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Abstract: In this paper, we study the asymptotic optimality of a low-complexity coding strategy for
Gaussian vector sources. Specifically, we study the convergence speed of the rate of such a coding
strategy when it is used to encode the most relevant vector sources, namely wide sense stationary
(WSS), moving average (MA), and autoregressive (AR) vector sources. We also study how the coding
strategy considered performs when it is used to encode perturbed versions of those relevant sources.
More precisely, we give a sufficient condition for such perturbed versions so that the convergence
speed of the rate remains unaltered.
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1. Introduction

In [1], Kolmogorov gave a formula for the rate distortion function (RDF) of Gaussian vectors
and for the RDF of Gaussian wide sense stationary (WSS) sources. In [2], Pearl presented an upper
bound for the RDF of finite-length data blocks of any Gaussian WSS source and proved that such a
bound tends to the RDF of the source when the length of the data block grows. However, he did not
propose a coding strategy to achieve his bound for a given block length. In [3], we presented a tighter
upper bound for the RDF of finite-length data blocks of any Gaussian WSS source, and we proposed
a low-complexity coding strategy to achieve our bound. Obviously, since such a bound is tighter
than the one given by Pearl, it also tends to the RDF of the source when the length of the data block
grows. In [4], we generalized our low-complexity coding strategy to encode (compress) finite-length
data blocks of any Gaussian vector source. Moreover, in [4], we also gave a sufficient condition for
the vector source in order to make such a coding strategy asymptotically optimal. We recall that a
coding strategy is asymptotically optimal if its rate tends to the RDF of the source as the length of the
data block grows. Such a sufficient condition requires the Gaussian vector source to be asymptotically
WSS (AWSS). The definition of the AWSS process was first introduced in [5], Section 6, and extended
to vector processes in [6], Definition 7.1. However, the convergence speed of the rate of the coding
strategy considered (i.e., how fast the rate of the coding strategy tends to the RDF of the AWSS vector
source) was not studied in [4].

In this paper, we present a less restrictive sufficient condition for the vector source to make the
coding strategy considered asymptotically optimal. Moreover, we study the convergence speed of the
rate of such a coding strategy when it is used to encode the most relevant vector sources, namely, WSS,
moving average (MA), and autoregressive (AR) vector sources. In this paper, we also study how the
coding strategy considered performs when it is used to encode perturbed versions of those relevant
sources. Specifically, we give a sufficient condition for such perturbed versions so that the convergence
speed of the rate remains unaltered.
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The study of the convergence speed in any information-theoretic problem is not an easy task.
To study the aforementioned convergence speed, we first need to derive new mathematical results
on block Toeplitz matrices and new mathematical results on the correlation matrices of the WSS, MA,
and AR vector processes. These new mathematical results are useful not only to study the convergence
speed in the information-theoretic problem considered, but also in other problems. In fact, as an
example, in Appendix H, we use such mathematical results to study the convergence speed in a
statistical signal processing problem on filtering WSS vector processes.

The paper is organized as follows. In Section 2, we give several new mathematical results on
block Toeplitz matrices. In Section 3, using the results obtained in Section 2, we give several new
mathematical results on the correlation matrices of WSS, MA, and AR vector processes. In Section 4,
we recall the low-complexity coding strategy presented in [4], and using the results obtained in
Section 3, we study the asymptotic optimality of such a coding strategy when it is used to encode WSS,
MA, and AR vector sources. In Section 4, we also study how the coding strategy considered performs
when it is used to encode perturbed versions of those sources. Finally, in Section 5, some conclusions
are presented.

2. Several New Results on Block Toeplitz Matrices

In this section, we present new results on the product of block Toeplitz matrices, on the inverse
of a block Toeplitz matrix, and on block circulant matrices. These results will be used in Section 3.
We begin by introducing some notation.

2.1. Notation

In this paper, IN, Z, R, and C denote the set of natural numbers (that is, the set of positive integers),
the set of integer numbers, the set of real numbers, and the set of complex numbers, respectively.
CM*N s the set of all M x N complex matrices. Iy stands for the N x N identity matrix. Op1x n denotes
the M X N zero matrix. V} is the n x n Fourier unitary matrix, i.e.,

Vil = ;ﬁez”(’?(k”i, ike{l,...n},
with i being the imaginary unit. We denote by A1(A),..., A, (A) the eigenvalues of an n x n Hermitian
matrix A arranged in decreasing order. * denotes the conjugate transpose. ® is the Kronecker product.
| - |l and || - || are the spectral norm and the Frobenius norm, respectively.

Ifn € Nand A; € CM*N forallj € {1,...,n}, then diag(Ay, ..., A,) is the n x n block diagonal
matrix whose M x N blocks are given by:

[diag(Al,...,An)]]‘/k :(5]'/](14]', j,kG {1,...,7’1},

where ¢ is the Kronecker delta. We also denote by diag; ., (Ax) the matrix diag(Ay, ..., An).
If n € Nand F: R — CM*N is a continuous 27t-periodic function, T, (F) stands for the n x n
block Toeplitz matrix generated by F whose M x N blocks are given by:

[T (F)ljx =Fjx jke{1,...,n},
where {Fj }rcz is the sequence of Fourier coefficients of F, that is,

1

Fr. = —
k= on

27T .
/ e MIF(Wdw Yk € Z.
0



Entropy 2020, 22, 1378 3 0f 20

We denote by C,,(F) the n x n block circulant matrix with M x N blocks defined as:

. 2rt(k—1 N
If Ay € C"M>*"N then C,, is the n x n block circulant matrix with the M x N blocks given by:

Ca, = (Vu® IM)diaglgkgn ([(Vie @ Ing) " An(Vie @ IN) ki) (Vi @ IN)™

We denote by C,, (F) the n x 1 block circulant matrix with the M x N blocks defined as C,, (F) = Cr,(p)-
If F(w) is Hermitian for all w € R (or equivalently, T, (F) is Hermitian for all n € IN (see, e.g., [6],
Theorem 4.4), then inf F denotes inf,,¢ (g2, AN (F(w)). We recall that (see [7], Proposition 3):

Jnf Ay (Tu(F)) = infF = S An(F(w)). M

2.2. Product of Block Toeplitz Matrices

We begin this subsection with a result on the entries of the block Toeplitz matrices generated by
the product of two functions, which is a direct consequence of the Parseval theorem.

