j, and the SINRyY; is given by

M =
E {Tjk

2

A~

H
gjkhjjk

Tjk

H
gxhyin

2 9 9|~
+ X Tun|gfi | +0? [l ‘hm}
(L) (k) (15)

Hy, .. WH
Tk 8k

gh | TCijk + D2 Tim (fljszlﬁm + Cjzm> + 0% | gjk
(Lm)#(5,k)

9

whereIE{-|f1(j)} denotes the conditional expectation given all the estichetennels at B$. Due
to that the imperfectly estimated channels are availabke,SE in [(1#) is achieved by treating
gﬁﬁjjk as the true channel, and treating uncorrelated interferamd channel uncertainty as
worst-case Gaussian noise [13]. Thlbg}g is a lower bound on the uplink ergodic capacity.

The second line of Eqn[(1L5) shows that the uplink SINR takesform of a generalized
Rayleigh quotient. Therefore, a new multi-cell MMSE (M-MME}detector can be derived to
maximize this SINR for given channel estimates:

K K -1
g%_MMSE = (Z Z Tzkfljzkflﬁk + Z Z T Cju + 021M> fljjk. (16)

lel k=1 lel k=1

As the name suggests, this detector (with an appropriategralso minimizes the mean square

error (MSE) in estimating:;;, [21]:

E {\ijk —zp|” \flm} : (17)



By plugging [8) and[(10) intd (16), the M-MMSE detector carabe expressed as

~1.,

g%_MMSE = (I:IVJ'A]'I:I{;IJ + (02 + Spj) IM) hjjk’ (18)

whereA; = > i{‘ leplkd?(zlk)eilkegk is a diagonal matrix, and it&h diagonal elemenh
depends on {ﬁLekI?rge scale fading, the pilot and payload pofrtee users that use thith pilot
sequence irV. The scalary; is defined asp; = > f Tikdj(zi) (1 — pied;(zix) i, B), Where
aj;, is defined in Eqn.[(7). e

To elaborate the advantages of our M-MMSE scheme, we conifpardth some related work.

First, the conventional single-cell MMSE (S-MMSE) detectiom [13]-[15] is

K -1
g, ME = (Z TimbDymbii, + Z; + o 2IM> by, (19)
m=1
where inter-cell interference is either ignored by settfyg= 0 or only considered statistically
as with

K K
Zj = E {Z ijhjjmhﬁm + Z Z ijhjlmhﬁm} . (20)
m=1

I#j m=1

Notice that the S-MMSE detector in_(19) is not a pure singi#-aetector ifZ; in (20) is used,
since statistical information about the multi-cell inearhg channels is utilized i&;. We refer
to it as “single-cell” detector because it only utilizes tReestimated channel directions from
within the serving cell, and treats directions from othdlscas uncorrelated noise. In comparison,
all the B available estimated directions iy ; are utilized in our M-MMSE detector so that
BS j can actively suppress also parts of inter-cell interfeeemten B > K. Therefore, our
detector can actually maximize the SINR [nl(15), while th®IBISE can only do this in single-
cell scenarios. The M-MMSE scheme can be seen as a coomibatenforming scheme, but
since there is no signalling between the BSs (Béstimatesﬂvvj from the uplink pilots), the
M-MMSE scheme is fully scalable.

Compared with the multi-cell MMSE scheme proposed_ in [16] §iB], our detector is more
practical and general. To begin with, power control and amagtional pilot reuse policy are
supported in our scheme, which allows for an analysis based more flexible and practical
network deployment. It is shown in [17] that in massive MIM@stms, fractional pilot reuse is
an important way to suppress pilot contamination and aehngh system SE. Furthermore, the

uplink detector in[[19] is based on the unrealistic assuompthat perfect CSI is known at each



BS, while imperfect channel estimation is accounted forun detector. Thus the performance
gains provided by our detector are actually achievable atctpral systems. This makes our new
M-MMSE detector the state-of-the-art method for massivé/Kal detection. In Sectiop I, an
explicit large-scale approximation expression of the SIMR([5) is provided, which allows
for simple performance analysis and the design of resoutoeation schemes without time-

consuming Monte Carlo simulation.

C. Downlink Multi-cell MMSE Precoder

During the downlink payload data transmission, the recksignal at usek in cell j is

K
Yjk = Z hll;lk Z \/Elmwlmslm + Nk, (21)

leL m=1
wherew;,, € CM*! js the precoder used by BSfor userm in its cell, s;,,, ~ CA(0,1) is the

payload data symbol for user in cell [, g, is the corresponding downlink transmit power
coefficient, andn;, ~ CN(0,1) is AWGN.

Recently, an uplink-downlink duality for massive MIMO sgsts was established in [17]
which proves that for a proper downlink power control, thdinip SEs can be achieved also
in the downlink if each downlink precoder is a scaled versainthe corresponding uplink
detector. Since the M-MMSE detector proposed in the SulmsekBl is the state-of-the-art
uplink method, we apply the same methodology for downlinkcpding. The downlink M-

MMSE precoder is constructed as

gM-MMSE
W%—MMSE _ Sik 7 (22)
VT

wherey;, = E{|[gl;"*"||?} normalizes the average transmit power for the usém cell ;j

to E{|ly/omwy " Fsiml?} = om. Since there are no downlink pilots in the TDD protocol,
the users do not know the current channel but can learn theistical equivalent channels,

,/_ijE{h}{hgkwjk}, and the total interference variance. Consequently, a liokv6E

B
R?}C = ¢4 (1 — E) log, (1 + n;-i}f) (23)
can be achieved for usérin cell / [13], [17], wheren; is
2
ok |Eqny {hfhwin} |

= .
Z Z leE{h} {}hlljkwlm}z} — Ojk ‘E{h} {hgkwgk}‘Q —+ o2

leL m=1

(24)

d _
Nik =
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This downlink SINR holds for any linear precoding scheme] are omit the superscript “M-
MMSE” of w;; for brevity. The SE in[(28) is achieved by treatifign, {h/}, w;,.} as the true
channel, and treating interference and channel variatasng/orst-case uncorrelated Gaussian
noise. Thus,k, is a lower bound on the downlink ergodic capacity.

