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Abstract We consider the multi-unit random assignment problem incivlzigents
express preferences over objects and objects are allacasggbnts randomly based
on the preferences. The most well-established preferetation to compare random
allocations of objects is stochastic dominar8B)(which also leads to corresponding
notions of envy-freenessficiency, and weak strategyproofness. We show that there
exists no rule that is anonymous, neutréfiogent and weak strategyproof. For single-
unit random assignment, we show that there exists no rulésthaonymous, neutral,
efficient and weak group-strategyproof. We then study a gdmatain of thePS
(probabilistic serial) rule called multi-unit-eatiffs and prove that multi-unit-eating
PS satisfies envy-freeness, weak strategyproofness, andnaityan
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1 Introduction

In the assignment problem, agents express linear prefesever objects and an ob-
ject is assigned to each agent keeping in view the agent&nereces. The prob-
lem models one of the most fundamental setting in computienee and eco-
nomics with numerous applications (Gardenfors, 1973suvil 197/7; Young, 1995;
Svenssan, 1994, 1999; Bouveret etlal., 2010; Abraham €2@05). Depending on
the application setting, the objects could be car-park epadormitory rooms, re-
placement kidneys, school seats, etc. The assignmentgondblalso referred to as
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house allocation{Abraham et al., 200%; Abdulkadiroglu and Sonmez, 19€%he
outcome of the assignment problemdsterministicthen it can be inherently un-
fair. Take the example of two agents having identical pezfees over two objects.
Then any reasonable notion of fairness demands that bottisalgave equal right to
each of the two objects. Since randomization is one of thesbltbols to achieve
fairness, we consider theandom assignment probleifiHylland and Zeckhauser,
1979; Young! 1995; Bogomolnaia and Moulin, 2001; Katta aeth&aman, 2006;
Guo and Conitzer, 2010; Bhalgat et al., 2011; Budish et 81,32 in which objects
are allocated randomly to agents according to their prater® The outcome is a
random assignment which specifies the probability of eagdcbbeing allocated to
each of the agents. In contrast to some of the earlier worlandam assignment, we
focus on the random assignment problem in which there candoe afbjects than the
number of agents (Kojima, 2009).

When agents express ordinal preferences over objectséotticomes are frac-
tional or randomized allocations, then there is a need tolattery extensionsgo
extend preferences over objects to preferences over raatlooations. In random
settings, the most established preference relation betwaedom allocations is
stochastic dominance (SD$D requires that one random allocation is preferred to
another one if and only if the former first-order stochadiijcdominates the latter.
This relation is especially important because one randdocation stochastically
dominates another one if and only if the former yields attlemsmuch expected
utility as the latter for any von-Neumann-Morgenstern (VNMility representa-
tion consistent with the ordinal preferences (Aziz et @132c). TheSDrelation can
be used to define corresponding notions of envy-fréiency, and strategyproof-
ness |(Bogomolnaia and Modlin, 2001; Katta and Sethuram@®6)2 In this paper,
we check which levels of fairnessffieiency, and strategyproofness can be satisfied
simultaneously.

For the random assignment problem without multi-unit dedsathe most com-
mon and well-known way to assign objects rendom priority (RP)in which
a permutation of agents is chosen uniformly at random anatagaiccessively
take their most preferred available object (Abdulkadiuaind Sénmez| 1998;
Bogomolnaia and Moulin, 20021; Crés and Moulin, 2001). Aligh RP is strate-
gyproof and results in a Pareto optimal assignment, Bogoai@iand Moulin[(2001)
in a remarkable paper showed ti does not satisfy the strongeffieiency notion
of stochastic dominanc&D) efficiency and also a fairness concept calilenvy-
freenesl Furthermore, they presented an elegant algorithm c&®dprobabilistic
serial) that is not onlySD-efficient andSD-envy-free but also satisfies we&8D-
strategyproofness. IRS, agents ‘eat’ the most favoured available object at the same
rate until all the objects are consumed. The fraction of dlijensumed by an agent
is the probability of the agent getting that objéct.

