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Abstract

The linearly constrained nonconvex nonsmooth program has drawn much attention over the
last few years due to its ubiquitous power of modeling in the area of machine learning. A variety
of important problems, including deep learning, matrix factorization and phase retrieval, can be
reformulated as the problem of optimizing a highly nonconvex and nonsmooth objective function
with some linear constraints. However, it is challenging to solve a linearly constrained nonconvex
nonsmooth program, which is much complicated than its unconstrained counterpart. In fact, the
feasible region is a polyhedron, where a simple projection is intractable in general, and moreover, the
per-iteration cost is extremely expensive in real scenario, where the dimension of decision variable is
high. Therefore, it has been recognized promising to develop a provable and practical algorithm for
solving linearly constrained nonconvex nonsmooth programs.

In this paper, we develop an incremental path-following splitting algorithm, denoted as IPFS,
with a theoretical guarantee and a low computational cost. In specific, we show that this algo-
rithm converges to an e-approximate stationary solution within O(1/¢) iterations with very low
per-iteration cost. To the best of our knowledge, this is the first incremental method to solve linearly
constrained nonconvex nonsmooth programs with a theoretical guarantee. Experiments conducted
on the constrained concave penalized linear regression (CCPLR) and nonconvex support vector ma-
chine (NCSVM) demonstrate that the proposed algorithm is more effective and stable than other
competing methods.
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1 Introduction

In this paper, we are aiming at developing an effective optimization algorithm for solving the linearly
constrained nonconvex nonsmooth program:

min f(z)+r(z), s.t. Az <b, (1)
TEX
where = [21,...,2,] € RY, z; € R% and Yo, di = d. The objective function f : R? - R is a
smooth but possibly nonconvex and r(x) = >, ri(x;), where r; is nonsmooth and possibly nonconvex.
AeRP pheRP and X C R? is a closed and convex set.

Problem abstracts a plethora of mathematical models arising from deep learning [1], distributed
optimization and coordination [2], network utility maximization [29], resource allocation [33], statistical
learning [11] and so on. Two typical problems widely used in practice are: 1) the constrained concave
penalized linear regression (CCPLR) [19] and 2) the nonconvex support vector machine (NCSVM) [§].

Despite its effectiveness, it is very hard to find even a stationary solution of problem . The difficulty
comes from two aspects. From the perspective of problem structure, the nonsmoothness of the objective
function prohibits the use of the gradient while the projection onto the set {x : Az < b} is intractable in
general. In another perspective of computational cost, the per-iteration cost is proportional to the full
dimension and hence extremely expensive for high-dimensional data-driven applications. Therefore, an
efficient algorithm with a theoretical guarantee is in demand. However, none of the existing algorithms
meet these requirements.

In this paper, we propose a novel incremental path-following splitting algorithm, denoted as IPFS,
to resolve problem . The key idea behind our approach is to construct a sequence of §-smoothed
problems with log-barrier functions and approximately solve each problem via a splitting method. In
specific, we introduce a slack variable s > 0 to transform the inequality constraint into an equality
constraint, and eliminate the non-negative constraint by using a log-barrier function. This leads to
several following é-smoothed problem, which are much easier than problem ,

P
min  f(x) +r(z) — 3 log(ss),
TeX i=1

st. Ax+s=0b.

(2)

In fact, we are able to show that the stationary solution to a sequence of é-smoothed problems constitute
a path which converges to one stationary solution of problem . In this light, the proposed IPFS
method approximately follow this path, and return an e-approximate stationary solution of problem .
Furthermore, either cyclic or randomized variable selection rule, which are both amenable to high-
dimensional optimization, is assigned to alleviate the issue of computational cost. Finally, we present
the detailed convergence and iteration complexity analysis in the appendix.

The contributions of our work are summarized as follows:

e We propose to construct a sequence of the §-smoothed problems, where a path is constituted and
converges to one stationary solution of problem as & — 0.



e We develop a novel incremental path-following splitting algorithm, denoted as IPFS, together with
either cyclic or randomized variable selection rule, which are both amenable to high-dimensional
optimization.

e We evaluate the efficacy of the proposed algorithm on the constrained concave penalized linear
regression and the nonconvex support vector machine. Experimental results demonstrate that our
method consistently outperforms other competing methods.

