arXiv:1706.04416v3 [math.ST] 16 Jul 2021

Accelerating Bayesian Structure Learning in
Sparse Gaussian Graphical Models

Reza Mohammadi
Department of Operation Management, University of Amsterdam
and
Hélene Massam
Department of Mathematics and Statistics, York University
and
Gérard Letac
Laboratoire de Statistique et Probabilités, Université Paul Sabatier

July 19, 2021

Abstract

Gaussian graphical models are relevant tools to learn conditional independence
structure between variables. In this class of models, Bayesian structure learning
is often done by search algorithms over the graph space. The conjugate prior for
the precision matrix satisfying graphical constraints is the well-known G-Wishart.
With this prior, the transition probabilities in the search algorithms necessitate eval-
uating the ratios of the prior normalizing constants of G-Wishart. In moderate to
high-dimensions, this ratio is often approximated using sampling-based methods as
computationally expensive updates in the search algorithm. Calculating this ratio
so far has been a major computational bottleneck. We overcome this issue by rep-
resenting a search algorithm in which the ratio of normalizing constant is carried
out by an explicit closed-form approximation. Using this approximation within our
search algorithm yields significant improvement in the scalability of structure learn-
ing without sacrificing structure learning accuracy. We study the conditions under
which the approximation is valid. We also evaluate the efficacy of our method with
simulation studies. We show that the new search algorithm with our approximation
outperforms state-of-the-art methods in both computational efficiency and accuracy.
The implementation of our work is available in the R package BDgraph.
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1 Introduction

Gaussian graphical models (GGM) have been widely used in many application areas for
learning conditional independence structure among a (possibly large) collection of variables.
Bayesian structure learning, for these models, while providing a natural and principled way
for uncertainty quantification, often lag behind frequentist approaches (Friedman et al.,
2008) in terms of computational efficiency and scalability. Despite significant developments
of Bayesian structure learning methods in recent years, the scalability of these methods has
continued to pose challenges regarding the growing demand for higher dimensions.

An essential element of Bayesian structure learning in GGMs is the prior distribution on
the precision matrix K given the graph G constraints. Most Bayesian methods use the so-
called G-Wishart distribution, which is the conjugate prior (Roverato, 2002). For structure
learning, more recent Bayesian methods, use versions of search algorithms over the graph
space with the capability of jointly estimate graph structure and precision matrix, see Hinne
et al. (2014); Cheng and Lenkoski (2012); Lenkoski (2013); Dobra and Lenkoski (2011);
Dobra et al. (2011); Wang and Li (2012); Mohammadi and Wit (2015). A computationally
challenging step in these search algorithms is to estimate the ratio of prior normalizing
constants for the G-Wishart distribution. This ratio, in general, is not available in closed
form, except for specific cases, and typically needs to be evaluated using Monte Carlo
based approaches. Until recently, Uhler et al. (2018) give the exact analytic expression of
the normalizing constants of (G-Wishart, which gave hope of direct evaluation of this ratio.
The capability of applying this expression in the search algorithms need yet to investigate,
since the expression is mathematically rather complex.

To approximate the ratio of normalizing constant, Wang (2012) introduces the double

Metropolis-Hastings algorithm (Liang, 2010), by using on the block Gibbs sampler from G-



Wishart. By using direct sampling form G-Wishart distribution (Lenkoski, 2013), recently,
Hinne et al. (2014); Lenkoski (2013) propose more efficient versions of the search algo-
rithms that combine the concept behind the exchange algorithm (Murray et al., 2006) with
trans-dimensional MCMC algorithm (Green, 2003). Likewise, Mohammadi and Wit (2015)
proposed a search algorithm over the graph space based on continuous-time birth-death
processes, and following Lenkoski (2013) combined it with the exchange algorithm. These
algorithms avoid to compute the ratio of normalizing constants by using the exchange algo-
rithm; Essentially, the ratio of normalizing constants is canceling out in the probabilities of
jumping to the proposal graphs, by using exact samples from the G-Wishart distribution.
While these algorithms have clear computational benefits compared to earlier approaches,
they require exact samples from the G-Wishart distribution, which are computationally
expensive updates within the search algorithm. We are going to illustrate it in more detail
in Section 2.2.

We aim to introduce a search algorithm in which the ratio of normalizing constant is
evaluated by an explicit closed-form approximation. For Bayesian structure learning, we
first represent the birth-death Markov Chain Monte Carlo (BDMCMC) search algorithm
proposed by Mohammadi and Wit (2015). Then we provide an explicit closed-form ap-
proximation to the ratio of the prior normalizing constant of G-Wishart, the use of which
leads to significant improvement in the scalability of the search algorithms. To immediately
illustrate the accuracy, in terms of structure learning, and the computational efficiency of
our proposed approximation within the search algorithm, we represent here Figure 1 where
G has a random graph structure with 150 nodes (p = 150) and a sample size of 150. The
left-hand side represents the receiver operating characteristic (ROC) plot for comparing

the structure learning accuracy of the BDMCMC search algorithm done with our approx-
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Figure 1: Plots from the simulation study in Section 6 over 50 replications where G is a
random graph with 150 nodes and sample size 150. (Left) ROC curve for the BDMCMC
search algorithm with our approximation (BDMCMC-Gamm) and the BDMCMC search
algorithm with exchange algorithm (BDMCMC-DMH), as state-of-the-art. (Right) execu-
tion time for both algorithms where time is per minutes for 1000 iterations for different

number of nodes (p = 50, 100, 150).

imation and with the exchange algorithm. We see that our method (BDMCMC-Gamm,
in blue) performs at least as well as the state-of-the-art (BDMCMC-DMH, in red). The
right-hand side represents the execution time of both search algorithms. We see that for
p = 150, the execution time when using BDMCMC with our approximation is three times
faster than when BDMCMC is done with the exchange algorithm. More details are given
in Section 6.

The outline of our paper is as follows. In Section 2, we introduce background materials

for Bayesian structure learning in GGMs. After presenting the birth-death MCMC search



algorithm in Subsection 2.1, we review the existing methods for approximating the ratio
of normalizing constants in Subsection 2.2, and then we introduce our approximation.
In Section 3, we provide the technical detail for proving the accuracy of the proposed
approximation of the ratio of the normalizing constant. In Sections 4 and 5, we represent
our two main results, Theorems 1 and 2.

In Theorem 1, we establish the approximation with explicit bounds in the particular
case when all paths between the two nodes corresponding to the removed edge are disjoint
(Figure 3 left-side). In Subsection 4.1, we verify the accuracy of the approximation by
various collections of disjoint paths. We compute the theoretical boundary of our approx-
imation as well as the value of the relative error following the Monte Carlo approach of
Atay-Kayis and Massam (2005). We find that, while the theoretical boundary can be as
high as 0.30, the actual value of the relative error hardly goes above 0.10 (see Figure 4).

In Theorem 2, we consider the general case where paths between the two nodes cor-
responding to the removed edge are not necessarily disjoint (Figure 3 right-side). In that
case, we prove that under a technical assumption, our approximation is accurate. The
question is then to know whether this assumption is realistic. In Subsection 5.1, for dif-
ferent types of graphs, we verify numerically how well this assumption holds. We also
evaluate the accuracy of our approximation by simulation. To do so, we compute the ratio
of the normalizing constant in two ways: first following the Monte Carlo approximation
of Atay-Kayis and Massam (2005) and, second, using our approximation. We see that in
all cases, both approximations take the same range of values. They are both reasonably
accurate. When the number of nodes is greater than 30, due to the limitations of the
Monte Carlo approximation in Atay-Kayis and Massam (2005), one cannot numerically

verify the accuracy of the approximation directly. So, in Section 6, we verify it indirectly:



we use both our approximation and the exchange algorithm to compute the ratio in the
BDMCMC search algorithm of Mohammadi and Wit (2015) for graphs containing 50, 100,
or 150 nodes. We see that in all cases, our approximation yields results as good or slightly

better than the exchange algorithm as a state-of-the-art.

2 Bayesian structure learning in GGMs

Graphical models (Lauritzen, 1996) are powerful tools to express the conditional depen-
dence structure among random variables by a graph in which each node corresponds to a
random variable. For the case of undirected graphs, also known as Markov random field
(Rue and Held, 2005), an edge between two nodes determines the conditional dependence of
the regarding variables. Let G = (V, E') be an undirected graph where V' contains p nodes
corresponding to the p coordinates and the edges F describe the conditional independence
relationships among variables; We use the convention that if (4, j) € E then i < j. Let E
be the complement of E that indexes the missing edges of G.

A Gaussian graphical model for the Gaussian random vector X = (X,...,X,) ~
N, (p, K1) is represented by an undirected graph G = (V,E). Variables X; and X;
are independent given all the other variables if and only if there is no edge (7,7) in E. It
is well-known (Lauritzen, 1996) that in that case, the precision matrix K = X~ belongs
to the cone Pg of positive definite matrices with K;; = 0 whenever (i,j) € E. In other
words, the zero entries in the off-diagonal of the precision matrix correspond to conditional
independencies in the graph; It is an essential property of the precision matrix for model
selection (Dempster, 1972). Omne can then define the GGM for a given graph G as the
family of distributions

Ng={N(0,2): K =%""' € Pg}.



The likelihood based on a random sample X = (XM, ... X" T from A is
—1
P(X|K,G) « |K|"?exp {Ttr(KS)} :

where § = XTX.