Since its inception_ (Bogomolnaia and Moulin, 200B% has received consider-
able attention and has been extended in a number of waysa(&adt Sethuraman,

1 Another drawback ofRP is that the resultant fractional allocation is #P-compléte com-
pute (Aziz et al., 2013a).

2 By the Birkhgf-von Neumann theorenany fractional assignment can be represented by a convex
combination over discrete assignments.
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2006; | Athanassoglou and Sethuraman, 2011; Yilmaz, |l20@9palticular, it can
be naturally extended to the more general case with muiti-damands in
which there arenc objects andc > 1 objects are allocated to each of the
agents|(Bogomolnaia and Moulin, 2001; Heo, 2011; Kajim&)9DO0The extension
does not require any modification to the specificatiof?8f agents continue eating
their most preferred available object until all the objduése been consumed. Al-
though thisone-at-a-timeextension (which we will refer to a®PS) still satisfies
SDeefficiency andsD-envy-freeness, it is not we&O-strategyproof (Kojima, 2009).
Incidentally there is another extensionR$ called themulti-unit-eating probabilis-
tic serial that was briefly described by Che and Kojima (2010) but hasived no
attention in the literature. In multi-unit-eatiRfS, each agent tries to eat hisnost
preferred objects that are still available at a uniform gpeil all objects have been
consumed. We show that multi-unit-eatiR§ satisfies desirable properties: it is weak
SD-strategyproofSD-envy-free, and unanimous.

We point out that the problem of discrete assignment with tiromit de-
mands has attracted considerable attention (Bouveretang,2011; Budish, 2011;
Ehlers and Klaus, 2003; Hatfield, 2009; Kalinowski et al., 120Bouveret et al.,
2010). In this paper, we focus aandomassignments with multi-unit demands.
Multi-unit demand is a natural requirement in settings sashcourse alloca-
tion (Budish/201/1). Moreover, we will require that each gegets equal number
of objects |(Hatfield, 2009). This is a natural requiremenséttings such as paper
assignment to referees.

Apart fromRPandPS, two other natural assignment rules aréformandprior-
ity. In the uniform rule, each agent getgbof each object (Chambers, 2004; Kojima,
2009). In the priority mechanism, there is a permutationgefrds, and each agent in
the permutation is assigned tbenost preferred available objects. The priority mech-
anism is also referred to aerial dictatorin the literature/(Svensson, 1994, 1999).
Whereas uniform does not take into account the prefererfagamts and is highly
inefficient, priority is highly unfair to the agents at the end of thermutation. In
more recent work, Nguyen etlal. (2015) proposed two mechemnfsr the random
assignment problem that also handle limited complemeigsriHashimotol (2013)
presented a generalization of RP for more general settings.

Contributions We first prove that for multi-unit demands, there exists nargmous,
neutral, wealkSD-strategyproof an&D-efficient random assignment rule. The state-
ment is somewhat surprising considering that all the foioras used in the statement
are minimal requirements. Incidentally, we have not uSBénvy-freeness that is of-
ten used to obtain characterizations or impossibilityestegnts in the literature (Heo,
2011;Bogomolnaia and Moulin, 2001; Ehlers and Klaus, 20a8ima, 2009) and
is a very demanding requirement. The result is then extetalehdom assignment
withoutmulti-unit demands if requiring weaRD group-strategyproofness instead of
weakSD strategyproofness. Our second result carries over to ttieggeandomized
voting in which agents express weak orders over alterrativiel the outcome is a
lottery over the alternatives.

We then conduct an axiomatic analysis of the multi-unitrepPsS. It is first
highlighted that the definition of multi-unit-eatin@S in the literature is not en-
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tirely correct. A proper definition of multi-unit-eatingS is formulated. We show
that for multi-unit demands, in contrast@PS, multi-unit-eatingPS satisfies weak
SD-strategyproofness. We prove that multi-unit-eaftysatisfiesSDenvy-freeness
which is one of the strongest notions of fairness. On therdthrd, multi-unit-eating
PS does not fare well in terms offiéciency. We prove that multi-unit-eatingS
does not even satisfy ex podftieiency although it does satisfy unanimity. There-
fore when we generalizBS for multi-unit demandsQPS is the right extension if
the focus is on ficiency. On the other hand multi-unit-eatiR® is the right exten-
sion, if the aim is to maintain weaBD-strategyproofness. The arguments for weak
SD-strategyproofness ar8D envy-freeness oMPS multi-unit-eatingPS also sim-
plify the proofs forPS for single-unit demands in_(Bogomolnhaia and Moulin, 2Z001).
The study helps clarify the relative merits offérent assignment rules for multi-unit
demands. The relative merits of prominent random assighnuégs are then sum-
marized in Tabl€]1 in the final section.

