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Abstract

We extend results known for the randomized Gauss-Seidel and the
Gauss-Southwell methods for the case of a Hermitian and positive def-
inite matrix to certain classes of non-Hermitian matrices. We obtain
convergence results for a whole range of parameters describing the prob-
abilities in the randomized method or the greedy choice strategy in the
Gauss-Southwell-type methods. We identify those choices which make
our convergence bounds best possible. Our main tool is to use weighted
£1-norms to measure the residuals. A major result is that the best
convergence bounds that we obtain for the expected values in the ran-
domized algorithm are as good as the best for the deterministic, but
more costly algorithms of Gauss-Southwell type. Numerical experi-
ments illustrate the convergence of the method and the bounds obtained.
Comparisons with the randomized Kaczmarz method are also presented.
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2 Randomized and Greedy Relaxations for Linear Systems

1 Introduction

Classical stationary iterations such as Jacobi and Gauss-Seidel (see, e.g., [7,
26, 34]) to solve a square linear system

Ax = b, where A e C"*", z,be C", (1)

nowadays are found to be useful in many situations, such as smoothers for
multigrid methods (see, e.g.,[25, 33]), in high performance computing (see,
e.g., [36]) and in particular as scafolding for methods for discretized PDEs
based on domain decomposition; see, e.g., [10, 21, 28].

In recent years, randomized algorithms have gained a lot of attention in
numerical computation; see, e.g., the surveys [18] and [22]. Many different
randomized methods and algorithms have in particular been suggested and
analyzed for the solution of consistent and non-consistent, square and non-
square linear systems; see, e.g., [11]. These methods are attractive in situations
which typically arise in an HPC or a data science context when matrix products
are considerably expensive or when the matrix is so large that it does not fit
in main memory; see, e.g., the discussion in the recent paper [12].

For linear systems, the emphasis has been so far on randomized coordi-
nate descent type algorithms. These methods aim at finding the minimizer of
a convex functional f : C — C, the minimizer being the solution of the linear
system. The methods perform a sequence of relaxations, where in each relax-
ation a coordinate i is chosen at random and the current iterate x is modified
to become x + te;, e; the i-th unit vector and ¢ such that f(x + te;) is min-
imal. Many convergence results on randomized coordinate descent methods
are known, see [11, 24], e.g., and the typical assumption is that f is at least
differentiable.

If A € C"™ in (1) is Hermitian and positive definite (hpd), and we
take f(x) = z*Ax — 22*b, minimizing in coordinate i is equivalent to solv-
ing equation ¢ of (1) with respect to x;. The resulting randomized coordinate
descent method is thus a randomized version of the Gauss-Seidel method, and
an analysis of this randomized method was given in [19] and also, in the more
general context of randomized Schwarz methods in Hilbert spaces, in [13]. See
also [1].

If Ain (1) is not hpd, the typical approach is to obtain a randomized algo-
rithm is to consider randomized Kaczmarz methods, i.e., coordinate descent
for one of the normal equations A*Ax = A*b or AA*y = b with corresponding
convex and differentiable functionals f;(z) = 2*A* Az — 22* A*b and fo(y) =
y*AA*y — 2y*b, respectively. This approach can also be pursued when A is
non-square, and the system may be consistent or non-consistent. Note that the
original Kaczmarz method [17] corresponds to coordinate descent for f, with
an integrated back-transformation from the iterate y to x = A*y. We empha-
size that while coordinate descent for f; is often also termed “Gauss-Seidel”, it
is different from classical Gauss-Seidel directly applied to (1), which is what we
focus on in this paper. There is a tremendous amount of literature dealing with
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randomized Kaczmarz type algorithms which we cannot cite exhaustively here.
Recent publications include [2, 3, 4, 5, 6, 8, 12, 14, 15, 16, 20, 29, 30, 35, 37].

Now, when A is square and non-singular, considering a randomized ver-
sion of the Gauss-Seidel method applied to the linear system (1) directly, is
an attractive alternative to the randomized Kaczmarz type approaches, since
under appropriate conditions on A it converges more rapidly and requires less
work per iteration. This is known to be the case when A is hpd; see the papers
[19] and [13] mentioned earlier. The main new contribution of the present work
is a convergence analysis for randomized Gauss-Seidel also for the case when
A is generalized diagonally dominant. An important methodological aspect of
our work is that for A generalized diagonally dominant we do not directly
relate Gauss-Seidel for (1) to an equivalent coordinate descent method for an
appropriate convex functional. Our technique of proof will, nevertheless, rely
on showing that the iterates x reduce—but, as opposed to gradient descent, do
not necessarily minimize—a weighted ¢1-norm of the residual b— Ax. Note that
£1-norms are not differentiable and that weighted ¢; (and £,) -norms) arise
canonically in the context of generalized diagonal dominance; see, e.g., [7, 34].
As a ‘by-product” of our analysis, we will also obtain convergence results of
greedy choice algorithms of Gauss-Southwell type, see below.

In this paper, we consider general methods based on a splitting A = M — N
so that with H = M~'N and ¢ = M ~'b one obtains the (affine) fixed point
iteration

choose 2°, 2™t = Ha™ +¢, m=0,1,... (2)
as an iterative solution method for Az = b. In particular, the solution z* of (1)
is a fixed point of (2). Usually, the matrix H is never formed. Instead, a linear
system with the coefficient matrix M is solved at each iteration m. In this
general splitting framework, the Gauss-Seidel method is characterized by M
being the lower triangular part of A, and the method is equivalent to relaxing
one row at a time in the natural order 1,2,...,n. In other terms, if we write
the classical Jacobi splitting A = D — B, D being the diagonal of A, then, with
H=D"!'B=1-D"1A, we have the following rendition of the Gauss-Seidel
algorithm, using a “global” index k for each single relaxation.

Algorithm 1 Sequential relaxation for (2) (“Gauss-Seidel” if H = D71 B)

for £k =1,2,... until a convergence criterion is satisfied do
i=k—n|(k—1)/n] >i€{l,...,n} withi=kmodn
gl = > hijzh + ¢, af T =k for £ £

end for

Each update from k to k& + 1 is termed one relazation, and n such relax-
ations, since they are done one after the other, correspond to one iteration m
in (2) with H = (D — L)~'U, where —L and —U denote the lower and upper
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triangular part of A, respectively (and B = L + U). So, n successive relax-
ations of a “Jacobi-type”, i.e. with H = I — D~ B, performed in the natural
order 1,2,...,n, is identical to one iteration of Gauss-Seidel.

