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ABSTRACT In this paper, we study the optimal cooperative beamforming problem in the amplify-and-
forward (AF)multi-user andmulti-relay networks, which face the challenges of rapid node number variations
and per-node power limits. To achieve extra diversity gain, direct-link (source-to-destination) and distributed
relay-link signals are jointly exploited. The optimal cooperative beamforming problem is formulated as
the maximum relay transmit power minimization problem, subject to per-relay transmit power and the
minimum destination signal-to-noise ratio (SNR) constraints. Since the problem is non-convex, we introduce
a phase-regulation (PR) method to transform the non-convex problem into a tractable second-order cone
programming (SOCP) problem. It is demonstrated that the proposed method can provide much more
robustness against node number variations in terms of worst-case convergence rates than the Lagrange dual
and the successive convex approximation (SCA) methods. Furthermore, the closed-form expressions of two
necessary feasibility conditions are derived, by which the infeasible channels can be identified and excluded.
Consequently, computational costs are reduced. The equivalence of the proposed Necessary Condition I
(NC1) and the signal-to-interference ratio (SIR) condition is proved theoretically and numerically. The
proposed Necessary Condition II (NC2) has a lower upper-bound than the SIR condition, thus reducing
more computational costs. This method is applicable to both direct-link and non-direct-link scenarios.

INDEX TERMS Cooperative beamforming, multiuser, multirelay, direct link, robust, feasibility.

I. INTRODUCTION
With the proliferation of wireless sensor networks (WSN),
machine-to-machine (M2M) communications and Internet
of Things (IoT), reliable low-rate wireless communica-
tions among self-sustained nodes, which are equipped with
low-complexity hardware and limited batteries, are highly
demanded. Cooperative relaying is regarded as a promising
candidate to enhance reliability, coverage and capacity of
those networks. Due to the broadcast nature of wireless chan-
nels, nodes can share their power, bandwidth and antennas
with their neighbors to obtain cooperative diversity [1]–[3].

A. RELATED WORKS AND MOTIVATION
Most previous works on cooperative beamforming ignore
direct-link signals, due to obstacles or severe attenuation.

The associate editor coordinating the review of this manuscript and
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In [4], the optimal beamforming problem of an AF multi-
user multi-channel relaying system is studied. Because
the original problem is non-convex, the authors transform
its Lagrange dual problem into a semidefinite program-
ming (SDP) counterpart. Nevertheless, the optimal beam-
forming vectors need to be calculated from the optimal dual
variables. Although [5] considers a multi-user multi-relay
network and the optimal problem is solved with an alternat-
ing optimization method, the cooperative beamforming prob-
lem is not investigated. In [6], a joint power-allocation and
optimal relay beamforming algorithm is introduced to max-
imize the weighted sum-rate for non-orthogonal multiple-
access (NOMA) AF relay systems. The non-convex optimal
beamforming problem is solved via the successive convex
approximation (SCA) method. In [7], an artificial noise aided
beamforming scheme for a full-duplex AF relay network in
the presence ofmultiple untrusted energy harvesting receivers
is presented. The optimization problem is also solved via the

VOLUME 10, 2022 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ 51221

https://orcid.org/0000-0001-5874-6735
https://orcid.org/0000-0001-7643-2342


X. Ding, Y. Wang: Robust Cooperative Beamforming and Its Feasibility Analysis in Multiuser Multirelay Networks

SCA method, which is employed in [8] as well. In [9], a joint
relay selection and power allocation method is developed
to maximize the instantaneous secrecy rate for millimeter
wave (mmWave) relaying systems. Directional beamform-
ing is utilized to compensate the pathloss attenuation. The
secure communications between the source and destination
are assisted by an untrusted relay in the presence of pas-
sive eavesdroppers. Besides the above works, [6], [7], [10]
and [11] also assume that there are no direct links between
the sources and destinations. Although direct-links are taken
into account in [12] and [13], multi-relay cooperative beam-
forming is not discussed.