2 Preliminaries

Random assignment problefthe model we consider is the random assignment
problem which is a tripleN, O, =) whereN is the set ofn agents{1,...,n}, O =
{01,...,0m} is the set of objects, ang= (z1, ..., zn) specifies strict, complete, and
transitive preferences; of agenti overO. We will assume thatn is a multiple ofn
i.e.,m = ncwherec is an integer. We will denote bR(O) as the set of all complete
and transitive relations over the set of obje®ts

A random assignmerp is a ( x m) matrix [p(i)(0j)]1<i<n1<j<m Such that for
alli € N, ando; € O, p(i)(0;) € [0, 1]; Yien P(1)(0;) = 1 forall j € {1,...,m}; and
2o;c0 P(1)(0j) = cforalli € N. The valuep(i)(0;) represents the probability of object
0; being allocated to agentEach rowp(i) = (p(i)(01), . .., p(i)(om)) represents the
allocation of agent. The set of columns correspond to probability vectors of the
objectsos, ..., 0n. A feasible random assignment is discretg(if)(o) € {0, 1} for all
i € Nando € O. A random assignment rulspecifies for each preferences profile
a random assignment. Two minimal fairness conditions fegsrareanonymityand
neutrality. Informally, they require that the rule should not dependt@names of
the agents or objects respectively.

We define theSD (stochastic dominanceglation which is an incomplete re-
lation that extends the preferences of the agents over tshieqreferences over
random allocations. Given two random assignmemtand g, p(i) =>° q(i) i.e.,

a playeri SD prefersallocation p(i) to allocationq(i) if ¥ cio:0:0 P()(0)) =
Yojclocoizio) d(i)(05) forallo € O. Since SD is incomplete, it can be that two allo-
cationsp(i) andq(i) areincomparable p(i) #°° q(i) anda(i) £°° pi).

Next, we define the DL (downward lexicographical) relatidmeh is a complete
relation. Letp(i) andq(i) be two random allocations. Lete O be the most preferred

object such thap(i)(0) # q(i)(0). Then,p(i) >P- q(i) < p(i)(0) > q(i)(0).
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Example 1Consider the random assignment problem for two agints{1, 2} and
four objects0 = {04, 02, 03, 04} With the following preferences:

1:01,02,03,04
2 :02,01,03,04

Let us assume that agent 1 geiswith probability one, and objects andos with
probability half. Then the random assignment can be reptedeby the following

matrix.

10121/2

(0 11/2 1/2)'
Note that agent 1's preferenceds >; 0, >1 03 >; 04. Based on the preferences
over objects, one can consider preferences over allocatpgh) >fD p(2) and also
p(1) >2* p(2).

Envy-freenes#\n assignmenp satisfiesSD envy-freenesteach agent (weakly3$D
prefers his allocation to that of any other agep(i) >>° p(j) foralli,j € N. An
assignmenp satisfieaveak SD envy-freenef$10 agent strictlySDprefers someone
else’s allocation to his=[p(j) >iSD p(i)] forall'i, j € N. For fairness concept§D
envy-freeness implies we&0D-envy-freeness (Bogomolnaia and Moulin, 2001).

Economic giciency An assignment iperfectif each agents gets his most preferred
c objects. An assignment is SD-¢ficientis there exists no assignmeamsuch that
qi) =P p(i) for all i € N andq(i) >>P p(i) for somei € N. An assignment is
ex post @gicientif it can be represented as a probability distribution over et of
SD-efficient discrete assignments. Perfection imp8&sefficiency which implies ex
post dficiency.

An assignment rule iSD-efficient (ex post iicient) if it always returns asD-
efficient (ex post flicient) assignment. An assignment rule satisfiranimity if it
returns the perfect assignment if a perfect assignmensexis

SD-efficiency implies ex postficiency which implies unanimity. The first im-
plication was shown by (Bogomolnaia and Mollin, 2001). Far second implica-
tion, assume that an assignment does not satisfy unanitnéxe exists a perfect
assignmenp but the mechanism returns some imperfect assignmériie onlySD-
efficient assignment that givesunits to each agent ip. However sinceg # p, it
cannot be achieved by a probability distribution o@-efficient discrete assign-
ments.

