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Abstract

For each nonnegative integer i, let a; be the number of i-subsets of V(G) that induce an
acyclic subgraph of a given graph G. We define A(G,z) = .. a;x° (the generating func-
tion for a;) to be the acyclic polynomial for G. After presenting some properties of these
polynomials, we investigate the nature and location of their roots.
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1 Introduction

A variety of graph polynomials have been studied, both for applied and theoretical con-
siderations. Perhaps the best known family, chromatic polynomials, counts the number of
proper colourings of graphs, and was introduced in the study of the Four Colour Problem,
but has morphed over the years into an important field in its own right (see, for example,
[28]). Reliability polynomials are a well-studied model of network robustness to probabilistic


http://arxiv.org/abs/2011.01735v3

failures, and have attracted interest for both applied and pure perspectives (see [22]). Other
graph polynomials have arisen as generating functions for subsets of vertex sets or edge sets
of a graph, especially those having certain properties. Such polynomials allow for a finer
investigation of the graph property in question, allowing an encoding of the minimum or
minimum cardinality of such sets and the totality of the number of such sets. For example,
independence polynomials are generating functions for independent sets of a graph, while
domination polynomials enumerate dominating sets. For all these graph polynomials, work
has varied from calculation and optimality to analytic properties and roots.

Given a (finite, undirected) graph G, we define the acyclic polynomial, A(G,x), of G to
be the generating function for the number of acyclic subsets of V(G) (i.e., vertex subsets
that induce acyclic subgraphs of G). Specifically,

A(G,z) = Z ;7"

120

where a; = [{S C V(G) : |S| =i and G[9] is acyclic}| is the number of acyclic vertex sets of
cardinality il We remark that the collection A(G) of acyclic vertex subsets (that is, subsets
of V(G) that induce an acyclic subgraph) of a graph G forms a (simplicial) complez, that
is, it is closed under containment, and the acyclic polynomial of G is what is known as the
face polynomial, or simply f-polynomial, of the complex (the (combinatorial) dimension of
the complex is the maximum size of any set in the complex, and we shall say that G has
acyclic dimension d if the acyclic complex of G, A(G), has dimension d).

In the remainder of this first section of the paper we discuss several aspects acyclic
polynomials such as how they relate to decycling of graphs, how they do (or do not) encode
certain graph invariants, the computational complexity of determining and/or evaluating
them, and showing that they do not arise from evaluations of Tutte polynomials.

In Section 2] we focus on acyclic roots, namely the roots of acyclic polynomials. For
acyclic polynomials of degree 3 we show that the roots all lie in the left half of the complex
plane, and that arbitrarily large modulus is possible. For acyclic polynomials more generally
(i.e., of any degree) we characterize those graphs for which the roots are all real as well
as which rational numbers are acyclic roots. We also consider the maximum and minimum
growth of the moduli of the roots, and we show that roots can exist in the right half-plane.
In Section [B] we conclude with several open problems.

1.1 Acyclic Polynomials and Decycling

Any subset S of the vertex set V(G) of a graph G such that G — S (the subgraph of G
that is induced by the vertices of V/(G) \ 9) is a forest (i.e., acyclic) is known as a decycling
set or feedback vertex set for the graph G. For an introduction to the topic of decycling of
graphs, see [10, 12]. Determining whether an arbitrary graph G has a decycling set of a

I'Note that the term “acyclic polynomial” already exists within the scientific literature. Historically, it
referred to a polynomial that is now more commonly described as the “matching polynomial” and which
is closely related to the generating function for the number of matchings of size ¢ within a graph. See [29]
page 263] for more details. Given that the term “acyclic polynomial” has fallen out of use from its original
context, we now put the term to new use by defining it as the generating function for the number of acyclic
induced subgraphs of order i that are within a given graph.



given cardinality is an NP-complete problem [39]. Nevertheless, calculating the size V(G)
of a smallest decycling set for a graph G is a problem of practical interest as it has several
natural applications, such as that of avoiding short-circuits and other forms of feedback in
electrical networks [31]. For certain classes of graphs this problem is tractable, such as for
complete graphs, complete bipartite graphs, cubic graphs [44] [56], Cartesian products of
cycles [50], and generalized Petersen graphs [32]. For instance, V(K,) = n — 2 whenever
n > 2, V(Kp,) = min{m,n} — 1 whenever min{m,n} > 2, and V(C,,0C,) = [Z2+2]
whenever m,n € {3,5,6,7,...}.

The complement V(G) \ S of a decycling set S in a graph G induces an acyclic subgraph
of G. Let T(G) = |V(G)| — V(G) denote the acyclic dimension of G and observe that T(G)
is also the degree of the acyclic polynomial A(G,x). Hence determining A(G,x) enables
the decycling number V(G) to be found. This observation, and the potential that acyclic
polynomials might address some problems involving decycling of graphs, provided our initial
motivation for studying acyclic polynomials.

We note that the acyclic dimension of graphs has itself been an active area of re-
search. At a conference in 1977, Albertson and Berman posed the still-open conjecture
that Y(G) > |V(G)|/2 for any simple planar graph G [2]; a result of Borodin implies
that Y(G) > 2|V(G)|/5 for every planar graph G [I4]. For graphs in general (not nec-
essarily planar) in 1987, Alon, Kahn and Seymour established a lower bound of T(G) >
> vev(ey min{l, ﬁg(v)} and hence YT(G) > 2|V(G)|/(1 + A(G)), where A(G) denotes the
maximum degree of G [4]. More recently it has been shown that T(G) > (8|V(G)|—-2|E(G)|—
2)/9 for every connected graph G [52] and also that T(G) > 6|V (G)|/(2A(G) + w(G) + 2)
where w(G) denotes the order (i.e., the number of vertices) of a maximum clique in G [40].

1.2 Acyclic Polynomials and Graph Invariants

While determining the degree Y(G) of A(G, ) is generally intractable, certainly some indi-
vidual coefficients of the acyclic polynomial A(G,z) =}, a;x’ of a given graph G can be
easily be determined. Let o; = 0;(G) denote the number of i-cycles in a graph G of order n
and observe:

e Clearly a; < (7) for all . Moreover, if a non-acyclic graph G has girth g then a; = (?)
for each i € {0,1,...,9 — 1} and a, = (Z) -0, < (Z), whereas if G is acyclic then

a; = (%) for each i < n. In particular, ap =1, a; = n and a; = (}).

e As a; is the number of sets (or faces) of cardinality ¢ in the complex A(G) and
the complex clearly has dimension Y(G) = n — V(G), we have a; > 0 for each
i€40,1,...,7(G)} and a; = 0 for each i > T(G).

e There are well known inequalities, known as Sperner bounds (see, for example, [53]),
for the cardinalities of faces of each size in a complex, and these imply that

a; < <7n—z.+ 1) i_1.
i

We summarize these observations as follows:



Theorem 1.1. IfG and H have the same acyclic polynomial, then they have the same order,
girth and decycling number. O

While the acyclic polynomial encodes the order, girth and decycling number of a graph,
it does not encode some other basic invariants:

e The acyclic polynomial does not encode the number of edges. For example, any two
acyclic graphs of order n share the same acyclic polynomial (1+x)™, but they can have
a different number of edges if n > 2. Even for connected graphs that contain cycles,
there are examples. Let n be an odd integer, let GG; denote the graph obtained by
adding a single pendant vertex to one of the vertices of K, _1, and let G5 denote the
graph obtained by removing the "T_l edges of a maximum matching from the complete
graph K,. Then A(Gy,z) = A(Ga,x) = 1+ nz + (3)2? + (";')2®. However, for all
n > 5, |E(Gy)| # |E(G3)| and so as n varies we obtain an infinite family of pairs of
distinct connected graphs that share the same acyclic polynomial but have different
numbers of edges.

e The acyclic polynomial does not encode whether a graph is bipartite. To demonstrate
this, it suffices to find two graphs, one bipartite and the other not bipartite, that share
the same acyclic polynomial. Two such graphs are illustrated in Figure [l These two
graphs both have 1 + 7z + 2122 + 3523 4 322% + 122° as their acyclic polynomial.

e Whereas the acyclic polynomial does encode the girth of a graph, it can be observed
from the graphs shown in Figure [Il that the circumference of a graph is not encoded
(note that the graph on the right is Hamiltonian, but the one on the left is not Hamil-
tonian).