By utilizing all the available estimated directions, theNMMSE precoder can suppress intra-
cell interference and also reduce the interference cawosatthér cells, and thus a higher SINR can
be expected by our precoder than conventional single-cetiqulers, at least for an appropriate
power control [[17]. In the next section, a large-scale apmiation of the downlink SINR
in (24) is derived. In[[1B], the authors also proposed a rudli MMSE precoder which brings
a notable gain over single-cell processing, but it does nobanted for arbitrary or optimized
pilot allocation. Moreover, no closed-form performanceression is provided i _[18].

Looking jointly at the uplink and downlink, the ergodic aetable SE for usek in cell j is
B u u
Ry, = <1 - E) (g B s,y {0 (1+mk) } +(Vlog, (1+ nj,ﬁ)) . (25)

[1l. ASYMPTOTIC ANALYSIS

In this section, performance analysis is conducted for topgsed multi-cell MMSE scheme.
Since the uplink SINR in[(15) depends on the stochastic adlagstimates in each block, the
uplink SE in [14) cannot be computed in closed form. Themfa deterministic equivalent
expression for the SINR is computed instead which is tighth large-system limit. A large-
scale approximation of the downlink SINR is also providelde Targe-system limit is considered,
where M and K go to infinity while keepingiX' /M finite. In what follows, the notatiod/ — oo
refers toK, M — oo such thatlimsup,, K /M < oo andliminfy K/M > OH Since B scales
with K for a fixed 3, limsup,,B/M < oo and liminf,,B/M > 0 also hold for B. The
results should be understood in the way that, for each seystésm dimension parametetg,

K and B, we provide large-scale approximative expressions foruugiienk SINR and downlink
SINR, and the expressions are tight &5 K and B grow large. The main feature is that they
only depend on the large-scale fading, power control amat pilocation, and can be computed
efficiently without the need for time-consuming Monte Caslmulations. In what follows, the

notation% denotes almost sure convergence of a stochastic sequembeM—a—> denotes
[ —o0 —00
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convergence of a deterministic sequence.
Before we continue with our performance analysis, two uUsefgults from large random
matrix theory are first recalled in the following subsectiéil vectors and matrices should be

understood as sequences of vectors and matrices of growmgndions.

A. Useful theorems

Theorem 1 (Theorem 1 in[[22]): LetD € CM*M be deterministic andl € C**5 be random

with independent column vectots, ~ CA (0, -R;). Assume thaD and the matriceR,(b =

1,..., B), have uniformly bounded spectral norms (with respecdth Then, for anyp > 0,

1 -1 1 a.s.
o (D (HH + 41, ) ~ (DT () = 0, (26)

whereT(p) € CM*M s defined as

-1
(M Yo T 55 + PIM> (27)

and the elements a¥(p) 2 [61(p), ..., 0B(p)]" are defined a8,(p) = limy 515“ (p),b=1,..., B,

where

1 1 & R -
5 (p) = 370 | Ro (— >t m) (28)
M MS 14677 ()
for t = 1,2, ..., with initial valuess”’ = 1/p for all b.

Theorem 2 (From [22]) Let ® € CM*M pe Hermitian nonnegative definite with uniformly
bounded spectral norm (with respect Ad). Under the same conditions dd and H as in
Theoren{ 1L,

1 -1 -1 1 a.s.
7 <D (HH" + pI;) © (HH" + ply) ) — 37T (DT (p)) =0 (29)

M—o0

whereT’(p) € CM*M s defined as

Ry (p)
b:l 1—|—5b p)

Mm

T'(p) =T (p) OT (p T (p). (30)

The limit superior of a sequencs, is defined bylim sup,z, £ lim (sup {., : m > n}); the limit inferior is defined as
n—o0

liminf,z, £ lim (inf {z, :m > n}).
n— oo
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T(p) and d(p) are defined in Theorefd 1, add(p) = 51 (p), ..., 05t(p)]* is calculated as

8 (p)=1s—-JT(p) ' v(p) (31)

whereJ(p) andv(p) are defined as
3t (ReT () RiT (p))
M (1+6(p))*

v (p)ly = 17t (RVT (9) OT (p)) 1 << B (33)

[J(p)]y = ,1<0,1

B, (32)

B. Large-scale Approximations of the SINRs with the M-MM&teme

In what follows, we derive the deterministic equivale*/@i of n;,i with the M-MMSE detector,

and the large-scale approximatifi‘;;i‘jC of n;.i}C with the M-MMSE precoder, such that

i — njk '—> 0, 5% — n5n Jyaas (34)

Theorem 3 For the uplink M-MMSE detector i (18), we ha\fgk ﬁjk —> 0, Wheren

is given by
77“1 B TJ'kpjkdz- (zj1) 52’ (35)
ik — ilmk o "o
J 5]2k Z 7-lmplmd (Zlm> + Z 7-lm (Zlm) szlwk + ]\;ﬁjk
(lvm)7é(jvk5)vilm:iJk lm#ZJk
with

1 ~
6jk = Mtl‘ ((ﬁv,jijij>

1 / / 24 Xii Pitm
I :—tr<T»>— i (Zpm) Nii ﬁ'm i Jlm V]
Hjimk M Pim@; ( l ) Jiim Y jlmk Y jl (1 n )\jilmﬁjlm)2

1 ~
ﬁjlm = Mtl‘ ((ﬁy’jilmTj)

’

1 - /
ﬁ]lmk = Mtr (‘bvvjil'rrLTjk)

" "

1 ~

where
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1) T; = T;(a) and 6(a) £ [6, ..., 65" are given by Theorer] 1 for = % and R, =
)\jb‘i’v,jb-

2) T, = T).(a) andd’ (o) = [0}, ..., §]" are given by Theoreid 2 far = ~ S @ = By iy
andR;, = \;,®y .