Gauss in fact proposed another method, later popularized by Southwell,
and known either as Southwell method or as Gauss-Southwell method; see,
e.g., the historic review of these developments in [27]. We describe this method
in Algorithm 2 for a general splitting based method where H = M ~!N with
A = M — N. The Gauss-Southwell method arises for H = D! B. The original
Gauss-Southwell method selects the component i to be relaxed as the one at
which the residual 7% = b — Az* is largest, i.e., it takes 4 for which

n
| = x| )

As a consequence, we are not updating components in a prescribed order, but
rather choose the row to relax to be the one for which the current residual has
its largest component. This can be considered a greedy pick strategy, and we
formulate Algorithm 2 in a manner to allow for general greedy pick rules.

Algorithm 2 Greedy relaxation for (2) (“Gauss-Southwell” if H = D~!B)

fix a greedy pick rule, for example (3)

for k=1,2,...do
determine an index ¢ according to the greedy pick rule
ah = 2?21 hijxf +ey aftt =ak for (£

end for

A generalization of the greedy pick rule (3) is to fix weights 8; > 0 and
choose i such that

Bulri| = i ;3] (4)

cf. [13], and we will see later that for appropriate choices of the 8; we can
prove better convergence bounds than for the standard greedy pick rule (3).

Both greedy pick rules (3) and (4) require an update of the residual after
each relaxation, which represents extra work. Moreover, additional work is
required for computing the maximum. Using the “preconditioned” residual
b = M~1r* = ¢ — (I — H)a* can to some extent reduce this overhead: Once
#* is computed, the next relaxation xf“ = Z?Zl hijxf + ¢; can be obtained
easily as

xf“ = xf + ff .

We might therefore want to use a greedy pick rule based on the preconditioned
residuals, which using fixed weights 3; as before, can be formulated as

Bilr¥| = max Bj|75|. ()
Jj=1
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It has been demonstrated that Gauss-Southwell can indeed converge in
fewer relaxations than Gauss-Seidel, but the total computational time is often
higher, due to the computation of the maximum, and, in a parallel setting, the
added cost of communication [36].

In this paper, we discuss the greedy relaxation scheme of Algorithm 2 as
well as a randomized version of Algorithm 1, which for H = D! B is usually
called randomized Gauss-Seidel. We give bounds on the expected value of
the residual norm which match analogous convergence bounds for the greedy
algorithm.

The randomized iteration derived from (2) fixes probabilities p; € (0,1),
i=1,...,n, with > | p; = 1 and proceeds as follows.

Algorithm 3 Randomized iteration for (2) (“randomized Gauss-Seidel” if
H=D"'B)
for k=1,2,...do
choose index ¢ with probability p;
ef T =30 higak e, ayTh = af for £
end for

In the randomized Algorithm 3, the order of the relaxation does not follow
a prescribed order, as in Gauss-Seidel, nor a greedy order depending on the
entries in the current residual vector, as in Gauss-Southwell, but instead, each
row ¢ to relax is chosen at random with a fixed positive probability p;.

The paper is organized as follows. We first repeat the convergence results
from [13, 19] for matrices which are hpd in Section 2, and then, in the rest of the
paper, present new results for non-Hermitian matrices. As a byproduct of our
investigation, we also show that some greedy choices other than (3) produce
methods for which we obtain better bounds on the rate of convergence.

Our results are theoretical in nature and illustrated with numerical exper-
iments. We are aware that other methods may be more efficient than those
discussed here. But we believe that our results represent an interesting contri-
bution to randomized and greedy relaxation algorithms since they show that
we can deviate from the slowly converging Kaczmarz type approaches not only
when A is hpd but also when A is (generalized) diagonally dominant. We thus
trust that on one hand, the results are interesting in and on themselves, and on
the other they may form the basis for the analysis of other practical methods.
Asynchronous iterative methods [9], for example, can be interpreted in terms
of randomized iterations; see, e.g., [1, 31]. We expect that the theoretical tools
developed here can also serve as a foundation for the analysis of such asyn-
chronous methods, as well as for randomized block methods and randomized
Schwarz methods for nonsingular linear systems; cf. [13].

For future use we recall that 7* = A(z* — 2¥) where 2* is the solution of
the linear system (1) and z* — z* is the error at the relaxation (or iteration) .
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2 The Hermitian and positive definite case

Consider the particular case that H in Algorithms 2 and 3 arises from the
(relaxed) Jacobi splitting
A=1D—((1-21)D+ B) with D the diagonal part of A=D — B, (6)

where w € R is a relaxation parameter, i.e.
H=H,=(1-wl+wD 'B. (7)

Then the fixed point iteration (2) is just the relaxed Jacobi iteration, which
reduces to standard Jacobi if w = 1, and the associated randomized iteration
from Algorithm 3 is the randomized relaxed Gauss-Seidel method whereas
the associated greedy Algorithm 2 is known as the relaxed Gauss-Southwell
method if we take the greedy pick rule (3). Using the residual 7*, the update in
the third lines of Algorithms 2 and 3 for H,, can alternatively be formulated as

rk
=gk g, (8)
Qg

X

where e; denotes the ith canonical unit vector in C”.

Now assume that A is hpd. The Jacobi iteration then does not converge
unconditionally, a sufficient condition for convergenc being that with A =
D — B the matrix D + B is hpd as well. The relaxed Gauss-Seidel iteration,
on the other hand, is unconditionally convergent provided w € (0, 2); see, e.g.,
[34].

For the randomized Gauss-Seidel and the Gauss-Southwell iterations the
following results are essentially known.

In fact, most of Theorem 2 is a special case of what was shown in [19] and
[13] in the fairly more general context of (relaxed) randomized multiplicative
Schwarz methods. For the sake of completeness, and to set the stage for our
new results, we repeat the essentials of the proofs in [19] and [13] here.

We use the A-inner product and the A-energy norm which, for A hpd, are

defined as
(T, y)a = (Az,y), |zlla = V{2, 2) 4,

with (-,-) the standard inner product on C". Before we state the main
theorem, we formulate the following useful result relating the harmonic and
the arithmetic means of a sequence and the extrema of the product sequence.