Strategyproofnes® random assignment functionf is SD-strategyproof
it f(x)(i) =P°  f(x/,x.)()forallx/andx_;. A random assignment
function f is weak SD-strategyproof if —[f(x/,x-)(i) >°  f(x
)()] for all x{e R(O) andx/e R(O)™L. It is easy to see thaBD-strategyproofness
implies weak SD-strategyproofness_(Bogomolnaia and Maulin, 2001). A tand
assignment functiorf is weak SD-group-strategyprodf there never exists an
S ¢ N andxge R(0)® such thatf(xy,x-s)(i) >3° f(x)(i)foralli € S and
>_ge R(O)™SI,
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3 General impossibilities

For the random assignment problem for which the number &atbjs not more than
the number of agents, there exists a rl&) that is anonymous, neutr&pD-efficient
and weakSD-strategyproof. However when the number of objects is mioaa the
number of agents, we get the following impossibility (Themokl).

Theorem 1 For the random assignment problem with-c1, there exists no anony-
mous, neutral, SDfgcient, and weak SD-strategyproof rule.

Proof We consider a random assignment setting with two agents @mndobjects
with the requirement that each agents gets two units of lsuse

>1. ab,cd
>>. b,c,ad
z1: byacd
%5 b,ac,d

Let us computd (x1, x5). By anonymity and neutrality of

o (wx
SRR It

By SD-efficiency of f,
, 10y?Z
By anonymity and neutrality of,
.. (10Y21/2
flz1.%2) = (o 11/2 1/2)'

By using similar argument§D-efficiency, anonymity, and neutrality défimplies
that

, 11/201/2
f(Zl’ 22) = (O 121 1/2)
Now let us consider

X11 X12 X13 X14
f(z1,22) = (X Yoo Yom Yo
21 X22 X23 X24

For f(x1, z2) to be feasible,

X11, X12, X13, X14, X21, X22, X23, X204 > 0
X11 + X12 + X313+ X14 = 2
Xo1 + Xo2 + Xo3 + Xog4 = 2

X11+ Xo1 = X12+ Xo2 = Xq3+ Xo3 = Xpa + Xpa =1
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Next, we show that iff (x1, x2) = (%], %2) or f(x1,%2) = f(x1,%5), thenf is
not weakSD-strategyproof.
If f(x1.%22) = f(2], 22), then

f(21, 25)(2) >5° f(21, 22)(2).

Hence,f is not weakSD-strategyproof.
If (21, %2) = f(21,%5), then

f(x], 22)(1) »3° f(21, 22)(2).

Hence,f is not weakSD-strategyproof.
Therefore the only way can still be weakSD-strategyproof if both of the fol-
lowing conditions hold.
— f(x1,%2)(1) is incomparable for 1 withi (%7, x2)(1).
— f(x1,%2)(2) is incomparable for 2 withi (x1, x5)(2).

This means that the following constraints should hold.

Given that agent 2 reports;, agent 1 should not benefit by misreporting
instead ofx;. This implies thatxy; + X712 + X33 > 1.5.

Given that agent 1 reports;, agent 2 should not benefit by misreporting
instead ofx». This implies thato, + Xp3 + X21 > 1.5.

Adding both these inequalities yields

X11 + X12 + X13 + Xo2 + Xo3 + X271 > 3.

But this is a contradiction Sinc&1 + X12 + X13 + Xo2 + Xo3 + Xo1 = (X11 + X01) +
(X12+ X22) + (X13 + X23) = 3. Hence iff is SD-efficient, and anonymous, neutral, then
it cannot be wealSD-strategyproof.

The same argument can be extended to arbitrary number ofsagibere each
agent requires two objects from amoag..., 02, Each new agent € {3,...,n}
most prefers objectsy_1, 05 and least prefers objects, 0, 03,04. Hence in each
SD-efficient assignment each agémrt(3,. .., n}is allocatedy_; andoy completely.
The same arguments for the case of two agents apply to thegeaszal case. Sim-
ilarly, the same arguments can also be extended to the casewk 2. One can
add more objects to end of the preference lists of both agemt®ach agent gets a
uniform fraction of these objects at the end of the prefezdists. O

Theoren{]l complements an earlier impossibility result_ofirde (2009) that
states there exists r8D-efficient,SD envy-free, and weaBD-strategyproof random
assignment rule for multi-unit demands. In Theorgm 1, theperty of SD envy-
freeness is replaced by anonymity.

The proof above can be extended by cloning agents 1 and 2\e fire following
statement for the basic assignment setting with singleedamand.

Theorem 2 For the random assignment problem, there exists no anongmeutral,
SD-¢ficient, and weak SD group-strategyproofness rule even faalegqumber of
agents and objects.
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Proof We consider a random assignment setting with four agent$camd objects.
There are two agents that are of type 1 and two agents of tylpet Zhe real prefer-
ences of the agent4, 2} of type 1 bex; and let the real preferences of agefst}
of type 2 bex,.

