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We benchmark the 5000+ qubit system Advantage coupled with the Hybrid Solver Service 2
released by D-Wave Systems Inc. in September 2020 by using a new class of optimization problems
called garden optimization problems. These problems are scalable to an arbitrary number of variables
and intuitively find application in real-world scenarios. We derive their QUBO formulation and
illustrate their relation to the quadratic assignment problem. We demonstrate that the Advantage

system and the new hybrid solver can solve larger problems in less time than their predecessors.
However, we also show that the solvers based on the 2000+ qubit system DW2000Q sometimes produce
more favourable results if they can solve the problems.
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I. INTRODUCTION

The quantum processing units (QPUs) of quantum an-
nealers [1–3] have doubled in size almost every two years.
In September 2020, D-Wave Systems Inc. has made avail-
able the Advantage system [4], having a 5000+ QPU
featuring a Pegasus topology with increased connectivity
compared to the one of its predecessor, a 2000+ qubit
QPU with a Chimera topology in the DW2000Q system
[5]. As the complexity of commercially available quan-
tum annealers increases, so does the need for methods to
systematically benchmark these systems, using problems
which do not become obsolete as quantum annealers grow
in size. Therefore, we need problems which are flexibly
scalable to an arbitrary number of variables.

In this paper, we use one such class of scalable prob-
lems called garden optimization problems to benchmark
the Advantage system against the DW2000Q system,
as well as the recently released Hybrid Solver Ser-
vice hybrid_binary_quadratic_model_version2
(HSSv2) against its former version
hybrid_binary_quadratic_model_version1 (HSSv1)
and other classical software solvers.

An input problem for a quantum annealer is typically
formulated in terms of a quadratic unconstrained binary
optimization (QUBO) problem. In this paper, we intro-
duce the QUBO formulation of the garden optimization
problem. For this problem, the objective is to find an
optimal placement of vegetable plants in a garden, re-
specting that some plant species have friendly, neutral,
or antagonistic relations with other species (see Fig. 1).
For instance, tomato and lettuce have a friendly rela-
tionship and could be placed next to each other, whereas
tomato and cucumber have an antagonistic relationship
and should be placed apart from each other.

We argue that the garden optimization problem is well
suited to benchmark quantum annealers since it is scal-
able to an arbitrary number of variables. Furthermore,
it represents a problem that finds application in real-
world scenarios. Mathematically, the garden optimiza-
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Tomato
Paprika
Cucumber
Zuccini
Lettuce
Carrot
Onion
Raddish
Oregano
Basil
Thyme
Parsley
Chives
Rosemary
Sage
Dill
Coriander
Mint

-1 -1 1 0 -1 -1 -1 0 -1 -1 0 -1 -1 0 0 0 -1 -1
-1 -1 0 0 -1 0 0 -1 -1 0 0 0 0 0 0 0 0

-1 1 -1 0 -1 -1 0 0 0 -1 0 0 0 -1 0 0
-1 0 0 -1 0 0 0 0 -1 0 0 0 0 0 0

-1 -1 -1 -1 0 0 0 1 0 0 -1 -1 -1 -1
-1 -1 -1 0 0 0 0 -1 -1 -1 -1 0 -1

-1 0 0 0 0 -1 0 0 0 -1 0 0
-1 0 0 0 -1 0 0 0 0 0 0

-1 -1 0 0 0 0 0 0 0 0
-1 0 0 0 0 0 0 -1 0

-1 0 0 0 0 0 0 0
-1 -1 0 0 0 -1 0

-1 0 0 -1 1 0
-1 0 0 0 0

-1 0 0 0
-1 -1 0

-1 0
-1

FIG. 1. Example of a t × t companions matrix C for t = 18
different plant species. The values Cjj′ of the companions
matrix represent friendly (-1, green), neutral (0, yellow), or
antagonistic (1, red) relations between different plant species
(see Eq. (2)).

tion problem is closely related to the quadratic assign-
ment problem (QAP) [6, 7] as well as the constraint satis-
faction problem (CSP) [8]. Such problems have a natural
representation in terms of a QUBO problem [9].

We find that the scalability of the garden optimiza-
tion problem provides the option to benchmark hardware
samplers using smaller problem instances as well as hy-
brid and software solvers by generating larger problem in-
stances. A comparison between D-Wave’s DW2000Q and
its successor system Advantage using garden optimiza-
tion problems of up to 100 variables reveals that, while
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there were no significant performance differences solv-
ing smaller problems, Advantage is capable of embedding
and solving much larger problems than DW2000Q (see also
the results in Ref. 10). Additionally, we compare the per-
formance of D-Wave’s hybrid solvers and some software
solvers using problems of up to 12000 variables. We find
that HSSv1 returns better results than its successor HSSv2
within the same execution time, but is unable to process
the biggest problem instances, and QBSolv requires much
longer execution times than both hybrid solvers but can
return better results than HSSv2 for the biggest problems.

The remainder of this paper is structured as follows:
In Sec. II, we introduce the garden optimization problem
and formulate it as a QUBO problem suitable as input to
quantum annealers. In Sec. III, we describe the hardware
samplers and hybrid and software solvers that are bench-
marked in this paper. Section IV contains the results of
our benchmark study. In Sec. V, we give the conclusions.