Theorem 1.2. The acyclic polynomial does not encode the number of edges, the bipartiteness
or the circumference of a graph. O

Figure 1: A bipartite graph and a non-bipartite graph with identical acyclic polynomials

1.3 The Complexity of Calculating Acyclic Polynomials

For some families of graphs, the entire acyclic polynomial can be determined fairly easily.
For instance, for complete graphs we have A(K,,z) = 1 + nx + (g)xz and for cycles we
have A(C,,z) = Z?:_Ol (")a* = (14 z)™ — 2. As a more interesting example, cographs are
those graphs that can be built recursively from a single vertex via disjoint union and join



operations. Equivalently, cographs can be characterized as those that do not contain any
path Py of order 4 as an induced subgraph [24]. Given two graphs G and H, we denote their
disjoint union as G U H and their join as G + H (the join of two graphs G and H is formed
from their disjoint union by adding in all edges between a vertex of G and a vertex of H).
It is elementary that

A(GUH,z) = A(G,x) - A(H, x) (1.1)
as the union of acyclic vertex sets from disjoint graphs G and H is acyclic in G U H. The
effect of the join operation is more subtle, and it involves one other graph polynomial. For
any graph G, let I(G,z) be the independence polynomial for G, that is, the generating
function of the independent sets of G (a set of vertices is independent if it contains no
edge). Independence polynomials have been well studied (see, for example, [34, 42]). Their
behaviour under disjoint union and join is quite straightforward:

I(GUH,z) = (I(G,2)) - (I(H,z)) (1.2)

and
I(G+ H,z)=I1(G,z)+ [(H,z) — 1. (1.3)

We now address how to calculate the acyclic polynomial of the join of two graphs from
the acyclic and independence polynomials of each of the two graphs being joined.

Theorem 1.3. For any graphs G and H, of orders ng and ng respectively,

A(G+ H,z) = AG,z)+ A(H,x) +ngxl(H,z) +ngxl (G, x)

() (3)- ()

Proof. Suppose S C V(G + H) induces an acyclic subgraph of G+ H. Let S = SNV(G)
and Sy = SNV (H). Necessarily min{|S¢|,|Sk|} <1 for otherwise the subgraph of G + H
induced by S is not acyclic. Hence either

where n = ng + ny.

(i) |S¢| =0 and Sy induces an acyclic subgraph of H, or
(ii) |Sg| =1 and Sy consists of an independent set in H, or
(iii) |Sg| =0 and Sg induces an acyclic subgraph of G, or

)
(iv) |Su| =1 and S¢ consists of an independent set in G.

By using the notation [z'] f(x) to denote the coefficient of the z* term of the polynomial
f(z), then
@) A(G + H,z) = [o"| A(H,2) + [V(G)|[a" '] I(H, 2) + [o'| A(G, 2) + [V (H)|[2" ] (G, 2)

when ¢ > 3. By summing over all ¢ > 3, it follows that



AG + H,z) - (Z) 2 —nr—1 = (A(H, z) — (";)ﬁ — g — 1)

+ngr (I(H,z) —ngx — 1)

+ (A(G, x) — (n;) r? —ngr — 1)

+npx (I(G,x) —ngxr — 1).
Therefore

A(G+ H,z) = A(G,z)+ A(H,z)+ngxl(H,x) + ngxl(G,x) +

() o (%)~ (2)) o

It was observed by one of our referees that the acyclic polynomial of a graph can be
expressed in monadic second-order logic (MSOL). Specifically, note that

A(G,z) = Z g4

ACV(G) : (V(G),E(G),A)Fp(A)

O

where ¢(A) is an MSOL expression indicating that A is an acyclic set in G. Equivalently,
©(A) indicates that the subgraph of G induced by A has no Kjz-minor. Section 1.3 of
[26] shows how to formulate a logical expression to indicate that a graph has no H-minor,
where H is any fixed simple loopless graph. As a consequence of being able to express
A(G, x) in monadic second-order logic, it follows by a theorem due to Courcelle, Makowsky
and Rotics [27] that the evaluation of A(G,z) for graphs of bounded clique-width is fixed
parameter tractable. In the case of cographs (which have clique-width at most 2) we are
able to do much better.

Theorem 1.4. If G is a cograph, then A(G,x) can be calculated in linear time.

Proof. Recall that cographs are graphs that can be constructed through a collection of
disjoint union and join operations. Recognizing that a graph is a cograph and determining
the sequence of operations that comprise its construction can be accomplished in linear
time [25]. For a cograph of order n, this sequence consists of n — 1 operations. For each
disjoint union operation, the acyclic and independence polynomials of the graph arising
from the operation can be calculated from the polynomials of the two ingredient graphs
by using Equations (ILI]) and (L2). For each join operation, the acyclic and independence
polynomials of the graph arising from the operation can be calculated by using Equation (L.3])
and Theorem [[L3l For either operation these calculations take constant time. O

Since it is, in general, NP-hard to determine the decycling number V(G) of a graph G, it
is likewise intractable to determine the acyclic polynomial A(G, z) for a general graph. How-
ever, we can ask whether the task of evaluating the acyclic polynomial for certain choices of



(without actually determining the polynomial itself) can be performed efficiently. This type
of question has been investigated for other graph polynomials; for the chromatic polynomial
see [33] 45], and for the independence polynomial see [19]. For us to proceed, observe that
Theorem [I.3] enables the following interesting and important connection between acyclic and
independence polynomials for graphs to be derived.

Corollary 1.5. For any graph G, A(G + Ky,z) = A(G,x) + zI(G, z).

In particular note that an oracle for determining (or evaluating) acyclic polynomials
therefore enables the calculation (or evaluation) of independence polynomials. It now follows
that the only acyclic polynomial evaluation that is tractable is for x = 0, for which A(G,0) =
1 for every graph G.

Theorem 1.6. Fvaluating the acyclic polynomial for an arbitrary graph G and nonzero x is
intractable.

Proof. It is known that evaluating I(G, x) is #P-hard for each x € C\ {0} [19]. It therefore
follows from Corollary that evaluating the acyclic polynomial for an arbitrary graph G
and nonzero z is also intractable. O

It follows immediately that determining A(G, 1), the total number of induced forests of
a graph G, is #P-hard.

1.4 The Acyclic Polynomial is not an Evaluation of the Tutte Poly-
nomial

If one concerns oneself with acyclic edge sets rather than vertex sets, then the corresponding
complex is in fact a well known matroid, the graphic matroid of graph G, and its f-polynomial
is a simple evaluation of G’s Tutte polynomial. The acyclic polynomials we propose here do
not arise as evaluations of Tutte polynomials, as can be seen by the following argument
(which was provided to us by an anonymous referee).

The most general edge elimination invariant (the & polynomial) was introduced in [7, [§]
as a generalization of the Tutte and matching polynomials. In the definition below, —e, /e
and tfe denote the edge deletion, contraction and extraction of e from G (the eztraction is
the graph formed from G by removing the endpoints of e and all incident edges), and GU H
is the disjoint union of G and H.

Definition 1.7. Let F' be a graph parameter with values in a ring R. F' is an EE-invariant
if there exist o, 8,7 € R such that

F(G) = F(G—E) + O‘F(G/e) + BF(GTe)a

where e € E(G), with the additional conditions that F(0) =1, F(K;) =+ and F(GU H) =



Let £(G; x,y, z) be the graph polynomial defined by

Y

§(Gix,y, 2) = Z O(AUB)=COV(B) |4 +| Bl+c(AUB)~COV(E) ,COV(B)

A,BC E(G)

where the summation is over all subsets A and B of E(G) such that the vertex subsets V' (A)
and V(B) covered by A and B, respectively, are disjoint, ¢(A) is the number of connected
components in (V(G), A), and cov(B) is the number of connected components of (V(B), B).

Theorem 1.8. [7/ Let G be a graph. Then
(i) £&(G;z,y, z) is an EE-invariant.

(i1) Every EE-invariant is a substitution instance of £(G;x,y, z) multiplied by some factor
s(G) which only depends on the number of vertices, edges and connected components

of G.
(i4i) Both the matching polynomial and the Tutte polynomial are EE-invariants given by
T(G;x,y) = (v — 1)~ F Dy — )"V (G; (@ — 1) (y — 1),y - 1,0),

and
M(G§ w1, w2) = f(G; wy, 0, w2).

Theorem 1.9. The acyclic polynomial A(G,x) is not an EE-invariant, and hence not an
evaluation (i.e., substitution instance) of the Tutte polynomial (or the matching polynomial).

Proof. Assume, to reach a contradiction, that the acyclic polynomial A(G,z) is an EE-
invariant for some «, 3,~. For the path P, of order n with e an edge adjacent to a leaf, we
have that

(Pn>—e:K1UPn—17 (Pn>/e = I'p—1, (Pn)Te :Pn—27
while for the cycle C), of order n with e any edge of the cycle,
(Cn)—e = Pnu (Cn>/e = Cn—b (Cn>Te = In-2.