In GGMs, for Bayesian structure learning, the standard conjugate prior for the precision
matrix K of the Gaussian distribution is the G-Wishart distribution (Roverato, 2002; Letac
et al., 2007). The G-Wishart is the Wishart distribution restricted to the space of precision

matrices with zero entries specified by a graph G. The G-Wishart density Wg (b, Q2) is

P(K | G) = g 1KI'F expl (KDY, (),

where | K| denotes the determinant of K and the symmetric positive definite matrix {2 and
the scalar > 2 are called, respectively, the scale and shape parameters. The normalizing

constant
_ 1
66.9) = [ K| expl (KK 1)
KePg 2

is of central interest to us. For arbitrary graphs, the explicit formula for this normalizing
constant is given in Proposition 1; We return to the computations of this fact in Section 3.

The joint posterior distribution of the graph GG and the precision matrix K is given as

P(K,G|X) x P(X|K,G)P(K|G) P(G)

1 d4+n—2

I en{ (K@ + ) @

P(G)

where P(G) is the prior distribution of the graph G, which here we consider a uniform
distribution over all graphs with fixed p nodes, as a non-informative prior; For other options,

see Dobra et al. (2011); Hinoveanu et al. (2018); Mohammadi and Wit (2015).



2.1 Structure learning via birth-death MCMC algorithm

Bayesian structure learning in GGMs which revolves around the joint posterior distri-
bution of the precision matrix and graph (2) requires carefully designed MCMC search
algorithms over the graph space. A common way to explore the graph space is by using
a search algorithm known as reversible jump MCMC (RJMCMC) (Green, 1995) which is
based on a discrete-time Markov chain. These kinds of algorithms often suffer from low
acceptance rates since the graph space is enormous and proposals with low probabilities
are frequent. Mohammadi and Wit (2015) addressed this issue by developing a continu-
ous-time Markov chain process—or a BDMCMC search algorithm—as an alternative to
RJMCMC. The BDMCMC search algorithm explores the graph space by either jumping to
a larger dimension (birth) or lower dimension (death). The birth/death events are modeled
as independent Poisson processes, thus the time between two successes events is exponen-
tially distributed. The stationary distribution of the process is determined by the rates
of the birth and death events that occur in continuous time; See Figure 2 for a graphical
representation of birth and death events from a given graph.

In the birth and death process, given the current state (G, K), each edge is added /deleted
independently of the rest as a Poisson process with birth/death rate R.(G, K) for each
e € {E U E}. Since birth and death events are independent Poisson processes, the time

between two consecutive events has an exponential distribution with mean

V6K = R ?

which is the waiting time. The waiting times capture all the possible moves of each step of
the BDMCMC search algorithm. Essentially, the birth-death process tends to stay shorter

in the current state for a small waiting time, while the process tends to stay longer for a
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Figure 2: The left panel represents the target posterior distribution of the graphs. The
middle panel shows the sampling scheme of BDMCMC algorithms in which {W;, W5, ...}
stand for waiting times and {t1, t5, ...} stand for jumping times of the BDMCMC algorithm.
The right panel shows the estimated posterior distribution of the graphs based on the
BDMCMC sampler which are the proportional to the total waiting times of the visited

graphs.

large waiting time. The birth and death probabilities involved are
P(birth/death of edge e € {E U E}) ox R.(G, K). (4)

The BDMCMC seaerch algorithm converges to the joint posterior distribution (2) given
the birth and death rates as a ratio of the joint posterior distributions as follows

P(G*, K*|x)

R.(G,K) :min{ PG Kx)

1} , for each e € {E U E}. (5)

For the birth of edge e € E we take G* = (V, EUe) and for the death of edge e € E we take
G* = (V,E\ e) and with the regarding preposition matrix is K*. Algorithm 1 represents
the pseudo-code for the BDMCMC search algorithm.

The essential element of the BDMCMC search algorithm is that a continuous-time

jump process is associated with the birth and death rates. Whenever a jump occurs, the
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Algorithm 1: BDMCMC search algorithm
Input: A graph G = (V, E) with a precision matrix K and data X.

for N iteration do
for all the possible moves in parallel do

L Calculate the birth and death rates by Equation 5;

Calculate the waiting time by Equation 3;
Update the graph based on the birth/death probabilities in Equation 4;

Update the precision matrix;

Output: Samples from the joint posterior distribution (2).

corresponding move is always accepted, which can consider as more intelligent navigation
of the graph space. The acceptance probabilities of commonly used RJIMCMC algorithms
are replaced by the waiting times in the BDMCMC algorithm. Correspondingly, graphs
with high posterior probabilities have larger waiting times while graphs with low posterior
probabilities have small waiting times and as a result, die quickly. Another computational
advantage of the BDMCMC algorithm is that the nested for loop, as a computationally
expensive part of the algorithm, for computing the birth/death rates can be implemented
in parallel since the rates associated with each edge can be calculated independently of
each other. We have implemented this part in parallel in the current version of the R
package BDgraph (Mohammadi and Wit, 2019a). These properties make the BDMCMC
algorithm an efficient search approach to explore the graph space to identify the high
posterior probability regimes, particularly for high-dimensional graphical models.

The main computational bottleneck of Algorithm 1 is to evaluate the birth/death rates,
which are based on the ratio of the posterior probabilities. These birth/death rates can

be considered as the conditional Bayes factor of the comparison between graph G and
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G1¢/G™¢, similar to Hinne et al. (2014). These ratios in Equation 5 can be derived as

P(G*, K*[x)  15(5,Q)
P(G,K|x)  1g-(6,9)

H(K,Q+S,6+mn,e),

where

| K| ) S exp{Ftr(K*(Q+ 9))} ©)

HK Q+ S5 0+n,e)=|— .
( -(w) Seimwas

For details regarding how to compute the above function, see Cheng and Lenkoski (2012);
Mohammadi and Wit (2015); Hinne et al. (2014). We see that computing the ratio of

posteriors requires evaluating the ratio of prior normalizing constants. That is the main

computational bottleneck of these types of search algorithms.

2.2 Existing methods to compute the normalizing constant

Exact formula: Recently, Uhler et al. (2018) certify that it is possible to drive an explicit
expression for the intractable normalizing constant for general graphs. Since the expres-
sion is (by its nature) mathematically complex, the capability of applying this intricate
expression for Bayesian structure learning has yet to be investigated. One possibility, as
they point it out, would be to find more computationally efficient procedures than Uhler
et al. (2018, Theorem 3.3) for computing the normalizing constant for particular classes of
graphs.

Monte Carlo approximation: Atay-Kayis and Massam (2005) developed a Monte
Carlo (MC) approach to approximate the normalizing constant based on the decomposition
described in Section 3. Although the MC approximation is accurate, it can be computa-
tionally expensive. In our simulation of Sections 4.1 and 5.1, we faced numerical and
computational issues of MC approximation for p higher than 30.

Laplace approximation: Lenkoski and Dobra (2011) developed a Laplace approxima-

tion to compute /5 (0,2). Their approximation is based on using the iterative proportional
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scaling algorithm for computing the mode of the integral in Equation 1. This approxi-
mation is computationally faster than the MC approach, though it tends to be accurate
only for the case of computing the posterior normalizing constant.Thus, they suggest using
the Laplace approximation (as a computationally fast but less accurate approach) for the
posterior normalizing constant and the MC integration (as a computationally expensive
but more accurate approach) for the prior normalizing constant.

Exchange algorithm: Murray et al. (2006) proposed the exchange algorithm for
simulating from distributions, where prior distributions—like G-Wishart— have intractable
normalizing constants that varies according to the model. These types of algorithms are
also known as auxiliary variable approaches since they require exact sampling from the
auxiliary variable to canceling out the ratio of normalizing constant in the Metropolis-
Hastings acceptance probabilities (Park and Haran, 2018). Hinne et al. (2014); Lenkoski
(2013); Mohammadi and Wit (2015) have implemented this algorithm in GGMs to avoid
normalizing constant calculation by using the exact sampler algorithm from G-Wishart dis-
tribution, proposed by Lenkoski (2013). As state-of-the-art, this development has proven
to yield significant computational improvement as it avoids the need for expensive approxi-
mations within the search algorithm. We briefly review the implementation of the exchange
algorithm within the search algorithm; For more details, see (Wang, 2012, Section 5.2).

Suppose we want to compute the birth/death rate (5) for graph G = (V, E)) with the
precision matrix K as a current state of the search algorithm. By using the exchange
algorithm, we can replace the intractable normalizing constant ratio with an estimate from

a single sample at each parameter setting as

(0,9 |K|F ' exp{Ftr(KQ)}
Ig+(6,9)  |K*[> L exp{Sttr(K*Q)}

where K has to be an exact sampler from the prior distribution, Wg(4,€2). The exchange

12



algorithm replaces the ratio of the intractable normalizing constants with an estimate
from a single sample at each parameter setting. By using the above approximation, the

birth/death rates will be

H(K,Q+5,6+n,e)
H(K,Q,6,¢)

R.(G,K) ~ min{ ,1} , for each e € {E U E}, (7)

where function H is given in Equation 6. Essentially, the intractable prior normalizing
constants have been replaced by an evaluation of function H at K as an exact sample from
the prior distribution Wg(4, ).

Algorithm 2 represents the pseudo-code for the BDMCMC search algorithm combined
with the exchange algorithm to compute the ratio of normalizing constant. We call it a
double BDMCMC algorithm and consider it here as state-of-the-art. For more details, see

Mohammadi and Wit (2015); Hinne et al. (2014).