>1. ab,cd
2. b,cad
z1: byacd
x5 b,acd

Let us compute (x1, 1, 25, 25)-
By anonymity and neutrality, we know that

wW/2 x/2y/22/2
o (W2 x/2 y/2 22

flrr 202529 = | 15 w2 yy2 72|
X/2 w/2y/2z/2

By SD-efficiency, we know that

1/2 0 y/22/2

;o _ |12 0 y/22z2

f(z1, 21,25, 29) = | 7 1/25/22/2'
0 1/2y/22/2

Due to anonymity and neutrality df,

1/2 0 1/41/4
, 1/2 0 1/41/4

f(z1, 21,25, 25) = 0 1/2 1/4 1/4|
0 1/21/41/4

By using similar argument§D-efficiency, anonymity, and neutrality défimplies
that

1/21/4 0 14
. 1/21/4 0 14
0 1/41/2 1/4

Now let us consider
X11/2 X12/2 X13/2 X14/2
X11/2 X12/2 X13/2 X14/2

X01/2 X22/2 X23/2 Xo4/2|
X21/2 X22/2 X23/2 X04/2

For f(x1, 21, X2, x2) to be feasible,

f(z1, 21, 22, 22) =



Random assignment with multi-unit demands 9

X11, X12, X13, X14, X21, X22, X23, X204 > 0

X171+ X12 + X13 + X14 = 2

Xo1 + Xo2 + Xo3 + Xog4 = 2

X11+ Xo1 = X2+ Xo2 = X13+ Xp3 = X14+ X4 = 1

Next, we show that iff (x1, 21, 22, 22) = (X}, 2], 22, %2) or f(21, %1, %2, %2) =
f(x1, 21, 25, 25), thenf is not weakSD group-strategyproof.
If (21,21, 22, %2) = f(x], %], 22, 22), then

f(21, 21, 25 25)(3) =50 f(21, 21, 22, 22)(3).

Hence,f is not weakSD group-strategyproof.
If f(x1,%1, %2, 22) = f(21, %1, %5, 25), then

f(x1. 20 22, 22)(1) =3° (21, 21, 22, 22)(1).

Hence,f is not weakSD group-strategyproof.

Given that agent of type, reportx,, then agent of type 1 should not benefit by
misreportingz’ instead ofx;. This implies thai;; + x12 + X13 > 1.5.

Given that agents of type 2 repasi, then agents of type 2 should not benefit by
misreportingz), instead ofx,. This implies that,, + X3 + X21 > 1.5.

Hence,

X11 + X12 + X33 + Xo2 + Xo3 + X271 > 3

But this is a contradiction sincg 1 + X2 + X13 + Xo2 + Xo3 + X271 = (X]_]_ + Xg]_) +
(X12 + X22) + (Xa3 + X23) = 3. Hence iff is SD-efficient and anonymous, and neutral,
then it cannot be weaRD group-strategyproof.

The same argument can be extended to arbitrary number ofsagen |

Theorem[2 (that holds for single-unit demands) complem@&hisorem 1 in
(Kojima, [2009) that only holds for multi-unit demands. Thesignment problem
in which m = n can be viewed as a subdomain of voting in which each alterna-
tive is a discrete assignment and preferences of an agentssgnments simply
depend on his allocated object (Aziz and Stursberg, |201¢)a Aorollary of Theo-
rem[2, we get that when agents may expres<fiedince, there exists no random-
ized social choice rule that is anonymous, neuB&lefficient, and wealSD group-
strategyproof. This proves a weaker version of the conjectioat there exists no
randomized social choice rule that is anonymous, neusefficient, and weak
SD-strategyproof (Aziz et al., 2013b).

We now show that if one ofSDefficiency, anonymity, or weakSD
strategyproofness is dropped, then there exist rules #iitfysthe other properties
mentioned in the two impossibility theorems respectivelyere for multi-unit
demands. IfSD-efficiency is dropped or is replaced by ex pofiagency, then
RP satisfies strategyproofness, anonymity, neutrality exndpost dficiency. If
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anonymity is dropped, then the priority mechanism achi@@efficiency and group
SD-strategyproofness. If wea&D-strategyproofness is dropped, then OPS satisfies
the other properties. It remains open whether neutralityeisessarily required to
obtain the two impossibility theorems.