Very recently, AF relaying techniques are usually investi-
gated in Rayleigh fading channels. In [14], a cooperative jam-
ming scheme is proposed for three-hop AF relaying networks
where the data can be confidentially communicated from one
source to one destination through multiple untrusted relays.
All the source-to-relay (S-R), relay-to-relay (R-R) and relay-
to-destination (R-D) links are modeled as Rayleigh fading
channels. Reference [15] studies the block error rate (BLER)
of short-packet communications (SPC) in an AF relaying sce-
nario in the presence of channel estimation errors and hard-
ware imperfections. Both Nakagami-m and Rayleigh fading
channels are investigated in the S-R and R-D links. The S-R
and R-D links are also modeled as Rayleigh fading channels
in [16]. Additionally, direct links are also not considered in
the above works.

Furthermore, although optimal beamforming problems are
discussed in many works, feasibility conditions are rarely
studied [17]–[21]. In [22], the distributed beamforming prob-
lem inmulti-user andmulti-relay networks with direct links is
studied. However, feasibility conditions are not investigated
either.

B. CONTRIBUTIONS
In this paper, we propose a computationally efficient coop-
erative beamforming approach with robustness against rapid
variations of node number.

• In contrast to theworksmentioned above, direct-link and
relay-link signals are jointly exploited to formulate the
cooperative beamforming problem. Thus, the proposed
method is applicable for both direct-link and non-direct-
link scenarios. Moreover, the S-R and R-D links are
modeled as Rician fading channels and the source-to-
destination (S-D) links are modeled as Rayleigh fading
channels to evaluate the proposed method.

• We introduce a phase-regulation (PR) method to trans-
form the non-convex optimal beamforming problem into
a SOCP problem, which can be easily solved with
interior-point methods. The closed-form expression of
theworst-case convergence rate of the proposemethod is
derived. It is demonstrated that the proposed method can
provide much more robustness against user-pair/relay
number variations than the Lagrange dual and SCA
methods.

FIGURE 1. Transmissions of multiple S-D pairs via multiple orthogonal
subchannels in AF multi-relay networks with direct-links.

• The closed-form expressions of two necessary feasibil-
ity conditions, NC1 and NC2, are derived to reduce
computational costs. The equivalence of the proposed
NC1 condition and the SIR condition in [4] is proved
theoretically and numerically. The proposed NC2 con-
dition has a lower upperbound than the NC1 and SIR
conditions, thus reducing more computational burdens.

C. NOTATIONS
1) NOTATIONS
I denotes Identity Matrix. (·)∗, (·)T and (·)H denote the com-
plex conjugate, the transpose and the Hermitian operators
respectively. E[·] denotes the expectation. ei denotes a 0
vector except a one as the ith element. diag(a) denotes a
diagonal matrix with the elements of vector a as diagonal
elements. [·]i,j denotes the (ith, jth) element of a matrix. �
denotes Hadamard product. | · | and || · || denotes the absolute
value and Euclidean norm respectively. λmin (·) and λmax (·)
denote the minimal and maximal eigenvalue of a matrix.

II. SYSTEM MODEL
We consider a two-hop multi-user and multi-relay AF coop-
erative network where self-sustained nodes need to transmit
reliable low-rate data to each other. This scenario presents
in WSN, IoT, industrial IoT (IIoT) and M2M networks.
Owing to the limits of battery and hardware complexity of
nodes, high-complexity communication algorithms are not
affordable. Because spectrum resources are relatively suf-
ficient in those scenarios, the channel can be divided into
multiple orthogonal subchannels to improve communication
reliability by avoiding mutual interferences. The AF protocol
is utilized to extend coverage and/or improve communication
reliability.