Lemma 1. Consider two continuous 27t-periodic functions F: R — CM*Nand G: R — CN*K, Let {Fi}rez
and { Gy }rez, be the sequences of Fourier coefficients of F and G, respectively. Then:

[Tw(FG)ljx = Y. Fi—nGnsk
h=—o00

foralln € Nand j,k € {1,...,n}.

Proof. See Appendix A. [

We can now give a result on the product of two block Toeplitz matrices when one of them is
generated by a trigonometric polynomial. We recall that an M x N trigonometric polynomial of degree
p € NU {0} is a function F: R — CM*N of the form:

p ‘
Flw)= Y e“iA,  VweR, )

where Ay € CM*N with |k| < p. It can be easily proven (see, e.g., [6], Example 4.3) that the sequence of

the Fourier coefficients {Fy }xcz of the continuous 27t-periodic function F in Equation (2) is given by:

¢ Omxn if [k > p.

Lemma 2. Let F, G, {Fy}xez, and {Gy }rez be as in Lemma 1.
1. If F is a trigonometric polynomial of degree p, then:
Y pFinGnx #i<p,

[Tw(F)Tn(G) — Tu(FG)ljx = { Omxk fp+1<j<n-—p 3)
- f:’;“ FinGnk ifjzn—p+1,
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and:

ITa(F)TA(G) = Tu(FO) | < \/p<p+1> (3= | IF@IRe) (5 [ I6@)5de)

foralln € Nand j,k € {1,...,n}.
2. If G is a trigonometric polynomial of degree q, then:

- Zﬁzk_q FionGnx ifk<g
[Tn(F)Tu(G) — Tu(FG)ljx = OMxlf fqg+1<k<n-—gq,
— L FionGrk ifk>n—q+1,

and:

T (F)Ta(G) ~ Ta(FG) | < le) (3= ) IF@IRe) (5 [ I6@IEde)

foralln € Nand j, k€ {1,...,n}.
3. If F is a trigonometric polynomial of degree p and G is a trigonometric polynomial of degree q, then:

¢1(F,G) OpMx (n—29)K OpMx gk
TH(F)T?I(G) - TH(FG) = 0(n72p)M><qK O(n72p)M><(n72q)K 0(n72p)M><qK
OprqK Opr(n—Zq)K &2 (F/ G)

and:

ITu(F)Ta(G) = Tu(FG)||F = \/Ilél(F,G)II% +1122(F, G)II7

for all n > max{2p,2q}, where & (F,G), & (F,G) € CPM*4K are given by:

0
[C1(F,G)]jx = — ) FinGn—k
h=max{j—pk—q}
and:
min{j k}
[&2(F,G)ljk=— Y. Fip—nGnigk
h=1

forallje{1,...,ptandk € {1,...,q}.
Proof. See Appendix B. O

2.3. Inverse of a Block Toeplitz Matrix

Lemma 3. Let F: R — CN*N be a trigonometric polynomial of degree p.

4)

©)

(6)

@)

1. If F(w) is invertible for all w € R and {T,(F)} is stable (i.e., T,(F) is invertible for all n € IN and

{II(Tw(F))~Y|2} is bounded), then:

(T ()T (P < SUP||(Tm(F))_1||2\/P(P+1)<217I/0' ) o) (5 @) 13400)

melN

foralln € IN.
2. If F(w) is positive definite for all w € R, then:

T B =T < o o0 51 [ TR ) 5 [P 20)

®)
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foralln € IN.

Proof. See Appendix C. [

2.4. Block Circulant Matrices

Lemma 4. Consider A,,, B, € C"™M>*"N _They:
HCAn - CBn”F S ||An - BHHF

and:
|An — Ca,lle < 2[|Ay = Bullr + ||Bn — Cs, ||F- )

Moreover, if By, is an n x n block circulant matrix with M x N blocks, then:
CBn = By (10)

and:
||An_CAnHF §2||An_Bn||F- (11)

Proof. See Appendix D. O

Lemma 5. Let F: R — CM*N be g trigonometric polynomial of degree p. Then:

~ |4
ITu(F) = Ca(F)l[F < IT(F) = Ca(F)[[F = szlk(lwﬁ IF_klIZ)

forall n > 2p. Furthermore,
lim || Ty(F) = Cu(F)|[p = lim || T (F) — Cu(F)| .
Proof. See Appendix E. [

3. Several New Results on the Correlation Matrices of Certain Random Vector Processes

Let {x, } be a (complex) random N-dimensional vector process, that is x, is a (complex) random
N-dimensional (column) vector for all n € IN. In this section, we study the boundedness of the

sequence {HE (xntlx;ﬁz:l) o CE(xn:lx:Z:l)

‘F} when {x,} is a WSS, MA, or AR vector process, where:

and E denotes expectation.

3.1. WSS Vector Processes

In this subsection, we review the concept of the WSS vector process, and we prove that the

sequence {HE (xp1x5q) — CE(xnzlx;]) ‘F
spectral density (PSD) is a trigonometric polynomial.

} is bounded when {x, } is a WSS vector process whose power
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Definition 1. Let X : R — CN*N be continuous and 27t-periodic. A random N-dimensional vector process
{xn} is said to be WSS with PSD X if it has constant mean (i.e., E(x,,) = E(xy,) for all ny,ny € IN) and

{E (xpax%q)} = {Tu(X)}.

