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Robust Performance Analysis of Source-Seeking Dynamics with Integral

Quadratic Constraints

Adwait Datar1 and Herbert Werner1

Abstract— We analyze the performance of source-seeking
dynamics involving either a single vehicle or multiple flocking-
vehicles embedded in an underlying strongly convex scalar
field with gradient based forcing terms. For multiple vehicles
under flocking dynamics embedded in quadratic fields, we show
that the dynamics of the center of mass are equivalent to the
dynamics of a single agent. We leverage the recently developed
framework of α-integral quadratic constraints (IQCs) to obtain
convergence rate estimates. We first present a derivation of
hard Zames-Falb (ZF) α-IQCs involving general non-causal
multipliers based on purely time-domain arguments and show
that a parameterization of the ZF multiplier, suggested in the
literature for the standard version of the ZF IQCs, can be
adapted to the α-IQCs setting to obtain quasi-convex programs
for estimating convergence rates. Owing to the time-domain
arguments, we can seamlessly extend these results to linear
parameter varying (LPV) vehicles possibly opening the doors
to non-linear vehicle models with quasi-LPV representations.
We illustrate the theoretical results on a linear time invariant
(LTI) model of a quadrotor, a non-minimum phase LTI plant
and two LPV examples which show a clear benefit of using
general non-causal dynamic multipliers to drastically reduce
conservatism.

I. INTRODUCTION

Source-seeking problems are motivated by practical prob-

lems such as finding the source of an oil spill [1]. The

abstract problem involves one or more vehicles located at

arbitrary locations in an underlying scalar field with the goal

of moving towards the minimum (or maximum based on

convention) of the field which is called the source. These

vehicles are typically assumed to be able to estimate the

gradient of the field at their respective locations either via

communication with others or by making several measure-

ments around their positions (see [2]. [3], [4] for details).

Although the theoretical results are under the assumption of

strongly convex fields and availability of gradients, exper-

imental results [4] on quasi-convex and non-convex fields

with noisy measurements show that with a pre-filtering step,

which involves fitting a strongly convex field with data

collected in the local neighborhood, these protocols perform

reasonably well for some scenarios.

Integral quadratic constraints (IQCs) [5] is a framework for

analyzing the stability of an interconnection of two systems;

a linear and stable ”nominal” system and a possibly non-

linear ”uncertain” system. The key idea is to capture the

input-output properties of the uncertain system in the form
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of integral quadratic constraints and use these constraints

to derive sufficient conditions on the nominal system that

certify stability of the interconnection. The IQCs are further

classified into soft-IQCs and stricter hard-IQCs depending on

the limits of the integrals involved. See [6],[7] for a tutorial.

An alternative to the theory of IQCs is the framework

of dissipativity which allows one to analyze the stability of

the interconnection by searching for non-increasing energy-

like functions called storage functions. The results obtained

from hard-IQCs can be interpreted with dissipativity based

arguments and vice-versa1. This equivalence connects our

earlier work [4], [9] on analyzing stability of source-seeking

dynamics with dissipativity based arguments to this paper

where we use IQCs.

Related Work

Stability analysis for source-seeking dynamics within the

flocking framework is studied in [4], [9] albeit without any

performance guarantees. Our main motivation in this paper

is to extend these results to performance analysis. Moreover,

the stability analysis in [4], [9] involves dissipativity based

arguments by constructing valid (non-increasing) storage

functions from physical energy-like functions. These physi-

cally motivated storage functions have a diagonal structure

(such as the one used in [10], [4], [9]). The idea is to

automate the search for storage functions (not necessarily

diagonal) and include a less conservative stability analysis

certificate along with performance guarantees. As pointed

out earlier, these dissipativity based results can be interpreted

as the ones obtained from hard-IQCs and the latter is the

choice for the theoretical development in this paper. The

starting points for the theoretical work in this paper are

[11] and [12] where the exponential versions of the IQCs

are introduced for systems in discrete-time (ρ−IQCs) and

in continuous-time (α−IQCs), respectively. [12] introduces

the soft Zames-Falb (ZF) α-IQCs corresponding to causal

multipliers. While [13] extends [11] to less conservative

non-causal ZF multipliers in the discrete-time setting, [14]

presents the extension of [12] to non-causal multipliers in the

continuous-time setting. The theory developed in [14] is in

a very general setting of Bochner spaces and covers Lemma

1 in this paper. Moreover, proof of Lemma 3 from [14]

(which corresponds to Lemma 1 here) is not available and

we therefore present a self-contained proof for our setting in

the appendix. [14] focuses on the derivation of the IQCs

1The link between the soft-IQCs and dissipativity has only recently been
clearly understood [8]
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and does not consider parameterizations of the multiplier

to arrive at a quasi-convex optimization problem for per-

formance analysis. The present paper extends these results

by considering a parameterization proposed in [6] adapted

to the α-IQCs setting. [13] compares different multiplier

factorizations which include the discrete-time analogue of

the parameterization in [6]. Furthermore, we consider vehicle

models which have integral action and present results in a

manner that do not require a loop transformation. We extend

the simple time-domain based derivation of the hard ZF IQCs

for causal multipliers presented in a side-bar in [8] to the α-

IQCs case covering non-causal multipliers and illustrating

the key role of convexity. Although [13] and [14] present

examples showing the benefit of non-causal multipliers in the

discrete-time case, we present an example of a continuous-

time system with an integrator demonstrating the benefit of

non-causal multipliers over causal ones. A closely related

work is [15] where causal and static multipliers are used

to obtain non-exponential convergence rates when the dy-

namics are not exponentially stable. Finally, previous works

(such as [11], [12] and [14]) on the exponential version of

IQCs present results for linear time invariant (LTI) systems.