From
APy,2)=(1+2)"=1+2)1+2)" ' +a(l+2)" '+ 81 +z)"?

we find that a = § = 0. However, then
A(Crz) = (L+2)" —a" = (1+2)" +a((l+2)" " — 2" ) + (1 +2)" %,

from which it follows that " = 0, a contradiction. Thus A(G,z) is not an EE-invariant,
and hence not an evaluation of the Tutte polynomial (or the matching polynomial). O



2 Acyclic Roots

The roots of many graph polynomials have received considerable attention:

e For chromatic polynomials, the chromatic number of a graph G is simply the least
positive integer that is not a root of its polynomial, and the infamous Four Colour
Theorem can be stated as: 4 is never a root of a chromatic polynomial of a planar
graph. There are many, many results on chromatic roots, that is, the roots of chromatic
polynomials (see, for example, [28, Chapters 12-14]), including that chromatic roots
are dense in the whole complex plane, the closure of the real chromatic roots is [;’—i, 00),

and that the chromatic roots of a graph with maximum degree A are within the disk

{z € C:|z| < 8A}.

e Given a graph GG where vertices are always operational but each edge is independently
operational with probability p, the all-terminal reliability (polynomial) of G is the
probability that all vertices can communicate, that is, the operational edges contain
a spanning tree of the graph. The roots of all-terminal reliability polynomials were
studied first in [17], where it was conjectured that they all lay in the unit disk centered
at z = 1 (the real roots were shown to be in the disk, and the closure of the roots
contained the disk). While the conjecture remained open for approximately 10 years,
it was finally shown [51] to be false, but only by the slimmest of margins (the furthest
a root is known to be away from z = 1 is approximately 1.14 [20]). It is still unknown
whether roots of all-terminal reliability are unbounded.

e The independence polynomial I(G, x) of a graph G is the generating polynomial > 2"
for the number of independent sets i, of each cardinality k. There are many interesting
results about the roots of independence polynomials (cf. [42]), including Chudnovsky
and Seymour’s beautiful paper [21] showing that the roots of independence polynomials
of claw-free graphs (i.e., graphs that do not contain an induced star K 3) are real (and
hence the coefficients are unimodal, that is, nondecreasing, then nonincreasing).

More generally, the roots of polynomials are interesting for a number of reasons. The na-
ture and location of roots can also show relationships among the coefficients, and the regions
that (or do not) contain roots can show interesting structure. For example, if a polynomial
f with positive coefficients has all real roots, then the sequence of coefficients of f is uni-
modal, and extension shows the same is true provided all of the roots of f lie in the sector
{z € C:27/3 < argz < 27/3} (see [16]). Michelen and Sahasrabudhe [49] prove that if a
polynomial A is the probability generating function of a random variable X € {0,1,...,n}
with sufficiently large standard deviation, and the polynomial has no roots “close” to 1, then
X is approximately normally distributed. As yet another example, Barvinok [9] built de-
terministic quasi-polynomial-time approximation algorithms for approximating polynomial
functions using zero-free regions of the complex plane. All of the above have been applied
to various problems on graph polynomials. (We remark that Marden’s book [48] on the
geometry of polynomials is an excellent reference on classical results that we rely on for the
rest of this section. See also 6l 35, [36].)



As noted in [47], the location of the roots of graph polynomials can be indicative of
various properties of the underlying graph. Here we investigate acyclic roots, their location
and moduli, and also the properties of real roots. Our main results are:

(i) If G is a graph of order n > 4 and A(G,x) is of degree 3, then A(G,z) has one real
root and two nonreal roots s and s’ (Theorem [2.6). Furthermore, both s and s’ both
tend to zero as n goes to infinity (Theorem 2.10]).

(ii) The roots of an acyclic polynomial of degree 3 are all in the left half of the complex
plane (Theorem [2.§]).

(iii) There exist graphs with degree 3 acyclic polynomials having real roots of arbitrarily
large modulus (Theorem [2.13)).

(iv) The roots of A(G,x) (of any degree) are all real if and only if G is a forest (Theo-

rem [2.1G)).

(v) There are graphs G of arbitrarily large order n which have a real acyclic root in

[a(n), b(n)] and no acyclic root of modulus larger than |a(n)|, where a(n) = —% 2417

C
and b(n) = —"72 — 2 4 18 (Theorem 219)).

(vi) There are arbitrarily large graphs with acyclic roots which have a positive real part

(Theorem [2.24]).

We begin our investigation of acyclic roots by looking at the roots of acyclic polynomials of
small degree.

2.1 Roots of Acyclic Polynomials of Degree 3

The only graph whose acyclic polynomial is of degree 1 is K;, with polynomial 1 4 x, with
a root at * = —1. Acyclic polynomials of degree 2 are precisely those of Ky (i.e., the
complement of the complete graph of order 2) and complete graphs of order n > 2, and have
the form 1+ nx + (72‘) 22. The acyclic polynomials of degree 2 have roots

—1 N vn?—2n.

n—1 n(n—l)l'

The modulus of each such root is ,/%, which is decreasing, bounded by 1 (and tends to

0 as n — 00).

The roots so far are rather uninteresting, but the situation changes dramatically when
we move to acyclic dimension 3 (see Figure ). This subsection is devoted to such an
investigation. We begin by characterizing when a graph has acyclic dimension 3.

Theorem 2.1. Let G be a graph of order n. Then A(G,x) has degree three if and only if
one of the following holds:

1. G is disconnected and G = K5 or G = K1 U K,,_1 with n > 3.

10



Figure 2: The acyclic roots of all graphs of order 12 with acyclic dimension 3.

2. G is connected and G is the disjoint union of at least two stars, at least one of which
has an edge.

Proof. We begin by showing the reverse direction. First, note that the degree of the acyclic
polynomial of a graph is the sum of the degrees of the acyclic polynomials of its components.

Consider the cases where G is disconnected. If G is K3, then it is clear that A(G, z) =
(z+1)3, so A(G, z) has degree three. If G = K; U K,,_; with n > 3, then, because A(K,z)
has degree one and A(K,_1,x) has degree two, A(G,z) has degree three.

Now suppose G is connected and G is the disjoint union of at least two stars, at least
one of which has an edge. Then G has two vertices that are not adjacent and G has at least
three vertices. Since any set of three vertices, two of which are not adjacent, induces an
acyclic subgraph of G then the degree of A(G,x) is at least three. It remains to show that
any subset S C V(G) with four vertices contains a cycle. We will show this by considering
cases based on how many vertices in S belong to the same component of G.

Suppose S contains at least three vertices from the same component of G. Then two
of these vertices, call them u and v, must be leaves and are therefore not adjacent in G.
Furthermore, both u and v are joined in G to the same vertex and to no other vertex. Thus,
S must contain a vertex that is independent of both v and v in G (i.e., another leaf from
the same component or a vertex from another component of (i) as shown in Figure[Bl Since
S contains three vertices that are independent in G, S contains three vertices that form a
3-cycle G.

Figure 3: Example of G. If vertices u and v are part of S, then a or b must also be part of
S, forming a 3-cycle in G.

If S does not contain three vertices from one component in G, but does contain exactly
two vertices, u and v, from one component, then S must contain two other vertices to which
neither v nor v are joined in G. Thus, these four vertices will contain a 4-cycle in G, as
shown in Figure @l

11



Figure 4: If v and v are from the same component in G, but a and b do not belong to this
star, then these four vertices form a 4-cycle in GG. The dotted lines represent edges that may
or may not exist and the solid red lines show the edges that form a 4-cycle in G.

Lastly, if S contains no more than one vertex from any given component of G, then S
contains four vertices that are all independent in G. These four vertices form K, in G, which
is clearly not acyclic. Thus, S is not an acyclic subset of G.

It follows that any subset of V(G) with at least four vertices must contain a cycle.
Therefore, A(G, x) has degree three.

To show the forward direction, assume G has acyclic dimension at least three (so G has
order n > 3). We divide the proof into two cases based on the connectivity of G.

For the first case, suppose G is disconnected. Recall that the acyclic dimension of G equals
the degree of A(G,x), and since the acyclic dimension of G is the sum of its components’
acyclic dimensions, G cannot have more than three components. If G has three components,
then the acyclic polynomial of each component has degree one. That is, G = K3. Otherwise,
G has two components, with one component (G; having an acyclic polynomial of degree one
and the other Gy degree two. It follows from our previous work that G; = K; and Gy is
complete of order at least 2, that is, Gy = K,,_1,s0 G = K1 U K,,_4.