II. THE GARDEN OPTIMIZATION PROBLEM

The goal of the garden optimization problem is to find
an optimal placement of n plants into n garden pots (one
plant per pot). Each plant belongs to a certain species,
and as a matter of fact, some species like to be placed
next to each other, whereas others do not. An example
of such friendly and unfriendly relationships is shown in
Fig. 1. An optimal placement of the n plants is thus a
placement that maximizes the number of friendly rela-
tionships between adjacent pots.

Additionally, we require that each placement respects
the following three constraints:

(1) “Fill all pots”: Each of the n pots shall be filled
with exactly one plant.

(2) “Place all plants”: All of the n plants shall be
placed in the garden.

(3) “Always look on the bright side of life”: To add
an additional degree of complexity, we require that
large plant species shall not shadow smaller plants.

In this section, we first describe the mathematical for-
mulation of each of these constraints and the associ-
ated cost function that measures an optimal placement,
and then rewrite the resulting optimization problem as a
QUBO problem.

A. Formulation of the cost function

Each of the n pots in the vegetable garden is repre-
sented by an integer i = 0, . . . , n − 1. Most generally,
the topology of a vegetable garden is defined as an undi-
rected, planar graph G = (V,E), where V = {Vi} are
the n nodes representing the pots where plants should
be placed, and E = {Ei,i′} are the edges of the graph

representing pairs of adjacent pots. In what follows, we
only need the adjacency matrix J of G, given by

Jii′ =

{
1 if i < i′ and pot i and i′ are adjacent

0 otherwise
. (1)

A straightforward way to state the problem would be
to also enumerate each of the n plants by n integers, and
then find an assignment of n plants to n pots. This would
lead to a quadratic assignment problem with n2 variables
(see Sec. II C below). However, as the number of qubits
on current quantum annealers is limited, we exploit the
fact that for the garden optimization problem, plants can
be considered equivalent if they are of the same species. If
t represents the total number of species (or plant types),
this step reduces the number of variables from n2 to n×t.

Therefore, we enumerate the available plant species by
an integer j = 0, . . . , t − 1. The relationship between
plant species is encoded in the companions matrix Cjj′ ,
given by

Cjj′ =


−1 friendly relationship

0 neutral relationship

+1 antagonistic relationship

. (2)

An example of this matrix for t = 18 plant types is shown
in Fig. 1.

Given the pots i = 0, . . . , n − 1 and the plant types
j = 0, . . . , t−1, we define n×t Boolean problem variables
xij ∈ {0, 1}, with the interpretation that

xij = 1⇔ plant of type j is to be placed in pot i. (3)

The cost of placing plants in two connected pots i and i′

is thus given by
∑

jj′ xijCjj′xi′j′ . Since only one plant

shall be placed in each pot (which is to be ensured by
constraint (1)), the value of this cost term is ideally equal
to −1. Shifting this optimal value to zero by adding +1
and summing over all adjacent pots for which Jii′ = 1,
we arrive at the cost function of the garden optimization
problem

cost({xij}) =

n−1∑
i,i′=0

Jii′

1 +

t−1∑
j,j′=0

xijCjj′xi′j′

 . (4)

Note that the cost function has been constructed in
such a way that it has a lower bound zero. The special
value cost({xij}) = 0 implies that the placement {xij}
is optimal, in the sense that all neighbouring plants have
a friendly relationship. In this case, we can tell solely
from the solution energy that an optimal solution exists
and has been found. This is a desirable property for
an optimization problem since for a general optimization
problem, it is typically not possible to tell if a solution
represents the global optimum or not.

However, if no completely friendly arrangement of
plants exists for a given problem instance, then the min-
imum value of the cost function will be larger than zero.
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In this case, it will not be possible to verify by means
of the solution energy that the ground state has been
found. Still, the value of the solution energy will give an
indication as to how many neutral (weight +1) or antag-
onistic (weight +2) neighbourships exist in the produced
arrangement of plants.

We remark that this property will continue to hold also
after the constraints are included. The reason for this is
that, by construction, all constraints will have a posi-
tive contribution to the solution energy if they are vio-
lated, and no contribution if and only if they are satisfied
(cf. Eq. (12) below). Thus, after checking the constraints
for a given placement {xij}, we can interpret the value
of the solution energy in the same way as the value of
the cost function Eq. (4) before. The mathematical for-
mulation of the constraints is the topic of the following
section.

B. Formulation of the constraints

Given the problem variables xij ∈ {0, 1} with the inter-
pretation formulated in Eq. (3), we can mathematically
state the constraints (1)–(3) as follows:

(1) “Fill all pots”:

∀i :

t−1∑
j=0

xij = 1. (5)

(2) “Place all plants”:

∀j :

n−1∑
i=0

xij = cj , (6)

where cj denotes the total number of plants of type
j. Note that by definition, we have

∑
j cj = n.

(3) “Always look on the bright side of life”: For this
constraint, we assign to each plant type j a size
sj ∈ {0, 1}, where sj = 0 (sj = 1) means that
plant type j is a large (small) species. Furthermore,
for the sake of concreteness, we fix the topology
of the garden to be rectangular such that i%2 =
0 (i%2 = 1) represents an even (odd) row in the
garden (we use the symbol % to denote the integer
modulo operation). The constraint shall then be
fulfilled by placing large plants in even rows and
small plants in odd rows, i.e.,

∀i, j : (i%2− sj)2xij = 0. (7)

This means that if plant type j is placed in pot i
(i.e., xij = 1), then we require i%2 = sj .