3) T, = T)(a) and&'(a) = [8}, ..., 6%]" are given by Theorerl 2 for = ”2;}“0]', 0 =1y,
andR;, = \;,®y .

Proof: See AppendixB. [ |

Theorem 4 For the downlink M-MMSE precoder in_(22), we havzé}C - n]k - 0, where
75 is given by

52,
u 0ikDikd3 (zj1) ﬁ
q A
Mk = 52m Hijkm o2’ (36)
Djk > omd; (2j1) > omdi(zgw) L7 + 57
(lvm)#(mk)vilm:ijk lm ilm7éijk tm
whered;,,,, ujrm andd,, are given in Theorerf 3.
Proof: See Appendix_C. [ |

By utilizing Theoremi B andl4, the ergodic SE; in (I4) and R} in (23), after dropping
the prelog factor(1 — £), converge toRY, = log,(1 + 7j;) and RS = logy(1 + 754) in the
large-system limit, respectively. Therefore, a largdes@pproximation of the joint ergodic SE
in (25) is provided by(1 — )((“lR +§le ..). This approximation is easy to compute and only
depends on the large-scale fading, power control and pillotaion. As shown in Section]V,

this large-scale approximation is very accurate also atlsystem dimensions.

C. The Uplink and Downlink Duality for the M-MMSE scheme

It is pointed out in[[17] that when the precoder is a scalediverof the detector, like (22)
in our case, the same per user SEs as in the uplink can be edhrethe downlink by properly
selecting the downlink payload power. We establish thignligpdiownlink duality for our M-
MMSE scheme, using the large-scale SINR approximatiorsngiy Theorerh|3 and Theorér 4.

Theorem 5 For the proposed M-MMSE scheme,ﬁﬁ in (39) is achievable in the uplink for

userk in cell j, then a downlink power control policye,.} can be obtained by transforming
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K K
the corresponding uplink powetr;.} according to Eqn. (78), such that > 7. = > > ok
JjeL k=1 jeL k=1
and that the same SE is achieved in the downlink, i§. = 7%}

Proof: See AppendixD. [
Note that Theorernl5 establishes the duality for the largées8INR approximations, instead

of the real SINRs. However, since the approximations arg securate even for small system

dimensions, Theorefd 5 provides a powerful tool to obtaindicjous downlink power allocation

whenever the same SEs are desired in both the uplink and ohbwnl

IV. I TERATIVE POWER CONTROL

The large-scale approximations of the uplink and downlihkF&s given in Theorenmi]3 and
Theorem 4 not only enable us to evaluate the system perfaenaithout time-consuming Monte
Carlo simulation, but they also enable us to improve theesygterformance by optimizing key
system parameters based on only large-scale fading. Ins#dagon, we consider optimizing
the uplink payload transmit power jointly for the multi-teletwork to maximize the weighted
uplink sum SE. Since the downlink payload power can be obthactcording to Theoref 5, the
optimized uplink SEs can be achieved also in the downlinkgighe same total transmit power.

The effectiveness of our proposed power control algorithrtestified in Sectioh V.

A. Joint Uplink Power Control for Weighted Uplink Sum SE Maiziation

The power control for sum SE maximization has been widelglistliin cellular networks [23]—
[30], and here we consider this sum SE metric for the propdde@dMSE detector. Using the
same notations dD, F andr defined in Appendik D, and define the vector [ﬁﬂ, o ,ﬁglK]T €
REEXLthen the uplink SINR approximation ifi (85) can be expressed
Dy

TN o2
(FT)I +

_ zul
=M =

(37)

where(-), denotes théth element of the corresponding vector and k + (j — 1) K. Using the

notation in [(37), we want to find the power control that maxies the weighted SE as

LK

P .  maximize Z§l10g2(1+7‘z)
=1

s.t. OSTl Spmaru VZ,
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where P, IS the maximum radiated transmit power of each user&ne 0 is the weight for
the corresponding user. A, = 1 corresponds to conventional sum SE maximization, while
other values can be used to enforce some fairness. Howeveroged in([31], power control
problems for sum SE maximization are strongly NP-hard. Tibuger bounding oflog,(1 + 7;)

by log,(r;) is often used to approximate asP; [32], [33]:

LK
Lk P, : maximize qu
Pi:  maximize ] N
1 - ;& 0gy (r1) L /K 2
- s.t. qlfl ZﬂjTj + M Tl_lDl_Jl < 1, VZ,
st. 0< 7 <P VI j=1

0 S Tl S Pmaxv \V/l

For fixed F and D, by introducing the auxiliary vectog with its ith elementg < rfl,
problem”P; can be turned into the geometric programming (GP) prold®rabove. The optimal
solution of P, can be obtained numerically, for example, using the conyexmization toolbox
in MATLAB. A low-complexity fixed point iteration method islso proposed in [33] to solve

problems of the same type &. With our notation, the power coefficient is updated as

7 (t+ 1) = min {gl/ (; %) ’Pma:p} ) (38)

wheret is the iteration index in the fixed point algorithm, foe= 0,1, .. .. It is proved in [33]
that starting from the initial point;(0) = P, for all [, the above algorithm converges at a
geometric rate to the optimal solution & (for fixed F and D).