Now for the second case, suppose G is connected. Notice that G cannot contain an
induced P, for otherwise G would have acyclic dimension at least four. Hence G is a cograph.
Since G is connected on n > 3 vertices, G must be the join of £ > 2 smaller cographs,
Fy,...,F,. Thus G is the disjoint union of Hy = Fy,..., H, = Fj, and without loss of
generality we may assume that Hy,..., Hy are connected. Also notice that Hy, ..., H; must
be cographs since Pj is self-complementary. Suppose — to reach contradiction — that some
H, is not a star.

If H; has a universal vertex u, then two vertices, v, w, both joined to u, must share an
edge, as shown in Figure Bl as H; is not a star. So, u, v, w are three independent vertices in
G. Thus taking u, v, w with any other vertex in G gives an acyclic subset with four vertices
(G must contain another vertex as k > 2). It follows that A(G,z) has degree greater or
equal four, contradicting our assumption that A(G,x) has degree three.

If, on the other hand, H; does not have a universal vertex then H; contains at least four
vertices. Let u be one of these vertices. Then u must be adjacent in H; to another vertex,
v. A third vertex, w, must also be adjacent in H; to one of these two vertices, say v. Note
that w cannot be adjacent to both u and v, as otherwise u, v, w will be an independent set
of three vertices in GG, which will form an acyclic subset of size four with any other vertex in

12
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Figure 5: If H; has a universal vertex u, but is not a star, then two vertices not including w,
for example v and w, must be joined.

G. Without loss of generality, w is joined to v (but not u).

Since v is not a universal vertex, we know that there exists another vertex x in H; that
is not joined to v in H;. If x is joined to either u or w in G, then it is easy to see that
{u,v,w,z} is an acyclic set in G (as the subgraph of G induced by {u,v,w,x} properly
contains a P, as a subgraph), and we have a contradiction. Thus z is joined to both u and w
(but not v). However, in this case {u, v, w, z} is again an acyclic set in G since the subgraph
induced by {u,v,w,z} is Ky U Ky (see Figure [6al). Hence, x is not adjacent to u, v, or w.

Consider a shortest path P in H; from x to the set {u,v,w}. Let y be the last vertex on
this path that is not in {u,v,w}. By the same argument as for x, y is not joined to u or w
in H;, so y is joined to v in H;. In particular, y # x, so there is a previous vertex ' on path
P joined to y (y' could be x). However, then in H;, {u,v,y,y'} properly contains a P, as a
subgraph, as shown in Figure [6b] and hence is acyclic in G, yielding a contradiction. Thus
H,; must be a star.

O—@ ;

(a) If z is joined to uw and w in H;, then  (b) A shortest path P from a vertex x
{u,v,w,x} is an acyclic subset of G. that is not joined to v must include a
The black lines show the edges in H; (noninduced) Py, shown in blue.

(G) and the red shows the edge in H;

(G).

Figure 6: If H; is acyclic, then H; must have a universal vertex.

It follows that G is the disjoint union of stars. Furthermore, one of these stars must have
an edge, as otherwise, G will be the complete graph whose acyclic polynomial has degree
two. O
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As it is now straightforward to recognize graphs whose acyclic polynomials have degree
three, we also wish to be able to find the acyclic polynomial for any one of these graphs. We
already know ag, aq, and as, so this task is equivalent to finding an expression for as.

Theorem 2.2. Let G be a connected graph with order n and suppose A(G,x) has degree
three so that the complement of G is the disjoint union of k stars Hy, Hy, ..., Hy. Let e; be
the number of edges in H;. Then as is given by (n — %) (n—k)— % le e?.
Proof. Suppose S is an acyclic subset of G with three vertices. Then S must contain two
vertices that are not joined. This corresponds to two vertices that are joined in G. Since G
is the disjoint union of k stars, G has n — k edges, i.e.,_Zle e; = n — k. Thus, there are
n — k ways to choose two vertices joined by an edge in G.

Given the vertices of an edge of GG, there are n — 2 ways to choose a third vertex to form
an acyclic subset of G. However, if this third vertex belongs to the same component as the

other two in G, then we have over-counted this subset once. There are (62’) = @ ways
to choose _such a 3-subset in H;.
So, if GG is the disjoint union of stars, then there are
€i(€i — 1)
(n—2)(n—k)—zf
i=1
ways to form an acyclic subset with three vertices. We then obtain
P2 e,
agz(n—2)(n—k)—; —
=20 - Ly e 4 1t
= (N — n — —_ — .
2~ ! 2
k
3 1 9
= (n——) (n—k) —522_;62
O

Of course az < (g) where n is the order of the graph. However, there is a much better
upper bound on a3 for graphs with acyclic dimension 3. To find such a bound, we first make
the following observation:

Lemma 2.3. For fired n and k, if ey, ..., e, are nonnegative reals with Zle e, =n—k,
then
3 1
_ — k) == 2
(n=3) 053
18 mazimized when e, = eg = -+ - = ¢, = "T_k
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Proof. Let u = (eq, ..., ex) and let v be the k-dimensional vector (1,...,1). The well-known
Cauchy-Schwartz inequality states that ||ul|||v|| = u - v with equality if and only if u = av

for some scalar a. So,
k k
S = fupz WV (o)
: )
[ v][? k

i=1
It follows that Zle e? is minimized when u is a scalar multiple of v, that is, when each

e; = ”T_k The result follows. O

This result allows us to find an upper bound on a3 for graphs with acyclic dimension 3

that is an order of magnitude smaller than (g)

Theorem 2.4. The leading coefficient az of an acyclic polynomial for a graph of order n
with acyclic dimension three is at most

n? nv2n — 2 n+ n
\2n — 2 2 2 2n—2

Proof. Let n be fixed. First, if G is disconnected, then either (i) G = K3 with ag =

1 < 3/2 = f(3), or (ii) G is the disjoint union of a single vertex and K,_;, in which case

a3 = (ngl) _ (n—l)z(n—2)

fln) = -

. In the second case, a3 < f(n) is equivalent to

(n? 4+ 2n — 2)v/2n — 2 — 4n? + 4n
24/2n — 2

Clearly the denominator is positive, so we need only check that the numerator is positive as
well. Forn > 9, v/2n — 2 > 4, and the numerator is greater than (n?+2n—2)-4 —4n?+4n,
which is positive. For 3 < n < 8, a simple calculation will verify that the numerator is again
positive. In all cases, we find that ("2+2"_22)%_4"2+4" is positive so az < f(n).
We now assume that G is connected. From Lemma 2.3 we know that for a given k, as

is maximized when each e; = "T_k Thus,

> 0.

Let B(x) =x(1 —n) — % +n?—infor 1 <z <n—1. At the maximum value of B,

dB n?
0=22 1t
dx n 222
So, © = —s— is a critical point of B(z). The second derivative of B is
&*B  n? <0
dz? a3 ’
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Thus, * = —2— is in fact the absolute maximum of B. Therefore,

V2n—2
n 2 . m/2n-2 n n
V2n —2 Van —2 2 2 V2n—2

CL3<B<

(We remark that with more work, one can show that this upper bound is never achieved.)
We shall need as well a lower bound for as, and in this case the bound is tight.

Theorem 2.5. Suppose A(G,z) = azx® + w‘%z + nx + 1 is an acyclic polynomial with
degree three. Then az > n — 2, with equality if G = K,, — e, the complete graph of order

n = 3 minus an edge.

Proof. Let G be an arbitrary graph of order n > 3 with acyclic dimension three. Consider
as well H = K,, —e. The complement of H is the disjoint union of Ky and n — 2 independent
vertices. So, following from Theorem 2.1l A(H,x) has degree three. From Theorem 2.2 the
coefficient of z® in A(H, ) is n — 2. Now clearly G is a spanning subgraph of H. Removing
an edge does not change an acyclic subset to a cyclic subset, so any acyclic subset of H is
also an acyclic subset of G. Thus, G has at least as many acyclic subsets has H. Therefore,
as =>mn — 2. O

We are now ready to explore the roots of acyclic polynomials of degree three. We know
at least one root of A(G,x) lies on the real axis and, for n > 3, there is only one such root.

Theorem 2.6. If G has n > 3 vertices and has acyclic dimension 3, then A(G,z) has one
real acyclic root and two nonreal acyclic roots.

Proof. For a general cubic, az® + bx? + cx + d, the discriminant is defined to be A =
18abed — 4b3d + b*c? — 4ac® — 27a2d?. If A > 0, then the cubic has three distinct real roots,
and if A < 0, the cubic has one real root and two nonreal roots (see, for example, [37]). We
will show that the discriminant of A(G, x) is negative, from which the result follows.

