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Abstract. We provide closed-form expressions for the first moments (i.e., the volume and
volume-weighted centroid) of a polyhedron clipped by a paraboloid, that is, of a polyhedron in-
tersected with the subset of the three-dimensional real space located on one side of a paraboloid.
These closed-form expressions are derived following successive applications of the divergence the-
orem and the judicious parametrization of the intersection of the polyhedron’s face with the pa-
raboloid. We provide means for identifying ambiguous discrete intersection topologies, and propose
a corrective procedure for preventing their occurence. Finally, we put our proposed closed-form
expressions and numerical approach to the test with millions of random and manually engineered
polyhedron/paraboloid intersection configurations. The results of these tests show that we are able
to provide robust machine-accurate estimates of the first moments at a computational cost that is
within one order of magnitude of that of state-of-the-art half-space clipping algorithms.

1. Introduction. Many computational methods and applications, ranging from
finite-element [23, 5], discontinuous Galerkin [27], and immersed isometric analysis
methods [15, 3], to the initialization [4, 16, 18, 19, 25] and transport [22] of interfaces
for simulating gas-liquid flows, require estimating integrals over polyhedra that are
clipped by curved surfaces. These applications have engendered multiple dedicated
quadrature rules and integration strategies, most of which focusing on estimating the
first few moments of these clipped polyhedra, thus considering polynomial integrands
only. The numerical approaches employed to estimate these moments vary greatly in
terms of accuracy, computational cost, and robustness. Monte-Carlo methods [12, 14]
are extremely robust and straightforward to implement, however, they suffer from a
poor convergence rate, hence their cost/accuracy ratio is significant. Approaches
based on octree subdivision [2, 20, 10] or surface triangulation/tesselation [25] ex-
hibit better convergence rates, yet their computational cost remains prohibitive for
numerical applications requiring on-the-fly moment estimations. A number of recent
approaches rely on successive applications of the divergence theorem, converting the
first moments of a clipped polyhedron into two- and/or one-dimensional integrals.
These integrals can then be numerically integrated at low computational cost or, for
specific surface types, even be derived into closed-form expressions. Bnà et al. [4] esti-
mate the volume (zeroth moment) of a cube clipped by an implicit surface represented
with a level-set function through integrating the local height of the surface using a
two-dimensional Gauss-Legendre quadrature rule. This work has been extended to
the first moments of a clipped cuboid by Chierici et al. [6]. For the similar pur-
pose of estimating the zeroth moment of a polyhedron clipped by an implicit surface,
Jones et al. [16] decompose the clipped polyhedron into a set of simplices, themselves
split into a reference polyhedron whose volume is computed analytically, and a set of
fundamental curved domains whose volumes are estimated using a two-dimensional
Gauss-Legendre quadrature rule. Chin and Sukumar [7] use a Duvanant quadrature
rule [11] for integrating over the faces of a polyhedron bounded by rational or non-
rational Bézier and B-spline patches. For non-rational surface parametrizations, this
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versitätsplatz 2, 39106 Magdeburg, Germany

1

ar
X

iv
:2

21
0.

07
77

2v
1 

 [
m

at
h.

M
G

] 
 2

0 
Se

p 
20

22



2 F. EVRARD, R. CHIODI, A. HAN, B. VAN WACHEM, O. DESJARDINS

yields exact integral estimations of polynomial integrands, provided that the order of
the Duvanant rule is high enough. Kromer and Bothe [18, 19] estimate the zeroth
moment of a polyhedron clipped by an implicit surface by locally approximating the
implicit surface as a paraboloid and applying the divergence theorem twice, converting
the clipped volume into a sum of one-dimensional integrals, which are then estimated
with a Gauss-Legendre quadrature rule. Finally, using Berstein basis functions in-
stead of monomial ones, Antolin and Hirschler [3] recently showed that, following
successive applications of the divergence theorem, polynomial integrands can be in-
tegrated in a straightforward and analytical manner over curved polyhedra bounded
by non-rational Bézier or B-spline surfaces.

