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ABSTRACT A novel sparse automotive multiple-input multiple-output (MIMO) radar configuration is
proposed for low-complexity super-resolution single snapshot direction-of-arrival (DOA) estimation. The
physical antenna effects are incorporated in the signal model via open-circuited embedded-element pat-
terns (EEPs) and coupling matrices. The transmit (TX) and receive (RX) array are each divided into two
uniform sparse sub-arrays with different inter-element spacings to generate two MIMO sets. Since the
corresponding virtual arrays (VAs) of both MIMO sets are uniform, the well-known spatial smoothing (SS)
algorithm is applied to suppress the temporal correlation among sources. Afterwards, the co-prime array
principle between two spatially smoothed VAs is deployed to avoid DOA ambiguities. A performance
comparison between the sparse and conventional MIMO radars with the same number of TX and RX
channels confirms a spatial resolution enhancement. Meanwhile, the DOA estimation error due to the mutual
coupling (MC) is less pronounced in the proposed sparse architecture since antennas in both TX and RX
arrays are spaced larger than half wavelength apart.

INDEX TERMS Automotive radar, DOA estimation, MIMO radar, mutual coupling, single snapshot, sparse
arrays.

I. INTRODUCTION
Automotive radars are becoming indispensable parts of
autonomous vehicles and advanced driver assistant systems
(ADASs). The radar angular resolution, which is inversely
proportional to the array aperture size based on the well-
known Rayleigh’s criterion [1], is a critical factor to pro-
vide high-quality images. Since the number of transmit (TX)
and receive (RX) channels are limited in practice, multiple-
input multiple-output (MIMO) radars employing orthogo-
nal waveforms have been widely deployed [2], [3]. This
enables to virtually extend the aperture size and consequently

The associate editor coordinating the review of this manuscript and

approving it for publication was Luyu Zhao .

improve the radar angular resolution. Moreover, non-uniform
sparse arrays, e.g., minimum redundancy arrays [4] and
co-prime arrays [5], have been proposed to obtain more
degrees-of-freedom (DOF).

Several challenges have to be overcome in automotive
radars for precise direction-of-arrival (DOA) estimation. Crit-
ical constraints can be mentioned as (i) fine angular res-
olution, (ii) low latency, and (iii) low complexity [6], [7].
Traditional fast Fourier transform (FFT) based algorithm
suffers from poor angular resolution [8]. Sub-space based
techniques, e.g., multiple signal classification (MUSIC) [9]
which relies on the estimate of the received signal covari-
ance matrix, are proposed as super-resolution algorithms.
Although MUSIC is independent of array geometry, it
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performs unreliably when the number of snapshots (one radar
measurement cycle) is smaller than the number of sources.
The failure occurs due to the rank-deficiency of the covari-
ance matrix. This is crucial in automotive applications since
the low latency requirement demands for a single snapshot
DOA estimation. Sparse sensor arrays equipped with sparse
signal recovery algorithms, which deploys iterative [10] or
probabilistic [11] approaches, are proposed to achieve a fine
angular resolution using a single snapshot. Nonetheless, these
methods are considered computationally heavy for real-time
processing [12], [13]. Hence, a novel MIMO radar configu-
ration for super-resolution single snapshot DOA estimation
compatible with low complexity algorithms is highly desir-
able for the automotive industry.

In practical implementation, non-idealities such as mutual
coupling (MC) between antenna elements and their impact
on the DOA estimation need to be scrutinized. The MIMO
radar principle requires the m-th orthogonal waveform to be
transmitted by the m-th TX antenna. However, due to the
MC, them-th signal can be radiated by all transmitting anten-
nas [14], [15]. Similarly, signals from all receiving antennas
can contribute to the received signal by the n-th RX antenna.
Hence, MC adjusts the array manifold of the virtual array
(VA), which can potentially cause performance loss [15].

In this paper, a novel MIMO radar configuration with non-
uniform sparse TX and RX arrays is proposed for super-
resolution single snapshot DOA estimation in the presence
of MC. The physical antenna effects are modeled through
a diagonal matrix containing open-circuited embedded ele-
ment patterns (EEPs) and a coupling matrix based on the
impedance parameters. The TX and RX antennas are divided
into two sub-arrays to generate two sets of MIMO radars,
whose resultant VAs are sparse but uniform. Although both
VAs suffer from aliasing due to spatial undersampling, a spa-
tial smoothing (SS) algorithm [16] can be applied separately
on each VA for correlation suppression of coherent sources.
Afterwards, two spatially smoothed VAs from correspond-
ing MIMO sets satisfy the co-primality concept, enabling
us to resolve DOA ambiguities [5]. To the authors’ best
knowledge, this is the first time to propose a non-uniform
sparse MIMO radar for single snapshot DOA estimation for
which traditional FFT and sub-space based algorithms can be
applied.