In our case, howeveE andD are not fixed sincé;, 1¢;imk andﬂ;.'k will change as;; changes.
Hence,P, in our work is not a pure GP. Therefore, Algorittith 1 is progbse iterate between
solving P, for fixed F and D, and updating?® and D using the currentr.

In step 3, the matrice¥, D, the current powerr; and the SINRr; of all users in the
network are needed at each BS. Thus Algorifim 1 involves safeemation exchange among
the BSs. However, since the asymptotic approximation oelyedds on long-term parameters,
the information exchange overhead is much smaller thareifstim SE would be maximized in
every coherence block based on the current small-scalegabioreover, the proposed algorithm

only involves simple calculations and converges quickiystit is of low complexity. Since the
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Algorithm 1 : Approximated Sum SE Maximization Power Control Algorithm
1: Initialize: 7,(0) = P, for all [, t = 0 and select > 0.

2: CalculateF(t), D(t) and R(t) = Lf& log,(r;) usingT(t).

3: Updater(t + 1) by (38), and callalJlaté%(t + 1) based on the newly updatedt + 1) and
the F(t) andD(¢) in step 2, until|R(t + 1) — R(t)| < e.

4: Update the time slot index with ¢ + 1.

5: Repeat step 2 — 4 untik(¢) converges.

convergence has been provedlin/[33] for fiXédndD, and we improve them in each iteration,

our algorithm converges to some local optimal solutiorPpf

V. SIMULATION RESULTS

In this section, we illustrate the analytical contribudoy simulation results for a symmetric
hexagonal network topology. We apply the classic 19-ceipraround structure to avoid edge
effects and guarantee the consistent simulated perforen@anall cells; see Fig. 1. Each hexag-
onal cell in the network has a radius of= 500 meters, and is surrounded by 6 interfering
cells in the first tier and 12 in the second tier. To achieve rmmgtric pilot allocation in this
hexagonal cellular network, the pilot reuse factor carbbe{1, 3, 4,7} as shown in Fig. 1. For
each pilot reuse policy, the same subset of pilots are da#dcto the cells with the same color,

and pilots in each cell are allocated randomly to the users.

Fig. 1. The 19-cell-wrap-around hexagonal network toppltey 8 =1, 5 =3, =4 andg = 7.

The user locations are generated independently and unyf@nrandom in the in cells, but
the distance between each user and its serving BS is at (JelaBt For each user location

z € R?, a classic pathloss model is considered, where the variahtige channel attenuation
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is dj(z) = Hzfﬁ The vectorb; € R? is the location of the BS in celj, » is the pathloss

exponent, and - || denotes the Euclidean norif,) > 0 is independent shadow fading for some
user locationz with 101log,,(C(z)) ~ N'(0,0%,). In the simulation, we assume= 3.7, 02, = 5
and the coherence block length= 1000

A. Benefits of the proposed M-MMSE scheme

In this subsection, we show the benefits of our M-MMSE schewer ¢he conventional
alternatives. Statistical channel inversion power cdrgrapplied to both pilot and uplink payload
data, i.e.py, = T, = m [17]. Thus during the uplink phase, the average effectivenolel
gain between users and their serving BSs is consi&fyi, |hy||?} = E{m|hul|?} = Mp.
Then the average uplink SNR per antenna and user at its geB8nis p/o2. This is a simple
but effective policy to avoid near-far blockage and, to saemeent, guarantee a uniform user
performance in the uplink. For downlink payload data traission, the transmit powes, is
selected according to Theorérh 5 to achieve the same dowaknét each user as in the uplink.
In our simulation,p/c? is set to 0 dB to allow for decent channel estimation accyraogl the
time proportions for the uplink and downlink are set(td = (¥ = 2.

To verify the accuracy of the large-scale approximationsfiSectiori 1ll, 10000 independent
Monte-Carlo channel realizations are generated to numdgricalculate the joint achievable
SE in (25). The numerical results and their large-scale @fprations from Theorerh]3 and
Theoren # are shown in Fif] 2. As seen from FEig. 2, the achievalm SE per cell increases
monotonically with 3 for the considered range of values. This is due to the fohgwiwo
properties. Firstly, a largef results in a lower level of pilot contamination, contribsito
a higher channel estimation accuracy, and thereby incsetse achievable SE. Secondly, a
larger 5 indicates more available estimated channel directionhé donstruction of the M-
MMSE detector and precoder, thus a higher inter-cell ieterice suppression can be achieved.
Moreover, Fig[R2 shows that the numerical results and thgelacale approximations match very
well, even for small)M and smallK.

