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Adversarial Information Bottleneck
Penglong Zhai and Shihua Zhang

Abstract—The information bottleneck (IB) principle has been adopted to explain deep learning in terms of information compression
and prediction, which are balanced by a trade-off hyperparameter. How to optimize the IB principle for better robustness and figure out
the effects of compression through the trade-off hyperparameter are two challenging problems. Previous methods attempted to
optimize the IB principle by introducing random noise into learning the representation and achieved state-of-the-art performance in the
nuisance information compression and semantic information extraction. However, their performance on resisting adversarial
perturbations is far less impressive. To this end, we propose an adversarial information bottleneck (AIB) method without any explicit
assumptions about the underlying distribution of the representations, which can be optimized effectively by solving a Min-Max
optimization problem. Numerical experiments on synthetic and real-world datasets demonstrate its effectiveness on learning more
invariant representations and mitigating adversarial perturbations compared to several competing IB methods. In addition, we analyse
the adversarial robustness of diverse IB methods contrasting with their IB curves, and reveal that IB models with the hyperparameter β
corresponding to the knee point in the IB curve achieve the best trade-off between compression and prediction, and has best
robustness against various attacks.

Index Terms—Information bottleneck, deep learning, hyperparameter selection, adversarial robustness.
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1 INTRODUCTION

D EEP learning has achieved impressive successes in
computer vision [1], [2], speech recognition [3], com-

petitive game playing [4], bioinformatics [5] and so on.
However, it turns out that deep neural networks (DNNs)
are actually quite brittle, and particularly vulnerable to
adversarial examples. Tiny noises in the input pixels is
accumulated layer by layer in DNNs, which destructively
destroy the carefully designed and well trained models.
How to learn representations that are insensitive (invariant)
to nuisances such as translations, rotations, occlusions is
still a challenging task. From the information-theoretic view,
overfitting occurs when nuisance or irrelevant information
are memorized by reducing empirical loss, rather than
learning the true general relationship between the data X
and the labels Y [6], [7]. Therefore, better generalization
and robustness depend on whether the model memorizes
more semantic or relevant information and compresses as
much nuisance information as possible. This information-
theoretic insight on deep learning can be formulated as the
trade-off between information compression and prediction.
Besides, it is often concerned that DNNs are uninterpretable
or not human-explainable [8]. For example, the lack of
interpretability is particularly problematic in medical con-
texts, where safety risks can arise when there is mismatch
between how a model is trained and used. The forms the
explanations often taken are what the representations learn
from the input data and how the network will respond to
small perturbations [9], [10].

In general, DNN receives an input X , and successively
processes it through the layer output Zi (1 ≤ i ≤ L, where
L is the number of hidden layers) to the predicted output Ŷ ,
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which form a Markov chain and obeys the data processing
inequality (DPI),

H(X) ≥ MI(X;Y ) ≥ MI(Zi;Y ) ≥ MI(Ŷ ;Y ) (1)

where MI(·; ·) denotes the mutual information between two
random variables. DPI guarantees that any information the
hidden layer Zi has about Y is extracted from X , and the
deeper layers have less information for prediction (Fig. 1).
However, with layer getting deeper, relevant information
is expected to be retained while nuisance information is
expected to be compressed. The fraction MI(Z;Y )

MI(X;Y ) quantifies
how much of the relevant information is captured by DNN,
and is expected to be maximized. This is precisely the target
of the information bottleneck (IB) principle [11].

The IB principle aims to find a representation bottleneck
variable Z , by maximizing the prediction, formulated in
terms of MI(Z;Y ), given a constraint on the compres-
sion, formulated in terms of MI(X;Z). Formally, this can
be formulated into the following constrained optimization
problem,

maxZ MI(Z;Y )
S.T. MI(X;Z) ≤ C (2)

where C is the predefined compression rate, i.e., the mini-
mal number of bits needed to describe the data. In practice,
optimal bottleneck variables are usually not found by solv-
ing the above constrained optimization problem, but rather
by maximizing the IB Lagrangian [12], [13],

LIB(Z) = MI(Z;Y )− βMI(X;Z) (3)

LIB(Z) is the Lagrangian relaxation of the constrained
optimization problem, and β is a Lagrange multiplier that
enforces the constraint MI(X;Z) ≤ C , which can also be
taken as the hyperparameter that balances the fitting ability
(prediction) and representation invariance (compression) in
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Relevant Information

Nuisance Information

Fig. 1: Schematic diagram of successive extraction of rel-
evant information in DNN. The network receives an in-
put X , and successively processes it through the layers
Zi,1≤i≤L (here L = 2) to the predicted output Ŷ . Nuisance
information denotes the mutual information between the
layer representation and nuisance information, and relevant
information denotes the mutual information between the
layer representation and relevant information.

supervised learning setting. Following recent information-
theoretic techniques from [1], Bassily et al. [14] proved the
following inequality