We first propose a generic signal model of a MIMO
radar including physical antenna effects in Section II–A.
In Section II–B a novel MIMO radar configuration with non-
uniform sparse TX and RX arrays is presented. A case study
with simulation results comparing conventional and proposed
sparse MIMO radars is accomplished in Section III. Finally,
conclusions are drawn in Section. IV.

II. SPARSE MIMO RADAR
A. SIGNAL MODEL WITH COUPLED ANTENNAS
Assume K narrowband far-field sources located in the field-
of-view (FoV) of a MIMO radar with M TX and N RX

antennas. The signal from the k-th source is denoted by sk (t).
To generate a linear MN -element VA by the MIMO radar,
waveform orthogonality and matched filtering at the TX and
RX sides, respectively, are assumed to be perfect. Also, the
TX and RX arrays are considered to be spaced several wave-
lengths apart, where there is no near-field coupling between
these two arrays. Hence, theMC inside the TX and RX arrays
can be modeled separately [15]. A received signal by anMN -
element receive-only VA can therefore be represented by

x(t) =
K∑
k=1

Pkaksk (t)+ n(t), t = 0, 1, 2, . . . (1)

where ak = aTk ⊗ aRk ∈ CMN×1 is the steering vector of
the VA due to the k-th source [2], [3]. aTk and aRk are the TX
and RX steering vectors denoted by superscripts T and R,
respectively. The Kronecker product is denoted by ⊗. Com-
monly, array steering vectors are computed by the impracti-
cal assumption of isotropic radiators without MC. However,
using realistic antennas the steering vectors are tailored by
the physical antenna effects [14], [15], [17]. These effects
are the element radiation pattern in the presence of other
elements of an array, known as EEP, and mutual impedances
between the elements. The antenna effects at both TX and
RX arrays, affecting their corresponding steering vectors, can
be incorporated in the signal model via the Pk ∈ CMN×MN

matrix as

Pk =
(
GT
k C

T
)
⊗

(
GR
kC

R
)
, (2)

owing to the mixed-product property of the Kronecker prod-
uct. The diagonal matrix G of an array with ν number of
elements is

G =


Ḡoc
1 (r̂1) 0 . . . 0

0 Ḡoc
2 (r̂2)

. . .
...

...
. . .

. . . 0
0 . . . 0 Ḡoc

ν (r̂ν)

 , (3)

where the ν-th open-circuited EEP, normalized by the
antenna excitation current, is denoted by Ḡoc

ν (r̂ν) 1 [18].
Depending on the k-th source direction, corresponding values
of the EEPs form the Gk matrix. The coupling matrix C can
be represented by impedance parameters as [19]

C = (ZL + ZA)[ZLI+ Z]−1, (4)

where ZL and ZA are the termination and isolated input
impedances, respectively, and the array impedance matrix is
denoted by Z. The identity matrix is denoted by I. Moreover,
n(t) ∈ CMN×1 represents the receiver complex Gaussian
noise satisfying n ∼ CN (0, σ 2I), where σ 2 is the noise
power.

1Field vectors are represented by overbar (Ḡ), while boldface upper case
and lower case denotes matrices and vectors, respectively.
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FIGURE 1. Sparse MIMO radar principle for single snapshot DOA estimation with an enhanced angular resolution.

B. NON-UNIFORM TX AND RX ARRAY CONFIGURATIONS
Traditionally, a MIMO radar configuration requires a widely-
spaced TX array and a conventional RX array with 0.5λ inter-
element spacing [2], where λ is a wavelength. With the aid
of waveform orthogonality, an anti-aliasing uniform VA with
0.5λ inter-element spacing is achievable. To further improve
the angular resolution, a uniform sparse VA with an element
spacing larger than half-wavelength can be realized. How-
ever, its major drawback known as aliasing occurs. In order
to address the aliasing issue, the same number of M TX and
N RX elements can form two sets of uniform sparse MIMO
radars. The underlying reason to maintain uniformity is to be
able to apply the SS algorithm for correlation suppression.
Since both MIMO sets suffer from aliasing problems, the
physical elements need to be positioned in a new arrangement
so that the VAs of two MIMO sets become co-prime. There-
fore, aliasing can be addressed by comparing the spectra
achieved by the two MIMO sets and selecting overlapping
peaks as true source directions.