C. Relation to the quadratic assignment problem

The garden optimization problem characterized by
Eqs. (4)–(7) is closely related to the well-known quadratic

assignment problem (QAP), which is originally due to
Koopmans and Beckmann [6] (see [7] for a brief histori-
cal survey). The QAP can be formulated as

minimize
∑
ijkp

fijdkpxikxjp, (8)

subject to ∀i :
∑
j

xij = 1, (9)

∀j :
∑
i

xij = 1, (10)

where all indices i, j, k, p range from 0 to n−1, the prob-
lem variables are xij ∈ {0, 1}, and (fij) and (dkp) are
matrices characterizing the problem instance. The QAP
is a difficult combinatorial optimization problem that has
been shown to be NP-hard [11] and can typically not
be solved in reasonable time for general instances with
n > 30 [7].

Comparing the garden optimization problem given by
Eqs. (4)–(7) and the QAP given by Eqs. (8)–(10), we
see that the main differences are: (a) one dimension
of the problem variables has been reduced from n to t
(cf. Eq. (3)) to reduce the number of qubits required,
resulting in the modified constraint Eq. (6); (b) the min-
imum of the cost function Eq. (4) has been shifted to
zero; (c) the difficulty of the problem has been slightly
increased by the additional constraint Eq. (7), which can
be straightforwardly included in the problem’s QUBO
formulation (see below).

For the QAP, there is a canonical way of obtaining its
QUBO formulation (see e.g. [9]). In the following sec-
tions, we pursue and extend this approach to obtain the
QUBO formulation of the garden optimization problem.

D. QUBO formulation of the problem

A QUBO problem is defined as the minimization of

E({yk}) =
∑
k≤k′

ykQkk′yk′ (11)

where yk ∈ {0, 1} are the binary problem variables, Qkk′

is referred to as the QUBO matrix, a real-valued upper-
triangular matrix encoding the problem constraints and
the objective function, and E({yk}) is the energy to be
minimized by finding an appropriate assignment of the
variables yk.

In order to map the problem variables xij onto the
QUBO variables yk, we use the following unary encoding
scheme: We have one variable yk ∈ {0, 1} for each node
and species combination, so that n × t gives the total
number of variables required for this problem. The index
k has to uniquely identify the node Vi and the species j,
so we compute it from (i, j) via k = ti + j and convert
it back to (i, j) using integer division i = k//t and the
integer modulo operation j = k%t. The value yk = 1
shall represent the statement “on node Vi there is a plant
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of species j” (cf. Eq. (3)). Conversely, yk = 0 means “on
node Vi there is no plant of species j”. Of course, in a
good solution we would expect n of the yk to be one and
tn− n to be zero.

The garden optimization problem given by Eqs. (4)–
(7) now needs to be expressed as a QUBO problem, i.e.,
a minimization of Eq. (11). To do this, we need to re-
move the constraints given by Eqs. (5)–(7) by combin-
ing them with the cost function Eq. (4) into a single
expression. This is achieved by adding the constraints as
squared penalty terms (whose minima correspond to ful-
filling the constraints) to the cost function. The penalty
terms are multiplied by Lagrangian multipliers λ1, λ2, λ3
which control the importance of each constraint relative
to that of the cost function. The values of these multipli-
ers should be chosen to be large enough positive scalars so
that the candidate solutions respect the constraints, but
not too big that these constraints dominate over the ob-
jective function in their contribution to the final energy
[9]. This way we ensure that valid solutions are returned
while still being able to distinguish between good and
poor solutions. We experimented with different values
and found that setting the multipliers to λ1 = λ2 = 2
and λ3 = 1 achieves this goal.

Combining all this, the garden problem stated as a
QUBO problem takes the following form:

min
xij∈{0,1}

{
n−1∑
i,i′=0

Jii′

1 +

t−1∑
j,j′=0

xijCjj′xi′j′


+λ1

n−1∑
i=0

1−
t−1∑
j=0

xij

2

+λ2

t−1∑
j=0

(
cj −

n−1∑
i=0

xij

)2

+λ3

n−1∑
i=0

t−1∑
j=0

(i%2− sj)2 xij

}
(12)

By multiplying out the squares, replacing all linear terms
∝ xij by quadratic terms ∝ xijxij (since xij = x2ij for
Boolean variables), replacing xij by yk and dropping all
constant terms, we obtain the final values of the QUBO
matrix Qkk′ in Eq. (11). Although the value of the
dropped constant terms does not affect the minimum,
it is useful to add it to the final energies E({yk}) to
maintain the property that the global minimum of the
optimization problem has value zero. The explicit con-
struction of the QUBO matrix for the garden optimiza-
tion problem can be found in Appendix A and in the
example Jupyter Notebook available at Ref. 12.

III. QUANTUM ANNEALING

There are two main paradigms in quantum computing:
gate-based quantum computing [13–16] (QC) and quan-

tum annealing [1, 2, 17–19] (QA). They are substantially
different in their mode of operation as well as in the cur-
rent system sizes and the range of problems that they
can solve. In theory, gate-based QC can tackle a much
wider range of problems due to its universal nature, but
current implementations [20, 21] are too small to outper-
form classical computers in real life applications. On the
other hand, QA excels at solving optimization problems
such as the QUBO problem given by Eq. (11). There are
commercial QA devices available, like the ones offered by
D-Wave Systems Inc. [5, 22], which have been shown to
be able to solve reasonably-sized problems [10, 23–25].
Here we will focus exclusively on QA.

