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CERTAIN WEIGHTED AVERAGES OF GENERALIZED
RAMANUJAN SUMS

K VISHNU NAMBOOTHIRI

ABSTRACT. We derive certain identities involving various known arith-
metical functions and a generalized version of Ramanujan sum. L. Téth
constructed certain weighted averages of Ramanujan sums with various
arithmetic functions as weights. We choose a generalization of Ramanu-
jan sum given by E. Cohen and derive the weighted averages correspond-
ing to the versions of the weighted averages established by Téth.
KEYWORDS: Generalized Ramanujan sum, weighted averages, Jordan
totient function, Gamma function, Bernoulli numbers, Holder evalua-
tion
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1. INTRODUCTION

Ramanujan sum is a certain sum of powers of roots of unity defined and
used seriously for the first time in the literature by Srinivasa Ramanujan.
His paper On certain trigonometric sums published in 1918 ([15]) discusses
various infinite series expressions for many well known arithmetical functions
in the form of a power series. His interest in the sums originated in his desire
to “obtain expressions for a variety of well-known arithmetical functions of n
in the form of a series ) ascs(n)”. There have been a lot of analysis dealing
with this particular aspect of Ramanujan sums (See, for example, [13]). On
the other hand, it found immense use in in classical character theory. It
was proved that the sums can be used to establish the integrality of the
character values for the symmetric group ([12]). However, perhaps the most
famous appearance of Ramanujan sums is their crucial role in Vinogradov’s
proof (See [14]) that every sufficiently large odd number is the sum of three
primes.

In more recent years, Ramanujan sums have appeared in various other
seemingly unrelated problems. Being interested in the applications of the
Ramanujan sums, many mathematicians later tried to generalize it to find
more and more applications. One of the most popular generalization was
given by E. Cohen. After that, various other generalizations were discussed
in many papers including that of C. S. Venkataraman and R. Sivaramakris-
nan [19] and J. Chidambaraswamy ([5]).
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In this paper we are interestd in establishing certain weighted averages of
generalized Ramanujan sums. The generalization we choose was given by E.
Cohen. We remark that our identities are based on similar kind of averages
derived by L. Téth in [18] using the classical Ramanujan sums. In between,
we derive another identity using the Jordan totient function which could be
of independent interest.

2. NOTATIONS

Most of the notations, functions, and identities we introduce below are
standard and can be found in [4] or [9]. We use the following standard
notations: N the set of all natural numbers, Z the set of all integers, R the
set of all real numbers and C the set of all complex numbers. p will denote
the Mobius function on N. Note that for any given k € N, we have

> ud) =0

dk

Let |z| denote the integer part of x, and 7(n) and o(n) denote the number
and sum of divisors of n respectively. For two arithmetical functions f and
g, f * g denote their Dirichlet convolution (Dirichlet product). Note that
this product is commutative. The arithmetic function N is defined as, for
n €N,
N%(n) :=n"

for any @ € R. For a« = 1, we will simply write N(n) instead of writing
N'(n), and N%(n) := 1 for all n.

The von Mangoldt function over N is denoted by A(n). The Euler totient
function is denoted by ¢ and it satisfies the identity

e 1 (-1

pln
p prime

A well known generalization of this identity gives the Jordan totient func-
tion of order s € N:

Jun)i=n* [ (1-%)

pln
p prime

where n € N.
We would be using the following identity for the Jordan totient function:

Proposition 1. ([4], Chapter 2, Ezer. 17) For n > 1, we have

Js(n) = d°u(n/d) =Y (n/d)*u(d)

din din

For x € R,z > 0, the Gamma function I' is defined by

F(m):/ e Tt
0



CERTAIN WEIGHTED AVERAGES OF GENERALIZED RAMANUJAN SUMS 3

Now we recall the definition of the Bernoulli Polynomials and Bernoulli
numbers. For any = € C define the functions B,,(z) by the equation

ze™ > B,(z)

er—1 Z n!
n=0

If we put = 0, we get (with the convention that B, := B,(0)), then

oo

z B, ,
P Z:OFZ where |z| < 27
n=

2" where |z] < 27

By, (x) are called Bernoulli polynomials and B,, = B,,(0) are called Bernoulli
numbers.