Lemma 1 Let a;,v; e Rii=1,...,n witha; >0,y >0,i=1,...,n. Then
n
min y;a; < oy < maxy;a;,
i=1 i=1
where

n 1
a:n/Zaj_l, VZgZ’YZ
j=1 i=1
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are the harmonic mean and the arithmetic mean, respectively.

Proof Take the special convex combination of the a; with coefficients 4; =
Then a;¥; = a/n, and for the convex combination of the a; with coefficients 7; = 1

a/n
a;

ny

there is at least one index, say jo, for which 7;, > 4;,, since otherwise 7; < 4; for
all ¢ and thus >0 ;% < Y.ir ;4 = 1. This proves maxj"; v;a; > o/n-ny = oy.
The inequality for the minimum follows in a similar manner. O

Theorem 2 Let A be hpd and denote Apmin > 0 its smallest eigenvalue.

(1)

(i)

In randomized relaxed Gauss-Seidel (Algorithm 3 with H = H, = (1 —

w)I+wD™1B) the expected values for the squares of the norms of the errors

ek =k — z* satisfy

E (Jla* —2*|%) < (1= a")¥[|2® - 2*|1% (9)
with
Herein, 1 — oSS becomes smallest if we take p; = ay/tr(A) for all i, in
which case (9) holds with

)\min .
tr(A)

@S = ap = w(2 —w)

(10)

In relaxed Gauss-Southwell (Algorithm 2 with H = H,, = (1—w)[+wD™!'B)
and the greedy pick (4) we have

l2* = 2% < (1= a®W)Hla® — 2”1} (11)
with /52
GSW n T L/B;
« =w(2—w)Apinmin —, T = =f—— -
i=1 Qy; Zj:l 1/ﬁj2

Herein, 1 — oS3V becomes smallest if we take B; = 1/\/ay for all i in the
greedy pick rule, i.e., we choose i such that

k|2 rk|2
—|rl = max | j| , (12)
Qi J=1 ajj

in which case (11) holds with a5V the same optimal value as in (i), i.e.
aSSW = qp from (10).
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Proof If in relaxation k& we choose to update component i, then

" — 2% = ok — a4+ 2R — 2", L) + (L, Sy
— [l — a3 - 2R(F, Ll ey) 4 (2 Aey, Uik (13)
= |lz* — o )% - 22k ¢ 3i|rf|2aii
= ||l — 2% — L2k, (14)
Therefore, in randomized Gauss-Seidel the expected value for ka'H — x*|\124,

conditioned to the given value for wk, is

n
k+1 2 k k 2 2— k2
B (1" oI [28) = S (I2* - 271 — 222y ?)
=1
n

k 2 Pi | k2
" — 2[4 — w2 —w) Y ||
(X3

=1

IN

n .
2% — 2*|% — w(2 — w) min 2Lk )2
=1 Q44

IN

(Z3

n .
(1 w2 = rminiin 21 ) 1 - o1
=1 ay

with the last inequality holding due to (zF — z*,2F — 24 = (F, A7k <
/\1 (rk r ) This gives (9). If we have p; = a;;/tr(A), then minl(p;/a;;) =
l/tr( ), and this is larger or equal than min};(p;/a;;) for any choice of the
probabilities p; by Lemma 1. This gives the second statement in part (i).

To prove part (ii) we observe that from the greedy pick rule B|rF| >
max’_q ﬁj|r§| we have B2[rF12/|r%)2 > BJ2|7‘;“| /lIP*||? for all j which, using
Lemma 1 (with v; = |r [2) gives

k2 k|2 k2
|ri| el 1 LS i |
maX /Bj| ]|

Q4 ﬂz 4277 /BQan Jj= N ﬂza“ ZZ 1 1/5

from which we deduce

2
— 1/42

|T | > min—J||7“k||2 Wlth 71'j = n/ijg .

aii — J=1 ajj 2=11/8;
So (14) this time yields

k+1 2 nom 2
5 = "I < (1= (2 = A i 22 ) o = 2"
J=1 ajj

which results in (11). Finally, using Lemma 1 (with v; = 7;) we obtain

and for the choice 8; = 1/,/a;; we have m; = a;;/tr(A) and thus

— =——fori=1,...,n.
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We note that if in randomized Gauss-Seidel we choose all probabilities to
be equal, p; = 1/n for all 4, then

Amin
OérGS = w(2 — w)in
nmax, 1 Qg

in (9), which is smaller than a,py unless all diagonal elements a;; are equal.
We have a completely analogous situation for Gauss-Southwell: If we take the
unweighted greedy pick rule (3), we obtain a value for a®SW which, inter-
estingly, is the same than a'¢S for randomized Gauss-Seidel with uniform
probabilities. And this value is smaller than the value a,p that we obtain for
the weighted greedy pick rule (12), a value which is, interestingly again, equal
what we obtain as the maximum value for o*“S in the randomized method
(with the weighted probabilities p; = ai;/tr(A)).

Note also that if one scales the hpd matrix A symmetrically so that it
has unit diagonal, then the greedy pick (12) in Theorem 2 (ii) reduces to
the standard Gauss-Southwell pick (3): Let G = D~Y2AD~1/2, then, the
system (1) is equivalent to Gy = D~'/2b with the change of variables z =
D'/?y. Running Algorithm 2 for A and b in the variables = with the greedy
pick (4) with 8; = 1/,/a;; is equivalent to running the same algorithm for G
and D~1/2b in the variables y with the standard greedy pick (3). One can then
express the bounds of the theorem in the scaled variables in the appropriate
energy norm, since we have ||y* —y*||g = || DY?y* — D/ 2y* |4 = ||2* — 2*| a;
cf. [1, Section 3.1].

Numerical example

Throughout this paper we give illustrative numerical examples based on the
convection-diffusion equation for a concentration ¢ = ¢(z,y,t) : [0,1] x [0,1] X
[0, 7] = C

2c— —gozgc—2 2c—l——l/c—i—2 c
9" " "o 0" 0y oyt ax C T 9yt
c(z,y,t) = 0if (z,y) € 9([0,1] x [0,1]),

c(z,y,0) = co(x,y) for (z,y) € [0,1] x [0,1].