As shown in Fig. 1, this network consists of M user-pairs
{(Sm,Dm)|1 ≤ m ≤ M}, N relays {Rn|1 ≤ n ≤ N } and
M orthogonal subchannels {Lm|1 ≤ m ≤ M}. Each user-
pair is assigned to one orthogonal subchannel. The problem
that the user-pair number exceeds the available subchannel
number, can be addressed by round-robin or random access
subchannel allocation methods.

Data transmissions are divided into two phases. In the
first phase, each source Sm broadcasts data to the paired
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TABLE 1. Symbol list.

destinationDm and theN relays through assigned subchannel
Lm. Thus, the channel is composed ofM orthogonal broadcast
subchannels (BC). In the second phase, the N relays amplify
the M received signals respectively and forward them to the
paired destinations on their own subchannels respectively.
Thus, the channel is composed of M orthogonal multiple
access subchannels (MAC). Specifically, in the BC phase,
the subchannel Lm consists of one source to destination link
Sm − Dm and N source to relay links Sm − Rn, 1 ≤ n ≤ N .
In theMAC phase, the subchannel Lm only consists ofN relay
to destination links Rn − Dm, 1 ≤ n ≤ N .

A. ASSUMPTIONS
It is assumed that each node is equipped with a single antenna
and operates in a half-duplex mode. The second hop channel
state information (CSI) is available to all relays. Thereby,
the distributed optimal beamforming can be employed. All
destinations have the same SNR requirement γ0. Each relay
is constrained with the same transmit power budget PR. The
channel coefficients are assumed to be quasi-static. Assuming
that line-of-sight (LoS) links exist for S −R and R−D links.
Then, the S−R and R−D links are modeled as Rician fading
channels, and S − D links are modeled as Rayleigh fading
channels. Noises are i.i.d.

In the BC phase, the received signal atDm through Sm−Dm
link can be expressed as

ysd,m = hsd,mxm + nsd,m (1)

where xm is the broadcast signal of Sm on Lm with transmit
power PS . Assuming that all sources have the same transmit
power, i.e., E[|x1|2] = · · · = E[|xM |2] = PS . hsd,m is the
subchannel coefficient of direct link Sm−Dm. nsd,m is a zero-
mean complex additive white Gaussian noise (AWGN).

Meanwhile, the received signal at relay Rn through relay
link Sm − Rn can be expressed as

ysr,m,n = hsr,m,nxm + nsr,m,n (2)

where hsr,m,n is the Rician subchannel coefficient of link
Sm − Rn. nsr,m,n is a zero-mean complex AWGN noise.

Subsequently, the N received signals of the N relays
can be jointly written in a vector form as ysr,m =

[ysr,m,1, · · · , ysr,m,N ]T

ysr,m = hsr,mxm + nsr,m (3)

where hsr,m = [hsr,m,1, · · · , hsr,m,N ]T is the Rician subchan-
nel coefficient vector. nsr,m = [nsr,m,1, · · · , nsr,m,N ]T is the
AWGN noise vector with nsr,m ∼ CN (0, σ 2

srIN ).
In the MAC phase, the N received signals of the N relays

are amplified respectively with the beamforming weights{
wm,n|1 ≤ n ≤ N

}
and forwarded via subchannel Lm. Then

the received signal at Dm in the MAC phase is

yrd,m =
N∑
n=1

hrd,m,n · wm,n · ysr,m,n + nrd,m

= hTrd,m
(
wm � ysr,m

)
+ nrd,m

= hTrd,mWmhsr,mxm + hTrd,mWmnsr,m + nrd,m (4)

where hrd,m = [hrd,m,1, · · · , hrd,m,N ]T denotes the Rician
subchannel coefficient vector of R1−N − Dm links. wm =

[wm,1, · · · ,wm,N ]T is the distributed relay beamforming vec-
tor and Wm = diag(wm). nrd,m is a AWGN noise.
The two signals, received in the BC and MAC phases

respectively, at Dm can be jointly written in a vector form[
ysd,m
yrd,m

]
︸ ︷︷ ︸

ym

=

[
hsd,m

hTrd,mWmhsr,m

]
︸ ︷︷ ︸

h

xm +
[

0 1 0
hTrd,mWm 0 1

]
︸ ︷︷ ︸

B

nsr,mnsd,m
nrd,m


︸ ︷︷ ︸

n
(5)