Let

A(G,z) = ax® + @xz +nx+1 (2.1)

with fixed n > 3. Then the discriminant of A(G,z) can be calculated to be

Aa) = 18awn —4 (%)3 + (@)27& — 4an® — 27a®

nb 5nt

1
:_Z+n5_7+ <5a+§) n® — 9an® — 27a*.

To show that A(a) is negative, observe that its derivative with respect to a,

A(a) = 5n® — 9n* — 54a,
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3 3

is negative When a > 6 2 and positive when a <3z 6 . Thus A is increasing to
5,3 _ 1,2

the left of 5 n — 6” and decreasing to the right. Furthermore at a = gn’ — gn”,

n® on o 1 1
A= _on 5( 23— 22 2,3
4+n 4+((54n 6n)+2)n

Forn >9, A < —zn’+ 1n5 én —|— 3 < 0. A quick check verifies that A is negative for
5,3 1 2

n=4,...,8as Well Slnce a = gn’ — ¢n® is a maximum, it follows that A(a) is negative for
all a and for all n > 4. As the discriminant of A(G, z) is negative, we conclude that A(G, x)

has one real root and two nonreal roots. d

Figure 2] seems to suggest that all of the acyclic roots (real or otherwise) are in the
left half-plane. Of course the real acyclic root of any acyclic polynomial is negative (as
the polynomial has positive coefficients and hence is positive on the positive real axis), but
what about the location of the two nonreal roots for acyclic polynomials of graphs of acyclic
dimension three? A polynomial is said to be stable if all its roots lie in the left half-plane.
To prove the stability of acyclic polynomials of degree three, so we will use the Hermite-
Biehler Theorem. To state this theorem, we first define a few terms. A polynomial is real
if each of its coefficients is real. Given a real polynomial f(z) =Y b;a’, then even and odd
polynomials f. and f,, respectively, are given by f.(z) = > byx" and fo(z) = > by 12 (so
that f(z) = fo(2?) + 2 f,(2?)). A real polynomial is standard if and only if it is identically 0
or has positive leading coefficient. Finally, if a; < as <+ < agpand 51 < o < -+ < [y are
reals, then the sequence (aq, ao, ..., ax) interlaces the sequence (81, fa, . .., B¢) if either

l.k=Clanda; < B < <P < <oy < By, or
2. k={l+land oy < i <as <P << B <o

The Hermite-Biehler Theorem (see, for example, [55]) states necessary and sufficient
conditions for a real polynomial to be stable:

Theorem 2.7 (The Hermite-Biehler Theorem for Stability). Define a standard polynomial
to be a real polynomial with a positive leading coefficient (or the zero polynomial). Suppose
f(x) is standard. Write f(z) as f(x) = fo(2?) + zf,(x?). Then f(x) is stable if and only if
the following hold

o f. and f, are standard
e both f. and f, have all real, nonpositive roots
e the roots of f, interlace the roots of f..

Theorem 2.8. If A(G,z) is an acyclic polynomial with degree three, then A(G,x) is stable.
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Proof. First, if G is disconnected then either (i) G = K3, A(G,x) = (1 + ) and the only
root is —1, or (ii) G = K1 U K1, A(G,z) = (1 +2)(1 + (n — 1)z + sz) and the
roots have real part either —1 and or —1/(n — 2). Thus in either case, the roots are all in
the left half-plane, so A(G, x) is stable.

Now we assume that G is connected. Here, we will apply the Hermite-Biehler Theorem.

Since A(G, x) has degree three, for some a3 > 1,

-1
A(G,z) = aza® + sz +nxr+1

2
= fo(z%) + 2f,(2?)
where f, = @ijl and f, = agx +n are the even and odd parts of f, respectively. Both
of these functions are standard, as is f.
Let 7. and 7, be the roots of f. and f, respectively. Then r, = ——2— and r, = — %

n(n—1)
Notice that both r. and r, are real and negative. Furthermore, by Theorem 2.4

as’

2 2 V2n—2
n(n—l)_%>n(n—1)_n _\/27;—2_71 > ot ms

=

2 n 2 n

n® n n V2n—2 1 1

— n+ + R
2 2 \2n — 2 2 2 /2n—-2

Since n > 3, it is clear that N \/271L_2. Hence,
n(n —1) _%>n_2_3_n \/2n—2+1
2 n 2 2 2 2
n?*  3n
2 2
> 0.

Sor, < r. and thus the roots of f, interlace the roots of f.. Therefore, by the Hermite-Biehler
Theorem for stability, A(G, x) is stable. O

What more can we say about the location of the acyclic roots of graphs of acyclic dimen-
sion three? From Figure 2] we see that, in addition to being in the left half-plane, there are
real acyclic roots far to the left, but the nonreal roots seem to be close to the origin. We
shall make both of these observations more precise.

We begin with an observation about the roots of certain cubics that we can apply to
acyclic polynomials.

Lemma 2.9. Let as, a},as, a1, and ag be positive. Suppose

f(l‘) = CL3.§L’3 + a2x2 + a1 + ag

g(x) = asa® + axx® + a1w + ag

have unique real roots r and 1’ respectively. If ag > a, then r > r'.
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Proof. Note that r and " must be negative, and

f(l‘) = CL3.§L’3 + a2x2 + ai1x + ag
= ay2® + ap2® + a1 + ag + azr® — aja?
= g(x) + (ag — aj)a®

Since r is the only real root of f(z) and as,...,ay are all positive, r is the unique place
where f(z) changes from negative to positive. Similarly, 7’ is the unique place where g(x)
changes from negative to positive. Thus, f(r') = g(r') + (a3 — a})(r")® = (az — a4)(r')? < 0,
since az > a}. Therefore, r > 1. O

We will use Lemma[2.9to explain the behaviour of the nonreal roots of acyclic polynomials
with degree three as the order of the graph increases.

Theorem 2.10. Suppose n > 4 and s,s are the nonreal roots of

n(n —1)

A(G,z) = azx® + 5

4+ nx+1,

where A(G, x) is an acyclic polynomial with ag > 1. Then, as n increases, s and its conjugate
5 go to zero.

Proof. We can assume that G is connected (as otherwise G is K7 UK,,_; and its two nonreal
acyclic roots are easily seen to head to 0). Suppose r is the real root of A(G,z) and let /
be the real root of

2 \V2n — 2 —1
f(z) = n? — o _ ven —E+7n xs—l—in(n )x2+n:£—|—1.
\V2n — 2 2 2 \/2n-2 2

As f(x) is of the same form as Equation (2.I) and n > 3, by the same reasoning in Theo-
rem [2.6] 7’ is unique. From Theorem 2.4, we know

et n’  ony/2n-2 n
S V2n —2 2 V2n—2

Thus, from Lemma it follows that r < /. Furthermore, since ' is unique, f(z) will be

negative for x < r’'. At x = —%,

(D) (a2 =) ()

n
2
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For n > 42, it is straightforward to verify that

f(—1)> 42n nv82  9In n

———+1>0

= + - A
8v2n — 2 16 16 8y2n —2

Hence for n > 42, r <r' < —
Now notice that A(G, x) can be factored as follows:

-1 1
2&3 as as

= a3 (2° + (—r — s = 5)2” + (rs + 15+ s5)z — rs5) .

So, —rss = —-. From Theorem 23] a3 > n — 2, and thus |s| =, [ v ‘ag \/755- Asn — o0,

,/ 5 — 0. Hence, sand s — 0. |

We can provide, depending on n, an annulus that contains the acyclic roots of graphs with
acyclic dimension three. To do so, we will use the well known Enestrém-Kakeya Theorem [30),
3g].

Theorem 2.11 (The Enestrom-Kakeya Theorem). Let f(z) = a 2™ + -+ + ayx' + aga® be
a real polynomial with degree greater than one. If r is a root of f(x), then

ap a Uy ag a Uy
min{—o,—l,..., 1}<|r\<max{ 0L, 1}.
ai; Qas ap al a2 Qn
Lemma 2.12. Let G be a graph with n vertices. If v is a root of A(G,z), then % < |rl.