Related works: To the best of our knowledge, our approach is the first incremental algorithm developed
for solving problem with a theoretical guarantee and very low per-iteration cost. This is achieved
through optimizing a sequence of a smoothed problem with decreasing parameter via an incremental
splitting method. The following briefly discusses related work in literature.

The log-barrier function has been widely used in the path-following method for linear programming [14],
and then generalized to the self-concordant function [26, 31] for convex programming. Recent years have
witnessed the renewed interests of the path-following method in solving Lagrangian decomposition in
separable convex optimization [6] and constrained convex minimization [5], where the idea behind is also
strongly relevant to the continuation method, a standard technique in training neural network [I7]. Very
recently, a new continuation method proposed by Hazan et al. [I5] has been proven globally convergent
for a special class of unconstrained non-convex smooth programs. However, it remains unclear if the
path-following method can be extended to solve problem with a theoretical guarantee.

The splitting method |21}, [7] is the standard tool for solving the linearly constrained convex programs.
Much effort has been devoted to establishing the theoretical guarantee of the nonconvex splitting meth-
ods. However, the existing analysis is limited to a fraction of problems, or requires some strong as-
sumptions. The iteration complexity analysis has been established for the nonconvex smooth consensus
problem and sharing problem [I8], the nonconvex problems with Kurdyka-Lojasiewicz (KL) condition
[32] and the symmetric nonnegative matrix factorization [24, 23]. Very recently, Jiang et al.  [20]
presented a unified framework to define the e-stationary solution of nonconvex nonsmooth problems,
and presented the iteration complexity of the splitting method in terms of variational inequality. Melo
and Monteiro [25] analyzed the nonconvex Jacobi-type non-Euclidean splitting method with an elegant
iteration complexity analysis, while Gongalves et al. [12] obtained the similar complexity result for the
nonconvex proximal splitting method with over-relaxation step-size. On the other hand, Combettes and
Pesquet [4] proposed block-coordinate fixed-point algorithms, which achieved very low per-iteration cost
by incorporating random sweeping. However, problem does not fall into the class of problems dis-
cussed before. Therefore, it still remains unclear whether problem can be solved by the randomized
splitting method with a theoretical guarantee.

2 Algorithm

We make the following assumptions throughout the paper:
Assumption 1. The set of the stationary solutions of problem 18 nonempty.

Assumption 2. The set X =[], X; is bounded, and each A; has full column rank.



Assumption 3. The objective f is differentiable and each partial derivative V; f is Lipschitz continuous.
In specific, there exists a constant L; > 0 such that, fori=1,...,n,

IVif(z) = Vif @)l < Li|lz — yll,, Yo,y € R%

Assumption [3] is standard and satisfied by many loss functions in machine learning. For example, the
least square or logistic loss, i.e., f(z) = + Zf\il l(x,&) where & = (a;,b;) is a single data sample, and

[(x,&;) is defined as:
% ) z or log (1 + exp (—bi : a?:r)) .

We proceed to the optimality of problem .

a;-r:n—bi

Definition 1. Let h : R? — R U {+o00} be a proper lower semi-continuous function. Suppose h(Z) is
finite for a given T. For v € R%, we say that

e v is a reqular sub-gradient of h at T, written v € 3/%(95), if

lim inf h(z) — h(z) — (v, — )

> 0.
THAT TT |z — 2|,

® v is a general sub-gradient of h at T, written v € Oh(Z), if there exist sequences {x*} and {v*}
such that ¥ — 7 with h(z*) — h(Z), and v* € Oh(z*) with v* — v when k — +o0.

The following proposition lists some facts about the semi-continuous functions.

Proposition 4. Let h : R? — RU {+oo} and g : R? — R U {400} be proper lower semi-continuous
functions. Then it holds that:

1. Fermats rule remains true: if T is a local minimum of h, then 0 € Oh(Z).
If h is continuously differentiable at xz, then O(h + g)(x) = Oh(x) 4+ dg(x).

If h is locally Lipschitz continuous at x, then d(h + g)(x) C Oh(x) + dg(x).

e e

Suppose h(x) is locally Lipschitz continuous, X is a closed and convez set, and T is a local minimum
of h on X. Then there exists v € Oh(Z) such that (v — %) v >0,Vz € X.

Assumption 5. The set of generalized gradient of r;, denoted as Or;, is assumed to be bounded. In
addition, the prorimal mapping of each r;, defined as:

. 1
prox,,. (z) = argmin |r;(y) + % ly — 37”3
y (6

1s easily obtained.