Algorithm 2: Double BDMCMC algorithm
Input: A graph G = (V, E) with a precision matrix K and data X.

for N iteration do
Draw K ~ We(6,Q);
for all the possible moves in parallel do

L Calculate the birth and death rates by Equation 7 ;

Calculate the waiting time by Equation 3 ;
Update the graph based on birth/death probabilities in Equation 4 ;

Update the precision matrix;

Output: Samples from the posterior distribution (2).

Remark 1. Algorithm 2 requires exact sampling from the prior distribution of G-Wishart as

a computationally expensive update within the BDMCMC search algorithm. Fxact sampling
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from G-Wishart distribution, following Lenkoski (2013), can be done by first sampling a
standard Wishart variable from a full model and then using the iterative proportional scaling
algorithm to place the variable in the correct space. It requires the solution of systems

inwvolving large matrices, in particular the inverse calculation of matriz K.

2.3 Proposed method to compute the normalizing constant

To bypass the computational bottleneck from the intractable normalizing constant in Al-
gorithm 1, we represent a simple explicit analytic formula to approximate the normalizing

constant as
Ig—(6,1,) 1 I(2t4)
Ia(5,1,) 2¢/m [(SHLt)

where d is the number of paths of length two linking the endpoints of e. As is the case

(8)

most of the time, in the absence of prior information, the parameter €2 is taken to be the
p-dimensional identity matrix I,; Throughout, we set {2 = I,. This approximation is exact
in some cases, as we mentioned in Remark 4. The following sections are therefore devoted

to proving this approximation and analyzing its accuracy.

3 The ratio of normalizing constants

We first recall a result by Atay-Kayis and Massam (2005) which expresses I5(9,(2) as the
product of a constant and an expectation. Let K be the precision matrix and K = W@
its Cholesky decomposition where W is upper triangular with positive diagonal elements.

Given the fact K;; = 0 for (i,5) € F, through simple matrix multiplication, we can verify

Ve ={vy: (i,j) € E& Yy i €V}

14



is in 1-1 correspondence with K = {K;; : (i,j) € £ & K;; : i € V}. Also, the entries
of 95 = {ty; : (i,j) € E} can be expressed in terms of ¢p, a fact used in Proposition 1
below. Thus the entries of 1g are called free variables while the entries of ¢ are non-free
variables. Using the change of variables from Kg to ¢g, Atay-Kayis and Massam (2005)
prove the normalizing constant /5(d,2) can be expressed as a known constant multiplied
by the expected value of a function of ¢g. In the particular case where 2 = I,,, which is of

concern to us, the result is as follows.

Proposition 1. For each node i = {1,...,p} of the undirected graph G, let v; be the
number of neighbours of i which have a numbering larger than or equal to i + 1. Then we

have

p
Yy (5 i
Ie(6.1,) = [H eateer (202)
=1

where

_ 2
D=2 v
(i,)€eE

The expected value is taken with respect to a product of independent random variables

Yij ~ N(0,1) where (i,) € E and random variables ¥}, ~ x3.,, where i ={1,...,p}.

The value of I¢(6,1,) is independent of the ordering of the nodes, so without loss of
generality, in the remainder of this paper, we assume the nodes defining the edge e are
g = p — 1 and p, that is the endpoints of e are numbered last. For convenience, we write

e = gp, Which is a non-free variable in the graph G~°.

Corollary 1. Let G=¢ be the graph obtained from G by removing the edge e = (q,p). The

ratio of the prior normalizing constants for G=¢ and G is

Io(6,1,)  2v/m (%) E(e%lD>

Ig—(6,1,) 1 T
+1



Let nb(7) denote the set of neighbours of i € V for ¢ = {1,...,p}. The proof of Corollary
1 is immediate if we observe that, since v; = [nb(i)N{i+1,...,p}|, the only v; that changes

between G~ and G is the node v, and, clearly, v&" = 0 while 15 = 1.

3.1 Reformulation of the ratio of normalizing constants

We can drive the non-free entries of ¢ as

Z Yuthy, i # L. (10)

wlj =0 and wij = w”

The variables ;; or 1;; in the expression of 1;; above may be free or non-free variables;

see also Atay-Kayis and Massam (2005, Proposition 2).

Remark 2. If 1;; is non-free, it follows from Equation 10 that v;; can only be function of

free variables Yy, | # k such thatl < i and k < j and iy, 1 <.

Since the value of I(6,1,) does not depend upon the order of the nodes, from now on
in this paper, we assume the nodes which are neighbours to both ¢ and p, are numbered
p—1—d,p—1—(d—1),...,p—1—1 where d is the number of paths of length 2 between
nodes ¢ and p; See for example the node orders in Figure 3. With this convention, we have

Ve = A+ b where

-1
A=—A, where A, = Z VigWip, (11)
Yag I=g—d
—(d+1)
b= w_bl where Z @qu’g/le (12)
qaq

Remark 3. The numbering we have adopted for nodes that are neighbours both to q and p

ensures that A is independent of b and D.

With the notations above, Equation 9 can be written

_D _(A+b)?
(1) 1 1) E(Fe )
IG(év ]Ip) \/— (6+1) E (e—§> ‘

16



Our aim is to approximate this ratio and, towards this goal, we have the following approx-
imation
2
E <e—§’e—“§b)) ~E(e%)E (e—‘%2> . (13)

If we prove that the above approximation holds, then we will have

I(0L,) 1 I g
1c(5,1) zfr(L)E<e )

Regarding Proposition 2 of the Supplementary File, we have the analytic expression

and thus we have

[G*e(dv ]Ip) 1 (%
1(,1,) 2/ D(CHE

which is the approximation (8) that we want to prove.

>—t\_/

)

Remark 4. [t is important to note that in Fquation 13 if b = 0, then our approrimation
(8) is exact. This means that when there are only paths of length 2, or no path, between
nodes q and p, the approximation is exact. It is interesting to note that this happens also
in other cases. In fact, Uhler et al. (2018, Theorem 2.5) show that if G~¢ is such that G

is decomposable, then our approximation (8) is exact.

Lemma 1. Using the quantities, D, A, b, and by defined above, we have

B (e—é’—“*ﬁ> _E (e—’*é) E (e—%E (h (b1, 5%) xpg)) ,

where §* = %l and
2_5* +oo * ll(y“!‘b%)
h(by, %) = -le 2 Ny g 14
08 =g | y (14)
and
VG = {1 (i,5) € B\ (E,UE)}. (15)
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where E, = {(i,7) : (i,q) € E} and E, = {(i,j) : (i,p) € E}. U7 includes all the free

elements of the matrix VU except those are the neighbors of nodes p and q.

The proof is given in Section B of the Supplementary file. Regarding to the above

lemma, proving

Nlls]

E(agﬂ«:(h (b1, %) w;)) ~E («f )

leads to the approximation in Equation 13. For convenience, we will also adopt the notation

).

Nls]

I, =E (e—%E (h (by,07)

WG)) and I, =FE (e_

and therefore

n E (2B (h (01,07 [97) )
I, E (e‘%) ‘ (16)

Note that the accuracy of our approximation in Equation 8 is represented by how close is

the above ratio 1 /15 to 1. Thus, proving that our approximation is accurate is equivalent
to prove that I;/I5 can accurately be approximated by 1. For example, for the cases that

I /15 is equal to 1, our approximation is exact.

Remark 5. [t is important to mention that I /15 is always equal to or less than 1 (I /1y <

1). It follows immediately from Equation 14 since b3]Y is always positive and e VY <1,

Remark 6. If we could show, whatever the value of U, the expectation E (h (b1, 6%) ‘\IJG)
can uniformly be approzimated by 1, it would follow that I, /I3 can also be approzimated by
1. We are not able to quite achieve this goal but, first, in the next Section (Theorem 1), we
establish the approximation with explicit bounds in the special case when all paths between
q and p are disjoint. The key to proving this result is the fact that by can be expressed as
a linear product of independent normal variables, for the cases of disjoint paths. Then, in

Section 5, we show, conditional on U, defined in Equation 15, the distribution of by is a
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Figure 3: (Left) A graph with disjoint paths between ¢ and p. (Right) A graph with several

non-disjoint paths between ¢ and p.

scale mizture of normal distributions. We then use this scale mizture of distributions to
admit a unique N(0,vp) approxzimation. Finally, we show that a sufficient condition for

E (h(by,6*)|¥5) to be close to 1 is that vp is close to 0.

4 The ratio for the case disjoint paths

A path is a sequence of nodes in which each node is connected by an edge to the next and
the path length is the number of edges between them. Two paths between ¢ and p are
disjoint if they have no node other than p and ¢ in common. For example, in the left-hand

side graph of Figure 3, the paths between ¢ = 7 and p = 8 are

)\1 - {QJ 1,2737])}; >\2 = {q7475ap}7 )\3 = {QJ6ap}7

and they are disjoint paths.

A path A € A of length £, + 1 is a sequence of distinct nodes as A = {q, 1,2y, ..., 0\, p}
where (q, 1), ..., (ix, (i4+1))), ..., (¢x, p) are edges of G; The set of all such paths A between
¢ and p is denoted A. We let E and V), be, respectively, the set of edges, the set of interior

nodes of A and the set of interior points deprived of 1,, i.e.