Moreover, if A(G,x) has degree three, then |r| < "(" ;))

Proof As mentloned in the previous section, the Sperner bounds for complexes imply that
n—z—l—l < %=L The term — +1 is at a minimum when ¢z = 1, so “;,1 > . From the

Enestrom—Kakeya Theorem we concude that |r| > 1.
Now suppose A(G z) = 1 + nx + "( nn=b) g2 4 a3x3 has degree three. From Theorem 2.5,

n—2+1 >

as =>n — 2 . Also, n > 3 and thus
a  n(n—1) - 2n a1 1 ag
n—2 2n—2)" nn-1) a n a
By the Enestrom-Kakeya Theorem, we conclude that |r| < ZEZ:;)) O

There are graphs whose acyclic polynomials have degree three and their real roots are
within unit modulus. In particular, if G is the graph of order 2n? (n > 2) whose complement
is the disjoint union of n stars with 2n vertices, then A(G,z) = (4n* — 4n3 — n? + n)a® +

n?(2n% — 1)2* + 2n*z + 1 and max {Z—j, o, Z—‘;} < 1. So via the Enestrom-Kakeya Theorem,
all three roots lie in the unit disk.
However, and more interestingly, we can show that there are graphs with acyclic dimen-

sion three and with real acyclic roots of large modulus.
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Theorem 2.13. There exist graphs with acyclic dimension three that have real acyclic roots
of arbitrarily large modulus.

Proof. Let n > 4 and let GG be the graph K, minus an edge. Then as shown in Theorem 2.5]
A(G,z) = (n—2)2% + "( n=D 42 4 na + 1. Let r be the unique real root of A(G, z).

Note that at z = —5,

=- — 1
g 3 > "

nd  n?
oy
8 2 +

A(G,—E> (n—2n* n3(n—-1) n?

1 > 0. It follows that r < —%, since A (G —%) > 0 and all the

Forn > 4, A ( ,
coeﬂiments of A(G,z) are posrclve Therefore as n — oo, the root r — —oo0.
We remark that A (G, -2 — 1) o —|— + 3 < 0 for n > 4, and so the real root r

)-

8
will lie in (—§ —1,—% O

—3) >
)

2.2 Real acyclic roots

For graphs of acyclic dimension at most three, we have seen that an acyclic polynomial with
all real roots is rare — it only happens for those graphs that are acyclic (so A(G,z) = (1+x)"
and the n roots are all —1). Does this behaviour extend past acyclic dimension three? The
related question of when a particular graph polynomial has all real roots appears difficult.
For example, an important result on independence polynomials, due to Chudnovsky and
Seymour [21], states that the independence polynomials of claw-free graphs have all real
roots, and yet this is far from a characterization of such graphs. There is much known on
real-rooted chromatic polynomials [2§] as well, and there are many examples of such families
(such as the chromatic polynomials of chordal graphs).

Surprisingly, we can precisely characterize graphs that have all real acyclic roots. To
do so, we will need a theorem that provides a necessary and sufficient condition for a real
polynomial to have all real roots. We begin with a definition.

The Sturm sequence of a real polynomial f is the sequence fo = f, f1 = f', fo, ..., fx
where, for ¢ > 2, f; is the negative of the remainder when f; 5 is divided by f;_1, and f is
the last nonzero term in the sequence of polynomials of strictly decreasing degrees. Sturm
proved the following result (see [35] [48]).

Theorem 2.14 (Sturm’s Theorem). Let f be a polynomial with real coefficients and let
(fos f1,- -, fx) be its Sturm Sequence. Let a < b be two real numbers that are not roots of f.
Then the number of distinct roots of f in (a,b) is V(a) — V(b) where V (c) is the number of

changes in sign in (fo(c), fr(c),. .., fx(c)).

The Sturm sequence (fo, fi,. .., fr) of f has gaps in degree if the degree of one term is at
least 2 lower than the preceding one; the Sturm sequence has a negative leading coefficient if
one of the terms does. A consequence of Sturm’s Theorem that is also due to Sturm (again,
see [35], [48]) will be very useful to us (we use the formulation stated in [1§]).
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Corollary 2.15. Let f be a real polynomial whose degree and leading coefficient are both
positive. Then f has all real roots if and only if its Sturm sequence has no gaps in degree
and no negative leading coefficients.

We are ready to characterize graphs with all real acyclic roots.

Theorem 2.16. G has all real acyclic roots if and only if G is a forest.

Proof. We observe first that if G is a forest of order n, then A(G,z) = (1 + x)", which
clearly has all real roots (namely —1 with multiplicity n). We now assume that G is not a

forest, so that it has a cycle. Let g be the order of a smallest cycle in GG, so g > 3. Suppose
that A(G, z) has degree d =n — V(G) < n. Then

AG,x) =1+ <T)x+ (Z):)s2+---+ (gﬁl)l’g_l—l- ((Z) —a) a9+ -+ aga’

where « is a positive integer. It is clear that A(G, z) has all real roots if and only if

fl@) = a"A (G, %)

B L D T B ST oY n—(g-1)
T +<1):)§ +(2>:)§ + +(g_1)a:
+ ((n) — a) R L
g
has all real roots.

We now consider the first few terms of the Sturm sequence of f and show that f = f
does not have all real roots. Since f; = f’, then

£ o= nz"_1+(n—1)(?)x"_2+(n—2)<Z)x"_3+---+(n—(g—l))< " )a;"—g

1
+(n—g) ((Z) — a) 29t (n— d)aga™ ’

r 1 n—2g+1
e B

Now

n n

(5 1)5)

As n —d > 1, the coefficient of "~%"! in f, is clearly nonzero (since 2"~ ¢ is the smallest
power of z in fy that has a nonzero coefficient), so it follows that f; is a nonzero polynomial
of degree at most n — g < n — 3. This clearly implies that the Sturm sequence of f will have
a gap in degree, and hence a nonreal root. We conclude that the acyclic polynomial of G
has a nonreal root as well. O

SO
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A classical theorem of Newton states that if all of the roots of a polynomial with positive
real coefficients are themselves real, then the polynomial’s coefficients are log-concave and
therefore also unimodal (see, for example, [23]). Hence it follows from Theorem that if
G is a forest then the coefficients of A(G,z) are unimodal, although this observation is also
readily apparent from the fact that if G is a forest of order n then A(G,z) = (14 z)™.

Instead of focussing on real roots, we could instead ask which rational numbers arise as
acyclic roots. The answer is rather easy, in that the set of all such roots is {—% :n > 1}
The Rational Root Theorem shows that every root of an acyclic polynomial is of the form
—% for some positive integer k as acyclic polynomials have constant term 1 and have positive
integer coefficients. On the other hand, note that A(K,,,z) = 2nz((1+ 2)" — nz — 1) +
n*z? +2(1+ )" — 1 and hence A(K,,,, —+) = 0.
2.3 Acyclic roots of large modulus

The real acyclic roots of large modulus that we discovered in Section 2.1] had modulus
Q(n), but from calculations it seems that this is far from the true magnitude for graphs in
general. To find (real) acyclic roots of larger modulus, we will examine the complement of
the disjoint union of the star graph S,,_4 of order n — 4 and the cycle C;. We denote this
graph as J, = S,_4 UC,, which we observe is the same as S,_, + Cy; see Figure [1 for an
example of such a graph. This family of graphs may seem to be an arbitrary choice of a
family to examine, but for graphs with order between 5 and 8, the acyclic polynomial of
Sn_4 U Cy has the left-most real root, and the root of largest modulus.

Figure 7: The graph Jjo is the join of Cj (in red) and Ss (in blue). The dotted lines show
the join.

Question 2.17. Let n > 5. Is it the case that the acyclic polynomial of the graph J, has a
real root that is less than the real roots of all other acyclic polynomials of graphs of order n ¢
Moreover, does J,, have the acyclic root of largest modulus for graphs of order n?

We will show that the maximum modulus of the acyclic roots of such graphs is, in fact,
quadratic in n. We begin by first finding the acyclic polynomial of these graphs.
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Lemma 2.18. Letn > 5. The acyclic polynomial of the graph J, is

n? + 5n — 34 2_
x4++x3+n—2nx2+nx+1

Proof. Note that J, = S, 4UC,; = S,,_ 4+ Cy = (K; UK, _5) + 2K,. It is easy to verify

that:
AKHUK, 5,2) = (1+x) <1+(n—5)z+<n;5)x2)
A2Ky,x) = (1+2)!
I(KiUK, 5,2) = (1+2)(1+ (n—>5)x)
12Ky, x) = (14 2z)

Applying Theorem [L.3], we derive that

A((Kl U Kn—S) + 2K2, ZL’) = A(Kl U Kn_g,,l’) + A(2K2, ZL’)
+ (n — 4)1’[(2K2, LE‘) + 4LU](K1 U Kn_5, .CL’)

() w0 -

2
5n — 34 —
= I4+n+2n x3+n2nx2+nx+1

O

Though we cannot show that the acyclic polynomial of .J,, has the minimum real root for
arbitrary n, we can place bounds on the real root that appears to be the minimum.