Remark 6. Assumption[j is standard and satisfied by ¢1-norm and the smoothly clipped absolute devia-
tion (SCAD) [9], and also reasonable since the solution to ri(z)+ 5= Hng is unique for o > 0 sufficiently
small.



We are ready to introduce the notion of an e-stationary solution of problem . After introducing the
slack variable s > 0, the Lagrangian function is defined as:

L(z,s,A) = f(x)+r(x)+ (N Az +s—0b).

Based on the first-order optimality condition, we define an e-stationary solution of problem as
follows:

Definition 2. We call z* € R? to be an e-stationary solution of problem if there exists s* > 0, and
A* € RP such that the following holds true,

dist (—Vif(x*) — Ag—)\*,ﬁri(mfo <ei=1,...,n,
(Sj—s;-))\;f >—c,j=1,...,p,
|Az™ + 5™ —b||, <€,

where A; is the i-th column of A, s > 0 and dist(x, H) is the standard Fuclidean distance between x and
a closed convex set H. The solution x* is a stationary solution of problem if € =0 holds true.

Remark 7. Given a stationary solution of problem , it has been recognized as a significant reference
for several first-order methods to obtain the iterates, which converge to this solution. Furthermore, the
stationary solution attained by the proposed algorithm could be a local minimizer under some conditions,
such as second-order sufficient condition [27).

We propose an incremental path-following splitting method, denoted as IPFS, and analyze its iteration
complexity with cyclic or randomized variable selection rule. The proposed algorithm is presented in
Algorithm

The algorithm is double-looped. In each iteration of the outer loop, we consider a d-smoothed problem,
i.e€., problem , where § > 0 is a smoothing parameter. We optimize this problem via a splitting
method with a variable selection rule, and obtain an es-stationary solution to problem . Then we
move to the next iteration of the outer loop, and decrease § to 79, where 0 < v < 1. Each inner loop
is devoted to optimize problem via the splitting method. In each iteration, we select a set of index
T C{1,2,...,n}, and update {x;};c7 based on the last iterate, i.c., z¥. In specific, we introduce 3 > 0
and define a function as:

p
£ (rher ) = 3 [<Vif )ik} o F oo zmm)} 5 log(s:) (3)
i€l P
2
+</\,2Aixi+ZAixf+s—b> _|_é ZAixi+ZAixf+s—b
el €T 2 |iz i¢T 2

Given s = s* and A = A*, this function is strongly convex for {z;};c7 according to the boundedness of
Or;. To this end, we obtain {xf“}iez by following:

{mf+1}i€l' _ argmin [,k <{$i}i€Ia :L‘k, Sk, )\k) . (4)
{zi€Xitier



Algorithm 1 Incremental Path-Following Splitting Method (IPF'S)

Initialize: the primal variable z € R%; the slack variable 5 > 0; the dual variable A € RP; the
smoothing parameter § > 0.
Set: the ratio v € (0,1); the final tolerance € > 0.
while § > € do
Set k + 0.
Set 5 > 0 according to 6.
Set (9,57, \9) ¢+ (2,5, A).
while the stopping criterion is not satisfied do

1. Pick up a set of index, i.e., Z, according to a variable selection rule.
2. Update {xf“}iez via Eq. ().
3. Update {xfﬂ}igz A {xf}zgz
4. Update s**1 via Eq. -
5. Update A*1 via Eq. (6).
6. Update k < k + 1.
end while
<= 70.
(i’, s, )‘) = (xk+17 sk+17 )‘]H_l)'
end while

Furthermore, we set {xf+1},~¢1 = {a¥},¢7. Finally, we obtain s**! and A*** by following:

2
] ; (5)
2

AL = Ak 4 (A:U’““ Foshtl b) . (6)

p
s**1 = argmin —(5210g(si) + s
seRP i—1 2

1
s+ AzFtl —p+ E)\k

and

Remark 8. We assume that problem can be solved exactly in theoretical analysis for convenience
since it has been shown in [13] that this subproblem admits a closed-form solution for a few special
nonconvex reqularization function r;, e.g., SCAD [9] if A; is an identity matriz and X; = R%. However,
the closed-form solution is generally intractable. As an alternative, some iterative methods can be used
to approximately solve it. We refer the interested readers to [13] for more details.

In what follows, we discuss the variable selection rules: cyclic and randomized.