E)\ = {(qa 1/\)7 (1)\72)\)7 R (gx\vp>}7 V)\ = {1)\72)\7 cee 76/\}-
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If L = |A] is the total number of paths, we set an arbitrary order Ay, ..., Ay of the paths
where, for convenience, we list the paths of length 2, i.e. £, = 1 last. The nodes ¢ and p

are ranked last so that the order of the nodes in V' is

1>\17'"76)\171/\27"'76)\27"'7'"71)\L7"'7€>\L7q7p'

Using these notations, the following lemma gives the expression for 1, in terms of the free

variables ¥ g.

Lemma 2. In the model with underlying graph G=¢, the variables g, = 1. of the Cholesky

decomposition of the precision matriz K is expressed in terms of g as

HaEE) wa
[Levivginy Yoo

1

(~1) (17)

Ve

Yaq AeA
The proof relies on a repeated application of Equation 10. The proof is given in Section

C of the Supplementary file. We illustrate these calculations with the following example.

Example 1. Consider the graph of Figure 3 (left). The upper triangular matriz W is

Yin Yz 00 0 0 ¢y O
Pag Y3 0O 0 0 % 0
P33 0 0 0 *  hsg

Yag Yas 0 Yyr O

U =
Yss 0 * ahsg

Ves Vet Vs

Yrr

Vss

W,

where the entries marked with a “«” are the non-free entries and are given as

%21017’ ¢37 _ 2ﬂ17¢121/}237 w57 _ _2/1451/}47’

(% Paathss V55
20

Yo7 = —




and

thrg = —w— (Vertbes + Ysriss + Paribas)
77
1 ( WYertbes + VarPasPss %017%012?/)23?/)38) .
7»577 Vss V20133
Fquation 17 is verified. We see that the different terms in 1, = s above concern,

successively, the paths of length 2, 3, and 4.

We are now in a position to state and prove the first of our two main results regarding
the error made of our approximation in Equation 8 or equivalently the approximation in

Equation 13.

Theorem 1. For the case where in the graph G the paths between the endpoints of the edge

e = (q,p) are disjoint, the ratio I /I (16) is such that
I
B(6,d, ly) < 7 <1, (18)
2

where

[ISY)
N—

62 (3 \
B(6,d,0y) =1— F) <F(5+1)) r@@+d—1)) r(6)>, (19)

A€A

with A being the set of paths between q and p, d the number of paths of length 2, and

r(3)
VAT (5’

With an accuracy given by Equation 18, we have the approximation

Ig-<(6,1,) 1 (&)
16(5,1,) 2fr(5 td+1

)

Proof. The proof is given in Section D of the Supplementary file. The proof is based on
the fact that the expression of b; (12) can be expressed as a linear product of independent

normal variables in the case the paths between ¢ and p are disjoint.
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4.1 Simulated experiments for the case of disjoint paths

To illustrate the results in Theorem 1, we report the ratio I,/ (16) following the MC
approach of Atay-Kayis and Massam (2005) as well as the lower bound B in Equation 19.
We note that, if I;/ls ~ 1 our approximation is good, without any additional conditions.
Note that, 1—1I; /I5 reflects the error rate of our approximation (8) for the prior normalizing
constant of G-Wishart. Since I;/I; and B are functions of § and type of disjoint paths
(d and ¢,), our simulation is based on graphs with different types of disjoint paths as well
as different values of 9. We consider 15 different types of graphs with five different paths
between ¢ and p. These graphs are indicated on the horizontal axis in Figure 4. Each
sequence of four digits denotes the number of paths of length 2, 3, 4, and 5 in the graphs.
For example, “3110” indicates a graph configuration with 3 disjoints paths of length 2, 1
of length 3, 1 of length 4, and 0 of length 5.

Figure 4 represents the values of I; /I, (over 100 replications) as well as the lower bound
B (19) for two values of § = 3 and § = 10. The worst-case scenarios are for the case § = 3
and no paths of length two (d = 0), likes the graph “0500” which has 5 paths of length 3
and no other type of paths; These types of graphs are highly unlikely cases. Even for this
case, the relative error is around 0.12. For the case § = 10, we see that our approximation
has pretty good performance with the maximum relative error 1 — [; /I, around 0.025.

Figure 5 reports the values of the lower bound B for different values of § (6 = {3,4, ...,40})
and for the 15 different graphs which are indicated on the horizontal axis in Figure 4. Each
dotted line represents the B values for a specific graph with different type of paths. For
instance, the black bottom line is for the configuration “0500”. In general, this plot indi-
cates that the accuracy of our approximation is increased by increasing the value of §. As

we can see the worst-case scenario is for the minimum value of §(= 3), while for the cases
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Figure 4:

(bottom).

by the MC algorithm of Atay-Kayis and Massam (2005), with over 100 replications. The 15
different graphs are indicated on the horizontal axis. Each sequence of four digits indicates
the number of paths of lengths 2, 3, 4, and 5 in the graph. For example, “3110” represents

a graph with 3 disjoints paths of length 2, 1 of length 3, 1 of length 4, and 0 of length 5.

4001 4010 4100 3101 3110 3200 2201 2210 2300 1301 1310 1400 0401 0410 0500
Types of disjoint paths

Ratio I, /1, for the case =10

©
(o]
1

4001 4010 4100 3101 3110 3200 2201 2210 2300 1301 1310 1400 0401 0410 0500
Types of disjoint paths

The ratio I;/I, and its bound B in Equation 19 for 6 = 3 (top) and § = 10

The red dotted line is the lower bound B and the boxplots are the [; /I, computed
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0 > 10 the lower bound B for our approximation is cloth to 1.

Lower Bound of the ratio I,/1, for different values of &

0.94 s
o ‘., Pakd
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f

o "
- "
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10 20 30 40

Figure 5: Plot visualization for the lower bound B (19) for § = {3,4, ...,40} and for the 15
different graphs which are indicated on the horizontal axis in Figure 4. FEach dotted line
represents the B values for a graph with specific types of paths. For example, the black
bottom line is for the case “0500” which means a graph with 0 disjoints paths of length 2,

5 of length 3, 0 of length 4, and 0 of length 5.

5 The ratio in general case

When the paths between ¢ and p are not disjoint, the expression of b; (12) becomes more
complicated. It can be expressed in terms of variables v, ~ N(0,1),j < p and variables

of the type

X’i' = )
Vjj

1< 7,
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where 1;; ~ N(0,1) and ]2]- ~ X§+Vj. As a toy example, for the graph of Figure 3 (right)

with tedious computations yield

by = ¢26X223X24¢47 + Vo6 XoaWur + V16 X14Wa7 4 P26 XozPsr.

For the details, see Example 2 in Section E.1 of the Supplementary File. We see that b,
is the sum of polynomials in Xj;, (¢, j) € £ multiplied by the product of two independent
N(0,1). But, unlike in the case of disjoint paths between ¢ and p, the polynomials here
are not linear in each X;;; We see in our simple example that one of them has degree 2,
and larger graphs would lead to polynomials of higher linear degree. So, we could not find
a lower bound, similar to Theorem 1. We therefore should find another argument to prove
that I/l is close to 1. This result is given in the following Theorem as the second main

result of the paper.

Theorem 2. Under the approximation by ~ N(0,vp), the ratio I, /15 (16) can be written

;, E (e‘gg (5*,1}[)))
L Ee?) 20)

where

(U_D)é* sl =1 vpt
g (0", vp) = FQ—(S*)/O 2L+ t) 7 e 2 dt,

in which 0* = 5%[. Moreover, when vp is small, we have

o) =1 - () 0 (13

5*—1)

And when, for all D, vp is uniformly bounded by a small quantity, we have

-D ryp\0” vp
é_l_r(5*+§)E(€ = (%) o
I I (6%) E(e*%)

and it leads that our approximation (8) holds.
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Proof. The proof is in three steps. First, we show b; can be expressed as a bilinear
form. Then, using the bilinear expression, we prove b; is distributed as the continuous scale
mixture of centered Gaussian variables. Finally, this allows us to deduce that there exists a
unique vp so that the normal N(0,vp) distribution best approximates the b; distribution.
For detailed proof see Section E of the Supplementary file.

In Theorem 2, we prove that I;/I can accurately be approximated by 1, under the
assumption that vp is small, or equivalently our approximation in Equation 8 is accurate.
The validity of the assumption that vp is small and the accuracy of the approximation is

demonstrated numerically in the following subsection.