Lemma 6. If {x,} is a WSS wvector process whose PSD is a trigonometric polynomial, then
{HE (xpaxtq) — CE(xn:le:l) HF} is bounded.

Proof. This is a direct consequence of Lemma 5. [

3.2. VMA Processes

In this subsection, we review the concept of the MA vector (VMA) process, and we prove that the

sequence {HE (xf’lilx;ﬁl:l) o CE(xlitlx;:])

‘F} is bounded when {x, } is a VMA process of finite order.

Definition 2. A zero-mean random N-dimensional vector process {x, } is said to be a VMA process if:
n—1
Xn=Wn+ Y G jw,y VneN, (12)
k=1
where G_j € CN*N forall k € N and {w, } is a zero-mean WSS N-dimensional vector process whose PSD

is an N X N positive semidefinite matrix A. If there exists g € IN such that G_; = Onxn for all k > g, then
{xn} is called a VMA process of (finite) order q or a VMA(q) process.

Lemma 7. If {x,} isa VMA(q) process as in Definition 2, then {HE (xp1x5q) — Cr(

‘F} is bounded.

xn:lx:,:] )
Proof. See Appendix F. [

3.3. VAR Processes

In this subsection, we review the concept of the AR vector (VAR) process, and we study the
boundedness of the sequence {HE (xpaxt) —

CE( xn1x ) ‘F} when {x, } is a VAR process of finite order.

Definition 3. A zero-mean random N-dimensional vector process {x, } is said to be a VAR process if:
n—1
Xp=wy— Y Fyx,p VneN, (13)
k=1

where F_i € CN*N forall k € N and {w, } is a zero-mean WSS N-dimensional vector process whose PSD is
an N x N positive definite matrix A. If there exists p € IN such that F_ = Onxn for all k > p, then {x,} is
called a VAR process of (finite) order p or a VAR(p) process.

Lemma 8. Let {x,} be a VAR(p) process as in Definition 3. Suppose that F(w) = Iy + Z,’(’:l e KIF_ is
invertible for all w € R and {||(T,(F)) |2} is bounded. Then, {HE (xpaxiq) — CE( } is bounded.

xnilx:;:l ) ‘ F

Proof. See Appendix G. O
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4. On the Asymptotic Optimality of a Low-Complexity Coding Strategy for Gaussian
Vector Sources

4.1. Low-Complexity Coding Strategy Considered

In [1], Kolmogorov gave a formula for the RDF of a real zero-mean Gaussian N-dimensional
vector x with a positive definite correlation matrix E (xxT), namely,

RX(D):;,imaX{O';InW} VD ¢ <0,tr(E(I\);XT))],

where T stands for the transpose, tr denotes the trace, and § is a real number satisfying;:

D= Lmin{on (£ (7)) }.

We recall that R«(D) can be thought of as the minimum rate (measured in nats) at which x can be
encoded (compressed) in order to be able to recover it with a mean squared error (MSE) per dimension
no larger than a given distortion D, that is:

E (Ix—xI3)

<D,
N =

where X denotes the estimation of x.

IfD € (0,Ay (E (xx"))], an optimal coding strategy to achieve Ry(D) is to encode [z]1 1, . . ., [z]n1
separately with E(||[z]1 — [ZA]k/l Y < Dforallk € {1,...,N}, where z = U ' x with U being a real
orthogonal eigenvector matrix of E (xx ) (see [8], Corollary 1). Observe that in order to obtain U,
we need to know the correlation matrix E (xx" ). This coding strategy also requires an optimal coding

method for real Gaussian random variables.

In [4], Theorem 3, we gave a low-complexity coding strategy for any Gaussian N-dimensional
vector source {x, }. According to that strategy, to encode a finite-length data block x,,.1 of such a source,
we first compute the block discrete Fourier transform (DFT) of x,;.1:

Yn1 = (Vi @ IN) X421, (14)

and then, we encode Yray - Yn sepjiately (E' if n is even, we encode ya, y@l,...,yﬁl, Yn
separately, and if n is odd, we encode ¥,1, ..., Yn—1,Yn separately) with:
2

~ 112
e (Jla-al)

2N S%’ ke{[a’”"”_l}\{g}’

EOMNwQSD,

and:
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where [x] denotes the smallest integer higher than or equal to x € R and:

Re([z]1,1)
~ (Re()) _ | Re(lzlny) -
= <1m(z)) () | €
Im([z]n1)

with Re and Im being the real part and the imaginary part of a complex number, respectively.

As our coding strategy requires the computation of the block DFT, its computational complexity
is O(nNlogn) whenever the fast Fourier transform (FFT) algorithm is used. We recall that the
computational complexity of the optimal coding strategy for x,.; is O(n?N?) since it requires the
computation of U, x,.;, where U, is a real orthogonal eigenvector matrix of E (xp1,), 1) Observe that
such an eigenvector matrix U, also needs to be computed, which further increases the complexity.
Hence, the main advantage of our coding strategy is that it notably reduces the computational
complexity of coding x,.1. Moreover, our coding strategy does not require the knowledge of

E (x41x,.;). It only requires the knowledge of E (ykyk ) withk e {[5],...,n}.

We finish this subsection by reviewing a result that provides an upper bound for the distance
between Ry, , (D) and the rate of our coding strategy Ry, (D) (see [4], Theorem 3).