Theorem 2.19. Let n 6 The acyclic polynomial of the graph J, has a Teal root between
_T"Z — 5+ 17 and =~ — = + 18, and has no root of modulus larger than =& —I— 5—" —17.

Proof. By LemmaZI8, A(J,,z) = ot 42403153 4 nPong? 4 pp 1], Letm = =22 — 50417,
Then

Lo 95 53, 301, 369, 255
A _ - 5 o994 3 9 L
(o) = gn® o g — gt = =gmn® o =t —
When n > 8, we have
1 2
M%mﬁﬂﬁ+mﬁ—§#—%nﬂdu6—%%+1

8 8

_ M, 275 5 2697
= —N —nNn —nNn
8 8 2

> 0.

For n = 6 and n = 7, we can verify that A(J,, m) is positive as well. Hence, for n > 6,

A(Jp, x) is positive when x = _T”Z -2 47
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On the other hand, when M = =~ — 57" + 18, we have

3 319
A(Jp, M) = —Zn5 —3n' + Tn3 + 56n* — 2574n + 5833

and
1
A(Jn, M) = —Z5n4 —12n3 + ¥n2 +112n — 2574.

So, when n > 8,

A'(Jp, M) < —240n* — 768n + %7712 +112n — 2574

= —an — 656n — 2574

< 0.

Thus, A(J,, M) is decreasing when n > 8. At n =8, A(J,, M) = —7207. So, A(J,, M) <0
when n > 8. Again, we can also verify that when n =6 and n =7, A(J,, M) is negative.
It follows from the Intermediate Value Theorem that for n > 6, the acyclic polynomial

A(J,,x) has a real root r such that _7"2 -2 41T <r< _T"Q — 22 4 18. That there is no

root of modulus greater than ”72 + 57" — 17 follows from the Enestrom-Kakeya Theorem. O

2.4 Acyclic polynomials with roots in the right half-plane

Throughout this exposition, all the roots of acyclic polynomials that we have encountered
lie in the left half-plane. This leads us to question whether there exist acyclic polynomials
that have roots with a positive real component.

Instead of directly finding an acyclic polynomial with a root in the right half-plane, we
present a family of graphs with limits of roots in the right half-plane.

First, we make the following definition:

Definition 2.20. Let G and H be two arbitrary graphs. Then G[H] is the graph formed
by replacing each vertex of G by a copy of graph H, and inserting all edges between two
copies of H if and only if the corresponding vertices of G were adjacent (we say that we have
substituted H in for each vertex of G; G[H| is often called the lexicographic product of G
and H).

The following lemma allows us to compute the acyclic polynomial for G[K}] where G is
a complete multipartite graph.

Lemma 2.21. Let G be an arbitrary complete multipartite graph. Then
k
A(G[Ky),x) = A(G  kx) + 1 (G, kx + (2):62) — I(G, kx),

where I(G,x) is the independence polynomial of G.
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Proof. Let H = K}, and let V; and Vg be the vertex sets of G and H respectively so that
the vertex set of G[H] is Vg = Vo x V. Suppose U C Vga) and define support(U) =
{v; : (v;,w) € U for some w}.

Suppose (v1,wy), (ve, we) € U for some vy, ve, wy,wy. If v, vy are adjacent in G, then
(v1,wn), (v2, we) must be adjacent in G[H]. Thus, if U is acyclic, support(U) must be acyclic
as well. Partition the acyclic subsets of G into two sets:

1. The independent subsets of G (all of which are necessarily acyclic)
2. The acyclic subsets of GG that are not independent.

Suppose support(U) belongs to the first set. Then, since no two vertices of support(U)
are adjacent, two vertices (vy,wy), (v, wy) € U are adjacent if and only if v; = vy and
wy is adjacent wy in H. Thus, since H is a complete graph, U is acyclic if and only if,
for every v; € support(U) there exist no more than two vertices in U of the form (v;, w)
for some w. Hence, the contribution of these subsets to the acyclic polynomial of G[H] is
(G, kz+ (5)a?).

If instead support(U) is in the second set, then support(U) must contain two vertices
that are adjacent in G. Because G is multipartite, this means that support(U) does not
contain any isolated vertices. Thus, if there exist two vertices (vq,w1), (v1,w]) € U for some
wy # w) then there must exist a third vertex (ve,ws) € U such that vy is adjacent vy in G.
These three vertices must then all be joined in G[H], forming a cycle. Hence, if U is acyclic,
then for each v; € support(U) there are no two vertices in U each of the form (v;, w) for
some w.

On the other hand, if U is such that for each v; € support(U) there are no two vertices
in U each of the form (v;, w) for some w, then two vertices (vy, w;), (vg, wy) € U are adjacent
if and only if v; is adjacent vy in G. Since support(U) is acyclic, this means that U must
also be acyclic. That is, U is acyclic if and only if for each v; € support(U) there are no two
vertices in U each of the form (v;, w) for some w. Hence, the contribution of the subsets of
the second type to A (G[H],z) is A(G, kx) — I(G, kz).

Therefore, A (G[H],x) = I (G, kx + (§)2?) + A(G, kx) — I(G, kz). m

We can now apply this formula to the lexicographic product of a star graph with a
complete graph. Such are the graphs that will give us acyclic roots in the right half-plane
(and indeed, we prove something stronger about the location of the limits of the roots).

First we present the Beraha-Kahane-Weiss Theorem which will be a useful tool [13]. For
a family of (complex) polynomials {f,(z): n € N}, we say that z € C is a limit of roots of
{fu(x): n € N} if there is a sequence {z,: n € N} such that f,(z,) = 0 and 2z, — 2z as
n — oQ.

Theorem 2.22 (The Beraha-Kahane-Weiss Theorem). Suppose
(@) = ar(@)A) (@) + -+ an(@)A¢ (2)

where the a;’s and the \;’s are polynomials in x such that no «; is the zero function and for
no i # j does \; = w\; where |w| = 1. Then z is a limit of roots of fn if and only if either
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1. for some £ =2, |\, (2)] = [N, (2)] = -+« = [N, (2)| > |Nj(2)] for all j # i1,i0,... 0, or
2. for some i, a;(2) = 0 and for each j # i, |\;(2)] > |A;(2)].

For the following result, we remind the reader that a limacon is a plane curve of the form
r=acos £borr=asinf+b.

Theorem 2.23. Suppose G = K ,_1[K>] is the lexicographic product of a star graph K ,—1

and the complete graph K5. Then asn — oo, the roots of A(G, x) approach a circle of radius

% centered at —% and the truncated limacon given by r = v/2 — 2cos @ with T<0< %’r n

the complex plane.

Proof. We have the following equations:

A(Kl,n—la ZE') = (1 + z)n
I(Kyp1,2)=(1+2)" ! +2.

Thus, from Lemma 2.27]

A (Kl,”—l[Kﬂv LE‘) = A(Kl,n—h 235) + I(Kl,n—h 2x + LE‘2) — I(Klm—lu 2LU)
= (1422)"+(1+204+2>)" '+ 2z +2% — (1+22)" ' — 2
= 22(1 4+ 22)" ' + (1 4+ 2)2)""" +2°
=22(1 + 22)N + ((1 + x)2)N 4 22

where N =n — 1. Let

ap(x) =2z M(z) =142z
ag(r) =1 Ao(z) = (1 +2)?
asz(x) = 2? A3(z) =1

so that
A (K n[Ka], ) = an(2)AY () + ao(2) A (2) + as(z) Xy (z).

From the Beraha-Kahane-Weiss Theorem, z € C is a limit of roots of A (K n[K>], z) if
and only if one of the following hold:

L (a) [M(2)] = [A(2)] = [As(2)], de., [M(2)] = [Aa(z)] = 1
(b) [A(2)] = [Xs(2)] > [Aa(2)], ey [Ai(2)] =1 > [Aa(2)]
(©) [A2(2)] = [As(2)] > [Mi(2)], d.e., [Xa(2)] =1 > [Ai(2)], or
(d) [Ai(2)] = [X2(2)] > [As(2)], ies [Aa(2)] = [Aa(2)] > 1
2. (a) [Ai(2)] > max{|Xa(2)], [As(2)[}, de., M (2)] > max{|Aa(2)], 1}, and a(2) =

=

| 0
Xo(2)] > max{|\1(2)[,|A3(2)|}, i-e., |A2(2)| > max{|\i(2)],1}, and ay(z) =0, or
A3(2)] > max{|A1(2)], | 2(2)|}, i-e., 1 > max{|\(2)], |[\2(2)]}, and a3(z) =0
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It is easy to check that all of cases 2a, 2b and 2c lead to contradictions, so if z is a limit
of roots, it must satisfy one of the conditions in case 1.