To show explicitly the advantages of our M-MMSE scheme, $ation results for the matched

filter (MF) from [8], the multi-cell ZF (M-ZF) scheme from_[],7and the S-MMSE scheme

3This coherence block can, for example, have the dimensibfg e= 10 ms and W, = 100 kHz.
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from (19) are provided for comparison. The same downlink gromcquisition from Theoreiln 5
and normalization froni(22) are applied for all precoderstité thatM — 5K > 0 is needed for
the M-ZF scheme, thus the minimum valuedffor the M-ZF is 5K + 1. Simulation results are
shown in Figs[ B £15 fop = 1, § = 4 and 8 = 7, respectively. The MF scheme always achieves
the lowest performance since it does not suppress anyentéeife. Compared to the S-MMSE,
our proposed M-MMSE always achieves a higher sum SE, and dhiantage becomes more
significant a8 and/or K increases. Fof = 4 and M = 200, the SE of M-MMSE are 31% and
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53% higher than those of S-MMSE fdf = 10 and K = 30, respectively. Fo = 7, the gains
increase to 42% and 82% féf = 10 and K = 30, respectively. The advantage of the M-MMSE
over the M-ZF is only minor for smalb and smallK, but the gain becomes notable @sand
K grow. Since the complexity of our M-MMSE scheme is the saméoashe M-ZF, and the
M-ZF can sometimes achieve very low SE for smédl| in general our M-MMSE scheme is the

better choice if high system SE is desirable.

B. Effectiveness of the joint power control scheme

In this subsection, the effectiveness of the power conttbheme proposed in Section IV is
testified. Since it has been shown in the previous subsetttairthe proposed M-MMSE scheme
performs better than the conventional techniques, edhebia large 5, we focus on the M-
MMSE scheme in this subsection. Statistical channel imvergower controb;, = m is still
applied for pilots, while the uplink payload data powey is optimized.p/o? is still set to 0
dB and the maximal transmit powét,,.. in P is selected to make the cell edge SNR (without
shadowing) equal to -3 dB. Results for the equal power dliocdi.e., 7, = P,...) IS provided
as a base line. We also apply Algorithith 1 to the instantan&N& in (15) for comparison.
The following results are obtained fd/ = 100 and K = 10. After generating user locations
and shadow fading, 9 users with the worst channel condifiotise whole network are dropped
to provide 95% coverage.

We first consider the performance metric of average user SEwvigcalculated as the network
sum SE divided by the number of served users. The cumulaistghdition functions (CDFs)
over user locations are shown in Hig. 6 and Elg. 7det 4 andj = 7, respectively. As seen from
the figures, the CDF curves with long-term power control Hase Algorithm[1 coincide with
those with short-term power control optimized for the insé@eous SINR at every coherence
block, which validates our power control based on the latpe SINR approximation. Since
the approximation only depends on the long-term statisties optimization complexity can be
spread over time. Furthermore, compared with the equal pail@cation policy, the average
user SEs can be significantly improved by our power contrioéste. At the 50 percentile, 17%
increase can be achieved by our scheme for ldoth4 and 5 = 7.

We analyze how the per user SE at different parts of the celdfected by our power control.

Results are also provided for the power control propose@4), [which tries to provide equal
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SE for users in the same cell so that, to some extent, inttaiser fairness is guaranteed.
CDFs of the per user SE are shown in Fig. 8 foe= 4 and in Fig.[9 forg = 7. Equal power
allocation leads to the largest SE variations, while the grogontrol from [34] gives relatively
small variations. Interestingly, the proposed power aarftom Algorithm[1 provides essentially
the same SE for the weakest users, while pushing the SE of &ljarity of the users to higher
values. Despite the larger SE variations, we conclude tbpgsed power control brings a better
type of user fairness than the scheme from [34] since thexgtusers get higher SEs without

degrading for the weakest ones.
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VI. CONCLUSIONS

In this paper, a new state-of-the-art multi-cell MMSE scleesproposed, which includes an
uplink M-MMSE detector and a downlink M-MMSE precoder. Caangd with the conventional
single-cell MMSE scheme, that only makes use of the intthet@nnel directions, the novelty
of our multi-cell MMSE scheme is that it utilizes all chanrdétections that can be estimated
locally at each BS, so that both intra-cell and inter-celérference can be actively suppressed.
The proposed scheme brings very promising sum SE gains beecdnventional single-cell
MMSE and the multi-cell ZF from[[17], particularly for largé and K. Since imperfect es-
timated CSI is accounted for in our scheme, the gains oldalnyeour scheme are likely to
be achievable in practical systems. Furthermore, largiesapproximations of the uplink and
downlink SINRs are derived for the proposed multi-cell MMSEheme, and these are tight
in the large-system limit. The approximations are easy topmate since they only depend on
large-scale fading, power control and pilot allocationg @mown to be very accurate even for
small system dimensions. Based on the SINR approximat@mgjplink-downlink duality is
established and a low complexity power control algorithmdem SE maximization is proposed
for the multi-cell MMSE scheme. The proposed power contmids a notable sum SE gain
and also provides good user fairness compared to the equedr @dlocation policy. Since the
SINR approximations depend only on long-term statistilse, domplexity of the power control

algorithm can be spread over a long time period.

APPENDIX A

USEFUL LEMMAS

Lemma 1 (Matrix inversion lemma (1),[[35]): LeA € CM*M be a Hermitian invertible matrix.
Then, for any vectox € C**! and any scalar € C such thatA + rxx is invertible,
xT A1

~1
KA ) = A

(39)

Lemma 2 (Matrix inversion lemma (I1),[[13]): LeA € CM*M pe a Hermitian invertible matrix.
Then, for any vectox ¢ C**! and any scalar ¢ C such thatA + rxx is invertible,
TA IxxH A1

H\=1 _ pA-1__
(A+7mxx")" =A T xFA Tx

(40)
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Lemma 3 (Generalized rank-1 perturbation lemma, Lem. 14.3[in [36pt A € CM**M pe
deterministic with uniformly bounded spectral norm (wittspect toM/) and B € CM*M pe
a random Hermitian matrix, with eigenvalua¥ < ... < AP such that, with probability one,

there exist: > 0 and M, such that\B > ¢ for all M > M,. Then for any vectorw € C**!,

M—o0

1 _ 1 —1 a.s
Mtr (AB 1) — Mtr (A(B + VVH) ) ——0 (41)
whereB~! and (B + va)_1 exist with probability one.