Theorem 1. Consider n,N € IN. Let x; be a random N-dimensional vector for all k € {1,...,n}.
Suppose that x,1 is a real zero-mean Gaussian vector with a positive definite correlation matrix (or
equivalently, Ayn (E (x41%,.,)) > 0). Let yy.1 be the random vector given by Equation (14). If D €
(0, (E (xu152))], then

T
HE (x}’lilxnil) - CE(xn:]x;—lr:]) ’F

ViaNAuN (E (xmax)4)) ]

0 < Ry, (D) — Ry, (D) < %m 1+ (15)

where: ) b
n—
Ryn (D)+2):k n+1 Ryk(7)+Ryn (D)
n

25 s Ry (2) 4Ry (D)

~ if n is even,
Rxn:l (D) =

if nis odd.

n

4.2. On the Asymptotic Optimality of the Low-Complexity Coding Strategy Considered

In this subsection, we study the asymptotic optimality of our coding strategy for Gaussian vector
sources. We begin by presenting a new result that provides a sufficient condition for the source to
make such a coding strategy asymptotically optimal.

Theorem 2. Let {x,} be a real zero-mean Gaussian N-dimensional vector process. —Suppose that

HE(xMx;l)_cE (

NG

X11:1x,11)

infyew AN (E (Xpax,1)) > 0 and  limyoeo E = 0. If D €

(0,infyen Aun (E (xp:1%,..1))], then:

lim (Ry,, (D) = Ry, (D)) =0.

n—oo
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Hence, if {Rx,, (D)} is convergent, then:

lim Ry, (D) = lim Ry, (D). (16)

n—oo n—o0

Proof. From Equation (15), we have:

T
HE (xn:lxnzl) o CE(Xn:lxll) ’F

Vn e NN,
\/Winfmem )\mN (E (xmzlx;;l))

~ 1
OSRxn:l(D)_Rxn:l(D)SEIn 1+

and therefore, Theorem 2 is proven. [

We recall that lim;, ;e Ry, , (D) is the RDF of the source {x; }.

In [4], Theorem 4, we gave a more restrictive sufficient condition for the source to make the
coding strategy considered asymptotically optimal. Specifically, in [4], Theorem 4, we proved that
Equation (16) holds if {x, } is AWSS. However, the convergence speed of the rate of the coding strategy
considered (i.e., how fast the rate of the coding strategy tends to the RDF of the AWSS vector source)
was not studied in [4]. We now study the convergence speed of the rate of such a coding strategy
when it is used to encode the most relevant vector sources, namely WSS vector sources, VMA sources,
and VAR sources. It should be mentioned that this convergence speed depends on the sequence

T
{HE (-xntlxn:l) - CE(xn:lxI:l)
vector sources.

'F} whose boundedness is studied in Section 3 for these three types of

Theorem 3. Let {x,} be a real zero-mean Gaussian WSS N-dimensional vector process whose PSD X is
a trigonometric polynomial. Suppose that inf X > 0 (or equivalently, det(X(w)) # 0 for all w € R).
If D € (0,inf X], there exists K € [0, c0) such that:
~ 1 K

0< Ry, (D) = Ry, (D) < 5In 1+ NG Vn € IN. (17)
Proof. As {T,(X)} = {E (xp1x})}, Ta(X) is positive semidefinite for all n € IN. Consequently,
from [7], Proposition 3, X (w) is positive semidefinite for all w € R. Therefore, applying Equation (1),
inf X > 0 if and only if det(X(w)) # 0 for all w € R. Equation (17) is a direct consequence of
Equation (1), Theorem 1, and Lemma 6. O

Theorem 4. Let {x,} bea VMA(q) process as in Definition 2. Suppose that det(A) # O0and {|(T.(G)) |2}
is bounded with G(w) = Iy + Zzzl e kiG_ forall w € R. If {x,} is real and Gaussian, and D €
(0,infyen Aun (E (x41x,.1))], there exists K € [0, 0) such that:

K

5 1
0< Rxn:l(D) 7Rxn:1(D) < Eln (1+\/ﬁ> Vn € IN.

Proof. Since det(T,(G)) = 1forall n € IN, from Equation (A3), we have:

B 1 _ 1
o (E ) = T T Tmemm me .
_ 1 1
(o) ™) maay (o™ ) | (ratn™) [ It | (Taton ™,
M) An(A) >0 Vnel.

a0l (supwen JTten [,
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Hence, inf,cy AN (E (xnzl xll)) > 0. Theorem 1 and Lemma 7 prove Theorem 4. [

Theorem 5. Let {x,} be a VAR(p) process as in Definition 3. Suppose that F(w) = Iy + ¥b_, e *IF_;
is invertible for all w € R and {||(T,(F))~'||2} is bounded. If {x,} is real and Gaussian and D €
(0,infyen Aun (E (x41x,.1))], there exists K € [0, 00) such that:

0 < Ry,, (D) = Ry, (D) < %m (1 + \;) Vn € IN.
Proof. Asdet(T,(F)) =1forall n € IN, applying Equation (A4) and [6], Theorem 4.3, yields:
1 1
Aan (E xn:lx;lr;l = — = —
( ( )) H (E (xm1%,5,1)) 1H2 H ((Tn(P))_l To(A) ((TH(F))*)_l) '
2
_ 1 S 1
(T (B))* T (A" D) Tu(E) [l — I(Ta(E))* [l 1 Ta (A=)l T (F)
(A An(A) >0 VneN.

= 2= 2
ITa(F)ll2  (supew [ Tm(F)ll2)
Thus, infyew Auy (E (xn:1%,.,)) > 0. Theorem 1 and Lemma 8 prove Theorem 5. [

4.3. On How the Low-Complexity Coding Strategy Considered Performs under Perturbations

In this subsection, we study how the low-complexity coding strategy considered performs when
it is used to encode a perturbed version, {z, }, of a WSS, MA, or AR vector source {x, }. Observe that if
{IE (znaz,p.1) — E (xn1x,.1) | £} is bounded, from Equation (9), we conclude that our coding strategy
can also be used to optimally encode {z, }, and the convergence speed of the rate remains unaltered.