This manuscript is concerned with estimating the first moments of a specific type
of curved polyhedra, that are planar non-convex polyhedra clipped by a paraboloid
surface (as in [18, 19]). Moreover, we require this estimation to (a) reach machine
accuracy, while (b) maintaining a computational expense that is low enough to enable
its on-the-fly execution in typical numerical applications (e.g., the simulation of two-
phase flows with finite-volumes), and (c) being robust to singular configurations (e.g.,
paraboloid surfaces being parabolic cylinder or planes, and/or ambiguous discrete
intersection topologies). These choices and requirements, although mainly motivated
by the use of these moments for simulating two-phase flows, may also find applica-
tions in the numerical fields listed above. A main difficulty in clipping a polyhedron
with a paraboloid lies in the fact that the faces of the clipped polyhedron cannot
systematically be represented with non-rational or rational Bézier patches [24, 21].
This prevents the use of recently proposed integration strategies designed for curved
polyhedra bounded by Bézier or B-spline surfaces [7, 3]. By successive applications
of the divergence theorem, we show that the first moments of the clipped polyhedron
can be expressed as a sum of one-dimensional integrals over straight line segments
and conic section arcs. With a parametrization of the latter into rational Bézier arcs,
we derive closed-form expressions for the first moments, rendering their numerical
estimation exact within machine accuracy. Implemented within the half-edge data
structure of the open-source Interface Reconstruction Library [8]1, the computational
cost of these moment estimations is kept within an order of magnitude of that of
clipping a polyhedron with a half-space. Finally, our choice of arc parametrization, in
conjuction with the detection and treatment of ambiguous discrete topologies, allows
for robust moment estimates even in degenerate configurations.

The remainder of this manuscript is organized as follows: Section 2 introduces the
problem that we address and the notations employed throughout the manuscript.
The closed-form expressions of the clipped polyhedron’s first moments are derived in
Section 3. Section 4 touches upon the integration of quantities (e.g., the moments) of
the clipped polyhedron’s curved face(s). Section 5 details the procedure employed for
preventing ambiguous clipped polyhedron topologies. Finally, the accuracy, efficiency,
and robustness of our proposed integration stategy are assessed in Section 6, and we
draw conclusions in Section 7.

2. Problem statement. Consider the two following subsets of R3:
• A polyhedron P delimited by nF planar polygonal faces Fi, i ∈ {1, . . . , nF},

each equipped with an outward-pointing normal vector ni (e.g., see Figures 1a
and 1b). Neither P nor its faces Fi are required to be convex.

• The region Q, located on one side of a paraboloid S (e.g., see Figure 1c).

1The Interface Reconstruction Library source code is available under Mozilla Public License 2.0
at https://github.com/robert-chiodi/interface-reconstruction-library.

https://github.com/robert-chiodi/interface-reconstruction-library


FIRST MOMENTS OF A POLYHEDRON CLIPPED BY A PARABOLOID 3

Without loss of generality, we assume to be working in a Cartesian coordinate system
equipped with the orthonormal basis (ex, ey, ez), within which the position vector
reads x =

[
x y z

]ᵀ
, and where Q and S are implicitly defined as

Q = {x ∈ R3 : φ(x) ≤ 0} ,(2.1)

S = {x ∈ R3 : φ(x) = 0} ,(2.2)

with

(2.3) φ :

{
R3 → R
x 7→ αx2 + βy2 + z ,

(α, β) ∈ R2 .

These assumptions do not restrict Q and S since, for any paraboloid-bounded clipping
region in R3, there exists a combination of rotations and translations of the canonical
coordinate system resulting in such implicit definitions of Q and S. For the sake of
clarity and conciseness, we introduce the following notations:

• The subscript �i refers to a topological element or quantity related to the
ith face of the polyhedron P.

• The superscript �̂ implies an intersection with the clipping region Q, e.g.,
P̂ ≡ P ∩ Q or F̂i ≡ Fi ∩Q.