5.1 Simulated experiments for the general case

We compute the ratio I /15 in two different ways, first following the MC approach of Atay-
Kayis and Massam (2005) and second using our approximation in Theorem 2; We call these

values I, JaMC and [ respectively. We note that, if our approximation I; /[ ~ 1

1/2,Gamm>
is good, without any additional conditions, I, JaMC should reflect that by being close to 1.
will

However, if our approximation 1, /I, ~ 1 is good, according to Theorem 2, I, Jo,Gamm

be close to 1 if the assumption of vp small is satisfied.
While it is straightforward to evaluate I, o MC it is less obvious how to compute

I Jo,Gamm using Equation 20. The pseudo-code for evaluating the I, Jo,CGamm is given

in Section F of the Supplementary file. We represent the boxplot of the numerical values

of I, 2. MC and [ obtained over 100 replications for nine different types of graphs

1/2,Gamm
(Figure 6) along with three different numbers of nodes p = {10, 20,30} and two different
values for 0 = {3,10}. Besides, we report the corresponding values of vp so that one can

see the variation of the accuracy of [ as vp varies, as predicted by Theorem 2,

1/2,Gamm>
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random_1 random_2 random_5

cluster scale—free

circle lattice

Figure 6: The 9 different types of undirected graphs for p = 20, as a number of nodes. For
the case graph is Lattice p = 16. The graphs Random_1, Random_2, Random_5 are random
graphs with edge probabilites equal to 0.1, 0.2, and 0.5 respectively ranging from sparse to

dense graphs.

but also that of I1/2,MC'

For the case § = 3, the values of Il/ZMC and Il/Q,Gamm are represented in Figure 7 for
p = 20, and Figures 10 and 11 in Section G of the Supplementary File for p = {10,30}. We
see that the values of I;/I5 slightly move away from 1 as vp moves away from 0. But in all

cases, we see that I, 2. MC and [ cover the same range of values and their medians

1/2,Gamm
are between 0.9 and 1, giving relative errors less than 0.10. While, from these facts, we
cannot immediately conclude that the assumption of vp small is always satisfied, it is a
strong indication that it is satisfied enough to ensure that our approximation is acceptable.

For the case 6 = 10, the values of I, jaMC and [ are represented in Figure 8

1/2,Gamm
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1.05 A
1.00 - I—F| ---------------- S e B Rl
= 0.951 :
= : | S : Methods
2 ' o B MC
= B Gamm
¥ 0.904 -
0.85 4 —‘*
0.80 A
randcl)m_l rand(IJm_Z randcl)m_S cluéter scalel—free stlar hllJb cir;:Ie Iattlice
Types of graphs
vpwithp=20and =3
3-
2-
(=]
>
14 ‘ :
0- i] ‘ r—%

T T T T T T T T T
random_1 random_2 random_5 cluster scale-free star hub circle lattice
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Figure 7: (Top) The boxplot for the ratio I/l computed by the MC approach of Atay-
Kayis and Massam (2005) (in red) and our approximation (20) (in blue). (Bottom) The
boxplot of the variance vp of by for the corresponding graphs. These computations are done

over 100 replications for nine different graphs (Figure 6) with p = 20 nodes and § = 3.
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for p = 20, and Figures 12 and 13 for p = {10, 30} in Section G of the Supplementary File.

In all cases, we see that I JaMC and [ cover the same range of values and their

1/2,Gamm
medians are between 0.995 and 1, giving pretty low relative errors of less than 0.005.
We verify this result numerically. Besides, our numerical results show our approximation

I, /15 (given by I is accurate (close to 1) even for the cases that vp’s are not

1/2,Garnm)
close to 0. In fact, both set of values for Il/ZMC and Il/z,Gamm seem to be affected by
the size of vp but are reasonably close to 1, whatever the value of vp.

We should mention that our simulations indicate that our approximation is more accu-
rate for the sparser graphs. For example, in Figure 7 (top) consider the graphs Random_1,
Random_2, and Random_5 which are respectively ranging from sparse to dense graphs.
This figure as well as the other figures in this section indicate that our approximation is
more accurate for the sparser graphs.

For p > 30, we cannot verify the accuracy of our approximation directly by computing
I, o MC and I, Jo,CGamm because of the limitations of the Monte Carlo method of Atay-
Kayis and Massam (2005). So, in the next section, for graphs with up to 150 nodes, we

will verify the performance of our approximation in the search algorithm that represents

in Section 2.1.

6 Simulation study for high-dimensional graphs

We perform Bayesian structure learning on simulated data from high-dimensional graphs
using the BDMCMUC search algorithm, represented in Algorithm 1. We use our approxima-
tion (8) within Algorithm 1 and we call it BDMCMC-Gamm. For the sake of comparison,
we also evaluate the ratio of normalizing constants, within the BDMCMC search algorithm,

using the exchange algorithm which is represented in Algorithm 2, we call it BDMCMC-
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Figure 8: (Top) The boxplot for the ratio I;/ls computed by the MC approach of Atay-
Kayis and Massam (2005) (in red) and our approximation (20) (in blue). (Bottom) The
boxplot of the variance vp of by for the corresponding graphs. These computations are done

over 100 replications for nine different graphs (Figure 6) with p = 20 nodes and § = 10.
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DMH; This algorithm can be considered as the state-of-the-art. Both approaches are
implemented in the BDgraph R package (Mohammadi and Wit, 2019a,b) in the function
bdgraph().

We consider four following graph structures:

1. Scale-free: A graph which has a power-law degree distribution generated by the

Barabdsi-Albert algorithm (Albert and Barabasi, 2002).

2. Random_p: A graph in which edges are randomly generated from independent Bernoulli

distributions with mean equal to p.
3. Random_2p: The same as the Random_p graph with mean equal to 2p.

4. Cluster: A graph in which the number of clusters is [p/20|. Each cluster has the same

structure as the Random_p graph.

For each graph, we consider various scenarios based on the number of nodes p € {50, 100,150}
and the sample size n € {p, 2p}. We draw n independent samples from the normal N,(0, K')
distribution. We consider ¢ = 3, which is the worst-case value for our approximation (see
subsections 4.1 and 5.1).

For each scenario, we run Algorithm 1 by using our approximation (8) as well as Al-
gorithm 2 which is based on an exchange algorithm. The number of iterations is 100, 000
with 60, 000 iterations as burn-in. To evaluate the performance of both algorithms we use
ROC curves, based on model averaging, by computing true and false-positive rates for each
of 50 replicated data sets and then by averaging over the 50 replicates.

Figure 9 represents the ROC curves for the cases p = 150 with n € {150,300}. The
ROC curves for p = 50 and p = 100 are, respectively, in Figures 14 and 15 in Section

G of the Supplementary File. As we can see, in almost all cases, the performance of
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the BDMCMC algorithm based on both approximations is the same. In a few cases,
the BDMCMC algorithm using our approximation (8) performs slightly better than the
BDMCMC algorithm using the exchange algorithm: this happens especially when p is
large, for example, when p = 150 and n = 150. This discrepancy can be due to the
convergence issue of the exchange algorithm in high-dimensional graphs.

The execution times for both algorithms are represented on the right-hand side of Fig-
ure 1. It indicates the computational gain of using our approximation within the search
algorithm. For example, in the case p = 150, the BDMCMC algorithm using our approx-
imation is more than 3 times faster than the BDMCMC algorithm using the exchange
algorithm.

In summary, our simulation study shows that, from an accuracy point of view, the BDM-
CMC algorithm using our approximation (8), performs well especially for high-dimensional
sparse graphs, which is the case for many real-world applications. From a computational
point of view, using our approximation speeds up the BDMCMC search algorithm for the

models with high-dimensional graphs.

7 Conclusion

In this paper, we represent a search algorithm in which the the prior normalizing constants
of G-Wishart is carried out by our approximation in Equation 8. Using our approximation
allows for Bayesian structure learning to avoid the sampling-based methods as compu-
tationally expensive updates within the search algorithm. We give theoretical results to
justify this approximation when certain assumptions are satisfied. Then, as importantly,
we show, through numerical experiments that the assumptions are reasonably satisfied and

yield a good accuracy of the approximation. In Theorem 1, we consider the specific case
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Figure 9: ROC curves for the BDMCMC algorithm with our approximation (8)

(BDMCMC-Gamm) and BDMCMC algorithm with exchange algorithm (BDMCMC-

DMH), over 50 replications. Here, p = 150, n € {150,300}, and 4 different graph structures.
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where the paths between the endpoints are disjoint. Though this case is unrealistic in
practice of course, it is interesting because we can obtain an analytic lower bound to the
ratio I; /I3, which is a function of § and the number of paths and their length. We see that
the actual accuracy is much better than that given by the lower bound.

In the realistic and general case where the paths are not necessarily disjoint, we give
an alternative expression in Theorem 2 for the ratio I1/I5, then an approximation to this
expression. We show that when the variance vp is small, then the accuracy is good. When
performing structure learning in practice, one will not verify this assumption any more than
one would verify that the paths are disjoint. But we do examine a large array of standard
graphs and verify numerically that the assumption of vp small is satisfied in most cases.
Whatever the value of vp, the accuracy of the approximation I;/Is & 1, or equivalently of
the approximation in Equation 8, is very good. We do so by direct computation for graphs
of size p < 30. Due to the limitations of Monte Carlo method to compute I; /I3, we cannot
perform these direct computations for p > 30. In that case, we perform structure learning
on graphical models with up to 150 variables and obtain the good results of Section 6. We
should emphasize here that we stopped at p = 150 because, beyond this size, the state-of-
the-art algorithms become computationally expensive but the BDMCMC search algorithm
with our approximation (8) can scale up to higher dimensions still.

The accuracy of our approximation (8) depends on (i) the value of § (scale parameter
of G-Wishart) (ii) the structure of the graphs, more specifically its sparsity. We illustrate
it in the simulations of Sections 4.1 and 5.1. It also can be interpreted from Theorems 1
and 2. The accuracy of our approximation is increased by increasing the values of §. Thus,
our recommendation in practice is to choose, preferably, the value of ¢ higher than 10, to

be on the save side. For the case of graph structure, the accuracy of our approximation
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depends on the sparsity of the graphs. Our results indicated that our approximation is
more accurate for the sparser graphs, as is indicated in the simulations of Section 5.1.
Since in real-life applications the underlying graphs are not dense (mainly sparse) is safe
to use our approximation in practice.