When M > 2 or N > 2, the radar angular resolution
can be enhanced by dividing the TX and RX arrays into
two uniform sub-arrays with different inter-element spacings.
This renders TX1, TX2, RX1, and RX2 arrays. Assuming that
TX1 and TX2 with a and b number of elements, respectively,
are sharing one element, M + 1 = a + b holds. Similarly,
N + 1 = u+ v holds for RX1 and RX2 with u and v number
of elements, respectively. Then, TX1 and RX1 arrays form
the MIMO1 set, where the MIMO2 set is comprised of TX2
and RX2 arrays. Although both MIMO sets are comprised of
uniform sparse sub-arrays, the total TX and RX arrays are
non-uniform.

The corresponding uniform sparse VAs from the two
MIMO sets have au and bv number of elements which are
both smaller than MN . However, if two VAs satisfy the
co-primality concept, the angular resolution of an array with
(au × bv)-elements can be reached, which satisfies (au ×
bv) > MN . This indicates that more DOF can be reached.
To this end, the number of elements in the two VAs, which
are au and bv, have to be co-prime. Meanwhile, the element
spacing in each VA needs to be computed by the number
of elements in the other VA multiplied by the unit spacing
du = 0.5λ. This arrangement assures that the grating lobes
of VAs are not overlapping [5]. Hence, the DOA ambi-
guities from each VA can be resolved by comparing two
spectra.

For the super-resolution DOA estimation algorithms,
e.g., MUSIC [9], the covariance matrix of the received signal
is needed. That is

Rxx = E{x(t)xH (t)}, (5)

where E and (.)H represent the expectation and Hermitian
operators, respectively. Commonly, the expectation is
approximated by time averaging using several snapshots.
However, when the number of snapshots is limited the well-
known SS algorithm selects similar overlapping sub-arrays
within a uniform array and performs spatial averaging over
the number of sub-arrays [16]. Since length of sub-arrays
(LSAs) is smaller than the whole uniform array, the SS
algorithm causes an angular resolution loss as its major draw-
back. However, its simplicity is the underlying reason for its
widespread usage in practice. In the proposed MIMO radar
configuration, the SS can be applied separately on each VA
since they are uniform. Assume that the SS algorithm selects
sub-arrays with α number of elements in VA1 and γ number
of elements in VA2. The two spatially smoothed VAs with α
and γ number of elements, need to satisfy the co-primality
principle to avoid ambiguity. The proposed solution enables
a single snapshot DOA estimation of a limited number of
sources with enhanced DOF. That is, αγ > MN . The overall
principle of the proposed non-uniform sparse MIMO radar is
summarized in Fig. 1.

It is worth noting that, the proposed approach is in con-
trast to the previous studies combining MIMO and co-prime
concepts [20], [21]. In such studies, a difference co-array is
first generated and afterwards the SS algorithm is applied,
which is valid with the assumption of uncorrelated sources.
With a single snapshot availability, when sources become
coherent, generating a difference co-array by vectorization of
the covariance matrix is erroneous [22].

III. NUMERICAL SIMULATIONS
A. CASE STUDY AND OPERATION MECHANISM
Fig. 2(a) is the schematic representation of the proposed
sparse MIMO radar configuration with M = 6 and N = 5.
The number of elements in uniform TX1, TX2, RX1, and
RX2 sub-arrays are selected as a = 4, b = 3, u = 3,
and v = 3, respectively. The element indices per sub-array
are: iTX1 = {1, 2, 4, 6}, iRX1 = {1, 2, 4}, iTX2 = {1, 3, 5},
and iRX2 = {1, 3, 5}. Therefore, the MIMO1 radar creates
the VA1 with 12 elements, while the MIMO2 generates the
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FIGURE 2. Sparse MIMO radar configuration (a) with non-uniform TX and
RX arrays; (b) two MIMO sets and signal processing steps for an
enhanced DOA estimation.

VA2 with 9 elements. We assume the availability of a single
snapshot. In the SS algorithm, the sub-arrays are assumed to
have 7 elements for VA1 and 5 elements for VA2, which are
co-prime numbers.