• The superscript �̃ implies an intersection with the polyhedron P, e.g., S̃ ≡ S ∩ P.
This means that P̂ ≡ Q̃.

As mentioned in Section 1, we are interested in calculating the zeroth and first mo-
ments of P̂ = P ∩Q (e.g., see Figure 1e), i.e., its volume and volume-weighted cen-
troid, given as

MP̂0 =

∫

P̂
1 dx , and MP̂

1 =

∫

P̂
x dx .(2.4)

In the remainder of this work, we shall refer to these quantities as “the first moments”
or “the moments” of P̂, which we group into the vector

MP̂ =

[
MP̂0
MP̂

1

]
=

∫

P̂
Υ(x) dx ,(2.5)

where

(2.6) Υ :

{
R3 → R4

x 7→
[
1 x y z

]ᵀ .

3. Moments derivation. Using the divergence theorem, Eq. (2.5) can be rewrit-
ten as

(3.1) MP̂ =

∫

P̂
∇ · (Φ(x)⊗ ez) dx =

∫

∂P̂
Φ(x)(n∂P̂ · ez) da ,

where da is an infinitesimal surface element on ∂P̂ = ∪iF̂i ∪ S̃, the boundary of P̂,
n∂P̂ is the normal to ∂P̂ pointing towards the outside of P̂, and Φ is defined as

(3.2) Φ :





R3 → R4

x 7→
∫ z

0

Υ(x) dz
(
=
[
z xz yz 1

2z
2
]ᵀ) .

Eq. (3.1) can be split into the following sum of integrals,

(3.3) MP̂ =

∫

S̃
Φ(x)(nS̃ · ez) da +

nF∑

i=1

∫

F̂i

Φ(x)(ni · ez) da ,



4 F. EVRARD, R. CHIODI, A. HAN, B. VAN WACHEM, O. DESJARDINS

(a) A polyhedron P ⊂ R3. In this example, P
is a regular dodecahedron with nF = 12 faces.

(b) The faces of ∂P = ∪iFi and their outward-
pointing normal vectors, ni, i ∈ {1, . . . , nF}.

(c) A paraboloid surface S intersecting P. The
domain Q is the subset of R3 located below S,
with respect to ez .

(d) The intersection of the paraboloid S with
the polyhedron P, S̃ = S ∩ P.

(e) The clipped polyhedron P̂ = P ∩Q, where
Q is the subset of R3 below S.

(f) The faces of ∂P̂ = ∪iF̂i ∪ S̃.

Fig. 1. A polyhedron P ⊂ R3 intersected by the clipping region Q ⊂ R3 located below a parab-
oloid surface S.
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where S̃ = S ∩ P is the portion of the paraboloid S inside the polyhedron P (e.g.,
see Figure 1d), nS̃ is the normal to S̃ pointing outwards of Q (i.e., nS̃ · ez ≥ 0),
and F̂i = Fi ∩Q is the portion of the face Fi inside the clipping region Q (e.g., see
Figure 1f). Owing to the definitions of Q and S, as given in Eqs. (2.1) and (2.2), the
normal to S pointing outwards of Q reads as

(3.4) nS =
∇φ
‖∇φ‖ ,

yielding

(3.5) MP̂ =

∫

S̃
Φ(x)

(∇φ(x) · ez
‖∇φ(x)‖

)
da +

nF∑

i=1

∫

F̂i

Φ(x)(ni · ez) da .

The surface S̃ can be expressed in the parametric form

(3.6) S̃ =








x
y

−αx2 − βy2


 , (x, y) ∈ S̃⊥



 ,

with α and β the coefficients introduced in Eq. (2.3), and with S̃⊥ the projec-
tion of S̃ onto the xy-plane. Under the assumption that ni · ez 6= 0, each face F̂i,
i ∈ {1, . . . , nF}, can also be expressed in the parametric form

(3.7) F̂i =








x
y

δi − λix− τiy


 , (x, y) ∈ F̂⊥i



 ,

with

δi =
ni · xFi

ni · ez
, for any xFi ∈ Fi ,(3.8)

