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Improved Binary Forward Exploration:
Learning Rate Scheduling Method for Stochastic Optimization

Xin Cao'*

Abstract

A new gradient-based optimization approach by
automatically scheduling the learning rate has
been proposed recently, which is called Binary
Forward Exploration (BFE). The Adaptive ver-
sion of BFE has also been discussed thereafter.
In this paper, the improved algorithms based on
them will be investigated, in order to optimize
the efficiency and robustness of the new method-
ology. This improved approach provides a new
perspective to scheduling the update of learning
rate and will be compared with the stochastic gra-
dient descent (SGD) algorithm with momentum
or Nesterov momentum and the most successful
adaptive learning rate algorithm e.g. Adam. The
goal of this method does not aim to beat others but
provide a different viewpoint to optimize the gra-
dient descent process. This approach combines
the advantages of the first-order and second-order
optimizations in the aspects of speed and effi-
ciency.

1. Introduction

In the Statistics and Machine Learning areas, gradient de-
scent algorithm is widely used to optimize the model pa-
rameters via searching the local minimum of the objective
function or loss function. The algorithm and its variants
play very important roles in machine learning, deep learn-
ing and reinforcement learning. The reason that the first-
order gradient-based optimization methods are so popular
is mainly because of their low computational complexity
and their simplicity of implementation, although the second-
order methods usually have faster convergence speed. The
first-order algorithm has two categories: non-adaptive and
adaptive. The stochastic gradient descent (SGD), which en-
ables all parameters sharing the same updated learning rate,
is one of the most famous non-adaptive approach. Some
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extensions of SGD such as momentum and Nesterov mo-
mentum via tracking historic gradients during the optimiza-
tion (Nesterov, 1983), provide higher convergence speed
and stronger robustness. Meanwhile, the recently developed
adaptive methods such as AdaGrad (Duchi et al., 2011),
Adadelta (Zeiler, 2012), RMSProp (Tieleman et al., 2012),
and Adam (Kingma & Ba, 2014), update the learning rate
per-parameter, and make the convergence faster compared
to the non-adaptive methods. However, in practice, the
traditional SGD method usually approach better optima in
many deep learning tasks, which raises questions e.g. What
is the relationship between the learning rate updates and
the loss landscape of such tasks? In my previous paper,
a new method that automatically scheduling the learning
rate by detecting the forward information of the loss land-
scape has been introduced, which is called Binary Forward
Exploration (BFE) algorithm (Cao, 2022). In this paper,
a modification to the BFE algorithm will be discussed in
detail, in order to improve the optimization efficiency and
reduce the computational cost. It is proposed that this type
of optimization approach can be applied to the interdisci-
plinary study with physics problems in the future, such as
some space physics studies based on analyzing the space-
craft data of different space missions (Cao et al., 2022; Liu
etal., 2012), and (Chu et al., 2021a;b; Liuzzo et al., 2021). It
is also expected that more numerical methods sourced from
computational physics is probably able to be transferred and
applied to the machine learning problems.

2. Improved Binary Forward Exploration
Algorithm

2.1. Algorithms

The improved Binary Forward Exploration Method was cre-
ated to compare the loss values in the forward direction
via computing an original learning rate and a binary reduc-
tion or amplification of the learning rate, which derivates
from the numerical modeling work (Cao et al., 2013) and
modified based on the original BFE approach (Cao, 2022) .

The suggested method’s pseudo-code is shown in algorithm
1, where %éf) is the gradient of the loss function at ;, and
of(9)

g fepresents the gradient of the loss function at §;". The
t
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gradient gé ) represents to V f (6;) in this article, where 6;

denotes the parameter vectors or tensors at time-step t, and
f(0) is the loss function with respect to the parameter.