P [|errtest − errtrain | > ε] < O

(
MI(X;Z)

nε2

)
(4)

where errtest and errtrain are the test error and the training
error, respectively, n is the training size, and ε>0 is a positive
real number. The intuition behind this inequality is that,
the more a learning algorithm uses bits of the training set,
there is potentially more overfitting risk. Thus, minimizing
MI(X;Z) will have potential to avoid overfitting. Clearly,
optimizing the IB Lagrangian not only minimize it, but also
maximize prediction ability. However, the fitting ability and
representation invariance cannot be optimized simultane-
ously for a specific DNN model. This can be visualized
on the IB curve [15], [16], which characterizes the set of
bottleneck variables that achieve maximal MI(Z;Y ) for a
given MI(X;Z) by maximizing the IB Lagrangian given
various β. In particular, visualizing the DNNs in terms
of information theory is capable of helping researchers to
detect erroneous reasoning in classification problems.

The IB methods have been found useful in a wide
variety of learning applications (e.g., word clustering [17],
image clustering [18]). In particular, the IB principle has
been employed to interpret deep learning as a successive
information extraction process [11]. Specifically, IB has been
used to analyze DNNs by computing mutual information
between the hidden layers and data or labels. This has
attracted tremendous attention recently as a tool to gain
insights into the learning dynamics and generalization abil-
ity of DNNs [10], [19], [20]. Besides, recent studies have
demonstrated the effectiveness on improving generalization
ability by optimizing the IB Lagrange empirically [21], [22],
[23], [24], [25]. For example, Alemi et al. [21] presented a

variational approximation to IB (VIB), which is an adaption
of Variational Auto-Encoder (VAE) [22] to a prediction task.
Numerical experiments showed that VIB had better general-
ization performance compared with several competing reg-
ularization methods, like dropout. Subsequently, Matthew
et al. [23] improved VIB by introducing different surrogate
marginal distributions (e.g., Student

′
s t-distribution) on the

intermediate representation layer. Achille and Soatto [24]
approximated the IB Lagrangian by introducing a informa-
tion dropout layer, which allows the network to selectively
introduce multiplicative noise into the layer activation, and
thus to control the flow of information. Kolchinsky [26]
introduced a novel non-parametric upper bound for mutual
information by injecting noise to the representation layer,
which achieved the best trade-off between compression
and prediction. These existing methods optimized the IB
Lagrangian by introducing random noise into learning the
representation, and achieved state-of-the-art performance in
terms of nuisance information compression and relevant
information extraction. However, their performance on re-
sisting adversarial perturbations is far less impressive. We
attribute this counter-intuitive result to the noise introduced
in the IB methods. In addition, how to trade off the infor-
mation compression and prediction for better adversarial
robustness is a challenging issue and has not been explored
so far.

We should note that the IB principle is not the only tool
to encourage the representation invariance (proper compres-
sion) and adversarial robustness. For example, Achille and
Soatto [27] showed that invariance to nuisance is equivalent
to the information minimality of the learned representation
and proposed to bound the model complexity using the
information in the weights. More recently, Yu et al. proposed
an information-theoretic measure that maximizes the coding
rate difference between the whole data and the sum of
each individual class [28]. Besides, bulk of non-information-
theoretical principles have been proposed for reducing the
sensitivity of DNN to small perturbations. Among them,
double backpropagation is an old idea originally introduced
by Drucker and Le Cun [29], which trains the DNNs by
minimizing not just the “energy” of the network but the
rate of change of that energy with respect to the input data.
Xu and Mannor [30] proved that the Lipschitz constant of
DNNs controls the difference between the training loss and
generalization performance, and proposed to minimize it
to decrease the model sensitivity to adversarial examples.
In addition, Rifai et al. [31] proposed to penalize the rep-
resentation sensitivity, measured as the squared norm of
its Jacobian with respect to the input data. The Jacobian
constraint has been utilized to learn contractive representa-
tions in supervised and unsupervised tasks [31], [32]. How-
ever, these hard-constraint methods lack of interpretability
and meaningful measure like mutual information in IB to
demonstrate their learning effectiveness.

In this paper, we propose adversarial information bot-
tleneck (AIB) to optimize the IB Lagrangian by introducing
an adversarial regularization term to approximate the infor-
mation compression term MI(X;Z). AIB does not impose
any explicit assumptions to the distribution of the hidden
representation and can be optimized effectively by solving a
Min-Max optimization problem. Numerical results demon-
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strate its effectiveness on the nuisance information compres-
sion and adversarial robustness. In addition, we visualize
the IB curves of several competing IB methods by varying
β on synthetic and real-world datasets, and reveal that all
the IB curves present two distinct phases. By analyzing the
adversarial robustness contrasting with the IB curves, we
empirically claim that the models trained with the trade-off
hyperparameter corresponding to the knee point in the IB
curves present the best robustness.