A bottom-up design flow is followed in Fig. 2(b) to cal-
culate the element spacings in TX1, TX2, RX1 and RX2
sub-arrays. Based on the co-primality design principle, the
element spacing in VA1 needs to be dVA1 = 5 × du =
2.5λ, since the number of elements in VA2 after applying the
SS algorithm is 5. Similarly, the element spacing in VA2 is
computed by dVA2 = 7 × du = 3.5λ. The element spacings
in RX1 and RX2 are dVA1 and dVA2, respectively. Based on
the MIMO radar concept, the element spacing in the TX
array is computed by the RX element spacing multiplied by
the number of elements in the RX array. Therefore, dT1 =
u× dR1 = 7.5λ and dT2 = v× dR2 = 10.5λ.
The array steering vector of the (6 × 5)-element array

due to the k-th source, including physical antenna effects,
is Pkak ∈ C30×1. The steering vectors of the two VAs by
the MIMO1 and MIMO2 sets need to be extracted from Pkak
by a proper row selection based on the element indices. The
corresponding row indices can be computed by{

R1 = [(iTX1 − 1)× N ]+ iRX1 for VA1
R2 = [(iTX2 − 1)× N ]+ iRX2 for VA2.

(6)

Therefore, R1 = {1, 2, 4, 6, 7, 9, 16, 17, 19, 26, 27, 29}
represents the row indices of Pkak , which form the steering
vector of the VA1. Likewise, R2 = {1, 3, 5, 11, 13, 15, 21,
23, 25} contains the row indices which cast the steering vector
of the VA2. Afterwards, the received signal vectors by VA1
and VA2 are calculated.

FIGURE 3. Single-snapshot DOA estimation of two sources located at −1◦
and +1◦, shown by dashed black lines, and SNR = 10 dB using the
(a) proposed sparse MIMO radar; (b) conventional MIMO radar with
different sub-array lengths in the SS algorithm.

For simplicity the physical antenna effects are neglected
in this sub-section, hence Pk = I is assumed. We con-
sider two equal-power sources with 2◦ angular separation
located at [−1◦,+1◦], shown by black dashed lines in Fig. 3.
The SNR per source is assumed to be 10 dB. The MUSIC
algorithm is applied for the DOA estimation after applying
the SS algorithm separately on each VA. Fig. 3(a) demon-
strates the spectra achieved by the proposed sparse MIMO
radar. It can be seen that the peaks of the two spectra at the
source directions overlap, while the rest do not. Fig. 3(a)
confirms that the proposed sparse MIMO radar can suc-
cessfully distinguish two close-by sources with 2◦ angular
separation.

In the conventional MIMO radar with M = 6 and N = 5,
where the element spacing in the RX array is du = 0.5λ,
the TX elements are spaced by 2.5λ. Its corresponding VA
is therefore a 30-element uniform linear array with 0.5λ
element spacing. For the same scenario, two sources with 2◦

angular separation cannot be distinguished using a conven-
tional MIMO radar when different LSAs are used in the SS
algorithm, as shown in Fig. 3(b).

B. PERFORMANCE COMPARISON WITH COUPLED
ANTENNAS
In this sub-section, half-wavelength vertically oriented reso-
nant wire dipoles are used as antenna elements of both con-
ventional and sparseMIMO radars. In order to incorporate the
physical antenna effects, full-wave simulations are carried out
in CSTMicrowave Studio [23]. The isolated input impedance
of the thin dipoles with radius r = 10−3λ at 77 GHz is
computed as ZA = 87.23 + j59.72. For a maximum power
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FIGURE 4. Mutual coupling matrix of (a) conventional; (b) sparse; MIMO
radar configurations.

transfer, ZL is assumed to be the complex conjugate of the ZA.
Open-circuited thin dipoles spaced sufficiently apart can be
approximated as minimum scattering antennas [24]. Hence,
due to the omni-directional radiation pattern of dipoles in
the horizontal plane and taking into account that sources are
assumed to be located in this plane, G = I are used in (2)
for both TX and RX arrays. The impedance matrices of the
TX and RX array are extracted from CST and afterwards the
couplingmatricesC are calculated through (4). A comparison
between the coupling matrices of the conventional and sparse
MIMO radars, shown in Fig. 4, demonstrates lower values
for off-diagonal elements by the sparse configuration. This
interprets as reduced MC by the proposed configuration due
to the sparsity.