Algorithm 1 Improved BFE, the proposed algorithm in
non-adaptive learning rate automation for stochastic opti-
mization. More details are described in the text. The Loss
Function can be written as a function w.r.t parameters, e.g.
Loss = f(0). Default value of the error limit ratio for
Binary Detection Learning Rate is ¢ = 0.001, or one thou-
sandth.
Initialize learning rate 7 (e.g. 0.001)
Initialize €, (e.g. 0.001)
Initialize ¢, > ¢,
Initialize parameter vector 6
Initialize time-step ¢ = 0
while 6; not converged do
t=t+1
if e. > €, then
while €. > ¢, do

* 3]

0F = 0, — n240)
of(6

0 =00 — 405,

! + of(9)

0, =07 3 007

(loss value at 0;)
Loss2 = {f(‘))]% (loss value at 0,)
= |Loss2 — Lossl|
€y = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €, |Lossl| - €)
or any other predefined factor
or functions, e.g. decay with timestep

or epochs
n=32
end while
n=2n
0, = 0

(Procedure updating €. and €,, e.g. as below)
6; = 0, —n

o7(6)
o 0 0J(0
0; =0 — 575,
’ af (6
9t=9t+—gaje(+)

(loss value at 65)
Loss2 = [f(e)bl (loss value at 6;)
€. = |Loss2 — Lossl|
€, = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €, |Lossl| - €)
or any other predefined factor
or functions, e.g. decay with timestep or

epochs
else
while €. < ¢, do
0 =0, —n 69(? )

4 af(0
0, =07 = n%F

Lossl = [f(ﬂ)]aé (loss value at 0,)
Loss2 = [f(0)]e: (loss value at 0})
= |Loss2 — Lossl|
€y = 0.5 - (|Loss2| + |Lossl|) - €
or min(|Loss2| - €,|Lossl| - €)
or any other factor or functions

n =27
end while
n=14
0, = 0
(Procedure updating €. and ¢,, e.g. as below)
9+ -0 8f(‘9)
o
+ af
0, =0 —n 067
¥ ar(e
Op =0 —2n g«gt)

Lossl = [f(0)], (loss value at 0,)

Loss2 = [f(0)]e: (loss value at )
= |Loss2 — Lossl|
€, = 0.5 (|Loss2| + |Lossl|) - €

or min(|Loss2| - €, |Lossl| - €)

or any other factor or functions
end if
end while

return 6; (Resulting Optimized Parameters)

At each time-step, this approach compares the values of
€comp and €,4; (€. and €, for short in the algorithms’ pseudo-
code), where €.,y is the relative error or inaccuracy of
a one-time updated loss function, and €,4; is defined as
the threshold value that determine if an optimal learning
rate is obtained and thus the searching iteration can be
terminated. Meanwhile, €,,; can be also defined as a
decay function with the number of epochs, for instance,
€vai = 0.5 - (|Loss2| + |Lossl|) - €/(t + tgecay), Where
tdecay 1 a predefined number of the time-step or epochs
(e.g. 100) when the decay starts. Furthermore, besides the
binary shrink or amplification of the step size or learning
rate, the Binary Forward Exploration can be also extended to
the Multiple Forward Exploration, which will be displayed
in the Appendix.

2.2. Improved BFE’s update rule:

As the original BFE algorithm which (Cao, 2022) has dis-
cussed, the absolute value of the subtraction between Loss 1
(LST) and Loss 2 (LS2) at the current time-step can be used
to determine €.omyp, as shown in algorithm 1. In the “while
€comp = €val d0” loop (Zoom-in part), Loss1 represents
the loss calculated at 6}, where 6} is updated based on 6,
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via the gradient descent method combined with the current
learning rate. Similarly, Loss2, is calculated as follows:
first, update the parameter through half of current learning
rate and the gradient at #; to compute 6", and then update
it again via the same learning rate and the gradient at the
new position 9t+ to compute 0;. In the “while €comp | €val
do” loop (Zoom-out part), Loss]1 is specifically defined in
this way: first, update the parameters via current learning
rate and the gradient at 6; to compute 6;", and then repeat
the same way to update it utilizing half of current learning
rate and the gradient at 6" to compute 9;. Loss2 is defined
as the value of the loss function at 6}, where 6} is updated
based on 6, via the gradient descent combined with twice
of current learning rate. Using the same way as described
in (Cao, 2022), the learning rate can be updated during each
time-step’s iteration by comparing Loss1 and Loss2 in the
zoom-in or zoom-out parts as mentioned above.