1. cyclic rule. Let Z be the set of index selected at the k-th iteration of one inner loop, we have
Z = {ix = k mod n},

where k£ mod n is the remainder for k£ divided by n.



2. randomized rule. At each k-th iteration, the index i € Z is selected at random with probability
p; >0, i.e.,
Prob (i € Z) = p; > pmin > 0.

Finally, we design a reasonable procedure to identify the tolerance e¢5 > 0. This procedure, also known as
stopping criterion, is crucial for the performance of the proposed algorithm. In specific, it is unnecessary
to obtain very accurate local solution when ¢ is large, which might take a lot of iterations. In what
follows, we clarify the connection between €5 used in the stopping criterion and 6.

Stopping Criterion: We repeat the inner loop of the splitting method until the following statements
hold true,

ka+1 _mkH
2

HA:c’f“ NS S bH
2

IN

s,

IN

s,

where C' > 0 is set as a constant which is independent of 4.

2.1 Discussion

Firstly, we compare our method to some existing methods.

1. Our method is greatly different from stochastic alternating direction method (SADM) [28]. SADM
randomly draw a subset of data samples at each iteration while our method randomly selects a
subset of decision variables. In addition, the theoretical guarantee of SADM is established only
when the objective is convex.

2. Our method is related to the algorithm presented in [18]. However, the theoretical guarantee of
that algorithm is only established only when applied to solve the nonconvex smooth consensus
and sharing problems.

3. Our method is related to the two variants of ADMM analyzed in [20], i.e., proximal ADMM-m and
proximal ADMM-g. However, neither of these methods has a theoretical guarantee when applied
to solve problem . In specific, problem can be reformulated as

min f(z)+r(z), st. Ar+s=0b, s>0.

TEX
The objective is nonsmooth with respect to « and s, which violates the conditions in [20]. In
addition, the computational cost of proximal ADMM-m and proximal ADMM-g is very expensive
on high-dimensional problems.

Secondly, we remark that the parameter setting varies from practical usage to theoretical analysis. For
example, we prove in the next section that the iterates converge to an e-stationary solution if 8 remains
as a sufficiently large constant. However, 8 should be adapted to accelerate the method and improve
the practical performance.



3 Main Result

In this section, we present the convergence and iteration complexity analysis of the proposed algorithm
with cyclic or randomized variable selection rule.

3.1 Convergence

We define a set of stationary solutions of problem , and prove that (z,3) converges to one of the
stationary solutions.

Definition 3. We call (a:5’*, 35’*) € R RP to be an es-stationary solution of problem if there exists
X% € RP such that the following statement holds true,

dist (—Vif(:n‘;’*) — AT N, 8ri(xf’*)> <e,i=1,...,n,
O,% y O,% .
Hsj Aj —5H2 <e,j=1,...,p,
HAaz‘s’* + s%* — bH2 < €.
The solution (9357*, 5‘5’*) is a stationary solution of problem if e = 0 holds true.

At a high-level, for any given § > 0, (Z, §) can approximate (x‘s**, 85’*) well as the inner loop goes. Since
(:U5’*) converges to z* as § — 0, we can characterize the limiting behavior of our algorithm.

Theorem 9. As § — 0, we show that T — x* deterministically or in terms of expectation for cyclic
and randomized variable selection rules, where x* is a stationary solution of problem .

3.2 Iteration Complexity

In this subsection, we analyze the iteration complexity of the proposed algorithm. Specifically, we use
the measure of optimality in terms of variational inequality, instead of the closeness to the optimal
solution, which is intractable in nonconvex optimization. The e-stationary solution of problem ({1 is
regarded reached if the following statements both hold true,

1. The smoothing parameter is smaller than the final tolerance, i.e., § < €.

2. The stopping criterion in each inner loop is satisfied deterministically or in terms of expectation
for cyclic and randomized variable selection rules, respectively.

Now we are ready to state our main result on the iteration complexity. Specifically, we show that the
proposed algorithm returns e-stationary solution of problem within O (%) iterations in term of the
iteration number in inner loop, and O(log(2)) iterations in term of the iteration number in outer loop.

Theorem 10. Suppose either cyclic or randomized variable selection rule is employed, the proposed IPFS
algorithm returns an e-stationary solution of problem deterministically or in terms of expectation
for cyclic and randomized variable selection rules, respectively, within O (%) iterations in term of the
iteration number in inner loop, and O(log(%)) iterations in term of the iteration number in outer loop.