2 RELATED WORK

2.1 Information Bottleneck Principle

Tishby et al. [33] firstly proposed the IB concept and pro-
vided a tabular method based on the Blahut-Arimoto (BA)
algorithm [15], [34] to numerically solve the IB Lagrangian
(Eq. 3) for the optimal encoder distribution P (Z|X), given
the trade-off hyperparameter β and the cardinality of the
representation. However, the BA algorithm can only be used
in two special cases: the first is where X and Y are discrete-
valued with a small number of possible states, and the
second is when X and Y are continuous-valued and jointly
Gaussian [35]. In these two cases, the conditional probability
can be computed explicitly during the optimization process.
However, this is infeasible in the big data era due to the
high-dimensionality of data.

More recently, Tishby et al. interpreted deep learning
as a successive information-extraction process quantified
by the IB principle [11] and attempted to open the black
box of deep learning by visualizing the behavior of the
compression and prediction terms [10]. This has motivated
many studies to apply the IB principle to high-dimensional
and complex data in a variety of scenarios such as
improving the robustness against adversarial attacks [36],
learning invariant and disentangled representations [27]
and interpreting the learning dynamics of DNNs [19], [20],
[37]. In this paper, we mainly focus on the optimization
of the IB Lagrangian (Eq. 3) as well as the effect of the
trade-off between information compression and prediction.
Previous studies have attempted to solve this problem by
imposing some assumptions on the data distributions and
introducing random noise into the hidden representations.

VIB Alemi [21] introduced VIB inspired by VAE [22] to
prediction tasks. By assuming Z ∼ N (µ|σ2), they bound
MI(X;Z) in the following equality,

MI(X;Z) ≥ EX∼Q(X)KL(Pθ(Z|X)||P (Z))

They further replace the prediction term MI(Z;Y ) by
the cross-entropy loss. Subsequently, Matthew et al.
[23] improved VIB by introducing different surrogate
marginal distributions (e.g., Student

′
s t-distributions) on

the intermediate representation layer. Achille and Soatto
[24] approximated the IB Lagrangian by introducing a
information dropout layer, which allows the network
to selectively introduce multiplicative noise in the layer
activation, and thus to control the flow of information.

NIB Kolchinsky [26] introduced a novel non-parametric
upper bound for mutual information by injecting noise

to the representation layer and achieved the best trade-
off between the information compression and prediction.
Specifically, NIB introduced noise Ẑ = Z + n(∼ N (0|1))
to approximate MI(X;Z), i.e.,

MI(X;Z) ≈ MI(X; Ẑ) ≤ Ei lnEje
−KL(pi||pj)

As a result, the learned intermediate representations form
geometrically dense clusters. However, they failed to ex-
plore whether NIB can improve the performance on adver-
sarial robustness.

The above IB methods introduce random noise to the
intermediate representation to reduce its dependence on
the input data, and mitigate adversarial effects [25], [32],
[38]. However, these methods in fact failed to explain the
role of the IB principle in their design. In addition, selec-
tion of β is critical to learn a meaningful representation
since it controls the information compression and realize
representation invariance. However, previous studies have
set β in an empirical range, which don’t well capture the
relationship between compression and prediction. Chechik
et al. [35] noted the presence of trivial solution when β ≥ 1,
in which P(Z|X) = P(Z) becomes the global minimum
of the IB Lagrangian. Wu et al. [37] introduced the concept
of IB-Learnability, and showed that the IB Lagrangian will
undergo a phase transition from the inability to learn to
the ability to learn when varying β. Furthermore, they
theoretically and experimentally provided the range of β to
avoid the failure of IB Lagrangian optimization. However,
the effect of β on learning invariant representation has still
not been explored.

2.2 Mutual Information Estimation
Estimating the mutual information between the input

data to a DNN and its hidden layers has long been a topic
of research, with applications to representation learning
[39] and deep learning [10], [19], [20], [37]. For example,
Tishby et al. [10] empirically suggested that trajectories
in the information plane or learning processes of DNNs
appeared to consist of two distinct phases: an initial “fitting”
phase where mutual information between the hidden layers
and both the input and output increase, and a subsequent
“compression” phase where mutual information between
the hidden layers and the input decreases. They claimed
that this compression phase is responsible for the excellent
generalization performance of DNNs. Saxe et al. [20] argued
that the “compression” phase arises primarily due to the
double-saturating tanh activation function utilized, which
will disappear when replaced with the ReLU activation.
In addition, Ziv et al. [19] observed that compression can
occur in VIB and revealed that compression was driven by
progressive geometric clustering of the representations of
samples from the same class.

However, despite the strengths of mutual information
and effectiveness of the above IB methods, mutual informa-
tion is often impossible to compute analytically, and hard
to estimate from high-dimensional samples. Most previous
information-theoretic studies of deep learning [10], [20]
approximate the mutual information by discretizing the
outputs of neurons (i.e., the “binning” operation). However,
in practice DNN does not operate on the binned variables,
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but on the continuous ones. Moreover, there are many
possible binning strategies, which yield different discrete
random variables, and different mutual information with
respect to the input. For example, Saxe et al. [20] linked the
compression phase occurred in [10] to saturation of neurons,
which usually happens in layers with double-saturating
activations (e.g., sigmoid) and could lead to the failure of
binning strategy.