Case 1la is satisfied if and only if 1 = |1 + 2z| and 1 = |1 + z|?, i.e., when z lies on both
the circle of radius % centered at —% and on the circle of radius 1 centered at —1. These two
circles only intersect at the origin, as shown in Figure [§ Thus, z = 0 is the only limit of

roots fulfilling case 1a.

Figure 8: The circle of radius 1 centered at —1 (in red) and the circle of radius % centered
at —3 (in blue).

Next, z satisfies case 1b if and only if 1 = |1 + 22| and 1 > |1 + z|. That is, when z lies
on the circle of radius % centered at —% and z lies in the open circle of radius 1 centered at
—1. As shown in Figure [8 the circle of radius % centered at —% is entirely contained within
the circle of radius 1 centered at —1, except for the point at the origin. However, z = 0 is
also a limit of roots from case la. So, z is a limit of roots satisfying case la or case 1b if and
only if z lies on the circle of radius % centered at —%.

If z satisfies case 1c, then 1 = |1+ 2| and 1 > |1+2z|. This means that z lies on the circle
of radius 1 centered at —1 and in the open circle of radius % centered at —%. However, the
circle of radius % centered at —% is entirely contained within the circle of radius 1 centered
at —1, so this is a contradiction. Hence, there is no z that satisfies case 1c.

Finally, z satisfies case 1d if and only if |1 + 22| = |1 + 2|* and |1 + 22| > 1. Since
|1+2z| > 1, z must lie outside the circle of radius 1 centered at —1. Furthermore, |14 22| =
|1+ z|? if and only if |1 + 2z|*> = |1 + z|*. Letting z = a + bi with a,b € R, we have,

11+ 2212 = (1+2a)? + (20)* = 1 + 4a + 4a® + 4b*
and
142 = ((1+a)? +8°)° = 1+ 6a° + a* + b* + 4a + 20> + 4a® + 4ab? + 242",
So,

1+ 4a + 6a® + 40 = 1 + 4a® + a* + b* + 4a + 2% + 40> + 4ab® + 2a°V°.
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Rearranging this expression, we get
2a° + 2b° = 4a® + a* + b* + 4a® + 4ab® + 2a*0* = (a® + V* + 2a)*.

This equation describes a limacon. Thus, z is a limit of roots satisfying case 1d if and only
if z lies on the limagon in the complex plane whose equation in Cartesian form is

V22 (a? + b?) = (a? + b* + 20)2.

and outside the circle of radius ; centered at —3 (see Figure [).

Figure 9: The limacon given by v/2(a? + b?) = (a2 + b* + 2a)? (in red) and the circle of

radius £ centered at —3 (in blue).

In polar form, the equation of this limacon is r = v/2 — 2cos#. So, z is a limit of roots
satisfying case 1d if and only if z lies on the curve given by r = v/2—2 cos @ with T<0< %’r,
shown in Figure [I0.

Since z is a limit of roots if and only if z satisfies one of cases la, 1b, 1c, or 1d, z is a

limit of roots if and only if z lies on the circle of radius 1 centered at —% (as in cases la
and 1b) or on the curve given by r = v/2 — 2cosf with T < 6 < IX (as in cases la and 1d).
These limits of roots are shown in Figure [Tl O

With this strong result, we can prove that we are guaranteed that there exist acyclic
polynomials with roots in the right half-plane.

Theorem 2.24. For all sufficiently large n, A (K;,-1[K>3], x) has a root with a positive real
part.

Proof. From Theorem 2231 we know that for large enough n, there exists a root of
A (K, _1[Ky], ) arbitrarily close to the truncated limagon given by r = v/2 — 2 cos§ with
<<

Take 6 = - Then r = v/2 — 2 cos (%) =1v2-1. So (\/5 -1, %) is a point on this curve.
In Cartesian coordinates, this means x = rcosf = %

Hence there exist roots of A (K ,_1[K3], ) whose real components are arbitrarily close

to @ Since @ > 0, there must exist positive roots of A (K ,—1[K3], z) for some n. O
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Figure 11: The limits of roots of A (K ,_1[K5], x).

3 Discussion and Open Problems

The results of the previous section point to two types of open problems — those that talk
about the coefficients of acyclic polynomials, and those that talk about the location and
nature of the acyclic roots — and the problems are not unconnected.

In Section [2.J] we characterized those graphs having acyclic polynomials of degree 3, and
as well we studied the coefficients and roots of their acyclic polynomials. For higher degree
we can ask:

Question 3.1. For fized acyclic dimension Y(G) > 4, is there a characterization of graphs
G with acyclic polynomials of degree Y(G)?
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3.1 Unimodality

Recall that a real polynomial f(x) = ¢y + 1z + cow? + -+ - is said to be unimodal if there
exists an integer ¢ such that ¢ <c¢; <--- <1 < ¢ and ¢ = 1 = ¢yo = ---. Clearly
A(G, x) is unimodal in cases when G is a tree or a complete graph.

Graphic polynomials (that is, generating functions for the acyclic edge sets) were recently
proved to always be unimodal [5 15 [41], thereby settling what had been an outstanding
conjecture for matroids in general for many years. Domination polynomials of graphs have
also been conjectured to be unimodal (see [3] as well as [11] for some recent progress).

For the acyclic polynomial, it is not true that A(G,z) is unimodal for every graph G.
When m > 20, the acyclic polynomial A(K,, + Kg,z) is not unimodal because a3 < ay and
as < ay4. For example, observe that A(Ky + Kg,2) = 1 + 262 + 32522 + 3202 + 4152* +
30625 + 12125 + 2027. As another example of a class of graphs with acyclic polynomials
that are not unimodal, let H be complement of the join of a disjoint 4-cycles, and let G =
H+Ky. So A(G,z) =1+ (da+b)z+ ()2 + () +4()a + 4ab + 4a + da(da — 4)) 2° +
((Z) + 4(3)@ + a) xt + 2?25 (((i’) + 4(2._171)@) xl) Observe that when @ > 6 and b = 8,
A(G, z) is not unimodal (because a4 is less than a3 and as). We ask:

Question 3.2. Which classes of graphs have unimodal acyclic polynomials? And which ones
do not?

Inspired by questions about unimodality of independence polynomials of trees [I] and of
bipartite graphs [43], we ask:

Question 3.3. If a graph G is bipartite then is A(G,x) unimodal?

As pointed out by one of the referees, the entire setting for acyclic polynomials can be
embedded in a much broader setting. Suppose that H is a hereditary class of graphs, that is,
one closed under induced subgraphs (and isomorphism). For a graph G we can analogously
define a generating function Py (G, z) = Y 2, where the sum is taken over all vertex subsets
S of V(G) that induce a subgraph in H (when G consists of a forest, Py (G, z) = A(G, x)).
A number of the results we have presented for acyclic polynomials can be carried over — in
particular, that of Theorem 2.16, when a graph has all real acyclic roots (see [46]). In this
light, it would also be interesting to find a hereditary family H for which Py (G, x) always
has unimodal coefficient sequences, but may have nonreal roots.

3.2 Location and nature of acyclic roots

A well known theorem due to Newton (see, for example, [23]) states that if a polynomial
with positive coefficients has all of its roots real (and on the negative real axis), then its
coefficient sequence is unimodal. This result highlights the fact that the nature and location
of the roots can inform the unimodality of the coefficient sequence of a real polynomial. In
Section [2.4] we showed that for large enough n, the graph K ,_;[K3] has an acyclic root in
the right half-plane. This is not the only class of graphs with this property. When m > 18,
we find that A(K,, + K, z) = L+ (m + 6)x + ("F%)2? + (15m + 20)2° + (20m + 15)2* +
(15m + 6)2° + (6m + 1)2° + ma” also has roots in the right half-plane. These examples lead
us to ask:
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Question 3.4. If a graph G has an acyclic polynomial that is not unimodal, then does it
have acyclic roots in the right half-plane?

Continuing on the topic of acyclic roots, we pose the following problems:

Question 3.5. What can be said about the nature and location of the roots of acyclic poly-
nomials of degree 4 and higher?

Question 3.6. Are there open sets in C that are free of acyclic roots? What is the closure
of the acyclic roots? Is the closure of the real acyclic roots equal to (—oo,0]?

Question 3.7. What is the maximum modulus of an acyclic root of a graph of order n?
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