The main difference from the original BFE algorithm is
marked as the bold pseudo-code as Algorithm 1 shows. The
learning rate is doubled after the zoom-in iteration for each
time-step and thus the parameters are correspondingly up-
dated, which can speed up the updating process without
losing accuracy. Afterwards, €.omp and €,q; are then up-
dated as well at the end of zoom-in part. Similarly, €.om,
and €, are also updated at the end of zoom-out part. Such
an additional update can make the algorithm detect the vari-
ation of the loss landscape in the forward direction more
accurately, which can also speed up the convergence of the
parameters.

Algorithm 2 Improved BFE (zoom-in part only), the pro-
posed algorithm in non-adaptive learning rate automation
for stochastic optimization. More details are described in
the text. The Loss Function can be written as a function
w.r.t parameters, e.g. Loss = f(6). Default setting for error
limit ratio for Binary Detection Learning Rate is ¢ = 0.001,
indicating one thousandth.

Initialize learning rate n = 79 (e.g. 0.001)
Initialize €, (e.g. 0.001)

Initialize €. > €,

Initialize parameter vector 6

Initialize time-step t = 0

while 6; not converged do

t=t+1
n="mn
6; =6, — 0%
0F =0, - 3240
0, = 0F — 355

Loss1 = [f(0)]e; (loss value at 6)
Loss2 = [f(0)], (loss value at 0,)
€. = |Loss2 — Lossl|

€, = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €, |Lossl| - €)
or any other predefined factor
or functions, e.g. decay with timestep or
epochs
while ¢. > ¢, do
0; = 0, — n°L2

a6,
0 = 0.~ 3%
i, - of - 4210
Loss1 = [f(0)]ex (loss value at 6;)
Loss2 = [f(&)}ei (loss value at 0;)

€. = |Loss2 — Lossl|
€, = 0.5+ (|Loss2| + |Lossl|) - €
or min(|Loss2| - €,|Lossl| - €)
or any other predefined factor
or functions, e.g. decay with time-step
€. = |Loss2 — Lossl|
€, = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €,|Lossl| - €)
or any other predefined factor
or functions, e.g. decay with timestep or
epochs
n=3
end while
n=2n
0, =05
end while
return 6; (Resulting Optimized Parameters)

The zoom-in only version of improved BFE algorithm is
shown as Algorithm 2, during the iteration of each time-step,
the learning rate is re-set to be the pre-defined value every
time before the execution of the zoom-in process, and the
Loss1 and Loss2 will be calculated and so are the €,,,;, and
€vql- The zoom-in process will be executed to determine
which learning rate is optimal for the current time-step via
calculating the forward gradients and the corresponding
losses. At the end of the zoom-in part, the learning rate
is doubled and the parameters are updated based on it, as
discussed in Algorithm 1. The algorithm is not terminated
until the parameters approach optima.

3. Experiments

To investigate the improved method’s performance, we uti-
lized the same linear regression model as the model used in
(Cao, 2022). The corresponding loss function is a quadratic
function form, which is efficient to measure the behavior
of convergence and meanwhile satisfies the characteristics
of a local minimum, (Sutskever et al., 2013), (O’donoghue
& Candes, 2015), (Lucas et al., 2018). A more complex
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distribution of the loss function in a high-dimensional pa-
rameter space by using neural network models and different
datasets such as MNIST /citelecun1998gradient, CIFAR-10,
CIFAR-100 (Krizhevsky et al., 2009)and Mini-ImageNet
(Vinyals et al., 2016) will be studied in the future work,
which is though beyond the scope of this work.

Loss Function vs Iteration Loss Function vs Ite

— BFE (Improved)
—— SGD+Nesterov+beta=0.9

5 100 150 200 250 300 350 1000 2000 3000 4000 5000
ration Reration

Figure 1. The loss decrease pattern with the increasing iteration
over the dataset. The loss decrease by using the BFE optimizer
(red curve) and the black represents that by using the mini-batch
stochastic gradient descent algorithm (with Nesterov terms of beta
=0.9), which is in contrast to Fig. 3 in (Cao, 2022)

The details of the regression model were described at (Cao,
2022). Figure 1 shows that the improved BFE algorithm
enables the loss converge much faster than another classic
non-adaptive algorithm: the mini-batch gradient descent
method. The left and right panel respectively shows the
loss variation from the start to less than 380" iteration, and
from the start to around 5000*” iteration. Especially in the
beginning of the optimization process, the improved BFE
algorithm can make the loss converge to a relatively low
value which is close to the optima very quickly.