Similar to the previous sub-section, for the proposed
MIMO architecture the steering vectors of VAs are extracted
from Pkak . Afterwards, the SS and the DOA estimation algo-
rithms are applied on each VA. Due to the residual error in the
estimation algorithm, peaks of the two spectrums at source
directions are not exactly overlapping. Hence, all peaks inside
the FoV from the two spectrums are found and those with

FIGURE 5. Resolution probability of sparse and conventional MIMO
radars with and without MC for two sources with angular separation
of (a) 2◦; (b) 3◦.

minimum angular differences are selected as the true source
directions [25]. For the conventional MIMO configuration,
LSA = 20du is used. In a Monte Carlo simulation, the
DOA estimation is performed 104 times for two equi-power
sources. In each simulation run, the first source location is
determined stochastically based on the uniform probability
density function (pdf). The second source is located with a
fine and constant angular separation from the first source
inside the FoV = 80◦. The actual source angles are denoted
by θ , while θ̂ represents the estimated angles. The error of
DOA estimation is computed as

ε =

[
K∑
k=1

(θk − θ̂k )2
] 1

2

. (7)

A DOA estimation is considered to be successful when K
sources are found and ε ≤ K . Afterwards, the resolution
probability is calculated as the rate of successful DOA esti-
mation over the total number of simulation runs.

The resolution probability achieved by the proposed and
conventional MIMO radars for 2◦ and 3◦ angular separations
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FIGURE 6. RMSE versus different SNR values, in the presence of MC, for
single snapshot DOA estimation of two targets located at −1.5◦ and 1.5◦.

between two sources versus SNR are computed and plotted
in Fig. 5(a) and (b), respectively. The MC effects between
dipoles on the DOA estimation performance are also exam-
ined. The spatial resolution of the proposed sparse MIMO
radar is significantly enhanced with respect to the conven-
tional MIMO radar. This confirms the superior capability
of the proposed sparse MIMO configuration to distinguish
close-by sources. The MC effect in the lower SNR regime,
where the resolution probability is quite low, is negligible
for both MIMO radar configurations. However, for higher
SNR values the MC is seen to be degrading for the DOA
estimation performance, which certifies the necessity of cal-
ibration methods. It is worth noting that, the adverse effect
of MC is less pronounced in the proposed MIMO configura-
tion. That is due to the sparsity in both TX and RX arrays
of the proposed MIMO radar, where in the conventional
MIMO radar only the TX array elements are spaced further
than 0.5λ.

For the cases that the DOA estimation is consid-
ered successful, the root mean square error (RMSE) is
computed by:

RMSE =

√√√√ 1
L0K

L0∑
i=1

K∑
k=1

[(
θk − θ̂

i
k

)2]
, (8)

where L0 = 5000 is the number of Monte Carlo trials. Two
close-by targets are assumed to be located at−1.5◦ and 1.5◦.
The RMSE curves for different SNR values, in the presence
of MC, from successful single snapshot DOA estimation are
plotted in Fig. 6. Lower RMSE values by the sparse MIMO
radar confirms that it achieves a better angular resolution in
comparison with the conventional MIMO radar.

In order to examine the performance of the proposed
MIMO radar in case of multiple simultaneous sources, even
more than two, a Monte Carlo simulation is conducted for
a fixed SNR value and constant angular separations among
sources. The resolution probability is computed, including
MC, in the same way as in Fig. 5, when the number of

FIGURE 7. Resolution probability for different number of sources
achieved by sparse and conventional MIMO radars, including MC, for
SNR = 20dB per source and constant angular separations of (a) 2◦;
and (b) 3◦.

sources increases from two to four. As expected, the larger
the number of sources, the more challenging the DOA esti-
mation. Constant angular separations of 2◦ and 3◦ are con-
sidered among sources. The SNR per source is assumed to be
20 dB. As can be observed in Fig. 7, the angular resolvability
is enhanced by the proposed sparse MIMO configuration,
in contrast to its conventional counterpart. The sparse MIMO
radar demonstrates the superior capability of distinguishing a
limited number of sources with fine angular separation and a
single snapshot availability.

IV. CONCLUSION
A novel MIMO radar configuration has been presented by
array sparsity at both TX and RX arrays for a low-complexity
super-resolution DOA estimation. In spite of non-uniform
distribution of elements, the SS algorithm can be applied by
generating two uniformMIMO sets, which are co-prime. The
co-primality concept prevents DOA ambiguities. This has
made the proposed solution suitable for automotive applica-
tions, where the number of snapshots is limited. A generic
signal model including physical antenna effects has been
introduced. It has been observed that the MC effects are less
degrading in the proposed sparse MIMO radar, compared to
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the conventional MIMO configuration. Meanwhile, superior
angular resolvability has been achieved by the sparse MIMO
radar.
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