In conclusion, we think that our approximation can be safely adopted in the search algo-
rithm to replace the sampling-based methods such as the exchange algorithm. Finally, we
also proved that I;/I; < 1. It shows that our approximation (8) yields a Bayes factor which
favours G~¢ compared to G so that we know that a model search using our approximation

might lead to sparser graphs.

SUPPLEMENTARY MATERIALS

The supplementary materials contain technical proofs for all the theorems from the

main article as well as additional simulation results.

A Proposition

2
The following proposition is used to compute E (e_AT> where A defined in Equation 11 of

the manuscript.

Proposition 2. Let Uy, ..., Uy, Vi..., Vi, and Q) be independent random variables such

that U; and V; are N(0,1) and Q ~ x3. Then

E(ai(ZLlUiVi)Q)_ r (% )FE?)

)T (FET)

Proof. We have

k
STUV~ (U2 4+ U2V, = X3V, (21)
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where X ~ F(%, %)7 To see this, we compute the Laplace transforms of both sides as follow

e ten) —p () =5 ((143) 7).

where the last equality is due to integrating with regard to variable V;. Since X ~ F(%, %)

and @) ~ F(g, %), we have U = % ~ By (%, g) which is a Beta distribution of second kind.

E<(1+%)_21)= E%i FE?;

B Proof of Lemma 1

Thus

By considering ¥ = {¢y; : (i,7) € E\ (E,N E,)}, we have

2 2
E <e—§’—<“‘ff’ ) E (e zE( ~apr |\1/;)).

Note that D and b; are W5 -measurable, that is, are functions of the elements of U5 only.

Due to Equation 21, we have

—(A1+b1)? Wv+by)?
(4 ) ()

where U, V, and 1), are independent random variables such that U? ~ x2, V ~ N(0,1),
99 d

and 1y, ~ x3. Integrating with respect to V'~ N(0,1), we obtain

_1 Wvab)? 1 Ugbil Yuq 3
2 — _ _
E (6 bqq }\Ijﬁ) =Ele +vqq <—U2 n wqq) ‘\Ijﬂ
~E <\/§> E (62?]\1/0 ,

where B = U;iquq ~ Beta($,4) and is independent of Y = U? + b4 ~ x3,,. Thus
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which is equal to E (6_%2>. Since Y ~ X34, we have
2
E (ew|n1/;) =E (h(b,6%) | ¥7) .
Regarding that ¥, C U5 we have
B (h(by, 07) | ) = E (h(b1,07) | ¥5)

Note that, while b; is W5-measurable, it is not W j-measurable.

C Proof of Lemma 2

We note three important facts. First, the elements of the first row of the matrix ¢ are all

zero except for those corresponding to the edges of the path Ay, i.e.
1, =0, for v € UyeaVy and v # {1,2,q}.

Second, based on the above fact and Equation 10 of the manuscript, the remaining non-free
entries in all the columns of ¢ except for the columns ¢ and p, are equal to zero. Third, due
to the first entry vy, of column ¢ being free, none of the entries of column ¢ are necessarily
zero. However, for each A € A, using iteratively Equation 10 of the manuscript, we see
the non-free entries of column p are zero except for the last one 9,,. Considering these
important facts and applying Equation 10 of the manuscript yields

Vgp = ;_1 Z Z VirngWirp = w_l Z VerqVerp- (22)

AEA irev, 99 xeA

The entries v;,,, A € A are free. The entries 1y,, are obtained by successively applying

Equation 10 of the manuscript and the fact that ¢;_1),;,, 7 = {1,...,(l — 1)} are free and
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the non-free entries of ¥ are equal to zero expect for the columns ¢ and p. That is

w(f—l))\l)\w(é—l))\ w(f I)AZ)\w(f 2AZ>\w(Z 2)\(]

Yo = —
M Y1)\ (t=1)5 Zb(z Dal=1)a P (1—=2)5(1=2)»

/—1 /—1
O— 1w1>\q H] 1 ¢JA G+Dx ( )A 1'¢)1>\q H] 1 ¢JA (F+D)x
- /-1
H =2 Viria H] 1 ¢ GG+

= é)\ 1¢ g H wwh(ﬂ-l)x

G+DAG+HD)A

=(=1)

Y

Above equality and Equation 22 together yield

Yoy = i Z( ) ¢1A7q¢0p H @Z}j» GO _ i Z( )Awéx,pwh,q H wﬂ’h, G+ ’

Yaq AEA HJ =2 Vjin Vaq AEA (G+DA,G+D)A

which is identical to Equation 17 of the manuscript.

D Proof of Theorem 1

The proof relies on a fact that for the case where the paths between ¢ and p are disjoint,

we rewrite A; and b; in Equations 11 and 12 of the manuscript as

Z wfx,qw@\,zn bl = Z bl)n

AeEA =1 AEANL\>2
where
£—1
¢J ;(J+1)a
bix = (-1 ) *1,,q%ep H A—

with the convention that by, = 0 if £, = 1, and

O k—1 ‘ A 2
D= ZDA where D, = Z <(_1)k_1¢1w H ¢¢JA7(J+1)A) ) .

AEA k=2 ir=1 (j+1)>\7(j+1 A
All the entries appearing in the expression for A; and b, are free variables independent of
each other and those appearing in by, A € A, £\ > 2 are different from those appearing in

A;. Thus, A; and ), Ady>2 b1y are stochastically independent. Moreover, according to
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Proposition 1, all 1;;,7 # j are N(0,1) random variables while ¢2 follow a x3 1, distribu-
tion. In particular wgq ~ X3.

To find a lower bound for the I;/I5, we use the Gaussian equality as follows: if Z ~

N(0,0?), then

+o0
B = [ e T
oo oV 2w
Applying above equality with ¢t = b; and 02 = %, we have
P
h(bl,é*) = W/ y(S 7167116 2?/1 dy
0

275* +o0o 5e_1 =t +oo . ye? dZ
= — e eeT 2 d
11(5*)/0 Y (/—oo \/gv%) Y

276* +o0 . +o0 5*—1/2 C(1422)y
= — e"’1? Y’ e 2 dy | dz
F(6*>\/27T +o00 <\/0' )
27" roo [ T(6F+1/2
( (5 + />>dz

2

F((S*)\/% +o0
_ / s (),

oo
where
e = Tt (=)
Thus
E (e—%]E (h(by, 6%) | \1/5)) - /;OOE (e—%ﬂ'blz) F(2)dz
b0 o :
_ g L E <e—7+ﬂw) F(2)dz

Similarly, we have

E (e_%> = HE <e_%> .
AEA
Consider independent identically distributed random variables X, ..., X,,, ... such that

Xy ~ Z//Q with Z ~ N(0,1) independent of @ ~ x3,,. For £ = (,,\ € A, we define

Sp= X2+ X2XI 4+ +(X1... X 0)? Bi=X1Xo... Xo 1. (23)
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We see that for A € A, we have

D/\ ~ NlAqSKM

b1/\ ~ Nl/\qNK/\pBZM

where Ny, , and Ny, , are independent N (0, 1) random variables, independent of X, ..., Xy, .. ..

We note that, from the independence of the entries of ¢ g, we have
(bl)\JD)\JNl)\(pNE)\p)y )\EA

are mutually independent.

Omitting the index A on ¢, and simplifying N;,, to N, and Ny, , to N,,, we define

NZsp
gulx) = E (o5 rivNpis )

Then

L = H /Z go, () f(x)dx and I, = HggA(O).

AEAY T A€A

Therefore we can write

I, — 1, 2 TTaea 96, (0) = TTyen 9en ()

L S ITren 96.(0) s (24)
o 96,(0) — g, (2)
< / m% o) @,

where the last inequality is based on Lemma 4 applied to ay = g4, (0) and by = g, ().

Writing ¢ for ¢, we have

f@ iNpNgByx
9(0) = ge(x) = E (e "2 (1—evibr)
N;SZ
< E(G_ 2 |NquX1...Xg_1|> |$|
NZx?
S E(e_ 2 |NqX1|)E(|NpX2Xg_1|)|ZL'|
2 0
S 5
2 r0) Jal,



where the first inequality is due to the fact that |1 — eM»NeBex| < |N, N, By| |z|, the sec-
ond inequality is due to the fact that X7 < S, and the independence of (N,, X;) and
(Np, Xo,...,X¢1), and the last equality is obtained using Equations 25 and 26. Moreover,

by using Equation 27, we have

9e(0) — ge(x) &
9¢(0) - m(6+2)

and Equation 24 yields
L—1 5 NORY =
o< o z o) [ lelfas

ERORY o) T —1/2)
=76 +2) r<6+—1>> ZT“)) VAT G)

2 AEA
2 ) 2
N 77((56+ 2) rlzg) > 7"(5%) r0+d=1)
2 AEA

which leads to Equation 18 of the manuscript.

The following lemmas are used in the proof of Theorem 1.