Table 1: Statistics of datasets.

Dataset | Number of Samples | Dimension
ohscal 11,162 11,465
w8a 64,700 300
a9a 32,561 123
20news 16,242 100
SUSY 5,000,000 19

Table 2: Performance comparison of the referred algorithms.

%: o Methods A=14 A=1.6 A=1.8 A=20
= (objective,time) (objective,time) (objective,time) (objective,time)
= IPFS-R (126.73, 7.31) | (120.12, 7.61) | (141.27, 7.25) | (160.17, 7.11)
= S IPFS-C (720.09, 23.39) (807.96, 23.52) (942.65, 23.92) (950.82, 23.79)
s|! _IALM (1048.47, 46.70) | (1146.34, 46.60) | (1171.69, 48.32) | (1170.91, 46.33)
0 proximal ADMM-m (1348.56, 30.61) (1534.81, 30.39) (1717.74, 30.66) (1896.04, 30.64)
S = IPFS-R (93.17, 8.15) | (119.38, 7.57) | (148.05, 7.39) | (173.73, 7.13)
S| IPFS-C (679.48, 23.48) (672.42, 24.47) (627.10, 24.08) | (1158.11, 24.39)
I TALM (1150.52, 47.84) | (1304.51, 47.51) | (1450.57, 47.67) | (1590.68, 46.76)
proximal ADMM-m (1370.99, 31.49) (1560.77, 31.55) (1746.86, 31.64) (1931.58, 31.56)
— IPFS-R (276.60, 15.12) (286.44, 15.04) (384.07, 14.45) (417.84, 15.00)
= IPFS-C (84.84, 33.19) (85.20, 37.54) (57.03, 37.11) | (123.92, 37.25)
S || TALM (3100.88, 64.10) | (3553.76, 61.16) | (3997.23, 60.27) | (4440.50, 56.81)
S | © [Tproximal ADMM-m | (3761.72, 24.75) | (4299.11, 24.47) | (4836.50, 24.71) | (5373.87, 24.93)
S [= IPFSR (283.47, 14.34) | (376.80, 14.92) | (405.42, 14.41) | (430.40, 15.85)
g | s IPFS-C (134.16, 38.10) | (114.69, 37.68) | (58.43, 40.84) (92.20, 38.34)
~ l IALM (3132.08, 111.95) (3579.23, 122.77) (4026.25, 140.42) (4472.96, 126.79)
proximal ADMM-m (3774.29, 35.96) (4313.47, 36.26) (4852.62, 36.26) (5391.79, 36.42)

Remark 11. We highlight the iteration complexity in order of O (%) is theoretical optimal for first-order
methods when applied to solve several non-convex problems [3,[22]. In practice, a variety of large-scale
artificial intelligence and machine learning applications requires the solution with low accuracy, i.e.,
€~ 1075,

4 Experiments

In this section, we evaluate the efficacy of our algorithm on the linearly constrained nonconvex problem
arising from machine learning. We compare our method with two well-known heuristic algorithms since
the existing exact convergence method for problem is unknown. More specifically, we consider the
inexact augmented Lagrangian method (InexactALM) [16] and the proximal alternating direction method
of multipliers (proximal ADMM-m) [20], which are referred to “heuristic” since the theoretical guarantees
of these two methods are only valid on convex minimization and a class of nonconvex minimization.

We conduct our experiments on the synthetic data in the first task, named Constrained Concave Penal-
ized Linear Regression [10], and on the real data in the second task, named Nonconvex Support Vector
Machine [30]. The objective value is used as the metric in our experiments.
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Figure 1: Comparison of IPFS-C (Cyclic variable selection rule) and IPFS-R (Randomized variable
selection rule) with ADMM (proximal ADMM-m) and IALM (InexactALM) on Constrained Concave

Penalized Linear Regression.

4.1 Constrained Concave Penalized Linear Regression

Problem: The problem of Constrained Concave Penalized Linear Regression (CCPLR) has been rec-
ognized as one linearly constrained nonconvex nonsmooth program, which covers a few interesting
applications in statistical learning and image processing. In specific, it is aiming at recovering a sparse
signal z* € R? with s < d non-zero components from the observation y € R” and b € R™, which are
defined as y = Az* + € and b = Cz* + 5. Here A € R™? and C € R™*¢ are measurement matrices,
and €; € R™ and €5 € R" are white noises. Mathematically, it is defined as:

1
min —||Az — y||3 + Px(2), s.t. Cx —b <0,
zeRd 2
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where Py(w) is defined as:
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Figure 2: Comparison of IPFS-C (Cyclic variable selection rule) and IPFS-R (Randomized variable
selection rule) with ADMM (proximal ADMM-m) and IALM (InexactALM) on Nonconvex Support Vector
Machine.