Lemma 4 (Lem. B.26 in [37], Thm. 3.7 in[[36], Lem. 12 in [38]): LeA € CM*M andx,
y ~ CN(0, %IM)- Assume thatA has uniformly bounded spectral norm (with respect\i9
and thatx, y and A are mutually independent. Then, for al>> 1,
H 1 Py __ 1
1) E{[x"Ax— Ltr (A)]"} =0 ()
H _ l a.s
2) x"Ax — g;tr (A) = 0

3) xAy 2> 0

M—o0
2) E{|(xAx)" = (o (4))°|} ——0.
APPENDIX B

PROOF OFTHEOREM[3

Define ¥; = (fIV,jAijﬁj + (02 + ;) 1), then the M-MMSE detector in“18 ig;, =
Ejﬁjjk. We omit the superscript “M-MMSE” in the proof for brevitya khe following proof, we

use = to denote the almost sure convergence suchdhath represents, — b Ma—5> 0. Define
—00

1) I:IV,jlk’ = [BV,J'D SR flvvj(ilk_l)’ flvvj(ilk"‘l)’ ) }AIVJB} 1
2) Ajlk = dlag ()\jla ...)\j(ilk_l), )\j(ilk+1)7 ey )\jB)l,
3) Xjjk = (I:IVJJ'kAjjkﬂﬁjjk + (0% + ;) IM) ,

’

4) ¥ = MX; and X, = MY,

then we have the following lemma.

Lemma 5 Let ﬁjlk and fljlk denote the MMSE estimate df;;, as in [10) and its estimation

error, respectively, then
. wd? (z1,) 0,
hH Djk 5 jk) Y5 a.s. 0
1+ )xj,-jkéjk M—o0

jjkzjﬁjjk — (42)

by 2, —=— 0. (43)
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Proof: Let 2 = hil, 3 h;, then

-1
_ H H
T = hj]k ( ggk + )\JZthV JZthV jZJk> hjjk

1 2 nH "
@ Pid? (z) B, Sy i  arPird; (zik) by i By i,
 hH by L H
1+ )\ﬂjkhv,jijkzﬂjkhvvﬂjk 1+ )\ﬂ]k th Ji; kzjjkhvdljk

o aPrd; (z) tr (q’v,jijkx;jk> (o) 37Pikd5 (21) tr (Qv,jijkzl')

J

~
—~

1 + %)\jijktr (‘I)VJZ‘ME;-]%) 1 + %)\ﬁjktr (‘I)V,jijkz;)

Mp]kd (Z]k) tr (@V]z kT ) (i pjkd (ij) 5jk
1+ Ny 2ot (@VMT) L+ Ny O

—~
Sy
=

X

(44)

where (a) follows from Lemma[ll and the fact that;;; = \/p;xd;(z;x)hy i, and (b) follows
from Lemma(#42). Notice that Lemmal4) can be applied sincE/,, = (& Hy A5 +

2 .
%IM)_l has uniformly bounded spectral norm a6 — oo, becausep; scales as{ and

£ > 0 by assumption, thugz > 0 for all M. (c) follows from LemmalB.(d) follows from

Theorem[L forD = &, ;,, T; = T;(T

) with R, = \;y®y . In step(e), we use the
notationd;, = Ltr(®y ;;, T;) and arrive at the expression in (42).
Lety = h!l, 33;h,,, then
y o= B (T Ny, B k>_1 Byt
@ /Pind; (i) bl kzj]khﬂm Pind; (z5) 37085 S B, o, (45)
1+ Ao b 355y L+ Njijarhdl s 3y i ’

where stepga) andb follow from Lemmall and Lemmal 8), respectively, which completes
the proof.

[
We use this lemma in the following to determine the asymeptbg&haviour of each term in
the uplink SINR of [(I5).

A. Signal power

Sinceg/ih;;, = hll, 3 h;;, then according to Lemnid 5, it is obvious that

Hi pjkdj (ij) Ok as. .

ahie — > 46
8k1jjk U4 Nji O Moo (46)
By the continuous mapping theorem [39], we further obtain
~ 2 p-kdz- (Z k)dk 2
hy| — 2L “2 0. 47
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B. Channel uncertainty

According to Lemmals,

gﬁgﬁjjk = flﬁkzjflwk ﬁ 0. (48)

Thus by the dominated convergence theorem [40] and thereanis mapping theorem, we have

E {Tjk

Sinceg} = »,h,;;, the interference power from user in cell [ is E{h}{|gﬁhjlm|2|ﬁ(j)} =

2

HY
gjk igk M—oco

ﬁ(j)} EEN (49)

C. Interference power

E{|f13’?]’.k2jhﬂm|2\f1(j)}. The computation depends on which pilots that are used.
1) u.m = 15 = io: In this case, usek in cell j use the same pilot sequence as usdn cell

j, and there will be coherence pilot contaminated interfegersince

% ;. Pim dj (Zlm) ~
Wi = /Dimd; (Zim) Dy jig = | — h;, 50
jl Pim@; (Zim) V,jio ik d; (ij) jik (50)
we have
" md Zim) - ~ ~ (a) \/p'kplm(s'k
hi 2 h, = \/ pp—l,k ) (Z0n) o 3hyj + il S, <X d; (25) dj (20m) Y-, (51)
j

dj (z5) " L+ Njiyu O
where in step(a) the first term remains and the second term vanishes accormibgmmalb.
Indicated by the dominated convergence theorem and théocons mapping theorem, we have
~ 24 pkplmézk a.s.
E {’hﬂkz»h-lm’ ‘h(-)} — B (20)d2 (z) —2E
kI J j \2ik) %5 (1 N )\jijk5jk)2 M—o0