Since we consider the hard-IQCs with purely time-domain

arguments, we show that it is rather straightforward to extend

these results to linear parameter varying (LPV) [16] systems

as is done in [17] for the standard IQCs. This opens the

doors for considering non-linear vehicle models with quasi-

LPV representations. The framework developed in this paper

can be applied to extremum-seeking control problems [18] or

problems involving realtime-optimization [19]. Although the

setup considered in [19] is the similar as in this paper (except

for the LPV extension), the focus there is on designing

an optimizer and obtaining conditions for optimality and

stability with static α−IQCs.

Outline:

After discussing the notation in section II and the problem

setup in section III, the main theoretical results are presented

in section IV followed by the extension to LPV systems

in section V. Numerical results are presented in section VI

leading to conclusions and open directions in section VII.

II. NOTATION

Let R denote the set of real numbers. Let Sn denote the

set of symmetric matrices of size n. For any X ∈ S
n,

X > (≥)0 means that the matrix X is symmetric positive

definite (semi-definite), and X < (≤)0 denote that −X
is symmetric positive definite (semi-definite). For a non-

singular symmetric matrix X > 0, let the positive number

cond(X) be the condition number of X . For any x ∈ R
n,

let diag(x) denote the diagonal matrix formed by placing

the entries of x along the diagonal. For block matrices,

we use ∗ to denote required entries to make the matrix

symmetric. Let 0 and 1 denote the vectors or matrices of

all zeroes and ones of appropriate sizes, respectively. Let Id
be the identity matrix of dimension d and we remove the

subscript d when the dimension is clear from context. Let ⊗

represent the Kronecker product. Let S(m,L) denote the set

of continuously differentiable functions f : Rd → R which

are strongly convex with parameter m, and have Lipschitz

gradients with parameter L for any 0 < m ≤ L, i.e.,

m||y1−y2||
2 ≤ (∇f(y1)−∇f(y2))

T (y1−y2) ≤ L||y1−y2||
2.

The set of vector valued functions which are square-

integrable over [0, T ] for any finite T < ∞ is denoted by

L2e[0,∞). For any signal q ∈ L2e[0,∞), and a fixed T ≥ 0
let us define the extension

qT (t) =

{

q(t), if t ∈ [0, T ],

0, if t ∈ R\[0, T ].
(1)

Let L1(−∞,∞) denote the set of functions h : R → R, such

that
∫

∞

−∞
|h(t)|dt < ∞. We use

[

A B
C D

]

to represent an

LTI system with state-space realization given by matrices

A,B,C and D. The series interconnection of the LTI system
[

A1 B1

C1 D1

]

and

[

A2 B2

C2 D2

]

can be described by the LTI

system





A1 B1C2
0 A2

B1D2

B2

C1 D1C2 D1D2



. The notation for LPV

systems is analogous to the LTI case with the dependence

on the scheduling parameter explicitly shown.

III. PROBLEM SETUP

We consider source-seeking scenarios where one or more

vehicles moving in R
d space (typically d = {1, 2, 3}) are

embedded in an underlying differentiable scalar field f :
R
d −→ R with some convexity properties (made precise later).

We assume that each vehicle has access to the gradient ∇f
evaluated at the vehicle’s position. Since this paper deals

primarily with performance analysis, we assume that a local

tracking controller has been designed and the closed-loop

dynamics of the vehicle with reference input denoted by

r(t) ∈ R
2d with r(t) = [rTpos(t) rTvel(t)]

T , state x(t) ∈ R
n

and position output y(t) ∈ R
d can be represented by

ẋ(t) = Ax(t) +Br(t), x(0) = x0,

y(t) = Cx(t).
(2)

We propose to augment these closed-loop dynamics by the

second order dynamics,

ṙpos(t) = rvel(t),

ṙvel(t) = −kd · rvel(t)− kp · u(t),
(3)

where, u(t) ∈ R
d denotes external input. As shown in Fig.

1, we consider a control architecture with u(t) = ∇f(y(t)).
The intuition behind the control architecture is to see that if

the tracking controller is doing a good job (y(t) ≈ rpos(t)),
we end up with a second order dissipative Hamiltonian

system, the stability of which can be analyzed as in [4] and

[9]. The overall vehicle dynamics from u to y denoted by

G, along with the feedback law u(t) = ∇f(y(t)), can be



ṙpos = rvel

ṙvel = −kdrvel − kpu

[

A B

C 0

]

u = ∇f(y)

G

u

[

rpos

rvel

]

y

Fig. 1. Control architecture

represented by

η̇(t) = AGη(t) +BGu(t), η(0) = η0,

y(t) = CGη(t),

u(t) = ∇f(y(t)),

(4)

where η ∈ R
nη denotes the concatenated state vector.

We now make the following assumption.

Assumption 1: Let f ∈ S(m,L) and let y∗ minimize f ,

i.e., f(y) ≥ f(y∗)∀y ∈ R
d and ∇f(y∗) = 0.

Remark 1: The assumption on continuous differentiabili-

ity can be relaxed by using sub-gradient maps, but the

assumption on strong convexity is essential.

Since we consider vehicle models, we assume that AG has

an eigen value at 0 (integral action). Observe that this is

enforced by the control architecture of G with the first block

having an integrator in series with a stable block. Since

this implies that ∃η∗ 6= 0, AGη∗ = 0, we get a feasible

equilibrium (η∗, u∗, y∗) for (4) satisfying

0 = AGη∗ +BGu∗ = AGη∗,

y∗ = CGη∗,

u∗ = ∇f(y∗) = 0.