(15)

The positive diffusion coefficients o and S are allowed to depend on x and
y, o = afx,y), 8 = B(x,y), and this also holds for the velocity field (v, u) =
(v(z,y), u(x,y)). We discretize in space using standard finite differences with
N interior equispaced grid points in each direction. This leaves us with the
semi-discretized system

o
5= Be, ¢(xz,y,0) = co(x,y) for all grid points z, y,
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where now ¢ = ¢(t) is a two-dimensional array, each component corresponding
to one grid point. Using the implicit Euler rule as a symplectic integrator
means that at a given time ¢ and a stepsize 7 we have to solve

B)e(t +1) = ch(t) (16)
=:A

for ¢(t 4 1). We illustrate the covergence behavior of the Gauss-Seidel variants
considered in this paper when solving the system (16) for appropriate choices
of a, B, u and v.

Since Theorem 2 deals with the hpd case, we now assume that there is no
convection, p = v = 0. Then B is the discretization of the diffusive term using
central finite differences and as such it is an irreducible diagonally dominant
M-matrix and thus hpd; see, e.g., [7]. Accordingly, A = I + $B is hpd as well.
We took N = 100 which gives a spacing of h = ==, and 7 = 0.5h2 and we

N+1’
consider two cases: constant diffusion coefficients

a(x,y) = ﬁ(xvy) =1, (17)

which gives a constant diagonal in A, and non-constant diffusion coefficients

a(z,y) =Bz, y) =14+ 9(z + ), (18)
which makes the entries on the diagonal of A = I + ZB vary between 1 + ;‘h%

and 1+ gg—;, i.e., between 2 and 9.5.

Figure 1 reports the numerical results. We chose the right hand side § Bc(t)
in (16) as Az, where z is the discretized evaluation of the function zy(1 —
z)(1 —y). So we know the exact solution, which allows us to report A-norms
of the error, which is what we provided bounds for in Theorem 2. The figure
displays these A-norms only after every n relaxations, which we treat as one
“iteration”, since n relaxations indeed make make up one iteration in standard
Gauss-Seidel.

The top row of Figure 1 gives results for the constant diffusion case (17).
The left diagram shows the relative A-norm of the errors for randomized Gauss-
Seidel with uniform probabilities p; = 1/n, standard (“cyclic”) Gauss-Seidel
and Gauss-Southwell with the greedy pick rule (3). For randomized Gauss-
Seidel we actually give here—as in all other experiments—the averages for ten
runs which we regard as an approximation to the expected values. The plot to
the right shows that the convergence behavior of these ten different runs exhibit
only mild deviations. The plot on the left also contains the bound (1 — arpt)*/?
of Theorem 2. We see that randomized Gauss-Seidel converges approximately
half as fast as cyclic Gauss-Seidel, that Gauss-Southwell converges somewhat
faster than cyclic Gauss-Seidel, and that the thoretical bounds are not very
tight.
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constant diffusion constant diffusion
10° . : . 10° . . : .
proven bound —— 10 runs of randomized Gauss-Seidel
randomized Gauss-Seidel
———cyclic Gauss-Seidel
5 Gauss-Southwell 5 N
3 107 @ 102 .
k] k] 2\
E E
S S
< <
< <
210 2 107 -
= k=
[ [
N\
10° 10 _
0 10 20 30 40 50 0 10 20 30 40 50
iteration iteration
5 variable diffusion 5 variable diffusion
10 T T 10 T T
10™ = 107"
g 2
g ¢
o -2 — -2
£ 10 g 10
g 5
< P
0 107 < 10°
-% proven bound 9 proven bound
° randomized Gauss-Seidel B randomized Gauss-Seidel
= 10 cyclic Gauss-Seidel © 10 cyclic Gauss-Seidel
— Gauss-Southwell —— Gauss-Southwell
10° 10°
0 20 40 60 80 100 0 20 40 60 80 100
iteration iteration

Fig. 1 Gauss-Seidel, randomized Gauss-Seidel and Gauss-Southwell. Top: constant diffu-
sion (17). Bottom: variable diffusion (18). See text for the other parameters used. Top-down
order in the legend corresponds to top-down order of the plotted lines.

The bottom row of Figure 1 shows results for variable diffusion according
o (18). Convergence is slower than in the constant diffusion case. The left plot
has the results for the “optimial” probabilities p; = tf(—i;x) and the “optimal”
greedy-pick (12), for which the bounds of Theorem 2 hold again and are also
reported, whereas the right plot shows the results for the uniform probabilities
p; = 1/n and the greedy-pick rule (3). In this case, the bound of Theorem 2
holds with a*®S = a%5W = (A ;n/n) min;—; 1/a;;, and this bound is also plot-
ted. Interestingly, the two plots are virtually indistinguishable, except for a
tiny improvement of randomized Gauss-Seidel when using “optimal” proba-
bilities. We conclude that the choice of probabilities or the greedy pick rule
has only a very marginal effect in this example. The plots also show that the
proven bounds can be pessimistic in the sense that the actual convergence is
significantly faster. This is not uncommon when dealing with randomized algo-
rithms, and we will address this further when discussing the numerical results
illustrating the new convergence theorems for diagonally dominant matrices
in Section 3.

Although not being further addressed in this paper, we now shortly present
basic numerical results on the performance of the various relaxation methods
when used as a smoother in a multigrid method. This was mentioned as a pos-
sible application in the introduction. We consider a V-cycle multigrid method
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multigrid with different smoothers multigrid for different grid sizes

N
i

randomized GS 1
— — —randomized GS 2 randomized GS 1
—-=-=randomized GS 3| — — —randomized GS 2
Gauss-Seidel —-—-—randomized GS 3

N
N

N
=]

©
3 Gauss-Southwell 21 Gauss-Seidel
g = Gauss-Southwell
5 ] e e
£ N 21
=} N =
< N 3
o~ \ N S 12F- e -
2 N AN k]
2 . " 210
© , <
= 8
6
10°® 4
0 5 10 15 20 25 31 63 127 255
V-cycle iteration grid size N

Fig. 2 Different relaxation schemes as smoothers in multigrid. Randomized GS 1, 2 and 3
correspond to s =1, s = 1.5 and s = 2 smoothing “iterations” in randomized Gauss-Seidel.
Left: relative residual norms for N = 127. Right: no. of V-cycles to reduce the initial residual
by a factor of 10~ for different grid sizes.

for the standard discrete Laplacian on a N x N grid (with N+1 a power of
2) with Dirichlet boundary conditions. Restriction and prolongation are done
via the usual linear interpolation, doubling the grid spacing from one level to
the next and going down to a minimum grid size of 7 x 7; see [33]. For each
smoother, on each level £ with a grid size of Ny x N, we perform a constant
number of s post- and s pre-smoothing “iterations” amounting to sN, relax-
ations. For standard Gauss-Seidel and Gauss-Southwell we use s = 1, whereas
for randomized Gauss-Seidel we tested s =1,s = 1.5 and s = 2.