Settings: We generate A € R™ ¢ with independent standard Gaussian entries and normalized it in
column; We generate C' € R™*? with independent standard Gaussian entries; e, ~ N (0,021;), and €3
contains independent random entries uniformly distributed in [0, o], where ¢ = 0.1 or o = 0.3. We select
different regularization parameters in {1.4,1.6,1.8,2.0} to show that our algorithms are robust. We
implement with the random initialization, and the terminate that the relative change of the consecutive
objective function values is less than 1077,
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Experimental results: Figureshows the objective value as a function of time cost (in seconds) where
o0 = 0.1 and o = 0.3. We observe that IPFS-C (Cyclic variable selection rule) and IPFS-R (Randomized
variable selection rule) consistently outperform InexactALM and proximal ADMM-m on all datasets,
especially when the dimension is high. The proposed methods could achieve a lower objective value in
the non-convex optimization procedure. This confirms the advantage of our algorithms over InexactALM
and proximal ADMM-m is the solid theoretical guarantee. Furthermore, IPFS-Randomized performs
the best mainly because of its low per-iteration cost, strongly supporting the usage of randomized
algorithms.

4.2 Nonconvex Support Vector Machine

Problem: The problem of NonConvex Support Vector Machine (NCSVM) is a very powerful binary
classification tool with high accuracy and great flexibility. Mathematically, it is defined as:

mil}i alTé+ Py(2), st. 1—€6—b-ATz <0, £<0, (8)
z€R

where 1 € R", and Py (w) is defined as before.

Settings: We set 0 = 1.4, and vary the regularization parameter A in {1.4,1.6,1.8,2.0}. We use
seven datasetsﬂm to evaluate the proposed algorithm, where the statistics is presented in Table |1} The
remaining setting is the same as that used in the CCPLR problem.

Experimental results: Figure [2| shows the objective value as a funtion of time cost (in seconds).
Indeed, our algorithms outperform InexactALM and proximal ADMM-m consistently by a significantly
large margin on real data, which confirms the advantage of our algorithms over InexactALM and proximal
ADMM-m with the solid theoretical guarantee.

5 Conclusions

In this paper, we proposed a novel incremental path-following splitting algorithm, denoted as IPFS,
to solve the linearly constrained nonconvex nonsmooth program, which abstracts quite a few machine
learning applications. To the best of our knowledge, this is the first incremental method developed for
solving problem with a theoretical guarantee. Furthermore, the cyclic and randomized block variable
selection rules significantly improve the efficiency of the proposed algorithm on high-dimensional data,
as confirmed by our experiments on nonconvex penalized linear regression and support vector machine
tasks.
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A Proof of Theorem

We firstly construct a potential function ®(z, s, \) and present a key technical lemma which guarantees
that, when optimizing J-smoothed version, i.e., problem , the sequence of {@(wk, sk, )\k)}zzoz is non-
increasing and lower bounded under some conditions of the penalty parameter 8 > 0. The potential
function ®(x, s, \) is defined as

P
O(x,s,A\) = f(z) +r(z) — 5Zlog(sj) + (N Az +s—0b) + g | Az + 5 —b|3,
j=1

where § > 0 is a given smoothing parameter, and g > 0 is a penalty parameter chosen according to J.

A.1 Proof of Technical Lemmas

Lemma 12. When optimizing the §-smoothed version, there exists s > 0. If the following statement
holds true,
V26

B> 52 9)

then a sequence of {@(wk, sk /\k)}Z:S is non-increasing and lower bounded. Therefore, we conclude that
(zk, s AF) = ®*, and HA:U"“‘H + sktl — bH2 — 0, ka+1 — l‘kH2 — 0 and HskH — SkHz —0as k —
oo, deterministically and almost surely for cyclic and randomized variable selection rules, respectively.
Furthermore, a sequence of { (mk, sk )\k) }::3 remains bounded.