(5)

The dynamics in the deviation variables η̃(t) = η(t) − η∗,

ũ(t) = u(t) − u∗ = u(t) and ỹ(t) = y(t) − y∗ can be

represented by

˙̃η(t) = AGη̃(t) +BGũ(t), η̃(0) = η0 − η∗,

ỹ(t) = CGη̃(t)
(6)

and

ũ(t) = ∇f(ỹ(t) + y∗). (7)

A. Flocking protocols under quadratic fields

We now consider a group ofN identical LTI agents located

in the scalar field with interactions among agents captured

by flocking dynamics [10] and along with a gradient-based

forcing term driving them towards the source. We use the

notation and terminology from [10], [4] and [9] and refer

the reader to these sources for details. Let ηi(t), ui(t), yi(t)
denote the state, input and output of the ith agent respectively.

We stack all the states of the agents to form a long state

vector as η̂(t) = [η1(t)
T · · · ηN (t)T ]T and similarly define

û(t) and ŷ(t). Let f̂ : RNd → R be defined as
∑N

i=1 f(yi)

which results to ∇f̂(ŷ) = [∇f(y1)
T · · · ∇f(y1)

T ]T . Let

V : R
Nd → R denote the interaction potential among

different agents and let L denote the graph-Laplacian matrix

representing the communication topology between agents.

Since the interaction between agents is defined to be such

that there is force balance in every interacting pair of agents,

it can be shown [4] that,

(1TN ⊗ Id) · ∇V(ŷ) = 0 ∀ŷ ∈ R
Nd,

(1TN ⊗ Id)(L ⊗ Id) = (1TNL)⊗ Id = 0.
(8)

The overall flocking dynamics with gradient based forcing

terms could be written as

˙̂η(t) = (IN ⊗AG)η̂(t) + (IN ⊗BG)û(t),

ŷ(t) = (IN ⊗ CG)η̂(t),

û(t) = ∇f̂(ŷ(t))−∇V(ŷ(t)) − (L ⊗ Id) ˙̂y(t).

(9)

Let ηc = 1
N
(1TN ⊗ Inη

)η̂, yc = 1
N
(1TN ⊗ Id)ŷ and

uc = 1
N
(1TN ⊗ Id)û be the COM state, input and output,

respectively.

If f is a quadratic field of the form f(y) = yTQy+cT y+
d, we get, ∇f(y) = 2Qy + c which is linear. Therefore,

∇f̂(ŷ) = (IN ⊗Q)ŷ+1N ⊗ c and 1
N
(1TN ⊗ Id)∇f̂(ŷ(t)) =

∇f(yc). Using this fact and as well as (8), we can derive

the reduced center of mass (COM) dynamics as

η̇c(t) = AGηc +BGuc,

yc(t) = CGηc,

uc(t) = ∇f(yc).

(10)

This has the same form as (4) and hence, the analysis of

a single agent can be used to analyze the performance of

multiple agents flocking under quadratic scalar fields.

Remark 2: It is important to note that structural dynam-

ics (disagreement dynamics) has to be analyzed separately

such as in [10] to ensure the the stability of the overall

flocking system. We focus in this paper on the macroscopic

performance of the group for source-seeking, which as shown

above reduces to the analysis of a single agent.

IV. THEORY

The fundamental idea in the framework of IQCs is to

find properties (inequalities) satisfied by the input and output

signals ũ and ỹ of the gradient map ũ(t) = ∇f(ỹ(t) + y∗).
It is convenient to derive properties of some new signals

(defined below) related to the input and output signals ũ

and ỹ. For the constants m,L from Assumption 1, for any

ũ, ỹ ∈ L2e[0,∞), define for t ∈ [0,∞),

p(t) = ũ(t)−mỹ(t),

q(t) = Lỹ(t)− ũ(t).
(11)

With any h ∈ L1(−∞,∞) satisfying

h(s) ≥ 0 ∀s ∈ R and
∫

∞

−∞

h(s)ds ≤ H,
(12)



[

−mId Id
LId −Id

]

[

e−2αth(−t)
]

∗ p(t)

[

e−2αth(t)
]

∗ q(t)

ỹ

ũ

p

q

w2

w1

Fig. 2. Signal definitions

let

w1(t) =

∫ t

0

e−2α(t−τ)h(t− τ)q(τ)dτ,

w2(t) =

∫ t

0

e−2α(t−τ)h(−(t− τ))p(τ)dτ.

(13)

These signals have been shown in Fig. 2 in the form of a

block diagram. We first present a key technical result which

is covered by Lemma 3 from [14] where the result is pre-

sented in a very general setting of Bochner spaces. Moreover,

since the proof of Lemma 3 from [14] is unavailable, we

present a self-contained proof in the appendix adapted to

our specific case building on ideas presented in a sidebar in

[8].

Lemma 1: Let α ≥ 0 be fixed and let β(τ) =
min{1, e−2ατ} for τ ∈ R. Then for all ũ, ỹ ∈ L2e[0,∞)
that satisfy (7) with f satisfying Assumption 1, the signals

p and q as defined in (11) satisfy, ∀τ ∈ R, ∀T ≥ 0,

∫ T

0

e2αtp(t)T (q(t)− β(τ)qT (t− τ))dτ ≥ 0, (14)

where, qT denotes the extension defined in (1).

Proof: See Appendix.

Since (14) holds for all τ ∈ R, we can conically combine

the inequality (14) by multiplying it by a positive function

h(τ) satisfying (12) and integrating out τ . This leads to the

next result.

Theorem 2: Let h satisfying (12) be fixed and let α ≥ 0.

For any ũ, ỹ ∈ L2e[0,∞) that satisfy (7) with f satisfying

Assumption 1, the signals defined in (11), (13) satisfy

∫ T

0

e2αt(Hp(t)T q(t)− p(t)Tw1(t)− q(t)Tw2(t))dt ≥ 0,

(15)

∀T ≥ 0.