Accordingly, the SNR γm of Dm can be written as

γm =
E ‖hxm‖2

E ‖Bn‖2

=

PS
∣∣hsd,m∣∣2 + PS ∣∣∣hTrd,mWmhsr,m

∣∣∣2
σ 2
sr

∥∥∥hTrd,mWm

∥∥∥2 + σ 2
rd + σ

2
sd

=
PS
∣∣hsd,m∣∣2 + PS ∣∣hTmwm

∣∣2
σ 2
srwH

m3γ,mwm + σ
2
rd + σ

2
sd

≥ γ0 (6)

where hm = hsr,m � hrd,m, 3γ,m = diag(hrd,m � h∗rd,m) is a
N × N dimensional real-valued diagonal matrix.
The transmit power of relay Rn can be written as

Pn =
M∑
m=1

E
[∣∣wm,nysr,m,n∣∣2]

=

M∑
m=1

(
PS
∣∣wm,nhsr,m,n∣∣2 + σ 2

sr

∣∣wm,n∣∣2)
=

[
W3P,nWH

]
n,n
≤ PR (7)
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where W = [w1, · · · ,wM ] is the beamforming matrix.
Hsr = {hsr,m,n}N×M = [hsr,1, · · · ,hsr,M ] is the channel coef-
ficient matrix from the M sources to the N relays in the BC
phase. 3P,n = PSdiag(HT

sren �HH
sren)+ σ

2
srIM is a M × M

dimensional real-valued diagonal matrix.

III. OPTIMAL BEAMFORMING
In order to save relay transmit power and to meet the mini-
mum SNR requirements of the destinations in AF multi-user
and multi-relay networks, we formulate the distributed coop-
erative beamforming problem as the maximum relay transmit
power minimization problem subject to relay transmit power
and destination SNR constraints.
The original problem can be formulated as

P0 :


min
W,p

p

s.t. γm ≥ γ0 0 ≤ m ≤ M
Pn ≤ p ≤ PR 0 ≤ n ≤ N

(8)

where γm and Pn are defined in (6) and (7) respectively.

A. SOCP PROBLEM FORMULATION
When the direct-link signal ysd,m alone can satisfy the SNR
requirement of Dm, there is no need for the relays to for-
ward signals to Dm in the MAC phase. The mathematical
expression can be written as |hsd,m|2γS ≥ γ0, γS = PS/σ 2

sd .
We name the above inequality as direct-link green (DLG)
and name |hsd,m|2γS < γ0 as direct-link red (DLR). Since
hsd,m obeys complex Gaussian distribution, |hsd,m|2 obeys
exponential distribution. The probabilities of the DLG and
DLR can be expressed respectively as follows

Pr {DLG} = e
−

γ0
λ2sd γS

r {DLR} = 1− Pr {DLG} = 1− e
−

γ0
λ2sd γS (9)

Because the MAC phase transmissions are omitted in the
DLG cases, we particularly discuss the optimal cooperative
beamforming problem in the DLR cases. By substituting the
DLR inequality into (6), we have

γm =
PS
∣∣hTmwm

∣∣2
σ 2
srwH

m3γ,mwm + σ 2
m

=
PSwH

mh
∗
mh

T
mwm

σ 2
srwH

m3γ,mwm + σ 2
m
≥ γ0 0 ≤ m ≤ M (10)

where σ 2
m = σ

2
rd + σ

2
sd −

PS |hsd,m|
2

γ0
> 0. The non-direct-link

scenarios are the special cases where σ 2
m = σ

2
rd .