Compared with the SGD and most of other adaptive al-
gorithms, which track previous historic gradients for the
estimation of the learning rate, the improved BFE algorithm
mainly focuses on the future gradients towards the forward
direction.

The computational cost of the improved BFE algorithm is
not significantly higher than other first-order optimization
algorithm, the number of inner loops (zoom-in / zoom-out
process) has been recorded during the optimization. The
average inner loop number is about 1.74, compared to that
of the original BFE algorithm: 1.93, both of which are less
than twice for each time step’s update, as Figure 2 shows.

As Figure 3 demonstrated, we compared the loss decrease of
the BFE algorithm with those of SGD with Nesterov, each
of which has different beta value from 0 to 0.9. The results
reveal that the beta value increases, and the convergence is
approached faster. We also zoomed in the result between the
beginning to the 60" iteration, BFE enables the loss steeply
decrease, which is expected to slide along ambient gradient
of the loss landscape. The results from SGD with Nesterov
did not capture the initial change of the gradient as well as

2000

1500 A

1000 A

Count number of inner count

500 A

Inner count

Figure 2. The histogram that shows the number of inner loops and
their corresponding count number. The average number of inner
loops of the improved BFE optimizer is 1.74, compared to that of
the original BFE optimizer: 1.93 (Cao, 2022)

Loss Function vs Iteration Loss Function vs lteration

— BFE (Improved)
— s
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Figure 3. The loss decrease vs iterations over the whole data-set.
Different colors represent the different optimization algorithms
and hyper-parameters setting, in contrast to Fig. 5 in (Cao, 2022)

BFE, because of lack of the second-order information of
the loss landscape in the forward direction. This is also the
reason why the warm-up strategy is necessary for manually
scheduling the learning rate . A different local minimum but
not optima might be approached without the warm-up under
a certain of circumstances. Instead, if using BFE algorithm,
there is no need to use a warm-up strategy any more due to
the ability to map the second-order gradient information for
forward steps. And a selection of initial learning rate can be
skipped since the BFE-related algorithms can automatically
obtain an optimal initial learning rate.

The loss function in this study is used as a quadratic for-
mat, which is simple but efficient to observe the conver-
gence pattern and satisfies the characteristics of a local
optima (Sutskever et al., 2013; O’donoghue & Candes,
2015; Lucas et al., 2018). A higher order loss function
in multi-parameter space with complex datasets such as
Mini-ImageNet (Vinyals et al., 2016), CIFAR-10, CIFAR-
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100 (Krizhevsky et al., 2009) and MNIST (LeCun et al.,
1998) will be studied and discussed in future works, which
is beyond the scope of this work though.

4. Adaptive Extension of Improved BFE
Algorithm

As the similar discussion at (Cao, 2022). Besides the investi-
gation of loss change via shrinking and amplifying learning
rate by a binary scale, we can also trace gradient variation of
the loss function instead of the loss change. The two meth-
ods both detect the loss landscape in the forward direction,
and equivalently probe the second-order loss information
without losing first-order algorithms’ computational effi-
ciency. The improved version of Adaptive BFE method was
an adaptive extension to the improved BFE algorithm via
adjusting learning rates per parameter via tracking gradient
variation of the loss function in each parameter dimension.

4.1. Improved BFE of gradient change

Algorithm 3 Improved BFE of gradient change, the pro-
posed algorithm in non-adaptive learning rate automation
for stochastic optimization. More details are described in
the text. The Loss Function can be written as a function
w.r.t parameters, e.g. Loss = f(6). Default setting for error
limit ratio for Binary Detection Learning Rate is e = 0.001,
indicating one thousandth.