Proof: See Appendix

We now parameterize h by proceeding along the lines of [6].

Let Aν and Bν be defined as

Aν =















λ 0 . . . 0

1 λ
. . . 0

0
. . .

. . . 0
... 0 1 λ















, Bν =











1
0
...

0











. (16)

As pointed out in [6], it is not clear on how to choose

λ in the above parameterization. For all our numerical

experiments, we fix λ = −1 which gives reasonable results

and further improvement in the results could be obtained by

[

−mId Id
LId −Id

]

[

eA
α
ν tBν

]

∗ p(t)

[

eA
α
ν tBν

]

∗ q(t)

Ψ

ỹ

ũ

p

q

z̃

Fig. 3. Structure of Ψ

performing a line-search as suggested in [6]. Let Qν(t) =

eAνtBν = eλtRν
[

1 t . . . tν−1
]T

where Rν =
diag( 1

0! ,
1
1! , · · · ,

1
(ν−1)! ). Let Aαν = Aν − 2αI and Qαν (t) =

e−2αtQν(t). Let ψ̃ν(s) =
[

1 s
(s−λ)ν−1 . . . sν−1

(s−λ)ν−1

]T

and let

[

Ãν B̃ν

C̃ν D̃ν

]

be a state-space realization of ψ̃ν .

Let the state space realization of Ψ be as described in the

appendix and shown in Fig. 3. Before we present the next

result, let us define for any ũ, ỹ ∈ L2e[0,∞),

z̃(t) =

∫ t

0

CΨe
AΨ(t−τ)BΨ

[

ỹ(τ)
ũ(τ)

]

dτ +DΨ

[

ỹ(t)
ũ(t)

]

. (17)

Consider the constraint in variables H ∈ R, P1 ∈
R

1×ν , P3 ∈ R
1×ν ,

H + (P1 + P3)A
−1
ν Bν ≥ 0, (18)

and consider the condition on P1, P3

∃X1,X3 ∈ S
ν−1such that for i ∈ {1, 3},

(∗)





0 Xi 0

Xi 0 0

0 0 diag(Pi)









I 0

Ãν B̃ν
RνC̃ν RνD̃ν



 > 0.
(19)

Let

P =











0

[

H −P3

−PT1 0

]

∗ 0



 : H,P1, P3 satisfy (18),(19)







.

(20)

Theorem 3: For any ũ, ỹ ∈ L2e[0,∞) that satisfy (7) with

f satisfying Assumption 1, the signal z̃ as defined in (17)

satisfies the α−IQCs

∫ T

0

e2αtz̃T (t)(P ⊗ Id)z̃(t)dt ≥ 0 ∀P ∈ P, ∀T ≥ 0. (21)

Proof: See Appendix

Remark 3: The function h is usually referred to as the

multiplier and by enforcing P1 = 0 (P3 = 0), we restrict

the search space to causal (anti-causal) ZF multipliers. By

enforcing P1 = 0 and P3 = 0, we specialize to the case

of static multipliers which corresponds to the well-known

circle-criterion (CC) [8]. The conservatism between these

specialization is investigated in section VI.



Remark 4: Extension of these results to cases when the

map from ỹ to ũ is additionally known to be odd is possible

along the same lines but is not pursued in this paper.

We now present the final analysis result which leads to

a computational procedure for obtaining convergence rate

estimates. Let

[

A B
C D

]

be a state-space representation of

the LTI system formed by the series interconnection of Ψ

and

[

G

I

]

. The following theorem from [12] gives the final

performance analysis condition.

Theorem 4 ([12]): If ∃X > 0, P ∈ P such that

[

ATX + XA+ 2αX XB
BTX 0

]

+

[

CT

DT

]

(P⊗Id)
[

C D
]

≤ 0,

(22)

then, under dynamics (4) with f satisfying Assumption 1, y

converges exponentially to y∗ with rate α, i.e., ∃κ ≥ 0 such

that ||ỹ(t)|| ≤ κe−αt holds for all t ≥ 0.

Proof: See [12].

Remark 5: We point out that (22) is not linear in α, X
and P due to the product αX . It falls into the class of

quasi-convex optimization problems which can be solved

efficiently. We perform a bisection over α as suggested in

[11].

V. EXTENSION TO LPV SYSTEMS

Extensions of the results obtained in the previous section

to LPV/ uncertain systems is straightforward and we demon-

strate one such extension next. Instead of the LTI system

G, let G(ρ) denote an LPV system with nρ scheduling

parameters [16], where, for a compact set P ⊂ R
nρ , the

function ρ : [0,∞) → P captures the time-dependence of the

model parameters. The dynamics of G(ρ) can be represented

by

η̇(t) = AG(ρ(t))η(t) +BG(ρ(t))u(t), η(0) = η0,

y(t) = CG(ρ(t))η(t),

u(t) = ∇f(y(t)),
(23)

where η ∈ R
nη is the state vector and ρ : [0,∞) → P is an

arbitrary scheduling trajectory.

Remark 6: If the rate of parameter variation ρ̇ is bounded

and this bound is known, we could include this information

and consider parameter dependent Lyapunov functions (See

[20] for details.), but we will not treat this case here.

As for the linear case, we assume integral action in G(ρ),
that is, ∃η∗ 6= 0, AG(ρ̄)η∗ = 0 ∀ρ̄ ∈ P . Note again that this

is implied by the control architecture. Following the same

steps as in the LTI case, we can write the dynamics in the

deviation variables analogous to (5) and (7). Let the series

interconnection of the LTI system Ψ and the LPV system

G(ρ) be denoted by

[

A(ρ) B(ρ)
C(ρ) D(ρ)

]

= Ψ ·

[

G(ρ)
I

]

. The

following theorem gives a sufficient condition for perfor-

mance analysis.