Since the function on the left-hand side of the inequality in
(10) is non-convex, P0 is a non-convex problem. Therefore,
we propose the phase-regulation (PR) method to transform
the non-convex SNR constraints into second-order cone con-
straints [23]. The details are shown as follows.

Suppose that matrix Ŵ ∈ CN×M is a feasible point of P0.
And we construct a phase regulating matrix8 ∈ CN×M with
the (nth,mth) element [8]n,m = ejφn,m , where 0 ≤ φn,m ≤ 2π

is an arbitrary phase for any 1 ≤ n ≤ N and 1 ≤ m ≤ M .
Then we compose the matrix W as

W = 8� Ŵ =

 ejφ1,1ŵ1,1 · · · ejφ1,M ŵ1,M
...

. . .
...

ejφN ,1ŵN ,1 · · · ejφN ,M ŵN ,M

 (11)

Substituting W and Ŵ into both (7) and (10), we have the
following equations

M∑
m=1

(
PS
∣∣ŵm,nhsr,m,n∣∣2 + σ 2

sr

∣∣ŵm,n∣∣2)
=

M∑
m=1

(
PS
∣∣∣ejφn,mŵm,nhsr,m,n∣∣∣2 + σ 2

sr

∣∣∣ejφn,mŵm,n∣∣∣2)

=

M∑
m=1

(
PS
∣∣wm,nhsr,m,n∣∣2 + σ 2

sr

∣∣wm,n∣∣2) (12)

and

PS
∣∣hTmŵm

∣∣2
σ 2
sr ŵH

m3γ,mŵm + σ 2
m

=
PS
∣∣hTm8m � ŵm

∣∣2
σ 2
sr
(
8m � ŵm

)H
3γ,m

(
8m � ŵm

)
+ σ 2

m

=
PS
∣∣hTmwm

∣∣2
σ 2
srwH

m3γ,mwm + σ 2
m

(13)

where 8m, ŵm and wm are the mth column of 8, Ŵ and W
respectively.

It means that we can regulate8 to guarantee hTmwm ≥ 0 for
any 1 ≤ m ≤ M while both (7) and (10) are satisfied.
Thus, the non-convex SNR constraints in (10) can be recast
as second-order cone constraints as follows√

PS
γ0

hTmwm ≥

∥∥∥∥∥ σsr3
1
2
γ,mwm
σm

∥∥∥∥∥ 0 ≤ m ≤ M (14)

The second-order cone constraints can be written in gener-
alized inequality form [24] as

√
PS
γ0

hTmwm

σsr3
1
2
γ,mwm
σm

 �K 0 0 ≤ m ≤ M (15)

where generalized inequality �K :
[
z
z

]
�K 0⇔ ||z|| ≤ z.

Then we can recast the original problem P0 as a second-
order cone programming (SOCP) problem and express it as a
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conic form problem as follows [23], [24]

P1 :



min
W,p

p

s.t.


√

PS
γ0
hTmWem

σsr3
1
2
γ,mWem
σm

 �K 0 0 ≤ m ≤ M

[ √
p

3
1
2
P,nW

T en

]
�K 0 0 ≤ n ≤ N

0 ≤ p ≤ PR
(16)

Thus, the SOCP beamforming problem is formulated.

B. COMPLEXITY ANALYSIS
Hereafter, we analyze the complexity of the proposed SOCP
problem in (16). It can be seen that the optimal problem of
(16) hasM destination SNR constraints and N relay transmit
power constraints. Therefore, the per-iteration computational
complexity of the proposed problem is O(MN ). This SOCP
problem can be efficiently solved via interior-point method
software packages such as SeDuMi. The computational com-
plexity of the proposed SOCP problem is lower than that of
the SDP problem in [4].

C. WORST-CASE CONVERGENCE ANALYSIS
In order to evaluate the robustness against node number
variations of the proposed method, we use the convergence
theory in [24] to analyze the worst-case convergence rate of
the formulated SOCP problem.