Figure 2 indicates that randomized Gauss-Seidel has its potential for being
used as a smoother in multigrid, provided that its slower convergence can be
outweighed by a more efficient implementation, as it might be possible in a
parallel environment. The left plot gives convergence plots for N = 127. The
right plot reports the number of V-cycles required to reduce the initial resid-
ual by a factor of 1076 for various grid sizes N. We see that the convergence
speed with randomized Gauss-Seidel and Gauss-Southwell smoothing is inde-
pendent of the grid size just as with standard Gauss-Seidel smoothing, thus
preserving one of the most important properties of the multigrid approach. An
interesting feature that random Gauss-Seidel shares with the Gauss-Southwell
method is that we can prescribe a fractional number of smoothing iterations
and thus adapt the computational work on a finer scale than with standard
Gauss-Seidel. The figure also shows that for this example Gauss-Southwell
yields faster convergence than standard Gauss-Seidel for the same number of
relaxations.

3 Results for non-Hermitian matrices

We now present several theorems which are counterparts to Theorem 2 for
classes of not necessarily Hermitian matrices, and the iteration matrix H =
M~IN in (2) may arise from a general splitting A = M — N other than the
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(relaxed) Jacobi splitting. In place of the A-norm we will now use weighted
{1-norms.

Definition 3 For a given vector u € R™ with positive components u; > 0, i =
1,...,n, the weighted £1-norm on C" is defined as

n
2l =D ujlz;l.
=1

Clearly, the standard £;-norm is obtained for v = (1,...,1)7. It is easy to
see that the associated operator norm for A € C"*™ is the weighted column
sum-norm

1 n
n
| Allu,r = max — > wilag;|.
J=1 u;
J =1

In the theorems to follow we will state results in terms of the preconditioned
residual

i =c— (I —H)z*=M1b—- Az*) = M~ A(z* — ),

and we denote K the preconditioned matrix K = M~ 1A =1 — H.

Our first theorem assumes || H||,,1 < 1 and gives bounds on the weighted ;-
norms of the preconditioned residuals in Algorithms 2 and 3 similar in nature
to those in Theorem 2.

Theorem 4 Consider the weighted column sums
1 n
‘:—E ilhiil, 7=1,...,n,
Pj u; L uz| l]| J n

and assume that ||H||1,, = maxj_; pj < 1. Set ; := (1 - pj)_l,j =1,...,n.
(i) In randomized relazation (Algorithm 3), putting

n
a'™ = min
1

j=

: (19)

23

the expected values for the weighted £1-norm of the preconditioned residuals
P = M~1rk = ¢ — KaF of the iterates 2% satisfy

E([|#*[l1,0) < (1= @) [#]]1,u- (20)

The quantity o in (19) is mazimized if one takes

pi="l Y Vi §=1m; (21)
j=1
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its value then is o™ = aopy := 1/ 37, ;.
(i) In greedy relaxation (Algorithm 2), with the greedy pick rule (5) based on
the preconditioned residual, putting

, T u;/B;

= min L, where 7; =

=1 Sy ue/Be’

a8
the weighted (1-norms of the preconditioned residuals #* = M ~'r* = c— K x*
of the iterates x* satisfy
17l < (1= @) 7 1 (22)
Moreover, a8" is maximized if we take
Bj=uj/v, j=1,...,m (23)

its mazimal value is identical to copy from part (i).

Proof If i is the index chosen at iteration k, we have
n
k+1 k k ~k
Z’i+ = Zhijxi +c=x; +15,
Jj=1

which gives

xk+1 = xk —&—ffei, fk'H = c—ka'H = fk —ffKei.

We therefore have

n

ket k| ok k
F e = D welff 4 7 ] + walif b
(=104
n n
Ky sk
<N w4 1F Y welhl
(=104 =1
n 1 n
& k
= > W|7“e|+uz‘|7“z'|';Zuz|hei|
0=1,0+#i v =1
ik k
= [Pl — (1 = pa)uil?i | (24)

To prove part (i) we use (24) to see that the expected value of the norm of the
residual fk"'l, conditioned to the given value for #*F satisfies

~k
E (17

n

~k ~k N NG

) < (17w = (1= po)ualf]) < (1= @)l 10,
i=1

from which we get (20). Moreover, the minimum o' = min’_; p;/; is not larger

than the convex combination Z?Zl (vi/ > v=17ve) - pi/v;i = 1/ > p—1 e, and this
value is attained for o™ if we choose p; =,/ > y_1 Ve-
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To prove part (ii) we observe that due to the greedy pick rule (5) we have

n_ B
|1| max uj|rj|

1/87

which, using Lemma 1, gives

Ui k
—r; | > E u;ilr
'Yi| l| - ’YZ/BZ ZZ 1ug J| j|

Be Jj=1
S .
71/31 ZZ 17 ug “
1 k
> min 4 1 1

J=1 ’Yzﬂj Py 13 W
Together with (24) this gives (22). Finally, using Lemma 1 again, we obtain

noouy 1 LS

: J J
min S —— 2.7
i=1 3B T X i B

which gives

gr _ o U 1
a® = min = Qlopt, -
=185 i Ee 17e
And aopt is attained as value for a8 if we take 8; = u;/v; for j=1,...,n. O

The convergence results of Theorem 4 are given in terms of the weighted
{1-norm, since it is this norm for which we can prove a decrease in every relax-
ation due to the assumption ||H||,,1 < 1. As we will soon see, for randomized
Gauss-Seidel and Gauss-Southwell this assumption is equivalent to a (general-
ized) diagonal dominance assumption on A, a condition which is often fulfilled
in applications and which can be checked easily, at least when the weights are
all 1. In this context, it is worth mentioning that results like the bound (22)
yield a bound on the R; convergence factor of the sequence z* — z*, the stan-
dard measure of the convergence rate for a linearly zero-convergent sequence

defined as
Ri({z* — 2}) = limsup ||* — z*||1/%;
see, e.g., [23]. The R;-factor is independent of the norm || - ||, and results like

(22) may be interpreted in a norm-independent manner by saying that

Rl({xk —z}) < (1-— arGS).