2 4 6 8
0

0.1

0.2

0.3

0.4

0.5

L

α

CC(P1 = 0, P3 = 0)

ZF causal (P1 = 0)

ZF anti-causal (P3 = 0)

ZF

Example fields

Fig. 4. Convergence rate estimates for quadrotor dynamics provided by
different multipliers(See Remark 3) for fields f ∈ S(1, L)

Theorem 5: If ∃X > 0, P ∈ P such that, for any ρ̄ ∈ P ,
[

A(ρ̄)TX + XA(ρ̄) + 2αX XB(ρ̄)
B(ρ̄)TX 0

]

+

[

C(ρ̄)T

D(ρ̄)T

]

(P ⊗ Id)
[

C(ρ̄) D(ρ̄)
]

≤ 0,

(24)

then, under dynamics (23) with f satisfying Assumption 1,

y converges exponentially to y∗ with rate α, i.e., ∃κ ≥ 0
such that ||ỹ(t)|| ≤ κe−αt holds for all t ≥ 0.

Proof: See Appendix.

Remark 7: We note that the equivalence between the

center of mass dynamics and the dynamics of a single agent

illustrated for homogeneous LTI agent flocking dynamics

under quadratic fields in section III extends to LPV systems

only if all agents are homogeneously scheduled, i.e., ρi(t) =
ρj(t) ∀t ∈ [0,∞), ∀i, j ∈ {1, 2, · · · , N}.

VI. NUMERICAL RESULTS

The code used for generating results in this section is

availabe at [21].

A. Quadrotor

We consider a linearized quadrotor model and use an LQR

(Linear-Quadratic-Regulator) based state-feedback controller

tuned for zero steady-state error for step references. As

discussed in section III, we let this closed-loop system be

represented by state-space realization (2) and augment it with

dynamics (3) to obtain the system G.

We address the following questions next to demonstrate

the applicability of the theoretical results.

1 How robust is the given controller with respect to

different fields f ∈ S(m,L)?
2 How do we design the gains kp and kd for the given

closed-loop quadrotor system?

3 How conservative are the estimates of the convergence

rates given by our analysis for static multipliers (circle
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Fig. 6. Sample trajectories of a quadrotor in a 2D-field with minimum at
(-50,-50) with tuning based on CC (dashed lines) and tuning based on ZF
(solid lines)

criterion) and causal/anti-causal/non-causal ZF mutipli-

ers (See Remark 3) ?

For fixed gains kp and kd and given closed-loop quadro-

tor dynamics, Fig. 4 shows the convergence rate estimates

provided by different multipliers for fields f ∈ S(1, L)
with increasing L. Since increasing L enlarges the set of

allowable fields, i.e., S(1, L1) ⊂ S(1, L2) ∀L1 ≤ L2, the

estimates are non-increasing with increasing L. It can be seen

that while we can certify stability with the cricle criterion

for fields f ∈ S(1, 5), the general non-causal ZF multipli-

ers along with the ZF multipliers restricted to the causal

case(P3 = 0) can certify stability for all fields f ∈ L(1, 8).
Furthermore, for each L, we can find a field (quadratic) that

achieves the convergence rate guaranteed by the analysis

showing that, in this example, the estimates are tight. The

conservatism incurred by restricting the search to causal

multipliers is minor in this example. The stability analysis

in [9] uses manually constructed diagonal storage functions

together with a small gain argument and for this example,

gives the sufficient condition for stability to be L < 5.

This interestingly coincides with the stability boundary given

by the circle-criterion (static multipliers). Since performance

analysis was not included in [9], this example illustrates the

extension of [9] to a non-conservative performance analysis.

The effect of varying the ratio of gains kd
kp

on the per-

formance estimates for fixed allowable field set is shown in

Fig. 5. It shows that the highest convergence rate of 0.14
can be achieved for kd

kp
= 9 and demonstrates a method

for tuning the gains for optimal convergence rates. We also

observe that tuning the gains by using static multipliers

(circle criterion) would lead to to a rather poor performance.

Sample trajectories of a quadrotor locating the source at (-

50,-50) is shown in Fig. 6, where, kd
kp

are chosen optimal

with respect to the circle criterion (dashed lines) and ZF

(solid lines). Although leading to a higher overshoot, the

gains tuned with respect to ZF lead to faster convergence.

B. Example showing the benefit of non-causal multipliers

We now present an academic example that brings out the

benefit of using general non-causal multipliers over causal

multipliers. Let G(s) = 5 (s−1)
s(s2+s+25) and consider fields

f ∈ S(1, L). The convergence rate estimates provided by

different multipliers for increasing L is shown in Fig. 7.

It can be seen that while the circle criterion and causal

ZF multipliers certify stability for fields f ∈ S(1, 1.9),
the anti-causal ZF multipliers can certify stability for fields

f ∈ S(1, 2) and the general non-causal ZF multipliers can

certify stability for fields f ∈ S(1, 2.4). Furthermore, we

can find example fields(quadratic) which coincide with the

convergence rate estimates showing that these estimates are

tight.

Remark 8: Since f ∈ S(1, L1) ⊂ S(1, L2) for L1 ≤ L2,

the estimates are non-increasing. Note that the gap between

the actual convergence rates for example fields and the

estimates obtained from non-causal ZF multipliers for L ∈
{1.1, 1.2, · · · , 1.6} does not imply conservatism since the

example field used at L = 1 is included for any larger L.