4 Multi-unit-eating PS

In this section, we examine the properties satisfied by roulii-eatingPS (MPS).
Before we proceed, we will try to get a better understandihpaw multi-unit-
eating PS works.| Che and Kojima (2010) defined multi-unit-eatif§ as the rule

in which each agent eats hiamost preferred objects at speed 1 during the time in-
tervalt € [0, 1]. They assumed that at each point each agentiwdgects available
for consumption during the running of multi-unit-eatiR@ and hence all the objects
are consumed at time 1. We first show that it may be the caséetisatharc objects
are available for consumption. Consider the illustratibmalti-unit-eatingPS in
Figure[d. At timet = 7/8, only o4 is remaining. Hence the first goal is to decide how
to define multi-unit-eating®S when agents have less thanbjects to eat. We resort
to the following definition of multi-unit-eatin@S.

Let rem(t) be the number of objects that have not been completely edten
time t. In multi-unit-eatingPS, each agent eats his mipfem(t)) most pre-
ferred available objects with speed 1 at every time poini afitthe objects
have been consumed.

Agent 1 01,02 01,03 |01,04| 04 | 04
Agent 2 03, 02 03,04 |01,04] O4 | Og
0 1/2 34 7/8 1 98

1: 01,02,03,04
2 03,02,04,01

3/4 1/2 1/4 1/4

p= (1/4 1/2 3/4 3/4)'

Fig. 1 lllustration of multi-unit-eatingPS with agents eating their preferred objects over time. Thenev
tual assignment ig.
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We will use MPS as the abbreviation for multi-unit-eatiRS. Our first obser-
vation is that even though agent may not necessarilg ebjects at each point, each
agent eats the same number of objects.

Observation 1 At each time point, each agent is consuming the same number of
objects. All the agents stop eating at exactly the same time.

If the number of objects is less thanthen we know that onlg’ < c objects are
remaining. Next, we study properties of multi-unit-eati8. The first things to ob-
serve is that multi-unit-eatingS runs in linear time and results in a unique fractional
assignment. We examine various axiomatic properties ofiranit-eatingPS. Our
main findings are summarized in the following theorem. Wé pribve these proper-
ties in a series of propositions.

Theorem 3 Multi-unit-eating PS is linear-time, SD envy-free, weak -SD
strategyproof, and unanimous but not ex pggtient.

4.1 Fairness

We first show that multi-unit-eatingS satisfies all the notions of fairness defined
in the preliminaries. It is easy to see that multi-unit-egtPS is anonymous and
neutral. Next we show that multi-unit-eati$ is SD envy-free. For the proof, we
use an extra bit of notation. For each Set O, let the characteristic vector & be

S = (Xs,...,Xm) Wherex, = 1ifi e Sandx = 0ifi ¢ S.

Proposition 1 Multi-unit-eating PS is SD envy-free.

Proof When multi-unit-eatind®S is run, if at least one of themost preferred avail-
able objects of some agein€ N is finished, agent starts eating the next most pre-
ferredc available objects. Also note that when an agent cannot coesoore units of
an object, themoagent can consume more units of the object either. We wik rtef
such a time-point as a breakpoint. The breakpoint$;are. , t,. Let p¥ be the partial
assignment at breakpoitat We prove by induction ove, the number of breakpoints
in the algorithm, that for each ageing N, his partial allocatiorp(i) %P pX(j) for
all j e N.

For the base case = 1, we know thatp'(i) %7° p'(j) for all j € N since
each agent was consuming his most preferredbjects. Now let us assume that
pr(i) =P p“(j). We show thatp**2(i) =3P p*ri(j). At time t¥, let the number of
objects that have not been completely everrbg c. Let us consider the time point
tx + ¢ for some arbitrarily smalb > 0. From time pointy to ty + § each agent
consumesg amount ofc’ most preferred objects & c O for whichs amount is still
available. ThugX(i) is changed tgX(i) + §(S). In the meanwhile for each p(j) is
changed tq*(j) + 5(S’) whereS’ consists ok’ most preferred objects for which
amount is still available. Hencgk*1(i) =P p*+1(j) for eachi, j € N. |

Corollary 1 Multi-unit-eating PS is weak SD envy-free. Moreover, far #ssign-
ment problem without multi-unit demands, PS is SD envy-free
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4.2 Strategyproofness

In this subsection, we examine the strategic aspects ofi-omitteating PS. We
show that multi-unit-eating’S satisfiesDL-strategyproofness and hence wesik
strategyproofness. A random assignment functfoiis DL-strategyproof if f(>
)(i) =P+ f(x, >-i)(i) for all x/e R(O) andx/e R(O)™.