A quantum annealer operates according to the adia-
batic theorem [26]. This theorem states that given a
simple initial Hamiltonian with a known ground state
and a problem Hamiltonian whose unknown ground state
encodes the solution to the problem (e.g. our garden
optimization QUBO problem Hamiltonian), by evolving
the system according to the Schrödinger equation suffi-
ciently slowly, we can ensure that the system stays in
its ground state throughout the evolution from initial to
problem Hamiltonian, leaving the system in the desired
ground state which solves the problem [18, 19]. On D-
Wave quantum annealers, the parameter which controls
the duration of this evolution process is the annealing
time (AT). This parameter defaults to 20µs but can be
set by the user to any value between 1µs and 2000µs [5].

A prerequisite for solving a problem on a QA device is
that it is formulated in terms of the Ising model [18] or
a QUBO problem such as Eq. (11). Given that a formu-
lation of the garden optimization problem in terms of a
QUBO problem was provided in the previous section, we
limit our discussion to this model. Beyond practical con-
siderations on a per-problem basis like the possibility to
perform simplifications when stating the problem using
one model or the other, these two models are equivalent
up to a trivial transformation of the domain of the binary
variables from {−1,+1} to {0, 1} or backwards.

Here we solve a set of garden optimization problems of
increasing number of variables using a suite of QPUs as
well as hybrid and classical software solvers offered by D-
Wave Systems. In the following two sections, we review
the samplers and solvers that we used for the benchmarks
reported in this paper.

A. D-Wave QPUs

D-Wave has offered access to a 2000+ qubit quantum
annealer called DW2000Q since January 2017. Connect-
ing the over 2000 qubits, this system features over 6000
couplers arranged in a Chimera graph of size 16, also
known as C16 [3]. In September 2020, a new system called
Advantage was released, which features over 5000 qubits
and over 35000 couplers arranged in a Pegasus topology
of size 16 (P16) [5]. Besides the significant increase in the
number of qubits, the most noteworthy improvement of
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(a) (b)

FIG. 2. Graphs of Chimera and Pegasus topologies, where nodes and edges represent qubits and couplers, respectively. (a)
Chimera graph of size 3 (C3). (b) Pegasus graph of size 4 (P4) where nodes are shown as white circles and edges as dashed
lines, with a C3 graph embedded in it, where nodes are shown as blue circles and edges as solid lines.

the new generation was the qubit connectivity increas-
ing from 6 to 15, which should allow the user to solve
problems with more variables and denser connectivity [4].
The characteristic form of the Chimera and the Pegasus
graph is shown in Figs. 2(a) and (b), respectively.

A critical step in programming a quantum annealer is
the embedding of the problem onto the working graph of
the chip [27]. Typically, a small portion of the qubits
and couplers in the chip are deactivated due to malfunc-
tion, so we define the working graph as the subset of the
full-yield graph of the chip (described by the topology
and size parameter, e.g. C16) which excludes the mal-
functioning qubits and couplers. Finding an embedding
onto the working graph of the chip (which allows us to
run the problem on the quantum annealer) is generally
a challenging problem in itself [27, 28]. It often relies
on heuristic methods and requires several tries until a
satisfactory embedding is found.

In the special case that the graph of the QUBO prob-
lem can be directly mapped onto the working graph of
the QPU, the embedding is a trivial step. However, most
problems on a real-life scale do not meet this requirement
and the embedding step becomes crucial. In order to
overcome the limited connectivity of the QPU, the con-
cepts of logical and physical qubits are introduced. When
a direct embedding exists, the logical qubits (which rep-
resent the binary variables in the QUBO matrix) map
directly onto the physical qubits of the QPU. However,
when such an embedding cannot be found, logical qubits
need to be represented on the QPU as “chains” of phys-

ical qubits. A qubit chain is a group of physical qubits
that are coupled together strongly enough so that they
behave as an effective, single logical qubit. This tech-
nique has the advantage of increasing the connectivity of
the logical qubit since each of the participating physical
qubits has its own couplers. The drawback is that this
“strong enough” coupling strength has to be determined
empirically on a per-embedding basis. If the coupling is
too weak the chains break, which means that the logi-
cal qubits no longer behave as single units. In such a
case, post-processing techniques (as for instance a ma-
jority vote) can be applied to determine a value for the
logical qubit. However, a result obtained in this way can
have a high energy in the original problem formulation.
On the other hand, if the chain coupling strength is set
too high, the couplers involved in keeping chains con-
sistent will dominate over the couplers representing the
original problem interactions. This effectively produces a
new problem that is more concerned with keeping chains
consistent, so that it no longer yields solutions to the
original problem.

A reasonable starting point for optimizing the chain
strength for a given embedded problem is the largest
bias or coupling strength of the original QUBO problem.
Therefore, for an easier comparison across problems, we
define the relative chain strength as

RCS =
ACS

max
kk′
|Qkk′ |

, (13)

where RCS stands for relative chain strength, ACS is the
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(absolute) chain strength, and Qkk′ is the QUBO matrix
from Eq. (11).