We now present three numerical examples that show how the coding strategy considered performs
in the presence of a perturbation. In all of them, N = 2 and:

E (znzlzL) —E (anxll) + (0252;;2,122 Oz"ﬁ“) Vn € IN.
o,

Obviously, {||E (zu12,:1) = E (¥u1%,1) ||} is bounded since [|E (z412,1) — E (¥u1%,1) | = V2 for

n:1
all n € IN. The three vector sources {x, } considered in our numerical examples are the zero-mean WSS
vector source in [9], Section 4, the VMA(1) source in [10], Example 2.1, and the VAR(1) source in [10],

Example 2.3. In [9], Section 4, the Fourier coefficients of the PSD X are:

2.0002 0.7058 % —0.3542 0.1016 % —0.0923 0.0153
XO pr— ’ Xfl pm— Xl pr— ’ X_2 prm— Xz pr— y
0.7058 2.0000 0.1839 —0.2524 0.1490  0.0696

~0.1443  —0.0904 ~0.0516 —0.0603
Xf - )(>|< - X_ = )(>|< =
5778 ( 0.0602  0.0704 ) ’ 4T M ( 0 0 ) ’

and X = 0px2 with |k| > 4. In [10], Example 2.1, G_; and A are given by:

-08 —-0.7
(0.4 —O.6> (18)

4 1
L)

and:
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respectively. In [10], Example 2.3, F_; and A are given by Equations (18) and (19), respectively.

Figures 1a, 2a and 3a show Ry, (D) and Ry, , (D) for the three vector sources {x, } considered by
assuming that they are Gaussian. Figures 1b, 2b and 3b show R;,, (D) and R, , (D) for these three
vector sources. In Figures 1-3, n < 100 and D = 0.001. The figures bear the evidence of the fact that
the rate of the low-complexity coding strategy considered tends to the RDF of the source even in the
presence of a perturbation.

Nats per dimension

Nats per dimension

3.65 L L L L L L L L L
10 20 30 40 50 60 70 80 90 100

Figure 1. Rates for the considered wide sense stationary (WSS) vector source: (a) without perturbation
and (b) with perturbation.
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5. Conclusions

In [4], we proposed a low-complexity coding strategy to encode finite-length data blocks of any
Gaussian vector source. In this paper, we proved that the convergence speed of the rate of our coding
strategy is O (ﬁ) when it is used to encode the most relevant vector sources, namely WSS, MA,
and AR vector sources. This means that the rate of our coding strategy will be close enough to the
RDF of the source even if the length 7 of the data blocks is relatively small. Therefore, we conclude
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that our coding strategy is not only low-complexity and asymptotically optimal, but also low-latency.
These three features make our coding strategy very useful in practical coding applications.
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Appendix A. Proof of Lemma 1

Proof. Fixn € Nand j,k € {1,...,n}. AsF: R — CM*N and G: R — CN*K are continuous and
27t-periodic, FG: R — CM*K is also continuous and 27t-periodic. Applying the Parseval theorem (see,
e.g., [11], p. 191) yields:

[[Tn(FG)]j,k} = [2171 /Ozne_(j_k)‘*’ilf(w)G(w)dw

7,8

1

27 =
N T

=3 g ) @G
N 2r

= Z%/O [G(w)}t,sekwl[l:(w)] e 1w

T
L

I
1=z
[7e

*
Il
LR
=
|
|
3

I
1=z
\Mg |

*
Il
R
=
|

|
3

I
M=
\Mg

.*
Il
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=
|

|
3

|
M=
\Mg

N
ll
=
|

|
3

I
M=
agk

I
T

1 =

R e

L

(0}

=

e

=

I
I D

3
T

=
Il
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3

forallr € {1,...,M}ands € {1,...,K}. O
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Appendix B. Proof of Lemma 2

Proof. (1) Fix n € IN. As F, = Opjxn with |r| > p, from Lemma 1, we have:
[Tn(F)Tn(G) - Tn(FGﬂjk = [TH(F)Tn(G)] [Tn(FG)]]k

n
Z F)]inlTu(G)pk — Z FionGnx

h=—00

H
— Y F; T Fi
Z i—hGn—k Jim ( ; ]hth>

h=1

= — lim ( Z F] WGr_x + Z F] nGh— k)

H—o0 h=n+1

jtp

0
=— Y FiGuix— Y. FiinGir
h=j—p h=n+1

and consequently, Equation (3) holds for all j,k € {1,...,n}. Applying Equation (3), the Schwarz
inequality (see, e.g., [11], p. 15), the Parseval theorem for continuous matrix-valued functions (see,
e.g., [6], p. 208), and the well-known formula for the partial sums of the arithmetic series yields:

ITa (F)Tu(G) — Tu(FG) 1}

n n 2
=3 3 | T (B)Ta(G) — Tu(FO)] |

j=1k=1 F

P on 0 2 n n j+p 2
=Y 2= X FnGus| + X Y|~ X FinGu
j=1k=1 h=j—p pJ=n—p+lk=1 h=n+1 F

P n 0 2 n n jtp 2
=2 ) Z FionGnk|| + 2 Do || X Fi-nGnx
j=1k=1||n=j—p r j=n—pt1k=1|n=n+1 F

p n 0 2 n n jtp 2
SZZ( Y. HththHF) + ) 2( Y. ||thth”F>
j=1k=1 \h=j—p j=n—p+1k=1 \h=n+1

Sff< » HFM|F||GM|F>2+ » E(JZP |th||F||th||F>2

j=n—p+1k=1 \h=n+1

n

P n 0 ) 0 ) n jtp 5 j+r )
<Y Y Y IRl Y Gz + Y Y Y IF-ullE Y IGi«lz
=j—

j=1k=1h=j—p I=j—p j=n—p+1k=1h=n+1 I=n+1

P 0 0 =n ) n jtp ) jtpr n )
=Y Y FlE X Y leli+ X X IFalE X Y IG«lI?