C. LPV generic vehicle model

We now consider an LPV system G(ρ) described by,

ẋ = v

v̇ = −ρ(t)v − u,
(25)

where, ρ(t) ∈ P = [0.8, 1.2] ∀t ∈ [0,∞). The scheduling

parameter ρ can be seen as a time-varying or adaptive

damping co-efficient and can be either fixed and unknown or

time-varying. It can be verified that (24) for this example is

affine in ρ̄ and hence satisfaction of the inequality for ρ̄ = 0.8
and ρ̄ = 1.2 implies the satisfaction for any ρ̄ ∈ [0.8, 1.2]
[20]. This reduces the condition (24) to a finite dimensional



1 1.2 1.4 1.6 1.8 2 2.2 2.4
0

0.1

0.2

0.3

0.4

0.5

L

α
CC(P1 = 0, P3 = 0)

ZF causal (P1 = 0)

ZF anti-causal (P3 = 0)

ZF

Example fields

Fig. 7. Robustness against different fields f ∈ S(1, L) for G(s) =
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feasibility problem that is implemented to produce the results

discussed next. Fig. 8 shows the convergence rate estimates

provied by different multipliers for fields f ∈ S(1, L) with

increasing L. As in the previous examples, example fields

(quadratic) are chosen to get an upper bound on the con-

vergence rate. The reduction in conservatism with increasing

order of multiplier can be clearly seen. For this example, fifth

order ZF multipliers show the least conservatism (possibly no

conservatism). This analysis essentially guarantees, that for

this chosen example, poorly conditioned fields do not affect

the convergence rate. For constant parameter trajectories, i.e.,

ρ(t) = ρ̄ ∈ [0.8, 1.2] ∀t, and for quadratic fields (linear

gradients), a root-locus argument can be used to show that

α = 0.4 for any L > m. With the current performance

analysis, we can see that this holds even for any non-constant

trajectories ρ restricted to the allowable parameter range and

for any strongly convex field f ∈ S(m,L). This example

also illustrates the benefit of non-causal multipliers over

causal ones and the reduction in conservatism with increasing

order of the ZF multiplier.

D. Quadrotor with two modes

We now consider a scenario with a quadrotor, as in

section VI-A, but with two operating modes. One operating

mode corresponds to the quadrotor carrying some load and

the other mode corresponds to no-load. We model this by

considering two masses m ∈ {0.2, 2} with LQR controllers

designed as in section VI-A for each mode separately. We

consider an arbitrary switching between the two modes and

can be modeled as an LPV (or switching) system with

P = {1, 2} and ρ(t) ∈ P ∀t. Fig. 9 shows the convergence

rate estimates provided by different multipliers for fields f ∈
S(1, L). We observe that in comparison to the LTI case (Fig.

4 from section VI-A), the performance is slightly reduced

due to the possibility of arbitrary switching between modes.
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Fig. 8. Robustness against different fields f ∈ S(1, L) for LPV system
(25)
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Fig. 9. Robustness against different fields f ∈ S(1, L) for a quadrotor
with uncertain or time-varying mass m ∈ {0.2, 2}

Furthermore, the estimates with first order ZF multipliers are

not tight anymore and we obtain better results with second

order ZF multipliers. No improvement in the estimates was

observed upto 5th order ZF multipliers.

VII. CONCLUSIONS AND FUTURE WORK

We have presented an approach to analyze the robust per-

formance of source-seeking dynamics using the framework

of α-IQCs for LTI and LPV systems. By parameterizing

the ZF multipliers, we have first derived a quasi-convex

feasibility problem which can be used to obtain estimates

on convergence rates. We demonstrated the results on an

LTI quadrotor model, an LTI non-minimum phase example

where the estimates turned out to be tight with first order ZF

multipliers and two LPV examples where the conservatism



could be reduced by increasing the order of the ZF multiplier.

The reduction in conservatism by searching over general non-

causal multipliers was also evident in some of the examples

considered. A number of interesting directions are open for

further study. Extension of these analysis results to controller

synthesis is a valuable direction to be pursued. Since con-

vexity (not differentiability) of the underlying field is the key

requirement in these results, source-seeking algorithms using

sub-gradient forcing terms could be readily analyzed with

minor changes in the theory. Drawing motivation from [22],

an extension of these results to the stochastic setting is an

interesting direction especially when considering imperfect

communications. Extending the full-block ZF multipliers

from the standard literature on IQCs [23] to the setting of

α−IQCs is ongoing work. On a different note, performance

analysis of formation control algorithms including a single

leader with gradient information has shown promising results

and is currently investigated.

APPENDIX

A.State-space realization of Ψ

[

AΨ BΨ

CΨ DΨ

]

=
















Aαν ⊗ Id 0 −Bν ⊗mId Bν ⊗ Id
0 Aαν ⊗ Id Bν ⊗ LId −Bν ⊗ Id
0 0 −mId Id

Iν ⊗ Id 0 0 0

0 0 LId −Id
0 Iν ⊗ Id 0 0

















(26)

B.Proofs

Proof: [Theorem 1] We proceed along the lines of [11].

Let g : Rd −→ R be defined for any ỹ ∈ R
d by

g(ỹ) = f(ỹ + y∗)− f(y∗)−
m

2
||ỹ||2, (27)

where, f satisfies Assumption 1. Assumption 1 can be used

to show that g ∈ S(0, L−m), g(0) = 0 and ∇g(0) = 0. It

can be shown [11] that for all ỹ, ỹ1, ỹ2 ∈ R
d ,

(L−m)g(ỹ)−
1

2
||∇g(ỹ)||2 ≥ 0 (28)

(L −m)∇g(ỹ)T ỹ ≥ (L−m)g(ỹ) +
1

2
||∇g(ỹ)||2 (29)

∇g(ỹ1)
T (ỹ1 − ỹ2)

≥ g(ỹ1)− g(ỹ2) +
||∇g(ỹ1)−∇g(ỹ2)||

2

2(L−m)
.