0. (52)

2) um # 1. In this case, two users have different pilots, such that

H T
jkhjlmhjlmzjjkhvvjijk

/

1 WH
2 (a) zhy i 2
‘ = pjkd§ (ij) N L R 2
(1 + )\jijkhv,jzjkzjjkhv,jijk>
(b) ) ﬁtr (‘I)ijijkz;'jkhﬂmhﬁmz;jk)
= pjkdj (Zj1) 2
(1 + )\jijk(sjk)
tr (i)vvjijkzjjkhﬂmhﬁmzjjk>
2
(1 + )\jijk(sjk)
hil 2Py iy Xk
2
(14 Ny k)

hjszjhjlm

J

= pind; (z51)

= pjkd? (ij) ) (53)
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where stef(a) follows from Lemmé_ 1L and the definition dt;.jk. Step(b) follows Lemma_ 42),
Lemmad 3 and Theoref 1. It remains to obtain a deterministiovatent of the numerator i (53).
Define 2, jr.um = (7% — i, by i, bil )71, then according to Lemnid 2 we have
35 gkt Ajin, B i, i Bk am

L+ Njiy, by s 55 ik mby i,

Plugging [(54) into the numerator df (53), we obtain

Xk = X jkim — (54)

H i~ . _ 1.H i~
b 25k Py i 2k im = 05,35 ik 1im Py i 25k imBjim
N 7

(intf. 1)

H = N - H
Nt Wj1m 2355k im PV i1, 25 ke i iy D0 i 305 ke im0 jim,

—2Re o ~
L+ Njiy 5 35 5k ambhy iy,

(intf. 2)

A 2. . A
H H H
) ‘hjlmzj,jk,lmhv,jilm by, iy 2.k im PV i 245,k im B i,

h . (55)

N |

. -
‘1 + Njip 09 55, 25k i iy,

)

'

(intf. 3)

Deterministic equivalent ofintf. 1): Define E;. = M3 jiim, then following similar

gk, Im
procedures as before, it is straightforward to show that

~ d (Zlm) ’ =~ ’
b7 3 ik am @y i S gk amNim =< jMZ tr <2j,jk,lm(I)V,jijk2j,jk,lm>
d' (Zlm) [~ / d (Zlm) /
= jMZ tr (Ej@v,jijkzj) = ]MZ tr (Tjk> , (56)

where T, = T, («) is given by Theoreni]2 for = "2;;”3' ,D =1y, ©® = &, and
R, = Ay ®y i

Deterministic equivalent ofintf.2): Instead of tackling the expression {imtf.2) directly,
we derive the deterministic equivalents of its numeratar @anominator, respectively. Plugging

i = N + Ny, @andhyp, = /Pind;(zim)hy ;. into the numerator, we have that

) \/plmd' (Zlm) = =~ ’
Ttl‘ <<I>V7jilm2j<1>1;7jijk2j>
plmd' (Zlm) fd /

St (Bvon, T

—
S]

)

Y N R
by 25 ik im Py i, 25,k im Y iy,

—~
=
=

)

!

ﬁjlmk
\V/ plmdj (Zlm) M (57)
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’

by definingd ;. = %tr(ti)vvjilmT;.k) € R. Step(a) follows from Lemma_42) and Lemmd 3.

Step(b) follows from Theorem 2. Similarly, we have

AV md m = /
pl . <Zl >tr (@VJQWE >

- 3
hy i Bk, <

M j
plmd' Zim ~
- —VMJ()tr (‘I)V,jihnTj) = V/Pimdj (Zim) Vjim, (58)
ﬁgﬂzmzj,jk,lmﬁgﬂlm = Vjim, (59)

where ¥;;,,, is defined asdji,, = tr(®y ;. T;) € R and T; is given in Lemmd5. Based
on (57) — [59), the equivalents of the denominator and nuitmerxe given as + \j;, Vi

and %ﬁ;lmkﬁjlmplmdi(zlm)/\jilm, respectively. Therefore, according to the continuous pirap

theorem, we have

!
2
Vi Vjim  Pimd; (Zim) Ajiv  as.

0. 60
1+ )\jilmﬁjlm M M—roc0 ( )

(intf.2) —

Deterministic equivalent ofintf. 3): Based on the techniques used to charactefiizef. 1)
and (intf. 2), it is straightforward to show that

‘ﬁjlm‘zﬁ;lmk plmd? (Zlm) a.s.
(1 + )\jilmﬁjlm)2 M M—o0
Plugging [(56), [(60) and (61) intd (63), we have that

2

(intf. 3) — (61)

hi, 3 h,,

Jgk
Pird; (z5k) d; (Zim)
(14 N o) M\ M
Pikd; (2j1) dj (Zum) Hjimk 62)
(14 Ao, 058)° M

/ / 2"‘)\2 ﬁlm
tr(T-)— ol () Nity 0y i it V]
ik 2/ j( l ) Jim Y jlmk Y jl (1+)\jilm79jlm>2

_ 1 ! / 24X mﬂ'lm . .
where (i1, = Mtr<Tjk> —plmdj(zlm))\mmﬂﬂmkﬁﬂmw is defined. Consequently, we

have by the dominated convergence theorem that

8

N 2
H
hjjkzjhﬂm‘

2 j d2 k) dj m jlm a.s
h(])} . p]k J (ij) J (Zl 2) /”L]l k -S. 0. (63)
(1 + )‘jijk(sjk) M M—ro0
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D. Noise power