j=1h=j—p I=j—pk=1 j=n—p+1h=n+1 I=n+1k=1

P 0 n j*p
<L X IRl Yo [Micwibde s Y Y IR g o [ 16(@) e
j=1h=j—p I=j— p j=n—p+1h=n+1 1= Vl+l

1 4 ) n ' jtp )
o [TIG@ e (- i+ 1) ¥ Il X Grpom Y IFl?

j=1 h=j—p j=n—p+1 h=n+1

1 21 p 1 21 ) n 1 2m 2
<o [ IG@Rdw (Y- j+ 0o [T IF@IRde+ Y Gp-mo [ IF@) e
27 Jo j=1 j=n—p+1 2m

:(;nf @) (55 [ 76w e (f NS <f+pn>)

j=1 j=n—p+1
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(3= [ 1F@e) (5 [ Io@fde) (HEED L PUER,

and therefore, Equation (4) is proven.
(2) Fixn € IN. As G, = Onxg with |r| > ¢, from Lemma 1, we obtain:

H—o0

0 H
[T (F)Tu(G) — Tu(FG)]jx = — lim ( Y FiaGnrt ), Fj—hGh—k>
n

=—H h=n+1
0 k+q
=— Y FiGhk— ), FinGup
h:k—q h=n+1

and hence, Equation (5) holds for all j,k € {1,...,n}. Since G is a trigonometric polynomial of
degree g, G* is also a trigonometric polynomial of degree g, where G*(w) := (G(w))* for all w € R.
Applying [6], Lemma 4.2, and Equation (4) yields:

[T (F)Tu(G) — Tu(FG)|IF = |[(Tu(F)Tu(G) — Tu(FG))" || £

= [[(Ta(G))" (Tu(F)" = (Tu(FG))" ¢
= Tu (G*) T (F*) = Tu (G*F*) |

g\/q<q+1> (3= ) IGt@) ) (5 [ @) ),

and thus, Equation (6) is proven.
(3) Fix n > max{2p,2q}. As F, = Opr«n with |r| > p and Gs = Oy g with |s| > ¢, from Lemma 1,
we obtain:

0 H
[Ta(F)Tu(G) — Tu(FG)]jx = — lim (hz FionGhk+ ), Fj—hGh—k>

H=eo \ ) 7~y h=n+1
0 min{j+p,k+q}
=- ) FionGni — ) FionGn«
h=max{j—pk—q} h=n+1
0 . .
- Zh:max{j—p,k—q} FionGn« ifj<pandk <g,
Omxk ifj<pandk>g+1,
= Omxk ifp+1<j<n—p,
Opxk ifi>n—p+landk <n—q,
P E G, ifj>n—p+landk>n—g+1,
forall j,k € {1,...,n}. Observe that:
min{n+j,n+k} min{j k}
[Ta(F)Tu(G) = Tu(FG)]u—ptjn—gk = — ) Y. 1 FoprjnGhnig—k = — IZ; Foptjm1Grig—«
=n-+ =

forallje{1,...,p}and ke {1,...,q}. O

Appendix C. Proof of Lemma 3
Proof. (1) Since F: R — CN*N is continuous and 27t-periodic, F~!: R — CN*N is also continuous

and 27t-periodic, where F~(w) := (F(w)) ! forall w € R. As:

I(Tu(F) ™ = Tu(F™H)llr =I/(Ta(F)) ™ (Iaw = Tu(F)Tu(F~1)) [I¢
<ITu(F) 2l T = Tu(F)Tu(F ) 7
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=[(Tu(F)) " Hl2l| T (In) — Tu(F) T (F~ )|l
=|[(Ta(F)) M I2| Ta (F) Tu(F 1) = Tu(FE 1)l

for all n € IN, Equation (4) proves Assertion 1 of Lemma 3.

(2) Since F(w) is positive definite for all w € R (or equivalently, F(w) is Hermitian and
AN(F(w)) > 0 for all w € R), F(w) is invertible for all w € R (or equivalently, det(F(w)) =
[TY.; Ax(F(w)) is non-zero for all w € R), T,(F) is Hermitian, and A,n(T,(F)) > infF > 0 for
all n € IN (see Equation (1)). As T,(F) is positive definite for all n € IN, (T, (F))~! is also positive
definite for all n € IN. Therefore,

1 1

(T (E) 7 = M(Ta(E) ™) = 5y < g

for all n € IN. Assertion 2 of Lemma 3 can now be obtained from Assertion 1 of Lemma 3. [

Appendix D. Proof of Lemma 4

Proof. Consider A, B, € C"M*"N_ A5V, ® I, is unitary, (V, ® I,)* is also unitary for all m € IN.
Consequently, since the Frobenius norm is unitarily invariant, we have

1Ca, — CB,llF = H(Vn ® In)diagy p<, ([(Vie @ Ing)* (An — Bu) (Ve @ IN)]ik) (Ve @ In)* E

= |diags < (1(Vi © 1n)* (A = Ba) (Vi )i
< [(Va @ In) " (An = Bu)(Vu @ IN) | = [|An = Bl

and:

[An = Ca,llF < |1An = C, l[F + [[CB, — Ca,llF
< [|An = Bullp + |Bn = Cs,[[F +|Ca, = CB,[lF < 2[|An = Bullr +[[Bn — Cp, [F-

If B, is an n X n block circulant matrix with M x N blocks, then (see, e.g., [6], Lemma 5.1, or [12],
Lemma 3) there exist Ay, ..., A, € CM*N sych that:

By, = (Vi ® Inp)diag(Ay, ..., Ap)(Vu @ IN)™.
Therefore,

Cp, = (Vi ® Im)diag) <j<,, ([(Va @ In)" B (Vi ® IN) k) (Vi ® In)*
= (Vu ® Iy)diag) <, ([diag(A1, ..., An)lii) (Ve @ IN)*

and combining Equations (9) and (10), we obtain Equation (11). O

Appendix E. Proof of Lemma 5

Proof. Fix n > 2p. From [13], p. 5, we obtain:

& (r Fo if j =1,
(Ca(B)]j = (1= 5 ) Fa+ 5 Fa ifje{2..n),
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B ( —%>ij1 ifjef{2,...,p+1},
Onixn ifje{p+2,...,n—p},
T P S

Hence, the Frobenius norm of the 1 x 1 block Toeplitz matrix with M x N blocks T, (F) — Cy(F) is
given by:

ITu(F) — Ca(F) 2 ‘,-,kil I[T.(F) - Cu(Pjul
—]ém D) — Cu(P)]a +k'§<n K D) [To(F) - Ca (Pl
=]i1<n—1+1>||m< V= [Ca(FY]al3 + é(n—k+1>\|[Tn<F>h,k—[@(FM%
—é(m —j+ DIIF — [Ca(F) ]l + i(n K DIFsk — Pzl
:]i2<n;+1>||a = ClPlalE L0 Dl ~ (G
:j"zz (= 7+ DIF1 ~ CalB)jalE + (= DIF1n — [Ca(Fal)
-
= (= i+ D1 = CalPial} + G = D10 = [Ca(E)jal?)
+Mipﬂ (00 =+ DIFs-1 = [CaENjalt + (= DIF-1-0 — [Ca(EN)ja ) (A1)
- . ) . )
_ Z ( n—j+1) |F - <1—%> Fia| +G-1) H—( —%) Fiy F)

2

+(-1
F

-1

i1 .
! Fj—l—nfjin Fic1-n

+ 2 ((n —j+1) Hf%FH_

j=n—p+1

2
)
p+1 2 n 2
5 (om0 (52) 1t -0 (1) I

—j+1\?
o £ (om0 (G It - () )
j=n—p+1

p+1 ( o ;o
_ j+1HG-1) (n—j+1(G-1
—];—HF] 117 +1 nX%]H T IFj—1-nllF
_nllE

k
(IRl + IF 42)
Applying [6], Lemma 5.4, we have:

F. ifie{2,...,p+1},
Ca(F)] ;g =4 Fimt i)
[Ca( )]],l OpMx N if]e{p—l—Z,.--,Tl—P}r
Firy ifj€{n—pti...n}
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Consequently, the Frobenius norm of the n x n block Toeplitz matrix with M x N blocks Ty, (F) — C;,(F)
is given by:

p+1
ITatF) = ColP)I = X5 (6n =+ DI = [Co Pl + G = DIF 1o~ (P lE)
]:
£ 8 (i DI = Pl G- DIF - CPlal?)
j=n—p+
p+1 n
S GOl -Fali Y ) Fl? (A2)
j=2 j=n—p+1

4 P
= Y IRl + ) HlIF 3
k=1 h=1
z 2 2
= Y k(IR +IF13) -
k=1

Equations (A1) and (A2) prove Lemma 5. O

Appendix F. Proof of Lemma 7

Proof. From Equation (12), we obtain:
X1 = Tu(G)wyq Vn € N,
with G(w) = Iy + Y] _, e *IG_j for all w € R. Therefore, applying [6], Lemma 4.2, yields:
{E (xpaxya)} = {Tu(G)E (wpawp) (Tu(G))"} = {Tu(G) Tu(A) Tu(G*)} = {Tu(GA)Tu(G")}. (A3)

Hence, using Equation (9), we have:

< 2|[E (%) = Ta(GAG") [ + |

HE (xnzlx:;:1> - CE(xn:lx;;:l)

: :

= 2| Ty(GA)Tu(G") = Tu(GAG") [ + | Tu(GAG") — Ca(GAG™) |

for all n € IN. Thus, to finish the proof, we only need to show that {||T,(GA)T,(G*) — T,(GAG*)||r}
and {‘ T,(GAG*) — C,(GAG¥) F} are bounded. As GA and G* are trigonometric polynomials,
from Equation (7), we obtain that {||T,(GA)T,(G*) — T,(GAG*)||r} is bounded. Since GAG* is a

}is
F

trigonometric polynomial, applying Lemma 5, we conclude that {H T.(GAG*) — C,(GAG¥)
bounded. O

Appendix G. Proof of Lemma 8

Proof. As A is positive definite, if w € Rand v € CN*1 then:

" (F(w)) TA((F(w) ™) o= (((F(@)) ™) "0) A((F(w)) ) o= (((F(w)))"'0) A((F(w))") "0 >0

whenever ((F(w))*) 1o # Onx1, or equivalently, v # Oy 1. Since (F(w)) ' A((F(w))~1)* is positive
definite for all w € R, we have:
1

(T (FA(FH) ) M2 < mETAET)) e

From Equation (13), we obtain:
Wy:1 = Tn(F)xn;l Vn € IN.
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Consequently,
{Ta(A)} = {E (wpawya)} = {Ta(F)E (xn1xp) (Tu(F))" }-
Therefore, as det(T,,(F)) = 1 for all n € IN, we have:
{E (xnax30) } = {(Tu(F)) ' Tu(A) ((Tu(F))") 713 (A4)

Hence, applying Equation (11) and [6], Lemma 4.2, yields:

JEnr3ia) = e,
<2|E (1) = CaFTUAFT) ) 5
<2 (|(Ta(F) " T A (T () ) T = Tu(F A ) [+ Tu(FT A ) =Ca(F AT ) 1)
<2 (||(Tu(F >>-1Tn<A><<Tn<F>>*>—1||z||1nN — (Tu(F))* (Ta(A) M Tu(F)Tu(FIA(F ™))
+ T (F A ) ol = (Ta (PP AE) ) T Ca( PP AEY) ) )
<2 (1T (F) M2l T () 2l (T (F) ) 2l e = To (P T (A ™) T (B) T (P ACF ™))
+ T (F A )l (Ca (PP AT ) ! = (TP A ) I Ca (P AT ) 2)
)"