Following are some important properties of Bernoulli polynomials (See
section 12.2 of [4]) which we use later:

Proposition 2. Forn € N,;n > 2, the Bernoulli numbers satisfy
(1) Bn(0) = By(1), and
(2) B, = ZZ:O (Z)Bk‘
Next we define the generalized ged function:

Definition 3. The generalized GCD function on N x N denoted by (j, k*)s
is defined to give the largest d € N such that d|k and d*|j. Therefore,
(J,k%)s = 1 means that no natural number d > 1 exists such that d|k and
ds|j.

When s = 1, the generalized GCD function becomes the usual GCD
function.

For k € N, j € Z, the Ramanujan sum defined as the sum

k
Ck(]) _ Z eQm‘jm/k

m=1
ged(m,k)=1

In [6], E. Cohen generalized this to

Definition 4. For s, k € N, j € Z, the generalized Ramanujan sum is defined

as i
cés)(j): Z p2mijm/k*

m=1

(jvks)szl

Recall that, for Ramanujan sum, we have
. k k
()= D du(5)= > —pl(d)
d|(k.5) d|(k.5)

The following similar identity holds for the generalized Ramanujan sum ([6]
Section 2):

Proposition 5.
) 0= Y auly =Y aud)

d|(5,k%)s d|j*
djk
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Holder’s (See [11]) evaluation of the Ramanujan sums is given by

elf) = p(k)p(k/ged(k, 7))
o(k/gcd(k, j))

For the generalized sum, Cohen showed that([8], section 2)

where k € N, j € Z

Proposition 6. (Generalized Holder’s identity)
o SRR/, K)s)
(2) ) (j) = ‘
Js(k/ (4 k%)s)
Definition 7. For k,n € N, the function 0x(n) is defined as

C[1if (k) =1
On) = {0, if (kyn) > 1

where j, k,s € N

Let F denote the C—linear space of all arithmetic functions with the usual
operations.

Definition 8. An arithmetic function f € F is said to be k—periodic for a
fixed k € N if f(n+k) = f(k) for all n € N.

The following proposition which we use later, can be found, for example,

n [16].

Proposition 9. For k € N, every k—periodic f € F has a Fourier expansion
of the form
k
=" g(j)exp(2rijn/k)
j=1
where the Fourier coefficients g(j) are unique, and are infact given by the
equation

—_

k
=z Z Yexp(—2mijn/k)

Any other notations and definitions we use will be introduced later as and
when required.

3. PROBLEMS

For r € N, E. Alkan established an identity for the weighted average

k
1 . .
e 2" e)
j=1

based on which he could establish many results in [1] and [2]. If we denote
the above weighted average by S,(k), the identity given by E. Alkan is
precisely the following;:

Proposition 10.

/2]

plk
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This identity appeared as Eq. 2.19 in [2] . He used this identity to
prove exact formulas for certain mean square averages of special values of
L—functions. Alkan described these mean square averages in [1] and proved

an asymptotic formula for Y S,k in [2] based on the identity given above.
k<z
How did he proceed to establish the identity is, that, he used Holder’s eval-

uation of the Ramanujan sums [11] and applied the formula

(4)

n r+1 L7/2]
Z jr:n+1z<T+1>BzmH p*m (n,r € Nyn > 1)

r+1
Jj=1 + m=0 pln
ged(j,n)=1

(See [17] for details) and then considered the cases r even and r odd seper-
ately. The identity (3) and its proof appears in [3] also.

The proof of the identity (3) given in [1] was a little bit complicated. A
simpler proof this identity (3) appeared in a paper [18] of L.T6th. In ad-
dition, in the same paper, T6th derived identities for some other weighted
averages of the Ramanujan sums with weights concerning logarithms, values
of arithmetic functions for ged’s, the Gamma function, the Bernoulli num-
bers, binomial coefficients, and the exponential function. Our focus will be
on establishing the weighted averages of Téth for the generalized Ramanujan
sums (of E. Cohen) replacing the classical Ramanujan sums. Considering
that the genralized Ramanujan sum with s = 1 becomes the classical Ra-
manujan sum, it may not be very surprising to note that, the identities we
establish here will resemble Téth’s identities when we put s = 1. In fact,
the way in which we proceed to establish the identities closely resembles the
steps given in [18].