A variety of approaches for entropy and thereby mu-
tual information estimation have been developed over the
years, including k-nearest neighbors (kNN) techniques [40]
and kernel density estimation (KDE) techniques [41], [42].
Wickstrøm et al. [43] utilized a kernel tensor-based estimator
of the Renyi’s entropy, and provided the first comprehen-
sive information plane analysis of contemporary large-scale
DNNs and CNNs. Recently, trainable neural estimators [44]
has also been utilized to estimate mutual information and
the authors attempted to apply this technique to optimize
IB principle. However, their focus is mainly on estimating
mutual information and there is no implementation details
and result analysis in their work. In this paper, we use
the KDE technique [41] to estimate the mutual information
between input, labels and hidden layers, which is fast,
effective and robust to the dimensionality.

2.3 Adversarial Attacks
Since the original work in [13], many different types

of adversarial attacks have been proposed to fool a trained
DNN through introducing barely visible perturbations
upon input data. Several state-of-the-art white-box attacks
will be investigated in this work, and are briefly introduced
as follows.

FGS Attack: Fast Gradient Sign (FGS) method [45] hy-
pothesizes that DNNs are vulnerable to adversarial pertur-
bations because of their linear nature. It finds the adversarial
examples by projecting the sample (x) along the direction
of gradients with respect to the input. Specifically, x is
manipulated by adding or subtracting a small perturbation
ε to each pixel. Whether adding or subtracting ε depends
on whether the sign of the gradient for a pixel is positive
or negative. Adding errors in the direction of the gradient
means that the image is intentionally altered so that the
model classification fails. The adversarial example can be
formulated as,

xFGS = x+ ε · sign(5xL(θ, x, y))

where 5xL is the gradient of the loss function with respect
to the original input pixel vector x, y is the true label
vector for x and θ is the model hyperparameter vector. If
the perturbation is small, these adversarial examples are
indistinguishable from normal examples to human, but the
network performs significantly worse on them.

TGS Attack: Targeted Gradient Sign (TGS) attack was
designed based on the FGS method. It attempts to encourage
the model to misclassify samples in a specific way,

xTGS = x− ε · sign(5xL(θ, x, ytarget))

where ytarget encodes an alternative set of labels we would
like the model to predict instead. TGS can also be performed

iteratively.

DeepFool Attack: DeepFool attack [46] is an iterative
attack method which finds the minimal perturbation to cross
the decision boundary based on the linearization of the
classifier at each iteration. Given a sample xn belonging to
the class t, the perturbation is formulated as,

min
δn

‖δn‖p
s.t. maxj 6=t {gj(xn + δn)} − gt(xn + δn) ≥ 0

where δn is taken as the perturbation and ‖·‖p can be any
norm specified by the user. The sum of all the perturba-
tions from all the samples can be taken as the robustness
performance of the given model. Note that δn can be taken
as the margin, i.e., the distance from the sample xn to the
classification boundary in a two-class linear classifier case.
In non-linear and multi-label cases, the minimum attack
distance will be iterated along the the vertical direction of
the nearest classification boundary.

3 ADVERSARIAL INFORMATION BOTTLENECK

The difficulty of optimizing the IB Lagrangian lies in
the compression term MI(X;Z), since the prediction term
MI(Z;Y ) follows [21], [26],

MI(Z;Y ) ≤ H(Y ) + EP (Z;Y ) logP (Y |Z) (5)

where the second expectation term is equivalent to the usual
cross-entropy loss in supervised learning, which can be
optimized effectively in the settings of machine learning.

To optimize the compression term MI(X;Z), we recall
that mutual information can be formulated as the Kullback-
Leibler (KL) divergence between the joint P (X;Z) and the
product of the marginals P (X)P (Z). Recent studies utilized
a dual formula to cast the estimation of f -divergences
[44], [47], [48] (including the KL-divergence) as part of an
adversarial game between competing DNNs [49]. Formally,
the mutual information admits the following equality,

MI(X;Z) = max
T :Ω→R

EPXZT (x, z)− logEPXPZe
T (x,z) (6)

where the maximum is taken over all functions T such that
the two expectations are finite.