(
=2 (1(Tu(F)) oA (W) [ ((Ta(E) ™) 2l = Tu(F) T (A~ F)Tu(F L A(F 1)) e
TP A 2 Ca((FHACE >*>*>—<Tn<rA(P*1>*>>*1||F||cn<P*1A<P*1>*>||z)
<2|| Ty (F~ < DY 2 (1T () M AT (FT A1) ™ = Tu(F)Ta (A7)
+||c< AT alICa (YA ™) ™) = (Tu(F L AF)") 1)

<2||Tu(F A )2 (1T (F) M BA(A) (TP AT ) ™! = TP AT P

+ T (F* A*lP)—Tn<F*>Tn<A*1P>||F)+\|cn< TAFE ) (ICa (B ATF) = Tu(F* A7) e
+ ITa(F AT F) = (To(FTPAGF) ) ) )
=2 Tu(F A )z (11(Ta () BA(A) I Ta(F) T (AT'F) = Tu(F* AT )|
+ (T (F) T BAL(A) + 1Ca (P AT ) l2) (T FTEA(FT) )™ = Tu(F AT F) ¢
+ [ICa (P A 2T (F*ATYF) = Ca(F*ATYF) )
<2\ Tu (F A )2 (1T (F) " BA (AT (F) T (AT'F) = Tu(F* AT )|
+ (T (E) T 3AL(A) +1Ca(FTIAFT) ) 2) (TP AT ) 2 Ta(F* AT )2
X | (Ta(F* AT F)) ™ = Tu (P AGET) )
+ 1Ca(F A ™)) 2| Ta(F*AT'F) = Cu(F*AT'F) )
=2 Tu (P A1) 2 (1(Ta(F) ™ BA (A I Ta(F) Ta(A1F) = Tu(FAT'F) ¢
+ (ITa(F) M BMA) + 1Ca (FTE AT ) I (Ta (B AT ) 7 2| Tu(F* AT
x|(T, (F ATUE) T = T (F AT )T e
+ ICu(FP A ) |2l Ta(F*AT'F) = Ca(F* AT F) )

for all n € IN. Thus, to finish the proof, we only need to show that {||T,(F"'A(F~1)*)|2},
{ITa(F)To(A™'F) = Tu(F*AT'F)|£}, {ICa (P A(E) )12}, {ITu(F*ATTF) 2},
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{Tu(F*AYF))™t — T,((F*A"'F)"Y) ||}, and {||Tu(F*A~'F) — Cy(F*A~'F)||g} are bounded.
From [6], Theorem 4.3, we obtain that {||T,(F7'A(F~1)*)|2} and {||T.(F*A~'F)|2} are
bounded. Applying [6], Lemma 5.2, we have that {||C,(F'A(F~1)*)|,} is bounded.
Since F* and A~!F are trigonometric polynomials, from Equation (7), we obtain that
{Tu(F*)Tu(AYF) — T,(F*A~'F)|r} is bounded. As F*A~'F is a trigonometric polynomial,
applying Lemma 5, we have that {|T,(F*A"'F) — C,(F*A~'F)|r} is bounded. Since
(F(w))'A((F(w))™)* = (F(w)) 'A((F(w))*)"! is positive definite for all w € R,
((F(w))'A((F(w))*)™)™! = (F(w))*A~'F(w) is also positive definite for all @ € R, and
consequently, from Equation (8), we conclude that {||(T,(F*A~'F))~' — T,((F*A~'F)~1)||r}
isbounded. O

Appendix H. A Statistical Signal Processing Application on Filtering WSS Vector Processes

Consider a zero-mean WSS M-dimensional vector process {x, }. Let Y be the PSD of a zero-mean
WSS N-dimensional vector process {y, } with infY > 0. Assume that those two processes are jointly
WSS with joint PSD Z, that is Z: R — CM*N is a continuous 27-periodic function satisfying that

{E (xnay,1)} = {Tu(2)}.
For every n € IN, if X,,,1 is an estimation of x,,.; from y,,.; of the form:
Xp:1 = Wy (A5)
with W € C"M>*"N the MSE per sample is:

MSE<W) E (Hxn:l - JACin:lH%)

n n

7

and the minimum MSE (MMSE) is given by MMSE = MSE (W), where W, is the Wiener filter, i.e.,
Wo = E (xp1ypa) (E (Yn1yna)) ™" = Tu(Z)(Tu(Y)) ™"

In [13], Equation (6), it was shown that there is no difference in the MSE per sample for large
enough 7 if we substitute the optimal filter Wy by Wc, where We = C,,(Z)(C,i(Y)) ™}, that is,

-~ (MSE(WC) - MMSE) o

n—00 n n

Obviously, the computational complexity of the operation (A5) is notably reduced when applying this
substitution and the FFT algorithm is used. Specifically, the computational complexity is reduced from
O(n?) to O(nlogn).

We here study the convergence speed of the sequence {M - %‘SE

m } (i.e., how fast this

sequence tends to zero) by assuming that Y and Z are trigonometric polynomials. Applying [13], p. 11,
and Lemma 5, we conclude that there exists K € [0, o) such that:

o< MSE(We) MMSE _ voy(2) <1+sup Y> <||6n<z>—n<z>||p+al<z> ||€n<Y>—Tn<Y>||F>

n n — infY infY Vn infY Vn
K
<— Vn € NN,
_\/ﬁ n

where 01(Z) = SUP ¢ [0,27] |Z(w)ll2 and sup Y = max,¢[g 27 M (Y (w)). Therefore,

MSE(Wc) MMSE _ o( 1 ) (A6)

n " W

Equation (A6) was proven in [2] for the case M = N = 1.
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