The noise term in[(15) is scaled bg;,||* for which we have that
1 AH / / ~
Whv’jijkzjjkzjjkhvvjijk

N “ 2
(1 + Ajz‘jkhg,jijkxjjkhvvjm)

. - (@
lgixll* = hif5%h5 = prd (z)

Jik

. («bv,jz-jkT;k) 0 pud )V 4
’ (L4 Njiju0ji) M2 (14 Ny, 050) M
where step(a) follows from Lemmalll and stefb) follows from Lemma 42), Lemmal3B and

Theorem2.T’, = T, (a) is given by Theorenf2 for = "2;[%, © =1y, D =®,,

and R, = A\;®y . In step(c), ), = Ltr(®y;, T;,) is defined. Then by the dominated

—
=
=

)

convergence theorem, we have

2 | pird’ (z ‘k)ﬁl'lk a.s.
R ©)
(1 + )\ji]‘kajk) M M—oo
Finally, by the continuous mapping theorem, we have
nul Tjkpjkd? (ij) 5]2k a.s. 0 (66)
ik jlm o " ’
’ 5j2k) Z 7_lmplmd? (Zlm) + ' Z 7-lmdj (Zlm) MJJl\/lk Fjﬁjk M—o0
(lvm)#(jvk)vil,,n:ijk Zlm#zjk
which completes the proof.
APPENDIXC

PROOF OFTHEOREM[4

Except for the channel variancer{h/}, w;;} = E{|hf}, w;. — E{hf, w;.}|*}, large-scale
approximations of the signal power and the interferencd2d) can be calculated by follow-
ing similar procedures as in AppendiX B. Thus, only the vas@ of the effective channel is
considered here and we show that it goes to zerod/as oo.

Definec = flgkzjfljjk, c= E{flgkzjflmk}, andb = flgkzjfljjk, then

1
var {hgk“’jk} = %E{h} {‘hg’kgjk —E {hﬁkgjk} }2}
= LE{e—et b= LE{c-(cta)+ —E{BP), (67)
Yik Yik Yik

where the last step is due to the fact tﬁg}k is independent oﬁjjk and thatE {b} = 0.
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From step(a) of Eqn. [44), we have
 pands (zi) By i, Bgikhy iy, _ pird; (zj1) b ;i Bjiehy i, _ o] (7)o
L4+ A by Shy e, — 0 Nl Siahvg, T A

V,jijk kY, gtk
Therefore,c < § and same bound also holds farThus we have

0. (68)

c

260 _ 1
var {hf, w} < ﬁEﬂc— ay + %E{|b|2}. (69)

42 (z1)81  a.s.
1+>‘jijk5jk M —00
the dominated convergence theorem thétc — ¢|} — 0 asM — oc.

It is shown by Lemmal5 that— 0. Sincec andc¢ are bounded, this implies by

Furthermore, we have that
E{|p’} = E {ﬁgkzjﬂjjkﬁgkzjﬁﬂk} =E {ﬁﬁkEjijkEjﬁjjk}
(@) 1 N N 1
< E {hﬁkcjjkhjjk} = —tr (®5;1Cjjr) , (70)
©j ©j
where step(a) holds becaus&; < @ijIM (where A < B means thaB — A is positive semi-
definite). Sincep? scales agi* or equivalently as\/?, andtr(®;;,C;;) scales as\/, we have

that E{|b|*} — 0 as M — co. Consequently,

APPENDIX D

PROOF OFTHEOREM[S

To prove Theoreml5, we first rewrite the large-scale appration of SINR 77;}6 in a more
tractable way by only having one index instead of two. Defirdiagonal matrixD ¢ CHA*LE
and a matrixF € CLE*LE as

pird; (z51) 03,

Dy (-0 kt(-1)K = — 5 (72)
ik
0, if (I,m)=(j,k),
Frt -0k mta-1Kk = W» it i = i, (I,m) # (4, F) (73)
7%(2%5:% it i # i,

respectively, wherg]; ; represents the element in théh row and thejth column of the

corresponding matrix.
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Furthermore, define the vectors= [, ..., 7. x]7 € RS *! and the scalar= k+(j—1)K €
{1, ..., LK}, then the uplink SINR approximation ia_(35) can be expressed
oy

—ul
S, (74)
ik (F1), + <

M
where(-); denotes théth element of the corresponding vector. Furthermore, défiaediagonal
matrix ¥ = diag{my, ..., 7i} € CEFEXEK and the vectod = [1,...,1]7 € REA*1] then the

abover]; can be written in matrix form as
0.2
Dt = UUFr + M\Il‘ﬂl. (75)

Using the same notations from (72) andl(73), and defining dwtove = [011,. .., 0rx]’ €
REEXT the downlink SINR approximation i (86) can also be expedss matrix form as

2
Do = WiFTg + T @iy, (76)
M
where ¥ = diag{7{], ..., 7%} € CFEXLE js a diagonal matrix. By setting the downlink

SINRs equal to the uplink SINRs aB" = ¥ = ¥, then the uplink and downlink powers

must satisfy
T = - (D— 9F) ' w1 (77)
=5 :
_z (D - WF") " w1 (78)
Q - M 9

if (D — WF) is invertible. From the above two equations, it is straigivfard to show that
17p = 771, which means that the total power is the same. Moreover; sfflecting the uplink
power 7 according to some performance metric, we can compute thecesD, ¥ and F

and these will makéD — WF) invertible. We can then obtain the downlink powgiccording

to (78). In this way, the same sum SE as in the uplink is ackiéveghe downlink.
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