Proof. Tt follows from the update of {z¥™}cr, {xf+1}i¢1 that

1
R P CastP O LD ‘ (10)

i€l

2
.

k k+1
—

Furthermore, @(ajkﬂ, s, )\k) is strongly convex with respect to s, and hence by using the update of s*+1,

we have )
<I>(xk+1 sk )\k) — <I>(xk+1 Pl )\k) > B Hsk — sk“H .
) ) ) ) — 2 2
Finally, by using the update of A**1, we have

Bk, F L ARY — (gt gt NRH) = _; H)\k _ )\k+1Hz, (11)

In what follows, we try to show that there exists s > 0 such that sé? >sfori=1,2,...,p. It is clear

that {s"}>) is a bounded sequence since — Z§:1 log(s;) is strictly convex. Firstly, we obtain that
3?“)\;‘?“ = § through combining the update of s¥*1 and A\¥*'. Then we suffice to show that there
exists A > 0 such that A? < \. In specific, we have

ory(xfthy 5 —vifah, . ak) — ATN — (L 4+ 1) ($f+1 - $f’) — BA; ZAjszrl + Zijé? + s —b

K]
j<i 5>

= —Vif(al,...,ak) — AN — (Li+1) (fo - xf) - BA] (8’”1 - Sk)
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For i = 1,2,...,n, we obtain that A A\¥ is bounded since {s¥}}> is a bounded sequence, X; and the
set of generahzed gradient of r; are both bounded sets. Without loss of generality, A = [A; A2 ... AN]
is assumed to be full row rank, which leads to the fact that )\k < X for some A > 0. Therefore, we have

4]

E_ yk+1||
R R E

2 <L, o

Finally, we combine , and to obtain that

@(xk,sk7)\k) . (I)(xk+1,sk+1,)\k+1

e (3 el o

zEI

Furthermore, the function ® (3:’C , sk )\k) has been shown lower bounded in [20], i.e., there exists ®* € R
such that ®(z*, s*, \F) > ®*. For cyclic variable selection rule, it holds deterministically that,

H o k+1
zEI

For randomized variable selection rule, we take the conditional expectation over both sides of and
obtain that
2
o1 ] |
2

2
forlH — 0, as k — +o0.
2

B(a*, * A~ E [(I)(xk+1’8k+1’/\k+1) | (xk’sky)\k)] > %E [

Since p; > pmin for i = 1,2,..., N, we have

N
<I>(:1ck, sk, /\k) —E [(I)(xk+1’3k+17)\k+1) | (xk’ Sk’ /\k)} > Pmin Z U

where 7FT1

is a “virtual” iterate assuming that all variables are updated once. Thus {®(z*, s* )\k) e 0
is a super-martingale with respect to the natural history; and by the super-martingale convergence
theorem, the sequence {@(xk, sk )\k)}zz converges almost surely. Therefore, it also surely holds true
that,

ka — :):k+1H2 — 0, as k — +o0.
Similarly, we obtain that ||s**! — skHZ — 0 and ||AzP Tt 4 s — bH2 = % | AR — )\k+1H2 — 0as k —
400 deterministically and almost surely for cyclic and randomized variable selection rules, respectively.

This completes the proof. ]

From Lemma it is easy to see that the stopping criterion must be satisfied. Then we present a lemma
which guarantees that, z € R% approaches one local solution to problem , where the Lagrangian
function is defined as

L0 (x,5,)) = f(x) 5210g si)+ (N, Az +s—0).
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Lemma 13. Let (Z,5) satisfies the stopping criterion deterministically and almost surely for cyclic and
randomized variable selection rules, respectively. Then (z,5) is an d-stationary solution of problem .
That is to say, there exists A € RP such that the following statement holds true,

dist (—Vif(yz) - AZX,ari(@)) <8, i=1,....n
5% = 6], < 6.5 =1,....p,
|AZ + 5 — b]l, < 6,

deterministically for cyclic variable selection rule and

E[dist (—vif(f)_AZX,am@))} <6i=1,...,n,
E[[|5% —dfl,) <d.5=1.....p,
E[|AZ + 5 — bl|,] < 6,

for randomized variable selection rule.