Moreover, a problem with denser connectivity requires
longer chains, which in turn demands stronger chain cou-
pling strengths since longer chains have a higher chance
of breaking. Therefore, embeddings with fewer, shorter
chains should be preferred. The embedding issue stresses
the importance of the increased connectivity between the
Chimera architecture on the DW2000Q and the Pegasus ar-
chitecture on the new D-Wave Advantage. The Pegasus
architecture should allow for equally or more compact
embeddings than Chimera for any given problem. Also
the increased number of qubits would allow us to run
bigger problems that do not fit on the DW2000Q chip.

B. D-Wave hybrid solvers

In addition to hardware QPUs like DW2000Q and
Advantage, D-Wave Systems offers access to QUBO
solvers following a hybrid approach. As we saw in the
previous section, the current QPUs have a limited num-
ber of qubits which might not be enough to solve prob-
lems at a real-world scale. Hybrid solvers have been
designed to overcome this limitation by classically par-
titioning the problem into sub-problems that are small
enough to be solved on a QPU. The version 1 solver
HSSv1 was released in February 2020, using DW2000Q as
the hardware backend to solve the sub-problems and be-
ing able to run problems of up to 10,000 variables. In
September 2020, parallel to the release of the Advantage
QPU, the version 2 solver HSSv2 was released. The new
hybrid solver relied on Advantage instead and was able
to solve sparsely-connected problems of up to one mil-
lion variables or fully-connected problems of up to 20,000
variables [29].

In order to perform a more comprehensive performance
comparison of HSSv1 and HSSv2, we have included in
this study two purely classical QUBO solvers provided by
the D-Wave Ocean SDK: TabuSampler, an MST2 mul-
tistart search algorithm [30]; and QBSolv [31], a parti-
tioning algorithm which solves the sub-problems using
TabuSampler as backend. We thus have two different
hybrid classical/quantum partitioning solvers, a classi-
cal non-partitioning solver, and a classical partitioning
solver. Given that the hybrid solvers do not offer any
tunable parameters (except for an optional timeout pa-
rameter), no parameter tuning was performed on any of
the solvers. In other words, we consider all solvers as
out-of-the-box solutions in their default mode of opera-
tion.

IV. RESULTS

In this section, we present the results obtained for the
hardware samplers (Advantage and DW2000Q), as well
as for the hybrid and software solvers (HSSv1, HSSv2,

TabuSampler and QBSolv) in two separate subsections.
For the hardware samplers we created four problem in-
stances and performed a chain strength scan for several
embeddings of each problem. Subsequently we chose the
most successful embedding together with its optimal RCS
value to perform an annealing time scan. These scans
were used for comparing the performance of the hard-
ware samplers. For the hybrid and software solvers we
created 324 problem instances which we submitted to
each solver. The Python 3 code used to generate these
problem instances is available online as a Jupyter Note-
book at Ref. 12. Here we present the energy of the re-
turned solutions as well as the execution times required
to reach them.

A. Hardware samplers

For the D-Wave QPUs DW2000Q and Advantage (see
Sec. III A), we define a successful solution as one which
fulfills all the constraints in Eqs. (5)–(7) regardless of the
quality of the placement of the plants in the garden (i.e.,
regardless of the contribution of the cost function Eq. (4)
to the solution energy). The success rate is then defined
as the ratio of successful solutions to the total number of
samples produced. Defining the success rate in this way
allows us to assess the quality of the solutions provided
by a batch of samples in this scenario, where we do not
know if we have found the ground state of the problem
unless the energy of the sample is zero. An alternative
metric which could be used to measure the success of a
given embedded problem is the energy of the best sam-
ple, i.e., the lowest energy (as considered in Sec. IV B
for comparing hybrid and classical solvers). This metric
has the advantage over the success rate of taking into
account not only the satisfaction of the constraints but
also the quality of the placement of plants in the garden.
However, for the hardware samplers evaluated here, the
lowest energy did not prove to be a useful metric due to
the fact that different samplers and embeddings always
returned almost identical lowest energy results.

Garden problems of different size were created to com-
pare the performance of the DW2000Q and Advantage sys-
tems at solving QUBO problems. Given the problem size
limitations of the studied systems, the problem suite con-
sists of four problems of 16, 36, 64, and 100 variables. We
ensure that the created problems are satisfiable by set-
ting n to an even number (here n ∈ {4, 6, 8, 10}) and
sampling without replacement n/2 times from each of
both the sets of big plants ({j : 0 <= j <= t − 1 and
sj = 0}) and small plants ({j : 0 <= j <= t − 1 and
sj = 1}) to obtain the list of plants to place in the gar-
den. Sampling without replacement generates problems
where there is at most one plant specimen of each species,
so the number of variables in these problems is equal to
n2.

For each of these problems, 10 embeddings were gener-
ated for each of the working graphs of DW2000Q (a subset
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of the C16 graph) and Advantage (a subset of the P16

graph) using the minorminer module included within the
D-Wave Ocean SDK (see [5] for more information on the
working graphs). These embeddings were successfully
created for all problems except for the 100 variable prob-
lem on DW2000Q, since it was too big to fit on the DW2000Q
chip. Therefore, for this problem, we only report results
obtained on Advantage.