According to [24], the expression of the worst-case con-
vergence rate is given by⌈

log
(
θ̄/t (0)ε

)
logµ

⌉
·

(
θ̄ (µ− 1−logµ)

γ
+ c

)
(17)

where θ̄ is the sum degree of the optimal problem. ε is
the duality gap, i.e., p − po ≤ ε. po is the optimal value.
p decreases by at least γ at each inner iteration. t sets
the approximation accuracy between the logarithmic barrier
function and indicator function. t (0) is the initial value of t . µ
is the outer iteration factor for t (i+1) = µt (i). c is the constant
indicating the tolerance of the Newton Method.

The sum degree of the proposed SOCP problem can be
derived as follows

θ̄SOCP = 2(M + N )

To demonstrate the superiority of the proposed method,
the worst-case convergence rate of the proposed method is
compared with the counterparts of the Lagrange dual method
and the SCA method. The approach to transform the original
problem into a SDP problem can refer to [4]. We ignore
the computations of the optimal beamforming vector of the
Lagrange dual SDP problem, so that the worst-case con-
vergence rates of the SOCP problem and the SDP problem
can be compared straightly. Even though the complexity of

the Lagrange dual method is underestimated, the proposed
SOCPmethod has lower worst-case convergence rate than the
Lagrange dual and the SCAmethods. The details are given in
the section of Numerical Results.

IV. FEASIBILITY ANALYSIS
An optimal problem is infeasible if there is no point can
satisfy all the constraints. Accordingly, the formulated beam-
forming problem is infeasible, if the destination SNR and
relay transmit power constraints can not be met simultane-
ously. In this condition, we investigate the necessary feasibil-
ity conditions to identify and exclude those infeasible channel
coefficients. Thus, computational burdens can be reduced.

A. NECESSARY CONDITION I
When there is no transmit power constraint pm,n on the mth
subchannel of Rn, a necessary feasibility condition of the
beamforming problem is derived.
Lemma 1: For a matrix A, a nonsingular positive definite

matrix B and a real constant β, the eigenvalue λ (A− βB) ≤
0 iff λ(B−1A) ≤ β.

Proof: According to the properties of the general-
ized Rayleigh quotient, when λ(B−1A) ≤ β, we have
λ(B−1A) = λ[A,B] ≤ β. λ[A,B] is the generalized eigen-
value of the pencil [A,B] and λ(B−1A) is the eigenvalue of
the matrix B−1A.
Consequently, the generalized Rayleigh quotient can be

written as

r (x) =
xHAx
xHBx

≤ β ∀x (18)

Since B is nonsingular positive definite, we have

xH (A− βB) x ≤ 0 ∀x (19)

which means λ(B−1A) ≤ β ⇒ λ (A− βB) ≤ 0.
Reversely, the proof holds.
Proposition 1: That Gm = γ0σ

2
sr3γ,m − Psh∗mh

T
m is not

positive definite, i.e., the minimum eigenvalue of Gm is no
larger than zero, is a necessary feasibility condition of the
cooperative beamforming problem (8).

Proof: Because σ 2
srw

H
m3γ,mwm+σ

2
m > 0, the inequality

in (10) can be reformulated as

wH
m

(
γ0σ

2
sr3γ,m − Psh

∗
mh

T
m

)
wm + γ0σ

2
m ≤ 0 (20)

It can be seen that whenGm is positive definite, the inequal-
ity (20) never holds. Conversely, (20) holds only if Gm is not
positive definite. Hence, the first necessary condition is given.
Equivalently,

λmin (Gm) ≤ 0 (21)

It means that the minimum eigenvalue is no larger than zero
is also a necessary feasibility condition of the beamforming
problem.

According to Lemma 1, it can be proved that

λmin (Gm) ≤ 0⇔
Ps
σ 2
sr
hTm3

−1
γ,mh

∗
m ≥ γ0 (22)

VOLUME 10, 2022 51225



X. Ding, Y. Wang: Robust Cooperative Beamforming and Its Feasibility Analysis in Multiuser Multirelay Networks

The right inequality above is the SIR necessary condition
in [4].