Proof. When optimizing a é-smoothed version, the first-order optimality condition for (zF*1, sF+1, \k+1)
is

dist (=i f (2" = AN, ory(ab ) < D ZHA I ka —xk“H (2L; +1)] k xf+1H
where ¢ € 7 and D = Jnax {diam(X;)}.
Furthermore, we have ||Az*t! + 51 —p[|, = 3 L ||AF = ARFL| and skﬂ)\"“rl =6forl <j<p It

follows from Lemmau 2| that there exists sufficiently large K > 0 such that for k > K, we have

n
ko kt1 ko kt1
D Z;HAJ-HQH:CJ. A N PRV e
‘7:
l H)\k . )\k+1H < 57
I} 2
for cyclic variable selection rule, and
n
E|D ZHA”EHQE?—:U?JFIHQ +(Li+1)‘xk foH < 4
j=1

taf e, <

for randomized variable selection rule. In this case, the stopping criterion is satisfied, and hence the
above inequality holds for (:E, s, )\) when optimizing J-smoothed version.
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In conclusion, we obtain that

dist (—Vif(i) - AJX,ari(@)) <8i=1,...,n,

§j5\j—5:0,j:1,...,p,
|AZ + 5 —b||, <0,

for cyclic variable selection rule, and
E [dist (—Vl-f(:i) - AH,@W(@))] <8i=1,...,n,

E[5%—6]=0,j=1,....p,
E[|Az +5—b||,] <0,

for randomized variable selection rule. O

A.2 Proof of Theorem

Since a sequence of (Z, 3) remains bounded as 0 decreases, the set of the limiting points is non-empty.
We consider a sub-sequence of (7, 5) indexed by {k;};/>° which converges to (z*, s*). By using Lemma
we conclude that, there exists A € RP such that (z, s) indexed by k; satisfies that

dist (—Vif(a?) - AZ},@W(@)) < ()¥1dg, i =1,...,n,
ngj‘j - (7)’”%“2 < ()80, j = 1,...,p,
142 + 5 = blly < ()",
deterministically for cyclic variable selection rule and
E [dist (—vif(z) - ij,ari(az,-)ﬂ < (b, i=1,...,n,

E [HEJS\J - (W)klé‘OH2} S (7)k150a ] = 1’ Y )
E[||AZ + 5 = blly] < ()"0,

for randomized variable selection rule. Here §p is the initial smoothing parameter. We know that
(y)" — 0 as I — +oo since v € (0,1). Therefore, we conclude that z* is a stationary solution of
problem (/1) deterministically for cyclic variable selection rule and in terms of expectation for randomized
variable selection rule. This completes the proof.

B Proof of Theorem 10

B.1 Proof of Technical Lemma

We present a technical lemma to show the number of iterations required to reach the stopping criterion
when optimizing J§-smoothed version of problem , i.e., problem . Specifically, this number is
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disproportionate to the value of §, which makes a lot of sense since problem becomes harder as
0 —0.

Lemma 14. Suppose cyclic or randomized variable selection rule is employed for optimizing §-smoothed
version, t.e., problem , the stopping criterion is satisfied deterministically or in terms of expectation,
respectively, within O(3) iterations.

Proof. From Lemma it suffices to show that, there exists C' > 0 such that, if k& > %, the following
statement holds true,

D g,,AjHQHx;_xgHHQ c @ | <
lH)\k_)\k+1H < 5
5 2 —
for cyclic variable selection rule, and
n
E |D ;HAjHQHx";—x;?HHQ (Lt D) |af -2k ] < @
el T N
for randomized variable selection rule.
It follows from Lemma [12] that, for VK > 1, we have
q)ooo_*K} k_k+12 @_L k_k+12
@) w2 Y |5 ¥ et ek (B - gy ) -]

k=0 | i€Tpiq

where 7, is denoted as the active set chosen at the k-th iteration of the inner loop when optimizing
d-smoothed version.

Combining the fact that
2 2

k_xk-i-lH Z ‘
2

1€15 41

X, s

2

. -t

yields that the iteration complexity is O(%). By using similar technique, we can obtain the same
complexity for randomized variable selection rule, where it holds true that

IA
>

Ly

n
E (D[ [ o4l |25 — ot ) + i+ 1) [k —2b+|
j=1

IN
>

1
il A
I3 2

This completes the proof. O
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B.2 Proof of Theorem

On one hand, it is clear to derive from § - 4 that § < e is satisfied within O(log(1)) iterations in term
of the iteration number in outer loop. On the other hand, by using Lemma we obtain the iterations
required in term of the iteration number in inner loop is

€

%—1 _50—’7(5027

log(t
ng(‘:)c ci-1_ oy 1
do

which implies that the iterations required in term of the iteration number in inner loop is O(%) This
completes the proof.
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