Initialize learning rate 7 (e.g. 0.001)
Initialize ¢, (e.g. 0.001)
Initialize ¢, > €,
Initialize parameter vector 6
Initialize time-step ¢ = 0
while 6; not converged do

t=t+1

if ¢, > ¢, then

while €. > ¢, do

n=1
_ 9f(9)
gi = 80 ;
0ri="0ci —n-9i
x _ 0f(8)
9; = o907,

e; = arctan(abs((9; — 9:)/(1 + g7 - g:)))
€. = function of ¢;, e.g. max(e;)
€, = 1 or any other values or functions

end while

at,i = 0:71'

else

while €. < ¢, do
n= le
9i = QJ;M

« _ 0f(0)
g; = o0;
€; = arctan(abs((g; — 9:)/(1 + g7 - 9:)))
€. = function of ¢;, e.g. max(e;)
€, = 1 or any other values or functions
end while
n=14
016 =005 —n- g
end if

(Procedure updating €. and ¢,, e.g. as below)
_ 9f(9)
T 80,
9;1 =0ii—1n-9i
x _ 9f(0)

P08y,
&, = arctan(abs((g; — g:)/(1 + g - 9:)))
€. = max(e;) or other functions
€, = 1 or any other values or functions
end while
return 6; (Resulting Optimized Parameters)

Before introducing the adaptive algorithm, the improved
BFE of gradient change algorithm is described as Algorithm
3. The shrink and amplification of the learning rate can be
moved to the beginning of every iteration of the zoom-in
or zoom-out process, such that the updates of parameters
can be further simplified. Furthermore, the €., and €,q;
are updated again after the completion of each time-step’s
iterations. The whole optimization process is not terminated
until a local optima is approached. In such a non-adaptive
algorithm, all of the parameters share the same learning rate
during the optimization process.

BFE of gradient change described above can be naturally
extended to the corresponding adaptive version. Rather
than one global learning rate, each parameter has their own
learning rate 7;, which is updated via comparing ¢, ; and
€y,; in specific dimension. Please note that, the process of
updating €. ; and €, ; is shown as Procedure 5.

However, the process to update ¢, ; and ¢, ; as above are
not limited to the process as Procedure 5 described, and
is possible to be other forms as well if they can efficiently
update these two factors.

As Figure 4 reveals, we compared the loss curves of BFE
with BFE of gradient change, the adaptive BFE of gradient
change, the SGD and Adam algorithm based on univariate
linear regression model (The batch size for all optimization
algorithms is set to be 512). By using the similar way to
(Cao, 2022), Adam algorithm usually enable to make the
loss decrease faster than SGD in the high-dimensional data,
but in the low-dimensional (e.g. 1D or 2D) regression, loss
with SGD might decrease faster (Gitman et al., 2018).

Furthermore, the results demonstrate the BFE of gradient
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change (default setting, e.g. €,, = 1 degree) converges slower
than the BFE, but faster than others, and the adaptive BFE
version enables the loss decrease speed between SGD and
Adam from the start to the 100" iteration, which is different
from (Cao, 2022). The left, middle and right columns re-
spectively demonstrate different time-step ranges in Figure
4. In the figure, each time-step means each iteration or the
time-step of a batch. Studying the patterns of different ver-
sions of BFE algorithms can help us deeply understand how
the multi-dimensional distribution in the parameter space
affect the best-fit learning rate.

Algorithm 4 Improved Adaptive BFE of gradient change,
the proposed algorithm in non-adaptive learning rate au-
tomation for stochastic optimization. More details are de-
scribed in the text. The Loss Function can be written as a
function w.r.t parameters, e.g. Loss = f(6). Default setting
for error limit ratio for Binary Detection Learning Rate is
€ = 0.001, indicating one thousandth.
Initialize learning rate n; (e.g. 0.001)
Initialize €, ; (e.g. 0.001)
Initialize €. ; > €, ;
Initialize parameter vector 6,
Initialize time-step t = 0
while 6, ; not converged do
t=t+1
if €c,i > €v,i then
while €c,i > €v,i do

i = %
_ 0£(0)
g9; = 80, ;
9:,1' = et,i — N3G
x _ 0f(0)
9; = o907,

€ = arctan(abs((g; — g:)/(1 + g7 - 9:)))
€y,; = 1 or any other values or functions

end while
et,i = 9;1'
else
whilee.; <¢,; do
n; = 2m;
. _ 9f(9)
i 96,
0 = O =
x _ 0f(0)
g; = o907,