4. ALKAN’S IDENTITY

As we mentioned earlier, the most important computations in [1] and
[2] of E. Alkan depends heavily on the identity given in Proposition (10).
The identity in its final form consists of the Euler totient function and the
Jordan totient function. We propose and prove a similar identity for the
generalized Ramanujan sum consisting of similar type of functions. Our
identity is precisely the following:

Proposition 11. For s, k,r € N, define the weighted average Sﬁs)(k:) by

k.s
1 o (s
(5) SO = oy 27 ()
j=1
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Proof. Using identity (1), we get

ST(’S)(k) = sr+1 Z'] st

j=L  d|5*
dlk
1 k k.S/dS
= o) stﬂ(g) Z (nd®)"
d|k n=1
ds(r+1> kejde
= Y )2
dlk

Now from [9], Prop. 9.2.12, for every N,r € N, we have

S = g (v e 3 (T o)
T

Note that By = 1, and By = —3 (See [4], section 12.12). Also, for m > 1,
Bom+1 = 0 (See [4] Theorem 12.16). Therefore, Bs, Bs, ... are all equal to
0. So we can rewrite the above expression as

N
1 1 1
n’ = <(—1)OBO (T + )NrJrlO(_l)lBl (T + >N'f‘+11
nzl r+1 0 1

T
r+1 _
S GUIRES

m=2

In this expression, after By, only even order Bernoulli numbers survive and
so we need to consider only such terms in the summation. Rewriting using
this information

N
1 r+1 _ 1 r+1 _
r — _1 lB NT+1 1 B ‘NT+1 2m
> n o L 1( 1) +T+IZ om )Y
n=1 m=
_ Nr+ 1 % r+1 B, nTHl-2m
T2 Trtia=\om am

Using this new expression, we get

13

R N V0 A T r+1 o\
Oy = S =) (=) = i
S () T ks(r+1>’“‘(d) <d5> 2+T+1m0<2m )BQ’” <d8>

[T

H )

1 k1 r+1 &2ms f
= N Z Bo S (2
2§ks“(d)+r+1m: <2m> 2 n gz Ug)

o

LJk) 1 & [r+1 Joms (k)
= = Bo,,
2 ks +r+1m: <2m> am T g 2ms

o

and this is what we claimed. O



CERTAIN WEIGHTED AVERAGES OF GENERALIZED RAMANUJAN SUMS 7

When s = 1, the above identity becomes the one given by Alkan (Prop.
10).
5. log AS WEIGHT

We proceed now to generalize the other weighted averages computed by
T6th([18]). The next one uses the logarithmic function as weight.

Proposition 12. For every s,k € N, we have
k
1 . (8), sk k
T3 omi ) = oA + 3 () on (+):

Proof. We use identity (1) to proceed:

k
S logic) () = Zlogy st
J=1 d|j*
djk
is
= > du( 5 og(md®)
d
dlk m=1
is
= > du( 5 ) > llog(1.d°) +log(2.d°) + ... + log(- K )]
d ds
dlk m=1
k
= > (= £ log( @)
dlk
ok k
= Zd sd—logd,u Z log )!
dlk dlk
k
= skzz,u( logd+ZdS log =)
dlk dlk
Note that ZM(E) logd = (u* log)(k) = A(k). So we get
dlk
k
1 d® k k
%; ogjcl(j) = 5A(@+Z?M(3)bg(ﬁ)!

dk

6. FUNCTION OF GENERALIZED GCD AS WEIGHT

Now we proceed to establish an identity with weight as the generalized
GCD function. But instead, we prove it generally for arithmetic functions
composed with the GCD function. This, on taking the first function to be
the function N as a special case, we get the weight as the generalized GCD
function.
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Proposition 13. For s, k,j € N
k
NG E)D)E () = To(R)[(F 0 N¥) # (1o N*)] (k)
j=1

Proof. We use the generalized Holder’s evaluation (2) to start off.

s (5 . ) (k/(.]’ ))
Zf (G4 Zf ACEAIN

Now we group the terms in the sum according to d°* = (4, k°)s,

Zf G k) () = k) Y f(d) _S)> > 1

ds‘ks mS:1
(m7§—)3:1
—2) K
= (b)Y f@) G
ds‘k;s
= Js(k) Y f(ds)u(—s)
ds‘ks
which is equivalent to the identity we have to prove. O

7. THE GAMMA FUNCTION AS WEIGHT

To establish the next average, we need a few preliminary lemmas. We
have the following identity which appears in [9] as exercise 1.8.45:

Lemma 14. For s,k € N

Z&IOgd: _SD(k?) Z log p
d k

—1
dlk plk p
pprime

We will give a generalization of this lemma in terms of Jordan totient
function. This lemma could be of some other independent interest.