Furthermore, according to Weyl’s Theorem, we have

γ0σ
2
sr min

n

{
3γ,m

}
− Ps‖hm‖22 ≤ 0 (23)

where minn
{
3γ,m

}
is the minimum diagonal element of the

diagonal matrix 3γ,m. Therefore, (23) is a simplified neces-
sary condition of (8) with low computational complexity.

B. NECESSARY CONDITION II
When there is a transmit power constraint pm,n on the mth
subchannel of Rn, Necessary Condition I can be moved on as
Necessary Condition II.
Proposition 2: λmin (Gm) < −

γ0σ
2
m

wHmwm
is a necessary feasi-

bility condition of the beamforming problem.

Proof: Since
∣∣wm,nhsr,m,n∣∣2 = ∣∣hsr,m,n∣∣2 ∣∣wm,n∣∣2,

we have

PS
∣∣wm,nhsr,m,n∣∣2 + σ 2

sr

∣∣wm,n∣∣2
=

(
PS
∣∣hsr,m,n∣∣2 + σ 2

sr

) ∣∣wm,n∣∣2 ≤ pm,n (24)

where pm,n can be expressed as pm,n = αPR with 0 ≤ α ≤ 1.
Then we have∣∣wm,n∣∣2 ≤ pm,n

PS
∣∣hsr,m,n∣∣2 + σ 2

sr

= qm,n (25)

Additionally, (20) can be reformulated as

wH
mGmwm

wH
mwm

≤ −
γ0σ

2
m

wH
mwm

(26)

According to Rayleigh-Ritz theorem, we have

λmin (Gm) ≤
wH
mGmwm

wH
mwm

≤ λmax (Gm) (27)

Since wH
mwm =

∑N
n=1

∣∣wm,n∣∣2 ≤∑N
n=1 qm,n,

λmin (Gm) ≤ −
γ0σ

2
m∑N

n=1 qm,n
= ηm (28)

is a necessary feasibility condition of the beamforming
problem. The reason is that when λmin (Gm) > ηm, the
inequality (20) never holds. Conversely, (20) holds only if
λmin (Gm) ≤ ηm.

V. NUMERICAL RESULTS
In this section, the proposed method is evaluated via Monte
Carlo simulations. The common simulation parameters are
set to: λ2sd = 1, σ 2

sd = σ
2
sr = σ

2
rd = 1, Kc = [2, 5, 10] (Rician

factor, the variance of scattered component is set to one).

A. COMPARISON OF NECESSARY CONDITIONS
We define feasible rate as: the number of feasible cases/1000,
and use thismetric to verify the performances of the necessary
feasibility conditions. Fig. 2 and Fig. 3 manifest that the the
feasible rates of NC1 and NC2 increase with the increase of

FIGURE 2. The effects of N , γ0, Kc and PS on the feasible rate of the
Necessary Condition I.

FIGURE 3. The effects of N , γ0, Kc and PS on the feasible rate of the
Necessary Condition II.

the relay number N and Rician factor Kc, while they decrease
with the increase of destination SNR requirement γ0. The
reasons are: i) the more relays are used, the more power is
available to satisfy the receive SNR requirements of the des-
tinations; ii) the higher γ0 is, the more difficult γm ≤ γ0 can
be satisfied; iii) high Kc indicates strong relay channels.
Consequently, the feasible rates increase. Nevertheless, the
effect of Kc shrinks when Kc is large.

When the transmit power of the nth relay Rn in the mth
subchannel is constrained by pm,n, i.e.,

PS
∣∣wm,nhsr,m,n∣∣2 + σ 2

sr

∣∣wm,n∣∣2 ≤ pm,n = αPS
where PR = PS is assumed for simplicity. The feasible rates
of NC2 are displayed in Fig. 4. It can be seen that the feasible
rates increase with the increase of α. The reason is that large
pm,n relaxes the transmit power constraints, which can be
proved by (28).