€ = arctan(abs((g; — g:)/(1 + g7 - 9i)))
€v,s = 1 or any other values or functions

end while
n =%
Ots = 05 — - gs
end if
(Procedure updating €. and ¢,, e.g. as below)
- 20

0 =0ui—1n-gi

9i = %@(9)
€ci = arctan(abs((g; — g:)/(1 + g7 - 9:)))
€y,; = 1 or any other values or functions
end while
return 6, per dimension (Resulting Optimized
Parameters)

Algorithm 4 shows the improved adaptive BFE of gradi-
ent change algorithm, which is modified from the original
adaptive BFE of gradient change version. The improved
version added the updating process within every outer loop
in the algorithm, the updating process of which is shown in
Procedure 5.

Procedure 5 Updating €. ; and ¢, ; with every outer loop

A Procedure to update ¢, ; and ¢, ; could be but not lim-
ited to the lines below:

9i = 96,

0 i =0ti—n-gi
x _ 0f(9)

% 905 ,

€c = arctan(abs((g; — ¢:)/(1+ g7 - 9:)))
€y,; = 1 or any other values or functions

Figure 4. The loss change with the increasing iterations over the
data-set. The results compare the BFE, BFE of gradient change
with non-adaptive and BFE of gradient change with adaptive algo-
rithms.

Figure 5 reveals the loss landscape for the comparison of
optimization trajectories between improved BFE, improved
BFE gradient change, improved adaptive BFE gradient
change algorithms and Adam and SGD with Nesterov al-
gorithms on the parameter space. The results reveal that
the improved BFE-related algorithms enable much shorter
and faster trajectories to approach the optimal or minimum
location, compared to the Adam and SGD with Nesterov
algorithms. The excellent performance of the improved
BFE-related algorithms seems to combine the advantages of
both of Stochastic Gradient Descent and Adaptive-Gradient-
Descent-based (e.g. Adam) algorithms, which perform a
superiority in the aspects of all of the convergence speed,
efficiency and accuracy during the optimization process.

Figure 6 displays the sketch of a single or unit step of (im-



Improved Binary Forward Exploration: Learning Rate Optimization

Loss Landscape (un-normalized)

30 4 ‘ 840 144 56
25 720 48
204 600 2] 40

o 151 480 _ 0| 32
10 4 360 24

5 240 81 16

0 120 6 8

-5 1 T T 0 — T 0

0 5 10 3 4 5 6 7
w w

—— BFEmproved)
—— Adam

BFE_graddiff improvea) —— BFE_graddiff_adaptive
—— SGD_nesterov (momentum = 0.9) (Improved)

Figure 5. The comparison of BFE, the different variants of BFE,
and Adam and SGD with nesterov (momentum=0.9) on the 2D
loss landscape.

(Type I: BFE)

(Type II: BFE of gradient change)

Figure 6. The brief sketch of BFE and BFE of gradient change
(modified based on the figures at (Cao, 2022)).

proved) BFE and BFE of gradient change algorithm. The
left sub-figure illustrates how to respectively obtain the loss
at B and the loss at D, and then calculate their difference.
The right-figure illustrates how to respectively obtain the
loss at A and the loss at B, and then compare their difference
to see if it is small enough.

Figure 7 demonstrates the updating process of BFE algo-
rithm (indicated as Type I in Figure 6), where how the
repeated iterative calculation of the learning rate or step size
is presented.

Similarly, Figure 8 reveals the corresponding updating pro-
cess of BFE of gradient change algorithm (indicated as
Type II in Figure 6). The main difference between BFE and
BFE algorithms is the single unit updating step using the
comparison of losses or that of sequential gradients.