Lemma 15. For s,k € N

p(d) Js(k) log p
—~logd = —
@ ® D Dl
d|k plk
pprime

Proof. When we take all the divisors of k, only those u(d) survive in the
computation where d is square free. Now recall that

Js (k) ( 1 >
= 1—— .
ks H ps
plk
pprime

So the quotien ( )
Therefore, Wlthout any loss of generahty we may assume that k is square

free. Let k = [] p; where p; are distinct primes and D = {p1, ..., p,} denote
pilk
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the set of all prime divisors of k. With this assumption and notation, the
the RHS of the expression we want to verify becomes

Js(k) logpi 1 log p;
ks pr—l - H(l_p_f) Z pi—1

pi€D pi€D pi€D

> | II (pj —1)logp;

pi€D \ p;eED

_ H p; —1 D #Pi
p; [T (7 - 1)

) i
pieD pi€D

> | II »f —1)logp;
pi€D \ pjeD
' FDi

IT »¢

pi€D

We introduce a notation for convenience. S, ,, will stand for the set of n
primes (where n < r) from D and contains p; and S,, will stand for the set
of all Sy, ), where p; € D. Therefore, S,.,, = D. With this notation, we get

Js(k) logpi 1 s
s Z | = T Zlogpz' H (Pj—l)
pi€D " : ! pi€D pjED
pi€D L DjF#Di
1
e R D B I R Sl | T R
p,erZ p;€D p; €D Sr—1,p; €Sr—1 PjESr—1
‘ L P #Di Pj#Di

1 1
= Zlogpi p_f_ Z i p§+...+

S2,p; €52 p; €S2

Computing the LHS now:

d 1
ZM( )logd _ _logp
ds D
dlk
log p1p2 log pr—1pr
+ - (T Tt
PiDa Py_1Dy
log p1paps3 log p—2pr—1pr
+ S S S +.o.t S S s
P1DPoD3 Dy _oPr_1Pr
lo .

+ +(_1)r 2 D1 Dr

pi---pf
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grouping the terms on p;,

d 1 1
Moed = Yogn(-w+ ¥ g ¥
dlk pi€D b; S2,p, €52 pjesh.p S3,p; €S53
+
1
k
+ (1) Z s
Sk.p: €Sk H p
Pk piESy b
1
- + (=D T 7
Sr—l,Piesr—l pjeSr—l,p' J
1
Loy )
(=1) [T »;
p; €D

which is the same as the RHS computed above.

1l 7]

P ES3.p;

The above lemma will be used in the proof of the next proposition.

Proposition 16. For s,k € N

-1

k;S
1 ey (s) . S log p log 27
o 2 losT (/K () = 5 3 5

Proof.

ks ks
s () s s k
> _logT(j/k")e”(j) = ) logT(j/k*) Z ()
= i=1 @, k*
kS

= 3 ) Y togma k)

ds|ks m=1
5
s K i m
= > d M(g)log 11 (%)
ds |k m=1  d°

Now [9], Proposition 9.6.33 tells that

, B (gﬂ)(nfl)ﬂ
[T rom) =="7=—

1<j<N

Using this, we get

3
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(2m) (572

Zlogf (k%) (5 = > d'u 1ogT
ds

] 1 ds|ks
k(1 k* 1. k*
= Su(=) [ =(= —1)log 27 — = log —
Zw@@§>%Wf%)
ds|ks
= e > (E) L og2 st - —st )1
= 5 og 2w 7! P 5 og 2w og
dlk d|k d|k

It is a standard fact that (see [4]) Z,u(%) = 0. Also, taking k/d instead of
dlk
d as the divisors of k, we get

ks
ey - 1 s
Zlogl’(g/kz e (4) = —§J logQW——ZdS d) log(d?®)
=1 d|k
sk?® Js(k) log p
plk
pprime
using Lemma (15)
SOIEDY logp _ 11g9
IR I p—1 2 84T
plk
pprime
and this completes the proof. U

8. BERNOULLI NUMBERS AS WEIGHT

We now consider the weighted average involving Bernoulli numbers. Even
though a similar identity was stated in [18], no proof was given there. Our
next proposition gives a generalization of this proposition, and a special case
to of turns out to be Téth’s identity given in [18].