In Fig. 5, the feasible rates of the proposed NC1, NC2
conditions and the SIR condition in [4] are compared. It can
be seen that the NC1 and SIR conditions have the same
feasible rates for different parameters, which proves the cor-
rectness of Proposition 1. Because the NC2 condition has
a lower upper-bound than the NC1 and SIR conditions, the

51226 VOLUME 10, 2022



X. Ding, Y. Wang: Robust Cooperative Beamforming and Its Feasibility Analysis in Multiuser Multirelay Networks

FIGURE 4. The effects of per-relay per-subchannel transmit power
constraint, pm,n, on the feasible rate of the Necessary Condition II.

FIGURE 5. The feasible rate comparison among the Necessary Condition
I, II and the SIR Necessary Condition.

feasible rate of NC2 is lower than those of the NC1 and SIR
conditions. In other words, the NC2 condition can exclude
more infeasible cases and reduce more computational costs
than the NC1 and SIR conditions.

B. MINMAX RELAY POWER
Fig. 6 depicts the min-max relay transmit powerPoR versus the
relay number N . The normalized source and relay transmit
power is set to PS = PR = 10dB. The minimum receive SNR
requirement of destinations is set to γ0 = 5dB. The user-pair
number is set to M = 2. One thousand realizations are used
for each curve. For infeasible realizations, PoR is set to PR.
Fig. 6 reveals that: i) The min-max relay transmit power PoR
decreases with the increase of relay number N , because the
more relays are used, the lower the average per-relay transmit
power is consumed when the minimum destination SNR is
fixed. ii) PoR decreases quickly at first and harvests marginal
gainwith the further increase ofKc. In other words, increasing
relay number is the main solution to reduce PoR and increase
capacity. iii) It demonstrates that the proposed method is
applicable to both direct-link and non-direct-link scenarios
and the relay transmit power can be effectively saved by
exploiting direct-link signals.

FIGURE 6. The min-max relay transmit power versus relay number N.

FIGURE 7. The worst-case convergence rate versus user-pair number M
and relay number N .

C. COMPARISON OF ROBUSTNESS
The worst-case convergence rates of the Lagrange dual, the
SCA and the proposed methods are compared. The param-
eters are set to µ = 2, ε = 10−5, γ = 0.1, c = 6. Fig. 7
confirms that the proposed method provides much more
robustness against node number variations than the Lagrange
dual and the SCA methods. Specifically, although the worst-
case iteration numbers of all the three methods increase
with the increases of both N and M , the increasing trend of
the proposed method is much slower than the counterparts
of the other two methods. The reason is that, according
to (17), the worst-case convergence rate is greatly affected
by the sum degree of the formulated optimal problem. The
sum degrees of the optimal problems formulated by the three
methods are derive as

θ̄SDP = M · N

θ̄SCA = 4M + 2N

θ̄SOCP = 2(M + N ) (29)

Substituting the sum degrees into (17), we obtain the simula-
tion results. The computational cost of our proposed method
is less sensitive to node number variations than those of
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the other two methods. Therefore, the proposed method can
robustly tackle the rapid increase of node number at the cost
of slight increase of computational burden.

VI. CONCLUSION
In this paper, we proposed a method to minimize the maxi-
mum per-relay transmit power for AF multi-user and multi-
relay networks. By jointly exploiting the direct-link and
relay-link signals, extra cooperative diversity was obtained.
The proposed method exhibits better performance in dealing
with rapid user access than the Lagrange dual and the SCA
methods. Besides, the optimal beamforming vector can be
calculated directly. Necessary feasibility conditions were dis-
cussed to prevent futile beamforming in cases of bad channel
conditions. Thus, computational costs can be saved.
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