From Theorem 4 we see that with the optimal choices for the probabilities
p; or the weights (;, the proven bounds for randomized relaxation and greedy
relaxation are identical. So from the point of view of the established theory
we cannot conclude that randomized would outperform greedy or vice-versa.
In all our practical experiments, though, the greedy approach exposed faster
convergence than the randomized approach.

Also note that if we just take p; = 1/n for all 4 in randomized relaxation,
then
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and the same value is attained for a®" in greedy relaxation if we take 3; = u;
for all 4. The optimal value aopy is attained for the greedy pick rule (23). If we
take the standard greedy pick rule (3), i.e. 5; =1 for all i, we have

n Uj 1
=mm—= - =z,
I=1 5 Doy ue

o®"

which, depending on the values of wu; can be smaller or larger than
%(1 — maxj_,; p;) but is certainly never larger than aopy obtained with the
pick rule (23).

In Theorem 4 we need to know the weights u; and with them the weighted
column sums p; in order to be able to choose the probabilities p; or the greedy
pick for which we get the strongest convergence bound, i.e., the largest value
for o™ and a#*. For example, it might be that we can take u = (1,...,1),
such that | - ||1,, reduces to the standard ¢;-norm. However, it might also be
that we know that | H||1, < 1 for some u > 0 without knowing u explicitly.
Theorem 4 tells us that we still have convergence for any choice of probabilities
p; in randomized relaxation or weights §; in greedy relaxation, but the proven
convergence bounds are weaker than for the “optimal” probabilites (21) or
weights (23).

In light of this discussion it is interesting that for a particular vector of
weights u we can somehow reverse the situation, at least for the randomized
iteration: We know how to choose the corresponding optimal values for the
probabilities while we do not need to know u explicitly.

In order to prepare this result we recall the following left eigenvector version
of the Perron-Frobenius theorem; see, e.g., [34]. Note that a square matrix H
is called irreducible if there is no permutation matrix P such that PT AP has
a 2 x 2 block structure with a zero off-diagonal block. We also use the notation
H >0 (“H is nonnegative”) if all entries h;; of H are nonnegative. Similarly,
a vector w € R™ is called nonnegative (w > 0) or positive (w > 0), if all its
components are nonnegative or positive, respectively.

Theorem 5 Let H € R"™*"™, H > 0, be irreducible. Then there ezists a positive
vector w € R™, the “left Perron vector” of H, such that wl H = p(H)wT, where
p(H) is the spectral radius of H. Moreover, w is unique up to scaling with a positive
scalar.

A direct consequence of Theorem 5 is that for H > 0 irreducible we have

1

Wy

n
Zwihijzpforjzl,...,n,

i=1

pPj =

and thus ||H|[w,1 = p.
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If H > 0 is not irreducible, a positive left Perron vector needs not necessar-
ily exist. However, we have the following approximation result which we state
as a lemma for future reference.

Lemma 6 Assume that H € R™*"™ is nonnegative. Then, for any € > 0 there exists
a positive vector we > 0 such that wl H < (p+ e)wzﬂ‘

Proof For given € > 0, due to the continuity of the spectral radius we can choose § > 0
small enough such that the spectral radius of the irreducible matrix Hs = H 4+ 0 F,
E the matrix of all ones, is less or equal than p 4+ €. Now take we as the left Perron
vector of Hg. |

We are now ready to prove the following theorem where we use the notation
|H| for the matrix resulting from H when replacing each entry by its absolute
value. Interestingly, the theorem establishes a situation where we know how
to choose optimal probabilities (in the sense of the proven bounds) without
explicit knowledge of the weights.

Theorem 7 Assume that p = p(|H|) < 1 and consider randomized relazation
(Algorithm 3).

(i) If H is irreducible, then there exists a positive vector of weights w such that
the weighted ¢1-norm of the preconditioned residuals #* = M~1r* of the
iterates =¥ satisfies

n

E(711.0) < (1= )" )10 where o = (1= p) minp;.

Moreover, « is mazimized if one takes p; = 1/n for j =1,...,n; its value
then is aopy = (1 — p)/n.

(i) If H is not irreducible, then for every ¢ > 0 such that p + ¢ < 1 there
exists a positive vector of weights w. such that the weighted £1-norm of the
preconditioned residuals 7 = M~1r* of the iterates x* satisfies

B 1.0 < (1= )" 1] where * = (1~ (p + ) minp,

Moreover, af is mazimized if one takes p;j = 1/n for j =1,...,n; its value
then is af, = (1 —p —€)/n.

Proof Part (i) follows immediately from Theorem 4 by taking w as the left Perron
vector of |H|, noting that with this vector we have p; = p for j = 1,...,n. Part (ii)
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follows from Theorem 4, too, now taking we as the vector from Lemma 6, observing

that for this vector we have p; < p+efor j =1,...,n for the weighted column sums
1 n
_ sl
Pj (we)j ;(w5)2| l]|
d

Interestingly, Theorem 7 cannot be transferred to greedy relaxation, at
least not with the techniques used there. Indeed, in order to obtain a bound

||fk+1||17w <(1- aopt)kakHLw when H is irreducible, e.g., the bounds given

in Theorem 4 tell us that we would have to use the greedy pick rule
w;|#F| = max w; |7,
j=1
which requires the knowledge of w.

4 Randomized Gauss-Seidel and
Gauss-Southwell for H-matrices

Building on Theorem 4 we now derive convergence results for the randomized
Gauss-Seidel and the Gauss-Southwell method when A is an H-matrix.

Definition 8 (See, e.g., [7])
(i) A matriz A = (a;;) € R"™™ is called an M-matrix if a;; < 0 for i # j and
it is non-singular with A=t > 0.
(i) A matriz A € C"*™ is called an H-matrix, if its comparison matriz (A) with

_J aul ifi=3
iy = { —lai;| if i #j

is an M-matrix.

Clearly, an M-matrix is also an H-matrix. For our purposes it is impor-
tant that H-matrices can equivalently be characterized as being generalized
diagonally dominant.

Lemma 9 Let A € C"*" be an H-matriz. Then

(i) There exists a positive vector v € R™ such that A is generalized diagonally
dominant by rows, i.e.,

n

lagivi > Z laijlvj fori=1,...,n.
J=1,j#i
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(i) There exists a positive vector u > 0 such that A is generalized diagonally
dominant by columns, i.e.

n
ujlag;| > Z uilaij| for j=1,...,n.
i=1i

1

Proof Part (i) can be found in many text books, one can take v = (A)™ e, with
e=(1,...,1)T. Part (i) follows similarly by taking u” as the row vector e’ (A)~L.
]

The lemma implies the following immediate corollary.