Proposition 17. For m € Z,m >0

15 (L)@ = Bm
ks Z:: Bm(ks)ck (j) - ksmjsm(k)
Proof.
k-1 j ks —1 ;
> Bu(5)6 () = Y BuliH)dn()
=0 =0
o ke
= Zd ”(E)ZB”L(E)
d|k j=0

)



12 K VISHNU NAMBOOTHIRI

Now use the fact that B,,(0) = B,,(1).

k°—1 . k*®

J\(s),. s K ] 0 ks
ZBm(E)Cé)(J) = >d w5) ZBm(E)JFBm(E)—Bm(E)
J=0 d|k Jj=1

ds|j
k& J
= D dp(3) Y B3
dlk j=1
d*|j
5
. k& rd’
= Zd “(E)ZBW(?)
d|k r=1
I
< K < r
= Zd “(E)ZBW(F)
dlk r=1 s
. 0 ke
S T das
= > &) D Bulg) = Bulg) + Bul(is)
dlk r=0 ds s s

From the properties Bernoulli numbers ([9], Prop. 9.1.3), we have

k—1 .

J Bm,
Z Bm(E) - fm—1
7=0

Using this, we get
k*—1

> B = )
2 - 5)
Bm S k
= oyt 24 H(G)
d|k
N (kijlem(@

Now the conclusion easily follows.

9. BINOMIAL COEFFICIENTS AS WEIGHT

Now we have one more weighted average with weights as binomial coeffi-
cients.

Proposition 18. For k € N,

- s & kS s
> ()0 =2 T L1 F o e

o \J dlk
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Proof.

£ (e - £() 5 o

=0 dlk, ds|l

Now we use the following formula appearing in [10], P. 84:

T

Lnf <£T> = ? S cos” (I /r) cos(nim/r)

m=0 =1
to get

s

k? (8) (s s k ka <k ks S s S
e G) = E d M(E) 5 cos” (Im/d®) cos(k*lm/d?)
=

J d|k =1
Note that k°/d® is an integer and so cos(k®lm/d®) is +1 1f k21 is even and
—1if it is odd. So we get the final expression which was clalmed. O
10. EXPONENTIAL FUNCTION AS WEIGHT

Though the following proposition was stated in [18] as a remark, detailed
proof was not given there. We provide a proof here before generalizing the
proposition.

Proposition 19. For every k,n € N,

k ) p—
Zexp@ﬂ'ijn/k‘)ck(j) — {17 lf (k,n) =
Jj=1

el

0,if (k,n) > 1

Proof. We use the Fourier expansion of the functions 0 (n) (defined in the
section Notations) and c(n) to prove the identity. We have

k k
1 . . 1 . ck(n)
p g Or(j)exp(—2mijn/k) = Z E exp(—2mijn/k) = o

j=1 j=1
(4:k)=1

Threfore Using the Fourier expansion identities, we get

Ck(
k

exp(2mign/k) = Or(n)
7=1

The generalization follows easily:
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Proposition 20. For k,n € N, we have

1 ey (o) JLif (k) =1 (s)
2 = ::
eap(2mijn/k*)e” (7) {0 if (k). > 1 6, (n)
Proof.
. ke (5
1 () ; s 1 e i (D)
_2 = T < _2 = .
s ;Hk (j)exp(—2mijn/k*) e jEZl exp(—2mign/k®) "
(jyks)szl

Threfore Using the Fourier expansion identities, we get

kS (8)y -
Z % (j)exp(Qﬂ'ijn/ks) = 9,(:)(71)
which is what we require. U

11. GENERALIZATION OF A MULTIVARIATE IDENTITY
Finally we have a generalization of a multivariate identity given in [18]:

Proposition 21. Let ky,...,k, € N, k = lem(ky,...,k,) and let s,r € N.
Then

(7)
© Jok) . k) 1 1\ Bom
S (ky,. .. k) = + > s I (K1)

2ks r+1 = 2m
where
dslu'(kl/dl) s dsu(kn/dn)
8 ) (ky, .. k) = 1 n
( ) gm ( 1, ) Z (lcm(dl,...,dn))(1*2m)s

dilk1,...dn|kn

is a multiplicative function in n variables.

This can be easily verified following the steps given in the proof of the
single variable case. With r = 1, we have

Corollary 22. With notations as in the above proposition, if we let E() :=
g1, then
 Jy(kr) . Jg(ky) B9 (k. k)

S%S)(/ﬁ,...,kn)— o + 5

12. FURTHER DIRECTIONS

Though we have found several identities for various arithmetical functions
combined with the generalized Ramanujan sums, we restricted ourselves
to the finite summation case. If one looks into what happens when we
extend this to an infinite series, it is possible that it may give us many
more “Ramanujan expansions” of many well known arithmetical functions
in terms of the generalized sums. Also, it should be possible to derive similar
identities based on the other generalizations of Ramanujan sums with the
same techniques.
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