Optimization In this paper, we use the neural network
with an encoder-decoder architecture, where the encoder G
outputs the representation Z by processing the input data
X and the decoder D outputs the predicted labels based on
Z . In addition, the encoder and decoder are parameterized
by θ and φ, respectively. Furthermore, we parameterize the
function T in Eq. 6 by a neural network parameterized
by ψ [44]. Therefore, the minimization of the compression
term MI(X;Z) can be formulated as the following Min-Max
problem,

min
θ

max
ψ

EpX,ZTψ(x,Gθ(x))− logEpXpZe
Tψ(x,Gθ(x))

where the inner maximization tends to acquire accurate
estimates of mutual information by optimizing Tψ , and the
outer minimization on Gθ is optimized to compress the
information flow of G. Optimizing Eq. (6) to converge after
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Fig. 2: Illustration of AIB.

every gradient descent step guarantees us to stay on the
desired manifold. This is an expensive procedure. Moreover,
it may result in parameters that are far away from the ones
obtained after the main gradient update. We use two ap-
proximations to make the algorithm more efficient. First, we
only do one step of descent on the function Eq. 6. Secondly,
instead of optimizing the mutual information between the
whole data X and representation Z , one can find a subset
S of the most informative pixels and perform the update on
them, denoted by XS . This procedure is meaningful since

MI(XS ;Z) ≤ MI(X;Z) (7)

The two terms are equal if and only if S is the whole set
of the pixels. Specifically, we determine XS of pixels with
large gradients, i.e., the gradients of Z with respect to the
inputs, since these selected pixels are the most informative
ones about Z . The structure and algorithm of AIB are
summarized in Fig. 2 and Algorithm 1, respectively.

Algorithm 1 Adversarial Information Bottleneck

Require: Datasets D = {(xi, yi)}, i = 1, 2, · · · , N ; the
number k of steps to update Tψ ; the number p of pixels
sampled from the input data; the trade-off hyperparam-
eter β.

Repeat:
1: For k steps do
2: Sample two minibatch of m samples {(xi, yi)}mi=1,
{(x̂i, ŷi)}mi=1

3: Feed one minibatch samples into the decoder G and
obtain the representation zi = {Gθ(xi)}

4: Select p pixels with the most significant gradients w.r.t.
xi

5: Update Tψ by ascending its stochastic gradient:

∇ψ
1

m

[
m∑
i

Tψ(xi, zi)− log
1

m

m∑
i

eTψ(x̂i,zi)

]
6: End for
7: Update the encoder Gθ and decoder Dφ by descending

their respective stochastic gradient: ∇φ
1
m

∑m
i yi logDφ(zi),

∇θ 1
m

∑m
i yi logDφ(Eθ(xi)) + β[ 1

m

∑m
i Tψ(xi, Eθ(xi))

− log 1
m

∑m
i e

Tψ(x̂i,Eθ(xi))],

Until convergence

We name our proposed method as adversarial infor-
mation bottleneck due to its “adversarial” characteristic by

M
I(Z

; Y
)

MI(X; Z)

M
I(X

; Z
)

M
I(Z

; Y
)

β β

A

B C

Fig. 3: (A) Illustration of the IB curve of AIB on MNIST.
(B) and (C) Plots of MI(X;Z) and MI(Z;Y ) versus β, re-
spectively. Each blue circle corresponds to a fully-converged
model starting with independent initialization. The red ar-
rows indicate the knee point determined in the IB curve in
(A).

solving a Min-Max optimization problem, which is very dif-
ferent from adversarial training by feeding the adversarial
examples into the training process [45]. In particular, the
adversarial training required a computationally expensive
inner loop in order to evaluate the adversarial perturbations,
in which the cost becomes prohibitive with growing model
complexity and input dimensionality.
Hyperparameter Selection Another challenge in the opti-
mization of the IB Lagrangian is that there is a lack of under-
standing about the relationship between β and adversarial
robustness. Specifically, the question under consideration is
whether and how compression promotes better robustness
by varying β? Furthermore, if so, how to select β to achieve
the best robustness?

Here, we provide a simple way to select β based on
an observation about the IB curve (Fig. 2). As β decreases,
the IB curve presents two distinct phases: (1) MI(X;Z) and
MI(Z;Y ) increase simultaneously with the decrease of β; (2)
once β exceeds a critical value, MI(Z;Y ) increases slowly or
stay the same, while MI(X;Z) keeps increasing. Thus, the
difference of the changing rate of the two values leads to a
sharp knee and turning point in the IB curve. We intuitively
relate this knee point to the optimal hyperparameter which
characterizes the best robustness. Numerical experiments
clearly confirm this observation.

4 EXPERIMENTAL RESULTS

We first demonstrate the performance of AIB and the
effectiveness of hyperparameter selection through exploring
the IB curves. Next, we show AIB distinctly improves the
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NIBVIBDropout AIB

M
I(Z

; Y
)

M
I(Z

; Y
)

M
I(Z

; Y
)

MI(X; Z) MI(X; Z) MI(X; Z) MI(X; Z)

A

B

C

Fig. 4: (A) The IB curves of all of the methods on the synthetic dataset. The red dashed line is the IB curve computed
by the BA algorithm, the blue region indicates the non-achievable region in the information plane. (B) and (C) The IB
curves on MNIST (B) and FashionMNIST (C), respectively. The black dashed line is the data-processing inequality bound
MI(Z;Y ) ≤ MI(X;Z), the blue dotted line indicates the value of H(Y ) achieved by a baseline model trained only to
optimize the cross-entropy loss.

adversarial robustness compared to other methods with
three different adversarial attacks.