In order to study the influence of the additional cou-
plers introduced by the enlarged connectivity of the Pega-
sus topology, the DW2000Q embeddings were mapped onto
the Advantage graph (see Fig. 2(b) for a visualization of
how the Chimera graph can be embedded onto the Pe-
gasus graph, and by extension how a Chimera-embedded
problem can be mapped onto a Pegasus graph). By this
process, we obtain 10 new embeddings for each prob-
lem which could be used on the DW2000Q system in addi-
tion to the two original sets of 10 embeddings. In what
follows, we refer to these Chimera embeddings used on
the Advantage system as Advantage(Chimera) embed-
dings. Since the Advantage(Chimera) embeddings were
not created specifically for Advantage, the compatibil-
ity of these embeddings with the working graph of the
Advantage chip was checked prior to executing the prob-
lems, so that they could be replaced in the case that any
of the involved qubits or couplers were not available.

1. Chain strength scan

The available sets of embeddings for the four problems
were submitted to the respective systems 40 times with
RCS values ranging from 0.05 to 2.00, increasing in steps
of 0.05 (cf. Eq. (13)). These sets of 40 jobs were used
to scan the success rate as a function of the RCS for
each embedding. The results of the RCS scan for all
embeddings can be found in Fig. 3. All jobs in each
scan produced 104 samples for the 16 and 36 variable
problems, and 105 samples for the 64 and 100 variable
problems. The number of samples in the latter problems
was increased to produce sufficient statistics given the
small success rates.

The results in Fig. 3 show that the success rate can be
drastically improved by tuning the RCS for a given em-
bedding. As the problem size increases, so do the chain
lengths, leading to higher optimal RCS values required to
stop the chains from breaking. This effect is more clearly
visible on DW2000Q, possibly due to properties of this par-
ticular system, otherwise it would also be observable in
the Advantage(Chimera) scans. For problems of up to
64 variables, for which Chimera embeddings were found,
the performances of the DW2000Q and Advantage sys-
tems are comparable, whereas Advantage(Chimera) em-
beddings performed significantly worse. This difference
in performance cannot be attributed to the embedding
quality. Therefore, we conjecture that the additional un-
used couplers of the Pegasus architecture in the Advan-
tage(Chimera) embedded problems when compared to
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FIG. 3. Success rate as a function of the RCS (see Eq. (13))
for four garden problems with increasing number of variables.
For each problem size, 10 embeddings where generated for
both C16 and P16 topologies and executed with n samples.
Full blue lines represent C16-embedded problems executed on
DW2000Q, dashed orange lines represent C16-embedded prob-
lems executed on Advantage and dotted green lines represent
P16-embedded problems executed on Advantage, shown ev-
erywhere with 95% confidence intervals. (a) 16-variable prob-
lem, with n = 104 samples. (b) 36-variable problem, with
n = 104 samples. (c) 64-variable problem, with n = 105 sam-
ples. (d) 100-variable problem, with n = 105 samples. Note
that in (d), only Advantage results are shown here since no
embedding could be found for the C16 graph.

the DW2000Q embedded problems play a role in lowering
the success rate. For the 100 variable problem, only Pega-
sus embeddings could be found; and although the success
rates are small, this indicates that the Advantage sys-
tem is able to solve bigger problems due to its increased
qubit number and connectivity. We also note that for
the 36 variable problem, DW2000Q seems to outperform
Advantage. This might be due to the fact that Chimera
and Pegasus embeddings for small problems have similar
chain lengths and the DW2000Q embeddings could have
less unused couplers connected to qubits involved in the
embeddings.

2. Annealing time scan

After performing the RCS scans presented in the pre-
vious section, we proceed to tuning another crucial pa-
rameter, the AT. For every set of 10 embeddings used
for the RCS scan in Fig. (3), we pick the embedding
which achieved the highest success rate for each prob-
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FIG. 4. Success rate as a function of the annealing time for
four garden problems of increasing number of variables. For
each problem size, the most successful embedding from Fig. 3
was selected along with its optimal chain strength and exe-
cuted with n samples. Full blue lines represent C16-embedded
problems executed on DW2000Q, dashed orange lines repre-
sent C16-embedded problems executed on Advantage and dot-
ted green lines represent P16-embedded problems executed
on Advantage. (a) 16-variable problem, with n = 104 sam-
ples. (b) 36-variable problem, with n = 104 samples. (c)
64-variable problem, with n = 105 samples. (d) 100-variable
problem, with n = 106 samples. Note that in (d), only
Advantage results are shown since no embedding could be
found for the C16 graph.

lem and embedding type combination. For each picked
embedding, we determine its optimal RCS value, and
we proceed by performing an AT scan using the chosen
embedding and RCS value combinations. It should be
noted that coincidentally, the best DW2000Q embedding
for each problem was the same as the best for Advan-
tage(Chimera), although the optimal RCS was slightly
lower in the Advantage(Chimera) embedding for prob-
lems of 36 and 64 variables and the same for the 16 vari-
able problem.

Although both systems use a default AT of 20µs,
DW2000Q and Advantage allow the user to set the AT
value between 1µs and 2000µs. Therefore, the AT scan
was performed using 20 values evenly spaced on a log-
arithmic scale in this range. All jobs in each scan pro-
duced 104 samples for the 16 and 36 variable problems,
105 samples for the 64 variable problem and 106 samples
for the 100 variable problem. The number of samples in
the latter problems was increased to produce sufficient
statistics given the small success rates.