Lemma 1 DL-strategyproofness implies weak SD-strategyproofness

Next we show that multi-unit-eatingS is DL-strategyproof. The key to our ar-
gument is the insight that an agent cannot get an object wahability one if he
does not start eating it from tinte= 0. This contrasts sharply with one-at-a-tifA8
where an agent can still get an object completely even if leydesating it.

Lemma 2 An agent cannot get an object o completely if he does not sxjiras one
of his most preferred c objects.

Proof Assume that agerntdoes not repord as one of his most preferredobjects

but gets it completely. Then whilds eatingo, there must be at least 1 objects that
are still not eaten completely and none of the other agepteatingo. Before agent

i eatso, the number of units eaten bys at least 1 and less thanlf i has already
eaten exactlg units, then it will get zero units of. Now for thec objects it starts
eating includingp, it can eat at most — 1 units because it has already eaten at least
one unit. Therefore, agentan eat at most(- 1)/c of o. O

Proposition 2 Multi-unit-eating PS is DL-strategyproof.

Proof We show that for each agerit € N, MPS(N,O,(zi,>-i))(i) xP-
MPS(N, O, (%, %-i))(i) for all other preferenceg/e R(O) andx_ic RO If
agenti misreports but eats the same objects at each time point; thets exactly
the same allocation. Therefore, it isfBcient to show that gets a less preferred al-
location with respect t®L if he does not eat the most preferred available objects
at each point. Consider the untruthful repsftunder which at some breakpoitt
agent eats a dferent set of mirg, rem(t)) objects than when he reposts Consider
the most preferred objectthati started eating at timewhen he was reports; but
does not eat when he reposts This means that for alt’ >; o, agenti gets exactly
the same units of’ when he reports; or when he reports{. Sincei does not eat

o at timet when he reports/, he eats it at a time later thanWe can assume that
rem(t) > c or else agentwill eat the same objects after timehether he reports;
or>. We show that gets strictly less fraction afwhen he reports;. We distinguish
between two cases: (1) whérmatso when he reports{, there is at least one other
agentj that also eats at some point. (2) wheneatso when he reports/, there is at
least one other ageijtthat also eats at some point. In case of (19, is in demand
andi could have eaten a bigger portion@had he started eating it earlier such as
time t. In case of (2), no agent started eatmgt any time point when reports>!.
This implies thai getso completely. But this is a contradiction because we proved
in Lemmd2 that if an agent does not start eating an objeatnat @i, then he cannot
eat it completely. O
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The proposition implies that Multi-unit-eatir®S is weakSD-SP. As a corollary
we also get that fom = n, the originalPS is weak SD-strategyproof. Our proof
simplifies the argument in (Step 2, Propositiori 1, Bogomalaad Moulin; 2001).

Note that Propositiof]2 crucially depends on the fact tha¥iPS, each agent
tries to eat hix most preferred objects. If each agent eats1 most preferred ob-
jects, then we already know from_(Kojiima, 2009), that theriglthen not even weak
SD-strategyproof. We note that in contrast to Multi-unitiegtPS, OPSis not DL-
strategyproof and in fact there exists a polynomial-timgoethm for computing a
DL best response (Aziz etlal., 2015).

4.3 Hficiency

We now considerféiciency of multi-unit-eatind®S. We first observe that multi-unit-
eatingPS satisfies unanimity.

Proposition 3 Multi-unit-eating PS satisfies unanimity.

Proof A preference profile admits a perfect assignment only if esgdnt can get
his most preferrea objects. This implies that for any two agents, their setg of
most preferred objects don'’t intersect. Given this cooditmulti-unit-eatind®S will
assign each agent with his most preferceibjects. O

Although unanimity is a very undemandinieiency property, not all assignment
rules satisfy unanimity. For example, the uniform rule does satisfy it. Even if
multi-unit-eatingPS is modified slightly so that agents eat their 1 most preferred
objects at the same rate, then the modified rule would natfgathanimity. We also
note that the allocation of each agent via multi-unit-epf$ is SD-preferred over
the uniform allocation.

Proposition 4 For each agent ie N, i SD-prefers his allocation returned by multi-
unit-eating PS to the uniform allocation.