AIB is compared with VIB [21] and NIB [26] on a syn-
thetic dataset [10] and two common classification datasets
MNIST [50] and FashionMNIST [51] by varying hyperpa-
rameter β. We adopt the typical DNNs trained with the
cross-entropy loss to show its representation ability and
robustness (denoted as “Normal”). We also employ the pop-
ular “dropout” method (denoted as Dropout) with dropout
rate as its regularization hyperparameter for evaluation. We
still call the trade-off curve relating to “dropout” as the IB
curve for convenience.

4.1 Information Compression and Extraction

Synthetic Experiment. First, we utilize a synthetic dataset
as suggested in [10] and find the bottleneck variable
through the Blahut-Arimoto (BA) algorithm [15], which can
be taken as the golden standard solution. The synthetic
dataset is constructed as binary decision rules which are
invariant under O(3) rotations of the sphere, with 12 binary
inputs that represent 12 uniformly distributed points on a
two-dimensional sphere. Therefore, there are 4096 different
patterns in total and the classification rule is designed
such that p(y = 0) = p(y = 1) ' 0.5 and the mutual
information MI(X;Y ) ' 0.99 bits. With the BA algorithm,
minimization of Eq. 3 is performed by the converging

alternating iterations as follows, pk(z|x) = pk(z)
Sk(x,β) exp(−βd(x, z))

pk+1(z) = Σxp(x)pk(z|x)
pk+1(y|z) = Σyp(y|x)pk(x|z)

(8)

where Sk(x, β) is the normalization function, z is one of
the ten discrete states of Z , and k denotes the iteration
step. Following the above formula, the optimal IB bound
can be found by varying the trade-off hyperparameter β.
The region above the IB bound is non-achievable and the
approximation closeness to the theoretical bound demon-
strates the effectiveness of information extraction (Fig. 4A).

A fully connected feed-forward neural network (12-10-
10-2-10-2) with no other architecture constraints is utilized
to evaluate all the methods. The ReLU function is adopted
for activation, and the Softmax function is employed in
the final layer. The networks were trained using the cross-
entropy loss function and the optimizer Adam with learning
rate 0.0002. For easier estimation of mutual information, we
set the outputs of the two-node hidden layer as the bottle-
neck variable Z . The IB curves are plotted by calculating the
mutual information between the input data, labels and the
bottleneck layer Z , respectively. We note that the network
capacity is relatively small, so the IB curves explored by
these methods are not very close to the optimal solution.
Real-world Experiment. Two common real-world classi-
fication datasets (MNIST and FashionMNIST) are utilized
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to evaluate the performance of AIB. Each image of MNIST
and FashionMNIST consists of 28-by-28 pixels (784 total
pixels), i.e., X ∈ R784, and is classified into one of ten
classes corresponding to the digit or clothing identity (Y ∈
{0, · · · , 9}). Both the two datasets contain 60,000 training im-
ages and 10,000 testing images. MNIST is a relative simple
dataset for modern machine learning and FashionMNIST is
a more complex dataset. Note that the BA algorithm is not
applicable here since the dimension of these two datasets is
pretty high and the conditional probability is incalculable.
But the IB curves are still bounded according to the DPI (Eq.
1) and definition of mutual information,

H(Y ) ≥ MI(Z;Y ) ≤ MI(X;Z)

Here we use the similar setting with the synthetic
experiment except the network architecture. We apply a
simple fully connected network and a convolutional neural
network onto MNIST and FashionMNIST, respectively, since
the latter is a more difficult task. The fully connected layers
have units 784-128-128-10-128-10 and the 10-unit layer is
set as the bottleneck layer. The simple convolutional neural
network consists of 3 × 3 × 32 and 3× 3 × 64 convo-
lutional layers followed by a 2 × 2 max pooling and 2
fully connected layers (64-128). The 64-unit layer is set as
the bottleneck layer. In both the experiments, the training
images are divided into training and validation set at a ratio
of 4:1. We pick the model that performs the best on clean
accuracy of the validation set.

We present the IB curves of all the methods on the
synthetic and real-world datasets respectively (Fig. 4). Note
that all the IB curves appear smooth and convex, which start
from the point (0,0) corresponding to a large β and stop at a
point corresponding to β = 0, respectively. We come to the
following conclusions,

• On the synthetic dataset, AIB performs the best com-
pared to Dropout, VIB and NIB, and its IB curve
is mostly close to the bound determined by the BA
algorithm.

• On all the datasets, the IB methods (AIB, NIB and
VIB) perform better than Dropout in terms of the nui-
sance information compression. They achieve better
prediction values at the same level of compression.
Particularly, the performance of AIB is better (Syn-
thetic and MNIST) or comparable (FashionMNIST)
compared with that of NIB and VIB.

• The curves of the IB methods present a phase tran-
sition phenomenon to some extent: (1) the mutual
information between the representation and the in-
put data MI(X;Z), labels MI(Z;Y ) increases simul-
taneously; (2) once β is less than a critical value,
MI(Z;Y ) increases slowly or stay the same level,
while MI(X;Z) keeps increasing.