The results in Fig. 4 show that the success rate can

also be improved by tuning the annealing time for a given
embedding. The general trend shows that higher AT val-
ues lead to higher success rates. However, since longer
annealing times for a fixed number of samples result in
longer execution times, it should be carefully considered
for any given problem whether the increase in execution
time resulting from setting a larger AT value would not
be better spent in generating additional samples with
shorter annealing times rather than fewer samples with
longer annealing times. Comparing Advantage and Ad-
vantage(Chimera) against DW2000Q, we see that increas-
ing the AT tends to be more consistently effective on the
Advantage system, whereas intermediate AT values seem
to lead to higher success rates on DW2000Q. It is possible
that if the Advantage system accepted AT values beyond
2000µs we would observe a similar behaviour to DW2000Q,
where the success rate decreases past some optimal AT
value.

B. Hybrid and software solvers

In this section, we compare the performance of the hy-
brid solvers HSSv1 and HSSv2 against the classical soft-
ware solvers TabuSampler and QBSolv (see Sec. III B for
details on these solvers). The hybrid solvers were exe-
cuted online on D-Wave servers and the classical solvers
were executed on an Intel(R) Core(TM) i7-4770 CPU @
3.40GHz workstation with 32Gb of RAM. For this study,
we generated increasingly bigger problems in an attempt
to evaluate how the performance of the solvers behaves
under increasing problem sizes. Each problem instance
was created by fixing the number of pots n to an even
number and sampling with replacement the sets of avail-
able small and big plant species n/2 times each, so as
to ensure that as many small plants as big ones were to
be placed in the garden. Here we sample with replace-
ment (as opposed to the problems created in Sec. IV A)
to allow for more than one plant specimen per species.
Thereby, we create problems with more pots than unique
species defined in the companions matrix Cjj′ shown in
Fig. 1. The biggest problem which could be created given
the available memory on the used workstation was for
n = 684 pots, with a total of 12312 variables. Note that
the biggest problems are beyond the problem size limit of
HSSv1 (10000 variables), but within the limit for HSSv2
(20000 variables, fully connected). Each of the 342 prob-
lems in this set was submitted to each of the studied
solvers, so we can make a direct comparison of their per-
formance. Here, rather than comparing the success rates
as we did in the previous section, we compare the energy
of the single sample returned by each of the solvers, as
well as the execution times taken to return said sample.
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FIG. 5. Lowest energy returned by HSSv1 (blue circle mark-
ers), HSSv2 (yellow X markers), QBSolv (green square mark-
ers) and TabuSampler (red cross markers) for garden problems
of up to 12312 variables. Note that TabuSampler energy re-
sults for problems beyond 2500 variables are not shown since
they were several orders of magnitude larger than the rest.

1. Energies

Figure 5 shows the energies returned by each of
the solvers for the generated set of garden problems.
TabuSampler seems to perform significantly worse than
the others. This is probably due to the fact that it is
the only solver that does not partition the problem into
separately solved sub-problems, but attempts to solve
the complete problem at once. The energy results for
this solver were at least three orders of magnitude larger
than the rest for problems beyond 2500 variables. QBSolv
displays a rather predictable linear trend for increasing
problem size in the studied range of problems. For prob-
lems below 5000 variables, HSSv2, HSSv1 and QBSolv
show very similar performance, with QBSolv returning
slightly worse results. Above 5000 variables, the differ-
ences become clearer, with HSSv1 outperforming all other
solvers up until the 10000 variable barrier, after which no
results are available for this solver. Surprisingly, as the
problem size increases, HSSv2 seems to perform compar-
atively worse than QBSolv and especially HSSv1. Addi-
tionally, the spread of the energies returned by HSSv2
increases compared to that of the other solvers.

To study this trend in more detail, a direct compari-
son of the energies returned by HSSv1 and HSSv2 for each
problem is shown in Fig. 6. Here we plot the energy of
both HSSv1 and HSSv2 on the x and y axes, respectively,
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FIG. 6. Direct comparison of the energies returned by HSSv1

(x axis) and HSSv2 (y axis) for the set of problems from Fig. 5.
The brightness of the colored points is used to indicate the
number of variables of each problem, with darker points rep-
resenting larger problems. The diagonal dashed line is a guide
to the eye to show the separation between the region where
HSSv1 outperforms HSSv2 (upper left half) and vice versa
(lower right half). Note that problems with more than 10000
variables are omitted since they could not be submitted to
HSSv1.

and use the colour dimension to represent the number
of variables of each problem represented by a point. For
problems of up to 2000 variables there is no visible differ-
ence between the solvers. However, as problems increase
beyond this number of variables, the gap in the ener-
gies returned by each solver increases in favour of HSSv1.
It should be noted that the results shown here should
be interpreted exclusively within the scope of the stud-
ied garden optimization problems, and further evaluation
involving different problem classes would be required to
reach a general conclusion regarding the performance of
these solvers.

2. Execution times

A comparison of the solvers would be incomplete if
the execution times were not taken into consideration.
Figure 7 shows the time in seconds employed by every
solver to solve each of the problems in the generated set.
TabuSampler is the fastest among all tested solvers, al-
though as it was shown in Fig. 5, its returned energies
were much worse than the others. HSSv1 and HSSv2 have
identical execution times up to 10000 variables. Note
that the minimum execution time for HSSv1 and HSSv2
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FIG. 7. Execution times of HSSv1 (blue circle markers),
HSSv2 (yellow X markers), QBSolv (green square markers) and
TabuSampler (red cross markers) for garden problems of up
to 12312 variables. Note that the different size of the markers
does not have any special meaning; simply markers for HSSv1
have been enlarged for visibility due to their execution times
being identical to those of HSSv2.

is 3 s independent of the problem size. Hence the execu-
tion time is constant for these two solvers for the smaller
problems. Among all solvers, QBSolv is the slowest, with
execution times at least one order magnitude larger than
the hybrid solvers. Considering this together with the
energy results shown in Fig. 5, one might conclude that
HSSv1 is the most competitive among the tested solvers
if the problem size does not exceed its limit of 10000
variables. For problems above this threshold, however, it
is unclear whether the shorter running times and higher
energies of HSSv2 should be preferred over the longer
running times but closer to optimal solutions of QBSolv.