(30)

Using (28), we define a non-negative function r : Rd −→ R

as,

r(ỹ) = (L −m)g(ỹ)−
1

2
||∇g(ỹ)||2. (31)

Using definitions (11), we verify that for ũ, ỹ satisfying (7),

p(t) = ∇g(ỹ(t)),

q(t) = (L−m)ỹ(t)−∇g(ỹ(t)).
(32)

Consider for t1 ∈ [0,∞),

p(t1)
T q(t1) = ∇g(ỹ(t1))

T ((L−m)ỹ(t1)−∇g(ỹ(t1)))

= (L−m)∇g(ỹ(t1))
T ỹ(t1)− ||∇g(ỹ(t1))||

2

≥(using 29) (L −m)g(ỹ(t1))−
1

2
||∇g(ỹ(t1))||

2

= r(ỹ(t1)) ≥ 0.
(33)

We now consider signal extensions ũT , ỹT , pT and qT as

defined in (1) and since the map (7) is static (and therefore

causal), we have ∀t ∈ R,

pT (t) = ũT (t)−mỹT (t)

qT (t) = LỹT (t)− ũT (t).
(34)

So, for t1, t2 ∈ R,

pT (t1)
T [qT (t1)−qT (t2)]

=

∇g(ỹT (t1))
T ((L −m)ỹT (t1)−∇g(ỹT (t1))

−(L−m)ỹT (t2) +∇g(ỹT (t2)))

=

(L−m)∇g(ỹT (t1))
T (ỹT (t1)−ỹT (t2))− ||∇g(ỹT (t1))||

2

+∇g(ỹT (t1))
T∇g(ỹT (t2))

≥(using 30)

(L −m)(g(ỹT (t1))−g(ỹT (t2)))+

1

2
||∇g(ỹT (t1))−∇g(ỹT (t2))||

2 − ||∇g(ỹT (t1))||
2

+∇g(ỹT (t1))
T∇g(ỹT (t2))

=

((L −m)g(ỹT (t1))−
1

2
||∇g(ỹT (t1))||

2)

−((L−m)g(ỹT (t2))−
1

2
||∇g(ỹT (t2))||

2)

=

r(ỹT (t1))− r(ỹT (t2)).
(35)

For any β ∈ [0, 1], multiplying (33) by (1− β), multiplying

(35) by β and adding, we get,

pT (t1)
T [qT (t1)−βqT (t2)] ≥ r(ỹT (t1))−βr(ỹT (t2)). (36)

For any τ ∈ R, let β(τ) = min{1, e−2ατ}. Noting that

β(τ) ∈ [0, 1] and β(τ) ≤ e−2ατ ∀τ ∈ R, we use (36)

and non-negativity of r to obtain,

pT (t)
T [qT (t)−β(τ)qT (t− τ)]

≥

r(ỹT (t))−β(τ)r(ỹT (t− τ))

≥

r(ỹT (t))−e
−2ατr(ỹT (t− τ)).

(37)



Multiplying both sides by e2αt and integrating from 0 to T ,

we get,

∫ T

0

e2αtpT (t)
T [qT (t)− β(τ)qT (t− τ)]dt

≥
∫ T

0

e2αtr(ỹT (t))−e
2α(t−τ)r(ỹT (t− τ))dt

=
∫ T

0

e2αtr(ỹT (t))dt−

∫ T−τ

−τ

e2αsr(ỹT (s))ds.

(38)

We finally use that the signal extensions are equal to the

non-extended signals on [0, T ] to obtain,

∫ T

0

e2αtp(t)T [q(t)− β(τ)qT (t− τ)]dt

≥
∫ T

0

e2αtr(ỹT (t))dt−

∫ T−τ

−τ

e2αsr(ỹT (s))ds.

(39)

The integrand in both terms is identical and non-negative on

[0, T ], and zero outside [0, T ]. Hence if τ ≥ 0,

∫ T−τ

−τ

e2αsr(ỹT (s))ds =

∫ T−τ

0

e2αsr(ỹT (s))ds, (40)

and

∫ T

0

e2αtr(ỹT (t))dt −

∫ T−τ

−τ

e2αsr(ỹT (s))ds

=
∫ T

T−τ

e2αtr(ỹT (t))dt ≥ 0.

(41)

For τ < 0,

∫ T−τ

−τ

e2αsr(ỹT (s))ds =

∫ T

−τ

e2αsr(ỹT (s))ds, (42)

and

∫ T

0

e2αtr(ỹT (t))dt −

∫ T−τ

−τ

e2αsr(ỹT (s))ds

=
∫

−τ

0

e2αtr(ỹT (t))dt ≥ 0.

(43)

This shows that the right hand side of (39) is non-negative

for all τ ∈ R which completes the proof.

Proof: [Theorem 2] With the signal definitions (13), an

appropriate change of integration variable, signal extension

as defined in (1) and Fubini’s theorem, we obtain,
∫ T

0

e2αtp(t)Tw1(t)dt

=

∫ T

0

e2αtp(t)T
(
∫ t

0

e−2α(t−τ)h(t− τ)q(τ)dτ

)

dt

=

∫ T

0

∫ t

s=0

e2α(t−s)p(t)Th(s)q(t− s)dsdt

=

∫ T

0

∫

∞

s=0

e2α(t−s)p(t)Th(s)qT (t− s)dsdt

=

∫

∞

s=0

h(s)

(

∫ T

0

e2α(t−s)p(t)T qT (t− s)dt

)

ds. (44)