Compression Promotes Geometric Representation First,
we consider the clustering performance of all the methods
on the bottleneck layer. We plot the visualization of the
two-dimensional projections for them on MNIST (Fig. 5).
Training with the IB Lagrangian or cross-entry enables dif-
ferent digits to fall into well-separated clusters, in which
different architectures lead to clusters with diverse shapes.
Specifically, the clusters of AIB tend to be line-shaped,

AIB

NIB

VIB

Dropout

Normal

Fig. 5: Projection of the bottleneck layer variable for the
methods on MNIST with the increase of β (from left to
right) using principal component analysis. The middle cor-
responds to the hyperparameter of the knee point of the
IB curve. Note the Normal method has no regularization
hyperparameter.

indicating it has the largest decision margin. In addition,
the geometric representation of AIB is significantly better
than the regular Dropout method. This is consistent with
the information compression results (Fig. 4) since the bits of
compact clusters is smaller.

Note that Fig. 5 (middle) corresponds to β on
the knee point of the IB curves (see next Section 4.2).
Then their respective geometric representations get more
compact (middle) compared to others (left and right).
This observation gives us an promising way for selecting
hyperparameter, which provide the best invariance and
robustness against adversarial perturbations.

4.2 Adversarial Robustness and Defense

In this section, we evaluate the robustness of all the
models against the FGS, TGS and Deepfool attacks on
MNIST, FashionMNIST as well as CIFAR-10 [52]. The
CIFAR-10 dataset is an established computer-vision dataset
used for object recognition, and consists of 60,000 32x32
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Fig. 6: (A) and (B) MI(Z;Y ) and MI(X;Z) evaluated on
MNIST of the IB methods trained with their correspond-
ing trade-off hyperparameter β. (C) Accuracy on MNIST
generated by FGS attack of the IB methods in terms of
the trade-off hyperparameter β (perturbation ε = 0.1). (D)
Clean accuracy on MNIST. Each blue circle corresponds to a
fully-converged model starting with independent initializa-
tion. The x-axis is scaled differently for better visualization.
The red arrows indicate the y-axis value trained with the
hyperparameter corresponding to the knee point of the IB
curve.

color images belonging to 10 object classes. All the images
are divided into training, validation and test sets at a ratio
of 4:1:1. We use a complex convolutional neural network on
CIFAR-10. All the methods are trained using the optimizer
Adam with learning rate 0.0002 and batch size 256. The
methods are stopped if they don’t improve the accuracy on
validation set within 20 epochs.

For the FGS and TGS attacks, we test all the methods
against the adversarial examples generated for each strat-
egy with different perturbation ranging from 0.05 to 0.3.
Particularly, for the TGS attack, we pick the targets via
increasing the original labels y by 1 (modulo 10). For the
Deepfool attack, we compute the minimum perturbation
upon all of the test samples and take ||δ||2 =

√
Σδ2

n as the
evaluation metric to measure the robustness of DNN, where
a greater value of ||δ||2 normally indicates a DNN possesses
higher robustness against potential adversarial attacks. We
use cleverhans library [53] to generate all the adversarial
examples.

We first select the hyperparameter in a reasonable range

Clean

VIB

NIB

Normal

Dropout

AIB

filename: perturbations.pdfFig. 7: Adversarial examples of the Deepfool attack to all of
the methods on different digits of MNIST. The blurriness
of the picture indicates the robustness of the model to
adversarial perturbations.

in which the method has a pretty high clean accuracy. This is
critical since the model with bad clean accuracy may present
better robustness (Fig. 6C and D). We show the changing
trend of MI(Z;Y ), MI(X;Z), accuracy on the adversarial
examples generated by FGS attack (perturbation ε = 0.1)
and clean accuracy in terms of β (Fig. 6). First, as the trade-
off β increases, the clean accuracy stays almost the same
and adversarial accuracy increases distinctly until it reaches
a critical point, which precisely corresponds to β of the knee
point in the IB curves. Secondly, once the trade-off β exceeds
the knee point, the clean accuracy and adversarial accuracy
decease simultaneously. As a result, we select the β ranging
from 0 to that corresponding to the knee point in the IB
curve.

Table 1 reports the results of all the adversarial robust-
ness to the FGS and TGS attacks on MNIST, FashionMNIST
and CIFAR-10 at a variety of perturbation strengths ε. The
performance of VIB is comparable to Dropout method in a
range of small perturbations. Although the performance of
NIB on MNIST is significantly better than VIB and Dropout,
it is far less impressive on more complex datasets (Fashion-
MNIST and CIFAR-10). However, the performance of AIB
is the best across all the datasets and attacks with different
perturbations.