V. CONCLUSION

In this paper, we have reported results of benchmark-
ing D-Wave hardware samplers Advantage and DW2000Q,
as well as hybrid and classical solvers HSSv1, HSSv2,
TabuSampler and QBSolv with scalable optimization
problems. To the authors’ knowledge these have been the
first benchmarking results of Advantage and HSSv2 de-
veloped by researchers independent of D-Wave Systems.

Regarding the results for the hardware samplers (see
Sec. IV A) we can conclude that the recently released
Advantage system is capable of embedding and solving

garden optimization problems of 100 variables, which is
far beyond the reach of the previous generation of D-
Wave systems, DW2000Q. This is due to the increase in the
number of qubits and couplers in the newer system. For
the evaluated problems with less than 100 variables we
did not observe significant differences in the performance
of both systems. The results for the Advantage(Chimera)
scans suggest that the additional couplers of Advantage’s
Pegasus architecture with respect to DW2000Q’s Chimera
architecture can negatively impact the success rate if
these couplers are not used in the embedding. However,
these additional couplers allow for equally and often more
compact embeddings for a fixed problem, so they should
be beneficial when solving embedded problems, especially
when the problems have more variables or denser connec-
tivity.

Regarding the results for the hybrid and classical
solvers (see Sec. IV B) we note that HSSv1 is the most
competitive among the tested solvers as long as the prob-
lem does not exceed 10000 variables, since it has the
shortest execution times together with HSSv2 but returns
lower energy results than the other solvers. Problems
beyond 10000 variables cannot be submitted to HSSv1.
For the largest problems it is unclear whether QBSolv or
HSSv2 performs best: QBSolv has longer execution times
but returns results with lower energies, whereas HSSv2 is
faster but the results returned have higher energies.

On a deeper level, we have presented the garden opti-
mization problems as a class of QUBO problems suitable
for benchmarking quantum annealing systems spanning
a wide range of problem and system sizes. The scalability
of the garden optimization problems has proven flexible
enough to benchmark hardware samplers as well as hy-
brid and classical solvers, whose maximum problem size
limits are around two orders of magnitude larger than
for the currently available hardware samplers. Neverthe-
less, we remark that before generalizing the results shown
here, it would be good to verify the general trends by
benchmarking these systems using other classes of prob-
lems.

The tunings of the relative chain strength (RCS) and
annealing time (AT) values shown in Sec. IV A were per-
formed sequentially, by first finding the optimal RCS
value for the best embedding in each system and, after
fixing these, tuning the AT value. Ideally, the optimal
RCS and AT values should be searched simultaneously
since there is no guarantee that these values are inde-
pendent from each other. However, the computational
cost of scanning a two-dimensional space for each of the
available embeddings compared to scanning the param-
eters sequentially is too large to properly address this
limitation here. For this reason, and also since the RCS
scan values had a bigger impact on the success rate than
the AT scan, we chose to perform the RCS scan first.

Whereas the problem size limits and the performance
behaviour approaching these limits could be tested for
HSSv1 with the generated set of problems, it would have
been interesting to also include such results for HSSv2,
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TabuSampler and QBSolv. We leave the exploration of
even larger problem instances to approach the size limits
of HSSv2 for future work.
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Appendix A: Explicit QUBO expression

In this appendix, we give the final QUBO expression
of the garden optimization problem. It can be obtained
from Eq. (12) by multiplying out the squares and replac-
ing the linear terms by quadratic terms (using the fact
that for Boolean variables, xij = x2ij). Performing these

steps, we find

min
xij∈{0,1}

{
(A1)

t2
n−1∑
i,i′=0

Jii′ +

n−1∑
i=0

n−1∑
i′=0

t−1∑
j=0

t−1∑
j′=0

xijJii′Cjj′xi′j′ (A2)

+λ1n+ λ1

n−1∑
i=0

− t−1∑
j=0

x2ij +

t−1∑
j=0

t−1∑
j′<j

2xijxij′

 (A3)

+λ2

t−1∑
j=0

c2j + λ2

t−1∑
j=0

[
(1− 2cj)

n−1∑
i=0

x2ij +

n−1∑
i=0

n−1∑
i′<i

2xijxi′j

]
(A4)

+λ3

n−1∑
i=0

t−1∑
j=0

(i%2− sj)2 x2ij

}
. (A5)

Note that the expression contains only constant and
quadratic terms, and each quadratic term is a contribu-
tion of the form ciji′j′xijxi′j′ . Thus, we obtain the values
Qkk′ (or Qk′k if k′ < k) of the QUBO matrix in Eq. (11)
for k = ti + j and k′ = ti′ + j′ by going through the
terms and summing up the respective coefficients ciji′j′ .
See the build bqm function in the example Jupyter Note-
book available at Ref. 12 for a demonstration of how these
coefficients are summed up explicitly.
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