Similarly,
∫ T

0

e2αtq(t)Tw2(t)dt

=

∫ T

0

e2αtq(t)T
(
∫ t

0

e−2α(t−τ)h(−(t− τ))p(τ)dτ

)

dt

=

∫ T

t=0

∫ t

τ=0

e2ατq(t)Th(τ − t)p(τ)dτdt

=

∫ T

τ=0

∫ T

t=τ

e2ατq(t)Th(τ − t)p(τ)dtdτ

=

∫ T

τ=0

∫ 0

s=τ−T

e2ατ q(τ − s)Th(s)p(τ)dsdτ

=

∫ T

τ=0

∫ 0

s=−∞

e2ατqT (τ − s)Th(s)p(τ)dsdτ

=

∫ 0

s=−∞

h(s)

(

∫ T

τ=0

e2ατp(τ)T qT (τ − s)dτ

)

ds (45)

Putting (44) and (45) together, we get,
∫ T

0

e2αt(p(t)Tw1(t) + q(t)Tw2(t))dt

=

∫

∞

s=0

h(s)

(

∫ T

0

e2α(t−s)p(t)T qT (t− s)dt

)

ds

+

∫ 0

s=−∞

h(s)

(

∫ T

τ=0

e2ατp(τ)T qT (τ − s)dτ

)

ds

=

∫

∞

s=−∞

h(s)

(

∫ T

0

e2αtmin{1, e−2αs}p(t)T qT (t− s)dt

)

ds

≤using h(t) > 0 and Lemma 1

∫

∞

s=−∞

h(s)

(

∫ T

0

e2αtp(t)T q(t)dt

)

ds

≤using (12)

∫ T

0

He2αtp(t)T q(t)dt

(46)

Proof: [Theorem 3] Let

h(t) =

{

P1Qν(−t) if t < 0,

P3Qν(t) if t ≥ 0.
(47)



It has been shown in [6] that if H,P1, P3 satisfy (18) and

(19), h defined in (47) satisfies (12). From the state-space

realization (26) of Ψ and the signal definitions (11), we get,

z̃(t) =









ũ(t)−mỹ(t)
∫ t

0 e
Aα

ν (t−τ)Bν(ũ(τ) −mỹ(τ))dτ
Lỹ(t)− ũ(t)

∫ t

0
eA

α
ν (t−τ)Bν(Lỹ(τ) − ũ(τ))dτ









=









p(t)
∫ t

0 e
−2α(t−τ)Qν(t− τ)p(τ)dτ

q(t)
∫ t

0 e
−2α(t−τ)Qν(t− τ)q(τ)dτ









.

(48)

Using the block structure of matrices P ∈ P,

z̃T (t)(P ⊗ Id)z̃(t)

= 2Hp(t)T q(t)

− 2p(t)T
∫ t

0

e−2α(t−τ)P3Qν(t− τ)q(τ)dτ

− 2q(t)T
∫ t

0

e−2α(t−τ)P1Qν(t− τ)p(τ)dτ.

(49)

Using the signal definitions (13) and (47), we get,

z̃T (t)(P ⊗ Id)z̃(t) =2Hp(t)T q(t)− 2p(t)Tw1(t)

− 2q(t)Tw2(t).
(50)

Theorem 2 can now be applied to finish the proof.

Proof: [Theorem 5] Since

[

A(ρ) B(ρ)
C(ρ) D(ρ)

]

represents

the serial concatenation Ψ

[

G(ρ)
I

]

, let ξ =

[

η̃

xψ

]

be the

concatenation of the state η̃ of G(ρ) and the filter state xΨ.

For any trajectory ρ, such that, ρ(t) ∈ P ∀t ∈ [0,∞), the

dynamics of ξ, can be represented by

ξ̇ = A(ρ(t))ξ + B(ρ(t))ũ, ξ(0) = [η̃T0 0]T ,

z̃ = C(ρ(t))ξ +D(ρ(t))ũ.
(51)

Since (51) is the serial concatenation Ψ

[

G(ρ)
I

]

, the output z̃

of (51) is the one defined in (17) with ỹ defined as the output

of G(ρ) for input ũ. Furthermore, dynamics (23) imply that

ũ, ỹ satisfy (7). Hence, Theorem 3 implies

∫ T

0

e2αtz̃T (t)(P ⊗ Id)z̃(t)dt ≥ 0 ∀P ∈ P, ∀T ≥ 0. (52)

Define a storage function V (ξ) = ξTX ξ. Using (51), (24)

and the assumption that ρ(t) ∈ P ∀t ∈ [0,∞), we get,

d

dt
(V (ξ(t))) + 2αV (ξ(t)) =

[

ξ ũ
]

[

A(ρ(t))TX + XA(ρ(t)) + 2αX XB(ρ(t))
B(ρ(t))TX 0

] [

ξ

ũ

]

≤ −
[

ξ ũ
]

[

C(ρ(t))T

D(ρ(t))T

]

(P ⊗ Id)
[

C(ρ(t)) D(ρ(t))
]

[

ξ

ũ

]

= −z̃T (t)(P ⊗ Id)z̃(t)

.

Rearranging, multiplying by e2αt and integrating from 0 to

T , we obtain,

d

dt
(e2αtV (ξ(t))) + e2αtz̃T (t)(P ⊗ Id)z̃(t) ≤ 0

V (ξ(T )) +

∫ T

0

e2αtz̃T (t)(P ⊗ Id)z̃(t)dt ≤ e−2αtV (ξ(0))

Using (52) and X > 0,

V (ξ(T )) ≤ e−2αtV (ξ(0))

=⇒

||ξ|| ≤
√

cond(X ) · ||ξ(0)|| · e−αt

=⇒

||η̃|| ≤
√

cond(X ) · ||ξ(0)|| · e−αt

=⇒

||ỹ|| ≤ ||CG|| · ||η̃||

≤ ||CG||
√

cond(X ) · ||ξ(0)|| · e−αt

= κe−αt
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