It should be noted that only improving robustness
against FGS and TGS attacks does not necessarily mean
better accuracy against other attacks. Typically, Deepfool
attack with L2 norm could reach 100% success rate against
any defense methods. Thus, the total perturbations required
to fool a network gives more message about its robustness in
general, and the large perturbations mean better robustness.
Table 2 presents the performance of all the methods against
the DeepFool attack on MNIST, FashionMNIST and CIFAR-
10. AIB consistently performs the best in all the datasets,
while VIB and NIB only achieve similar performance with
the Dropout method. In addition, Fig. 7 demonstrates the
adversarial examples generated by Deepfool attack apply-
ing to all the models on different digits of MNIST. As
a result, the adversarial examples generated on AIB are
the most unrecognizable ones, indicating that the examples
need to move farther to fool it.
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TABLE 1: Performance comparison of clean- and perturbed-data (under FGS and TGS attacks) on MNIST in terms of
accuracy (mean±std), FashionMNIST and CIFAR-10.

Methods

Datasets Attacks ε Normal Dropout VIB NIB AIB

MNIST

clean 0 0.970±0.005 0.974±0.004 0.971±0.004 0.973±0.002 0.975±0.005

FGS
0.05 0.405±0.086 0.638±0.102 0.454±0.080 0.721±0.055 0.895±0.110
0.10 0.079±0.010 0.361±0.066 0.164±0.025 0.451±0.016 0.721±0.046
0.15 0.036±0.006 0.310±0.073 0.120±0.011 0.293±0.043 0.464±0.074

TGS
0.1 0.094±0.001 0.275±0.028 0.191±0.015 0.481±0.082 0.825±0.120
0.2 0.002±0.000 0.268±0.010 0.165±0.008 0.215±0.014 0.468±0.064
0.3 0.001±0.000 0.263±0.012 0.151±0.010 0.135±0.009 0.286±0.023

Fashion

clean 0 0.902±0.005 0.909±0.006 0.903±0.010 0.902±0.007 0.902±0.006

FGS
0.05 0.393±0.045 0.623±0.132 0.452±0.068 0.475±0.076 0.635±0.044
0.10 0.177±0.012 0.430±0.054 0.171±0.032 0.218±0.019 0.466±0.057
0.15 0.084±0.006 0.397±0.025 0.101±0.011 0.163±0.016 0.320±0.015

TGS
0.1 0.341±0.038 0.563±0.050 0.284±0.024 0.424±0.056 0.576±0.056
0.2 0.064±0.010 0.368±0.036 0.114±0.010 0.155±0.016 0.461±0.023
0.3 0.018±0.002 0.333±0.018 0.106±0.008 0.146±0.010 0.387±0.012

CIFAR-10

clean 0 0.851±0.028 0.860±0.022 0.853±0.025 0.854±0.032 0.850±0.026

FGS
0.05 0.251±0.031 0.465±0.120 0.387±0.047 0.366±0.068 0.418±0.076
0.10 0.060±0.001 0.145±0.016 0.160±0.005 0.225±0.021 0.230±0.031
0.15 0.020±0.000 0.104±0.002 0.074±0.001 0.113±0.005 0.120±0.005

TGS
0.1 0.220±0.026 0.246±0.045 0.270±0.016 0.319±0.043 0.350±0.032
0.2 0.086±0.002 0.101±0.000 0.110±0.001 0.124±0.006 0.125±0.008
0.3 0.032±0.000 0.010±0.000 0.086±0.002 0.105±0.008 0.109±0.006

TABLE 2: Performance comparison of Deepfool attack
with L2 norm (mean±std) on MNIST, FashionMNIST and
CIFAR-10.

Datasets

Methods MNIST Fashion CIFAR-10

Normal 1.130±0.011 0.800±0.009 0.502±0.015
Dropout 1.862±0.015 1.271±0.012 1.022±0.040
VIB 1.360±0.015 1.125±0.022 1.114±0.035
NIB 1.264±0.031 1.141±0.025 1.125±0.031
AIB 2.204±0.042 1.651±0.030 1.401±0.043

5 CONCLUSION

In this paper, we propose adversarial information bot-
tleneck (AIB) to optimize the IB Lagrangian by introduc-
ing an adversarial regularization term to approximate the
information compression term MI(X;Z). AIB learns com-
pact or even line-shaped representation and compress more
nuisance information given the same prediction accuracy.
Experimental results demonstrate that AIB performs the
best in resisting adversarial perturbations compared to VIB,
NIB and even others.

We further conduct a detailed and in-depth exploration
about the effects of β on learning invariant representations
and mitigating adversarial perturbations. As a result, we
empirically demonstrate that the hyperparameter corre-
sponding to the knee point of the IB curve performs the
best in geometric representation and adversarial robustness.
We emphasize that this can help to understand the effect
of compression on model robustness and hyperparameter
selection.

In the future, it will be an interesting topic to learn
invariant network weights and gradients with the proposed
adversarial compression term which does not require an
analytical form about their distributions. Furthermore, we
claim that the information-theoretical perspective on the

selection of trade-off β is not only applicable to the IB
models, but other defense models with a hyperparameter
specifying the penalty strength.
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