Corollary 10 Let A be an H-matriz and let A = D — B be its Jacobi splitting with
D the diagonal part of A. Then the iteration matriz |D71B| belonging to the Jacobt
splitting (A) = |D| — |B| of (A) satisfies |\D713|H17u < 1 with u the vector from
Lemma 9(ii).

With these preparations we easily obtain the following first theorem on
the (unrelaxed) randomized Gauss-Seidel and Gauss-Southwell methods. We
formulate it using the residuals b — Az* of the original equation.

Theorem 11 Let A be an H-matriz and let u be a positive vector such that u” (A) >
0. Let A = D — B be the Jacobi splitting of A and put H = D™'B. Moreover, let
w=(w,...,wn) with w; =uj/laj;l,j=1,...,n. Then

(i) All weighted column sums

1 n
Pi= > Ihijlui (25)
i=1

are less than 1.
(i) In the randomized Gauss-Seidel method, i.e. Algorithm 3 for H = D~1B, the
expected values of the w-weighted l1-norm ||r*||1.., of the original residuals

satisfy
k
E(|r*]l1w) < (1= a™ )" 10|10,
where "% = min}_, (p;/~;) > 0 and v; = (1 — p;)~* for j=1,...,n. The
value of *SS is mazimized for the choice p; = ;/ >v—1 e, and the resulting
as

value for a"CS is aopy = 1/ >y Ye-

(iii) In the Gauss-Southwell method (Algorithm 2 with H = D™'B), using the
greedy pick rule (5) based on the preconditioned residual, the w-weighted
l1-norm of the original residuals of the iterates x* satisfy

I 1w < (1= a®)* 70w,
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with

af = min —L, where 7; = i/

J=1 7 Y ue/Be

Moreover, a8" is maximized if we take
Bi=uj/v, i=1,...,n
its mazimal value is then aopt, from ().
Proof For (i) observe that we have |a;;|u; > Z?:Li#j lagjlu; for j = 1,...,n and
thus, since h;; = a;j/ay; for i # j and hj; =0,
Z lag;lu; < 1.

Z|hl]|ul =
i=1,i#j

Parts (u) and (iii) now follovv d1rectly from Theorem 4, observing that for the residual
= D~ 'F we have ||r ||1u—|\r 1,w- O

n

|ajj|

Note that for Gauss-Southwell the greedy pick rule (5) with weights f;
based on the preconditioned residual is equivalent to the greedy pick rule (4)
based on the original residual with weights 8;/a;;.

Instead of changing the weights from u to w, it is also possible to obtain a
bound for the u-weighted ¢1-norm, where, in addition, the same optimal choice
for the p; in the randomized Gauss-Seidel iteration yields the same aqp as
that of Theorem 11, and similarly for the Gauss-Southwell iteration.

Theorem 12 Let A be an H-matriz and let u be a positive vector such that u” (A) >
0. Then

(i) In the randomized Gauss-Seidel method the expected values of the u-weighted
O1-norm ||7*||1.. of the residuals satisfy

E([|r*]|1,0) < (1 — )" [7°]] 1,0,

where o = minj_, (p;/v;) > 0 and v; = (1 — p;)~", p; from (25), for
j=1,...,n. The value of o is mazximized for the choice

pi ="/ ZV& (26)
£=1

and the resulting value for o is aopy = 1/ > 1 Ye.
(i) In the Gauss-Southwell method, if we take the same greedy pick as in
Theorem 11, i.e.,

Ujg n
(1= pi)—Irf| = max (1 — pi) Lk, (27)
a i=1 lajil?

|aiil
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then i
7)1 < (1 = atopt)” Il 1u-

Proof 1f i is the index chosen in iteration k in randomized Gauss-Seidel or Gauss-
Southwell, we have from (8)
k+1 k+1 k Tk
PPl =y AR = — = Ae;.
(22

This gives
n Tk
k k ;
I = D ue|rf — —ag
0=1,04i i
n k |7"k| n
< > ue|7“e|+ﬁ > uglag]
0=1,0%#i wlp=10+i
n 1 n
k k
= > wlrd| Fuilrd | > uglag]
=1 046 u1,|am| e .
=1,0%#1 0=1,0+#1

k k
= [[rll1,u — (1 = pa)us|ri|.
This is exactly the same relation as (24), but now for the original residuals rather

than the preconditioned ones. Parts (i) and (ii) therefore follow exactly in the same
manner as in the proof of Theorem 4. a

Let us mention that, if A and thus |H| = |D~!B]| is irreducible, the left
Perron vector u of |H| is a vector with u”(A) > 0. As was discussed after
Theorem 4 this means that with respect to the weigths from this vector we
know the optimal probabilities in randomized Gauss-Seidel to be p; = 1/n,i =
1,...,n, i.e, we do not need to know u explicitly. According to Lemma 6,
a similar observation holds in an approximate sense with arbitrary precision
when A is not irreducible.

We also remark that the preconditioned residual #* = D~!rF satisfies
7% |11 = ||7*||1.0 With u,w from Theorems 11 and 12. So with these two
theorems we have obtained identical convergence bounds for the u-weighted
£1-norm of the unpreconditioned and the preconditioned residuals.

Theorem 11 can be extended to relaxed randomized Gauss-Seidel iterations.
We formulate the results only for the case where the weight vector is the left
Perron vector. While this is not mandatory as long as the relaxation parameter
w satisfies w € (0, 1], it is crucial for the part which extends the range of w to
values larger than 1.

Theorem 13 Let A be an H-matriz and let A = D — B be its Jacobi splitting.
Put H = D7 'B and p = p(|H|) < 1. Assume that w € (O,%p) and define

pw =wp~+ |1 —w| € (0,1). Consider the relazed randomized Gauss-Seidel iteration,
i.e., Algorithm 3 with the matriz Hy, from (7). Then
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(i) If A and thus |H| is irreducible, then with u the left Perron vector of |H|
and w the positive vector with components w; = w;/|ay;|, the expected values
for the w-weighted £1-norm of the residuals satisfy

k
E(Ir* 1) < (1= aw)” 1|10,

where o, = min?zlpj/%, > 0, vw = (1 — pu)~t. The value of oy, is
maximized for the choice p; = 1/n, and the resulting value for a, is
a%Pt = (1= p)/n.