Lemma 3. Let Xy,..., X, 1 be independent identically distributed random variables such
that Xy ~ Z/\/Q with Z ~ N(0,1) independent of Q ~ x3., where 6 > 3. Let N, and N,
also be standard normal N(0,1) random variables, mutually independent and independent

of X1,...,Xv_1. We then have

_ Ngx? 2 9
B (e ) = 250500 )

and

E (N X ... Xo4|) = \/gr(a)“, (26)

[
where () = LG) _ Let Sp as defined in Equation 23 then

ﬁF(%)
s\ 2 (T
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M) which is a Beta distribution of

1
27 2

Proof. For Equation 25, the variable Y = X? ~ By (

the second kind. Thus

N2x2 N2x2
E<e : |NqX1|) - E(E (e = [N, X |

where

_N2x3 Xy [ aexd \F 1 X1
E 1IN, X )X - T gy — ([ 2 .
(i) = o [ e

Thus

_ngxd Xl e VY N 206
e (cimnt) = 2 (1) < e (20 - F

For Equation 26, by using the mutual independence of N, and Xi,..., X, ; and the

fact that X? ~ By (3, 241) for i = {1,...,¢ — 1}, we have

BN Xi - X ) = E (M) E(X ) = 22 (%) et

For Equation 27, from Chamayou and Letac (1991, Example 9), if U ~ Bs(a,b) for
b > a and V are independent. Then U(1 + V) ~ V if and only if V' ~ By(a,b — a). One
applies this to U = X7, V =S, a = 1, and b = 22! since &' = > 02, X7... X? ~ S and

2

X?(1+95)=25. Thus S ~ B, (3,2). Since Sy < S, we have

]

Lemma 4. Let ay,...,a, and by,... b, be complex numbers such that |b;| < |a;|, for

i1=1,...,n. Then

n n
[T~ T
i=1 i=1

n n
< H‘aZ’Z |a’j_bj|'
=1 j=1 a1
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Proof.

]al...an—bl...bn\ = |(a1...an—blag...an)—i—(blag...an—blbgag...an)
+.o.. +(b1...bn_1an—blbg...bn)|
n |j—1 n 7 n n |j—1 n
S HbZHaZ_Hbl H a; :Z Hbz Hai |6Lj—bj’
j=1 li=1 i=j =1 i=j+1 j=1 i=1 i=j+1
n |j—1 n n n b.
S HCLZ‘ H a; |aj—bj|:H|az|Z 1—a—]
=1 li=1  i=j+1 i=1 j=1 J
O]

E Proof of Theorem 2

The proof of Theorem 2 is long and is done in the next three subsections. In Subsection E.1,
we show in Proposition 3 that, conditional on a quantity U, as defined in Equation 15 of
the manuscript, b; can be expressed as a bilinear form. In Proposition 4 of Subsection E.2,
using its expression as a bilinear form, we show that b, is distributed like the continuous
scale mixture of centered Gaussian variables. This allows us to deduce that there exists a
unique vp such that the normal N (0, vp) distribution best approximates the distribution of
by. Finally, in Subsection E.3, we prove Theorem 2: under the assumption that vp is small,
I, /15 can accurately be approximated by 1 or equivalently the ratio of the normalizing
constants can accurately be approximated by Equation 8 of the manuscript, which is what

we want to prove.

E.1 Expression of b; as a bilinear form

Here we want to show that the distribution of b; is a scale mixture of normal distributions

which can be approximated by another N (0, vp) distribution where the variance vp depends
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on V7. But, to do so, we must first express b; as a bilinear form in two standard normal
random vectors.

Regarding E, = {(4,7) : (4,q) € E} and E, = {(i,j) : (i,p) € E}, we define

\I/E; = {¢y;: (1,7) € E,\ E,}, \IJE; = {4¢y; : (1,7) € E, \ E,}.

The ¥ p; represents the free elements of matrix ¥ regarding to just the neighbor of ¢ and

the same for p. In the following, we express D and b; as polynomials in ¥ By and ¥ ;-

Proposition 3. Let N, denote the set of nodes that are neighbours of q bul not of p
and N, denote the set of nodes that are neighbours of p but not of q. There exist vectors
M! € RNe and MP € R | i={1,...,q—d— 1}, functions of ¥, such that if C is the

[N, | x | N, |-dimensional matriz

then we have
by = tr (\IJE; C\I/E;> . (28)

Furthermore, {MZ, MP}~0, Uy and Vg are independent.

Proof. From the expression of b; in Equation 12 of the manuscript we have

qg—d—1
bl = Z wiqwipa
i=1
which is based on assume the nodes which are neighbours to both ¢ and p, are numbered
q—d,q—d+1,...,p. By Equation 10 of the manuscript, each 1;,, (i,q) € E is equal to

the sum of products

i—1
iy = ; S Gty (20)
(43 l 1
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where each of these vy, or ¢y, { ={1,...,¢ —d — 1} may be free or not free. If v, is free,
[ necessarily belongs to N~ because it is a neighbour of ¢ and, since ¢ < ¢ —d and [ <4, it
cannot be a neighbour of both ¢ and p. If it is not free, then, we write the expression of vy,
according to Equation 10 of the manuscript and we repeat this process until v, has been
expressed in terms of a ratio of a product of 1y,, (u,v) € E,u < [,v < g, one of which is
necessarily (since the sum in Equation 29 is finite) equal to v, for some v, <[, u; € N/,
and a product of 1, v < [I. Similarly v;; is free or not free. If not free, it will be expressed
as a ratio of products of elements of ¢z, none of which, in the numerator, can be equal to
u,q since it is the product of entries v, of ¢ with v <1,v <1 < ¢. Thus, from Equation

29, we can write, for each i = {1,...,g —d — 1}

i—1
Vig = _‘1. szﬂbzq = Z (Miq)l Vuyq = tr (Miq\Iqu_) ) (30)
k13 =1

Vi 12 leN;
where (M{);,l € N, are the components of M{, some of which can be equal to 0, if
the Cholesky equations (in Equation 10 of the manuscript) do not lead to that particular

le N/, orl ifl € N, . Similarly, we have

i—1
-1
V= Dty = D (M)t = tr (MW ) (31)
"=l lEN,
for some v; < l,v; € N, and Equation 28 follows from Equations 30 and 31. O

Example 2. Consider the graph in Figure 3 (right) of the manuscript where ¢ = 6,
p=17 N, ={1,2,5}, N, = {3,4,5}, Ny = {1,2}, N, = {3,4}, d = 1, and ¢p =

{%4,%6,%3,%4,%67 ¢377¢477¢56:¢57}- Thus ‘I’Eq— = (%6,7/126) and ‘I’Ep— = (¢377¢47)-
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Using the notation X;; = 1,;;/1;; for convenience, the non-free entries are

U3y = —1P9yXos,
Vs = —P2Xoz = — (Y16, os) (0, Xo3)' = tr(\I’Eq—Mé’),

M{g = <07X23) )

Yis = —ta6 XXt — Vs Xot — YreX1s = — (Vre, Vo) (X1a, Xos + X5 Xar)" = tr (W5 MF)
M{ = — (X, Xos+ X223X24)t ;
VYo7 = ﬁ (—s7ts6 + 126X 53 X0at0ar + Vo6 Xoaar + V16 X14%a7 + o6 Xosths7)
- % (Ay+ b)),
where
A1 = —sridse,

by = U XagXoathur + Vog Xoathar + V16X 1407 + Vo Xoztsr.
It leads b, = \If'qu_ C"IJEp— where

0 X4
O -
Xog  Xog + X223X24

It also follows from the definition of Wy that My = (1,0)" and My = (0,1)". From the
definition of V., we have MY = M3 = (0,0)" and M5 = (1,0)" and My = (0,1)". We can
then verify

tr (W, MY ) tr (W, M)

1

tr <\I/fgq, C’\IIEP_> =

4

)

E.2 A normal approximation to the distribution of b,
We see in Equation 28, that if we condition on V[, as defined in Equation 15 of the
manuscript, then b; can be expressed as the bilinear form of ¥ By and ¥ gy 8s

by = \Ifgq, CV -,
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where C' = S0 (M?)! M? is a matrix of rank m < min (N1, IN;[). Once ¥ is known,
C' is fixed. We are now going to show that, conditional on W, the distribution of b; has

the following property.

Proposition 4. When conditioned by VU, the distribution of by is a continuous scale
mixture of centered normal distributions. More precisely, by follows the same distribution

as X+/Y/2 where X and Y are independent with X ~ N(0,1) and
— Y iid
Y = —  wh Y; ~ x5
; y where X3
and where 1/\y, ..., 1/\,, are the non-zero eigenvalues of CTC.

Proof. We first show that b, follows the same distribution as X /Y /2. To do so, it suffices
to show the two Laplace transforms E (eSbl) and E <68X Y/ 2) coincide. Integrating this
last expected value first with respect to X, holding Y fixed, and then with respect to Y,

we obtain

E<65X Y/2> :E<652Y/2) :ﬁ( B )\3752)21

Next, from Equation 28 and then integrating with respect to ¥ By We have
32 t
o (€3b1) & (esu(q’Eq‘C‘I’E;)) & (thr(xpE;c C\I/Ep_)> '
Now we have
tr (W, C'COW ) ~ Z'diag(1/Ar, -, 1/ M) 2,

where Z = (Zy,..., Z,) are independent N(0,1) random variables. Thus b; and X+/Y/2

have the same Laplace transform. O

To show the distribution of b; is a scale mixture of centered normals, we note that if

X ~ N(0,1) and V = Y/2 is any positive random variable with distribution p(dv), then if
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U = X/Y/2, the density of U is

0 27
So, the distribution of U, that is the distribution of b;, is a mixture of normal N(0,v)
distributions. Following Letac and Massam (2020, Theorem 3.1.), with the distribution of
by for f, we deduce that there exists a unique vp such that the normal N(0,vp) distribution

best approximates the distribution of b;.