Informally, an agent gets his worst possible assignmenl itha other agents
have the same preferences. Even in this case, each ageat grifsrm allocation.
Although, multi-unit-eatind®S satisfies unanimity, an assignment returned by multi-
unit-eatingPS can be represented as a convex combination of Pareto d@didist
crete assignments.

Proposition 5 There exists a preference profile for which the outcome ofi+anit-
eating PS can be represented as a probability distributivardPareto dominated
discrete assignments.

Proof Consider two agents having the following preferences.

1: 01,02,0304
2 0,01,04,03
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The random assignment as a result of multi-unit-eafifgs

1/2 1/2 1/2 1/2
1/2 1/2 /2 1/2

which can be represented by a probability distribution alerfollowing discrete

assignments.
1(1001 N 1(011
2\011 211001
It can be shown that both discrete assignments ar&Deafficient. O

Corollary 2 Multi-unit-eating PS is not SDggcient.

Proof An SD-efficient assignment cannot be represented as a convex coinhioft
discrete assignment in which at least one of the assignnienist SD-efficient. If
this were the case, then the random assignment iSDefficient. O

Although the lack oSD-efficiency of multi-unit-eatind®S was commented on in
the original paper of Che and Kojima (2010), we show that runtt-eatingPS is
surprisingly not even ex postieient.

Proposition 6 Multi-unit-eating PS is not ex posffeient even if we allow convex
combinations of all deterministic assignments includimdpalanced deterministic
assignments.

Proof Consider two agents having the following preferences.

1: 01,0,03,04
2. 03,02,04,01

A discrete assignment is noBD-efficient if agent 1 getsoz or 04
and agent 2 getso;. The only SDefficient discrete assignments are

110 1001 (100 111 1111 000
(oo 12"(0 11 o)’(o 1 13’(0002" (oooo) a”d(l 1 1(;))' We note  that
7/8 4/8 2/8 3/8 .
1/8 4/8 6/8 5/8)' Now if random
assignmenp is ex post ficient, then it can be expressed as a convex combination of
SD-efficient feasible discrete assignments. Sip(®8(o,) > 0, this is only possible if

000
(1 11
other discrete permutation, this means that if any convexxination ofSD-efficient
discrete assignments is used to obgithen in each discreteD-efficient assignment
used the following three cases can occi)r2(gets botto, andoy; (ii) 2 gets neither
02 nor o; and {ii) 2 getso, but noto;. Hence, it must be thai(2)(02) > p(2)(01).
But this is a contradiction. O

the outcome of multi-unit-eatin@S is p = (

5) is used in the convex combination. But since agent 2 doesetot gn any
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Uniform  Priority RP OPS MPS

SD-efficiency - + - + -
ex post dicient + + + -
unanimity - + + + +
SDenvy-freeness + - + +
weakSDenvy-freeness + + + +
anonymous + + + +
neutrality + + + + +
SD-SP + + + R
DL-SP + + + +
weakSD-SP + + + - +
polynomial-time + + - + +

Table 1 Assignment rules for allocating multiple objects to agewmith strict preferences. Most of the
properties of rules other thaviPS are stated ih Kojime (2009).

5 Conclusions

In this paper, we showed a general impossibility result eomiag randomized as-
signment with multi-unit demands. Another impossibiligsult requiring wealsD-
group-strategyproofness applies to randomized assignhmigmout multi-unit de-
mands. As a corollary of the second impossibility, we alstisbthe corresponding
impossibility in the domain of randomized voting.

We then presented a definition of multi-unit-eat§. Multi-unit-eatingPS has
previously only been defined inaccurately in the literatie showed that whereas
multi-unit-eatingP$S satisfies some compelling fairness and strategic progeitie
does not satisfy reasonabliieiency requirements. We note that the positive results
of Multi-unit-eatingPS even hold ifmis not a multiple of. In this case, agents eat
a maximum offm/n] houses at any time.

Our findings concerning multi-unit-eatir®S are summarized in Tab[g 1 which
also provides a comparison with other random assignmees.rih view of the im-
possibility result (Theoref 1), it is not possible to acki¢lve desirable properties of
PS and multi-unit-eatind®S simultaneously. It is easy to see that the choice of an
assignment rule depends on which properties are priaditi@eir paper helps clar-
ify the relative merits of various randomized assignmealss. It is an open prob-
lem whether ex posttgciency, wealSD-strategyproofness ar8D envy-freeness are
compatible in the multi-unit case. We leave a charactéamadf multi-unit-eating
PS for future work.
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