(i) If A is not irreducible, then for every € > 0 such that p, + € < 1 there exists
a positive vector we such that the expected values for the weighted £1-norm
of the residuals satisfy

k
E(Ir* 1w < (1= aw(€)” 171w,

where a,(€) = minj_, p;/v.(€) > 0, v(e) = (1 = pu + €)~". The value of
oy, (€) is mazimized for the choice p; = 1/n, and the resulting value for a is
0P (€) = (1 - o + ) /.

Proof We indeed have p < 1 since by Corollary 10 the operator norm |||H|||1,. is
less than 1 for some vector u > 0. Assume first that H is irreducible and let v > 0
be the left Perron vector of |H|. Then we have for all j =1,...,n

n

Z [hijlu; = puj,

i=1,i#j

which for the weighted column sums of the matrix H, = (1 — w)I + wH belonging
to the relaxed iteration gives

1
o Z wlhijlui +]1 —wluj | =wp+ |1 —w| = pu.

7 \i=1,i#j
Since p < 1 we have that p, < 1 for w € (0, ﬁQP) The result now follows applying
Theorem 4 with the weight vector u, using the facts that all weighted column sums
p; are now equal to py, and that |7E| = |a—1”‘ ¥, which gives the weights w; = u;/|a]|
in (i).
If H is not irreducible, the proof proceeds in exactly the same manner, chosing

ue > 0 as a vector for which |H|ue < (p + €)ue ; see the discussion after Theorem 5.
|

For the same reasons as those explained after Theorem 7, it is not possible
to expand Theorem 13 to Gauss-Southwell unless we we know the Perron
vector v and include it into the greedy pick rule. We do not state this as a
separate theorem.
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Numerical example

We consider again the implicit Euler rule for the
convection-diffusion equation (15), now with a non-vanishing and non-constant
velocity field describing a re-circulating flow,

(w(@,y), w(z,y)) = o(da(z — 1)(1 - 2y), —4y(y — 1)(1 — 22)).

We will consider the two choice 0 = 1 (weak convection) and o = 400 (strong
convection); the diffusion coefficients o and 8 are constant and equal to 1.
With N = 100 and 7 = 0.5h2,h = ﬁ, as in the example in section 2, the
matrix A = I + §B from (16) is diagonally dominant for both ¢ = 1 and
o = 400. So we take the weight vector u to have all components equal to 1 and
we report results on the ¢1-norm of the residuals for randomized Gauss-Seidel
and Gauss-Southwell as an illustration of Theorem 12. Since this time we are
interested in the residuals rather than in the errors, it is not mandatory to fix
the right hand side such that we know the solution, but to stay in line with
the earlier experiments we actually did so with the solution being again the
discretization of zy(1 — x)(1 — y).

The top row of Figure 3 displays, as before, these ¢1-norms only after every
n relaxations, considered as one iteration. For both values of o we take the
probabilities p; from (26) in randomized Gauss-Seidel and the greedy pick rule
(27) for Gauss-Southwell, so that Theorem 12 applies, and the plots also report
the bounds for the 1-norm of the residual given in that theorem.

The plots in the top row show a similar behavior of the different relaxation
methods as in the hpd case, with Gauss-Southwell being fastest, especially for
strong convection, and randomized Gauss-Seidel converging roughly half as
fast as cyclic Gauss-Seidel—and this for both values of o. As opposed to the
hpd case, the theoretical bounds are now much closer to the actually observed
convergence behavior of the randomized relaxations. For ¢ = 1 the bounds
are actually that close that in the graph they are hidden behind the reported
residual norms. For o = 400 the bounds can be distinguished from the residual
norms in the plots, but they are still remarkably close.

The bottom row of Figure 3 contains results for the cyclic and the ran-
domized Kaczmarz methods. With a} denoting the ith row of A, and a; the
corresponding column vector, relaxing component ¢ in Kaczmarz amounts to
the update

lay113
We report these results since they allow for a comparison, randomized
Kaczmarz being one of the most prominent randomized system solvers for
non-symmetric systems.
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Fig. 3 Comparison of Gauss-Seidel type (top row) and Kaczmarz type (bottom row) meth-
ods. Left: weak convection, o = 1. Right: strong convection, o = 400. Top-down order in
the legend corresponds to top-down order of the plotted lines.

The plots report the 2-norm of the error for which we know a bound given
by the right hand side in the inequality

k —1p)12 K\n|[,.0 —1302 K _ Tmin(4)?

ok — A3 < (1 — XY la® — A71B[ with oX = ZmnlAS
IAlI%

where opmin(A) is the smallest non-zero singular value of A. This bound holds

if "optimal” probabilities p; are chosen, see [32], as p; = ||a}|3/||A||%, which is

what we did for these experiments.

We see that as with Gauss-Seidel, the cyclic algorithms converges approx-
imately twice as fast than the randomized algorithm. The theoretical bounds
are less sharp than for the Gauss-Seidel methods. For both matrices, the cyclic
and randomized Kaczmarz methods converge significantly slower than their
Gauss-Seidel counterparts while, moreover, one relaxation in Kaczmarz needs
approximately twice as many operations than in Gauss-Seidel. Since the plots
on the top row report ¢;-norms rather than 2-norms of the error, let us just
mention that in the weak convection case, ¢ = 1, the relative 2-norm of the
residual in the randomized Gauss-Seidel run from the top row of Figure 3 is
1.22 - 1076 at iteration 41, and in the strong convection case, o = 400, it is
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1.65- 1076 at iteration 60. On the other hand, randomized Kaczmarz failed to
converge to the desired tolerance of 10~6 within 100 iterations.

5 Conclusion

We developed theoretical convergence bounds for both randomized and greedy
pick relaxations for nonsingular linear systems. While we mainly reviewed
results for the Gauss-Seidel relaxations in the case of a Hermitian positive defi-
nite matrix A, we presented several new convergence results for nonsymmetric
matrices in the case where the iteration matrix has a weighted ¢1-norm less
than 1. From this we could deduce several convergence results for randomized
Gauss-Seidel and Gauss-Southwell relaxations for H-matrices. We also pre-
sented results which show how to choose the probability distributions (in case
of randomized relaxations) or the greedy pick rule (in case of greedy iterations)
which minimize our convergence bounds. Numerical experiments illustrate our
theoretical results and also show that the methods analyzed are faster than
Kaczmarz for square matrices.
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