S. Summary

In conclusion, a set of improved algorithms for learning
rate automation based on Binary Forward Exploration has
been proposed. This updated approach improved the pa-

(The iteration process of Type I: BFE)

If difference
b/t i & =wE

>= threshold
Initial learning rate: n
nen/2

/

If difference
b/t B &
<threshold

Figure 7. The brief sketch of updating process of BFE (modified
based on the figures at (Cao, 2022)).

Initial learning rate: n

nen/2

If difference
b/t EEI&

<threshold =2,

\' ’@]

=N N

<threstold |

Figure 8. The brief sketch of updating process of BFE of gradient
change (modified based on the figures at (Cao, 2022)).

rameter updating process through mapping loss landscape
in the forward direction. Using the improved methods, we
can more efficiently determine the learning rate during the
optimization process of data-driven models. The improved
algorithms show advantages such as the faster convergence
speed during the beginning of optimization process, which
has potential to replace warm-up strategy under some condi-
tions. The proposed approach supplies a new viewpoint to
investigate the stochastic optimization process such that we
can study the linkages between the loss landscape and learn-
ing rate. In addition, the combination of fast computational
efficiency based on the first-order methods with shorter
convergence iterations from the second-order optimization
approach. Furthermore, The improved BFE-related algo-
rithms can enable the optimization not to use the warm-up
strategy. These improved approaches are expected to play
important roles in the learning rate optimization area. In
additional to optimize parameters for machine learning mod-
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els, it is possible for the improved BFE algorithms to be
applied to the time-dependent differential problems (Cao &
Paty, 2013; 2014), and (Cao & Paty, 2015; 2016), and (Cao
& Paty, 2017a;b; 2018a;b), and (Cao et al., 2019; 2020a;b),
and (Cao et al., 2020c; 2021; Cao & Paty, 2021). Using the
similar transferring way, it is also possible to apply more
numerical methods to the machine learning optimization.
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Appendix

Algorithm 6 Multiple Forward Exploration (MFE), e.g. if
multiple number = 3, it is then Triple Forward Exploration
version. The Loss Function can be written as a function
w.r.t parameters, e.g. Loss = f(f). Default setting for
error limit ratio for Multiple Detection Learning Rate is
€ = 0.001, indicating one thousandth.

Initialize learning rate 7 (e.g. 0.001)
Initialize €, (e.g. 0.001)
Initialize €. > €,
Initialize parameter vector 6
Initialize time-step t = 0
while 6; not converged do

t=t+1

if ¢, > ¢, then

while ¢. > ¢, do

* af(0
03 =9t—777£§t)
af (0
b = b, 1200
4 of(0
0; 9t+_g g;;)
ot — g _ n910)
t t 3 o6,

Lossl = [f(@)]g% (loss value at 67)
Loss2 = [f(9)]9fe (loss value at 67)
€. = |Loss2 — Lossl|
€y = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €, |Lossl| - €)
or any other predefined factor
or functions, e.g. decay with time-step

or epochs
n=1
end while
n =31
9,5 == 9:
(Procedure updating €. and ¢,, e.g. as below)
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Lossl = [f(@)}g} (loss value at ;)
Loss2 = [f(@)]efe (loss value at 67)
€. = |Loss2 — Lossl|
€, = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €,|Lossl| - €)
or any other predefined factor
or functions, e.g. decay with time-step
or epochs
else
while €. < ¢, do
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0 = 0, — 252
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b= 0 D

o6,
! of (6
9# =0, —n gé:)

Lossl = [f(e)]af (loss value at 67")
Loss2 = [f(0)]e: (loss value at 0;)
€. = |Loss2 — Lossl|
€y = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €,|Lossl| - €)
or any other factor or functions

n=3n
end while
n=1
0, = 6;

(Procedure updating €. and ¢,, e.g. as below)

6 = 6, — 5%

4 af (0
et = 9?_ -1 5[0(3—)
6f = 6, —n?L2

09,

07 = 0, — 3n2L10

Lossl = [f(e)]ef (loss value at 67")
Loss2 = [f(@)}gé (loss value at 67)
€. = |Loss2 — Lossl|
€y = 0.5 (|Loss2| + |Lossl|) - €
or min(|Loss2| - €,|Lossl| - €)
or any other factor or functions

end if
end while
return 6; (Resulting Optimized Parameters)