E.3 Expression [/, regarding b; ~ N(0,vp)

We will now derive an expression for I; /[, when we approximate the distribution of b; by

the N(0,vp) distribution. We start with the following lemma.

Lemma 5. Under the approximation by ~ N(0,vp), we have

* .

v © *_ 1 —1 vpD
(1 J— 21+ t)Te 2 dt
U) 25*I‘(5*)\/0' ( + ) e ;

E (h(by, ")

where §* = 5%1 and h(by, 0*) defined in Equation 14 of the manuscript. Moreover, when vp

18 small, we have

E (h(bs,6%)

vg) =1- —F(ﬁz(;:f) (%)5 0 (

%Dr*_l) . (32)

Proof. For by ~ N(0,vp), we have

“ = /.

E (h(b1, ")




We note that the above integral is a confluent hypergeometric function of the form
+o0
['(a)U(a,b, z) = / e PN 1+ ),
0

with z = %2, a = 6"+ 1, and b = 6" +1 (see Abramovitz and Stegun (1972), p.505, formula

13.2.5) and from p.508, formula 13.5.6 of the same, we know when |z| — 0 and b > 2, then

rb-1)

U(a,b,z) = T'a)

Zl—b + O(|Z|b_2).

This yields Equation 32. [

F Pseudo-code for [;/I; in Theorem 2

Since we cannot evaluate the approximation in Theorem 2 directly, we write instead

n_E(He0m) g6 brnian

Iy E <€_g) fe_%ﬂ'(D)dD /9(5*,UD)7T1(D)dD

where 7(D) is the unknown density of D, and

D

e z7m(D)

m(b) = [e3n(D)dD’

We then approximate [; /1[5 by the following sequence of steps.

1. Generate D;,i = 1,..., N the usual way. Divide the range of D into appropriate
small intervals int9 ¢ = 1,...,Q, and for each interval int(9, compute the relative

frequency f(@.

D(ll)

- (@)
2. Compute D@ = W > D,cint Di and r@) = %, qg=1,...,Q.
YE ez O

3. Sample M values of D' m = 1,..., M with probabilities given by the empirical

distribution of the 7@, ¢ =1,....,Q.
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4. For each D™ generate bgm’k),k; = 1,..., K the usual way. Compute vpm) =

% Zé(:l(bgm,k) . b_l(m))2 Where b_l(m) — %bglmk‘)

¢
I m) =K R
3(pim) ( t+1>

by simulating from the I'(6*, UD%) distribution for ¢.

5. Compute

6. Take the average - M Is(vpm) as the estimate of I, /T,.

G Additional simulation results

Figures 10, 11, 12, and 13 are the results for the simulation in Section 5.1 of the manuscript.

Figures 14 and 15 are the ROC plots for Section 6 of the manuscript.

References

Abramovitz, M. and I. Stegun (1972). Handbook of Mathematical Functions, Volume 55.

National Bureau of Standards, Applied Mathematics.

Albert, R. and A. Barabdsi (2002). Statistical mechanics of complex networks. Reviews of

modern physics 74 (1), 47.

Atay-Kayis, A. and H. Massam (2005). A Monte Carlo method for computing the marginal

likelihood in nondecomposable Gaussian graphical models. Biometrika 92(2), 317-335.

Chamayou, J.-F. and G. Letac (1991). Explicit stationary distributions for compositions
of random functions and products of random matrices. Journal of Theoretical Probabil-

ity 4(1), 3-36.

50
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Figure 10: (Top) The boxplot for the ratio I/l computed by the MC approach of Atay-
Kayis and Massam (2005) (in red) and approximation (20) (in blue). (Bottom) The boxplot
of the variance vp of b, for the corresponding graphs. These computations are done over

100 replications for nine different graphs (Figure 6) with p = 10 nodes and § = 3.
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Ratios I, /I, forp=30and =3
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Figure 11: (Top) The boxplot for the ratio I; /I computed by the MC approach of Atay-
Kayis and Massam (2005) (in red) and our approximation (20) (in blue). (Bottom) The
boxplot of the variance vp of by for the corresponding graphs. These computations are done

over 100 replications for nine different graphs (Figure 6) with p = 30 nodes and § = 3.
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Ratios I, /1, for p = 10 and & = 10
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Figure 12: (Top) The boxplot for the ratio I; /I computed by the MC approach of Atay-
Kayis and Massam (2005) (in red) and our approximation (20) (in blue). (Bottom) The
boxplot of the variance vp of by for the corresponding graphs. These computations are done

over 100 replications for nine different graphs (Figure 6) with p = 10 nodes and § = 10.
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Figure 13: (Top) The boxplot for the ratio I; /Iy computed by the MC approach of Atay-
Kayis and Massam (2005) (in red) and our approximation (20) (in blue). (Bottom) The
boxplot of the variance vp of by for the corresponding graphs. These computations are done

over 100 replications for nine different graphs (Figure 6) with p = 30 nodes and § = 10.
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Figure 14: ROC curves for the BDMCMC algorithm with our approximation in Equation

8 (BDMCMC-Gamm) and BDMCMC algorithm with exchange algorithm (BDMCMC-

DMH), over 50 replications. Here, p = 50, n € {50,100}, and 4 different graph structures.
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Figure 15: ROC curves for the BDMCMC algorithm with our approximation in Equation

8 (BDMCMC-Gamm) and BDMCMC algorithm with exchange algorithm (BDMCMC-

DMH), over 50 replications. Here, p = 100, n € {100,200}, and 4 different graph structures.

56



Cheng, Y. and A. Lenkoski (2012). Hierarchical Gaussian graphical models: Beyond re-

versible jump. FElectronic Journal of Statistics 6, 2309-2331.

Dempster, A. P. (1972). Covariance selection. Biometrics, 157-175.

Dobra, A. and A. Lenkoski (2011). Copula Gaussian graphical models and their application

to modeling functional disability data. The Annals of Applied Statistics 5(2A), 969-993.

Dobra, A., A. Lenkoski, and A. Rodriguez (2011). Bayesian inference for general Gaussian
graphical models with application to multivariate lattice data. Journal of the American

Statistical Association 106(496), 1418-1433.

Friedman, J., T. Hastie, and R. Tibshirani (2008). Sparse inverse covariance estimation

with the graphical lasso. Biostatistics 9(3), 432-441.

Green, P. (1995). Reversible jump markov chain Monte carlo computation and Bayesian

model determination. Biometrika 82(4), 711-732.

Green, P. (2003). Trans-dimensional Markov chain Monte Carlo. Oxford Statistical Science

Series, 179-198.

Hinne, M., A. Lenkoski, T. Heskes, and M. van Gerven (2014). Efficient sampling of

gaussian graphical models using conditional bayes factors. Stat 3(1), 326-336.

Hinoveanu, L. C., F. Leisen, and C. Villa (2018). A loss-based prior for gaussian graphical

models. arXiv preprint arXiw:1812.05551.

Lauritzen, S. (1996). Graphical Models, Volume 17. Oxford University Press, USA.

Lenkoski, A. (2013). A direct sampler for G-Wishart variates. Stat 2(1), 119-128.

o7



Lenkoski, A. and A. Dobra (2011). Computational aspects related to inference in Gaussian
graphical models with the g-wishart prior. Journal of Computational and Graphical

Statistics 20(1), 140-157.

Letac, G. and H. Massam (2020). Gaussian approximation of gaussian scale mixture.

kybersetika 56(6), 1063-1080.

Letac, G., H. Massam, et al. (2007). Wishart distributions for decomposable graphs. The

Annals of Statistics 35(3), 1278-1323.

Liang, F. (2010). A double Metropolis—Hastings sampler for spatial models with intractable
normalizing constants. Journal of Statistical Computation and Simulation 80(9), 1007

1022.

Mohammadi, A. and E. Wit (2015). Bayesian structure learning in sparse Gaussian graph-

ical models. Bayesian Analysis 10(1), 109-138.

Mohammadi, R. and E. Wit (2019a). BDgraph: Bayesian Structure Learning in Graphical

Models using Birth-Death MCMC. R package version 2.62.

Mohammadi, R. and E. C. Wit (2019b). BDgraph: An R package for Bayesian structure

learning in graphical models. Journal of Statistical Software 89(3), 1-30.

Murray, 1., Z. Ghahramani, and D. MacKay (2006). MCMC for doubly-intractable distri-
butions. Proceedings of the 22nd Annual Conference on Uncertainty in Artificial Intelli-

gence, 359-366.

Park, J. and M. Haran (2018). Bayesian inference in the presence of intractable normalizing

functions. Journal of the American Statistical Association 113(523), 1372-1390.

58



Roverato, A. (2002). Hyper inverse Wishart distribution for non-decomposable graphs
and its application to Bayesian inference for Gaussian graphical models. Scandinavian

Journal of Statistics 29(3), 391-411.

Rue, H. and L. Held (2005). Gaussian Markov random fields: theory and applications. CRC

press.

Uhler, C., A. Lenkoski, and D. Richards (2018). Exact formulas for the normalizing con-

stants of Wishart distributions for graphical models. The Annals of Statistics 46, 90-118.

Wang, H. (2012). The Bayesian graphical Lasso and efficient posterior computation.

Bayesian Analysis 7, 7T71-790.

Wang, H. and S. Li (2012). Efficient Gaussian graphical model determination under G-

Wishart prior distributions. Electronic Journal of Statistics 6, 168—198.

59