λi =
ni · ex
ni · ez

,(3.9)

τi =
ni · ey
ni · ez

,(3.10)

and with F̂⊥i the projection of F̂i onto the xy-plane. These explicit parametrizations
yield

(3.11) MP̂ =

∫

S̃⊥
ΦS(x, y) da⊥ +

nF∑

i=1

sign(ni · ez)
∫

F̂⊥i
ΦFi

(x, y) da⊥ ,

where ΦS and ΦFi
are the function vectors

(3.12) ΦS(x, y) =




−αx2 − βy2

−αx3 − βxy2

−αyx2 − βy3

1
2

(
αx2 + βy2

)2


 , ΦFi

(x, y) =




δi − λix− τiy
δix− λix2 − τixy
δiy − λixy − τiy2

1
2 (δi − λix− τiy)

2


 ,

and da⊥ = dxdy is an infinitesimal surface element on the xy-plane. Note that in
order to simplify Eq. (3.5) into (3.11), we have used the fact that ‖∇φ(x)‖ is the
determinant of the parametrization (3.6) of S̃, and that |ni · ez|−1

is the determinant
of the parametrization (3.7) of F̂i. The projected integration domains S̃⊥ and F̂⊥i
corresponding to the configuration of Figure 1 are illustrated in Figure 2.
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(a) Projection of ∂P̂ (where P̂ is shown in Fig-
ure 1e) onto the xy-plane.

F̂⊥
5

F̂⊥
6

F̂⊥
7F̂⊥

10

F̂⊥
11F̂⊥

12

ex

ey

F̂⊥
1

F̂⊥
2

F̂⊥
8

F̂⊥
9

ni · ez < 0

ni · ez > 0

∂S̃⊥

(b) Projected clipped faces in the xy-plane.

F̂⊥
11

•
x⊥
11,6(t)

•

x⊥
11,1(t)

•
x⊥
11,2(t)

•
x⊥
11,3(t)

•
x⊥
11,5(t)

•

x⊥
11,4(t)

ex

ey

(c) Projected clipped face F̂⊥11 and the
splitting of its boundary into n∂F̂11

= 6
parametrized arcs.

•

•

•

•

•

•

x̄⊥
11,4(t)

ex

ey

(d) Oriented closed curve on which MP̂1
11

is integrated.

Origin

0

•
•

•

x̄⊥
11,4(1 − t)

ex

ey

(e) Oriented closed curve on which
MP̂2

11,4 is integrated.

•

•

x̄⊥
11,4(1 − t)

•

x⊥
11,4(t)

ex

ey

(f) Oriented closed curve on which MP̂3
11

is integrated.

Fig. 2. Illustration of the one-dimensional integration domains used for integrating the first,
second, and third contributions to the moments.
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Eq. (3.11) can be rewritten as

MP̂ =

∫

S̃⊥
∇ · (ΨS(x, y)⊗ ex) da⊥(3.13)

+

nF∑

i=1

sign(ni · ez)
∫

F̂⊥i
∇ · (ΨFi

(x, y)⊗ ex) da⊥ ,

where ΨS and ΨFi
are defined as

(3.14) ΨS :





R2 → R4

(x, y) 7→
∫ x

0

ΦS(x, y) dx
.

and ∀i ∈ {1, . . . , nF},

(3.15) ΨFi :





R2 → R4

(x, y) 7→
∫ x

0

ΦFi
(x, y) dx

.

Note that the choice made here of integrating ΦS and ΦFi
with respect to x is arbi-

trary, and that we could have equivalently integrated them with respect to y, requiring
to replace ex by ey in Eq. (3.13). Using the divergence theorem once again, this gives

(3.16) MP̂ =

∫

∂S̃⊥
ΨS(x, y) (n∂S̃⊥ · ex) dl +

nF∑

i=1

∫

∂F̂⊥i
ΨFi

(x, y)(n∂F̂⊥i · ex) dl ,

where dl is an infinitesimal line element on the integration domains ∂S̃⊥ and ∂F̂⊥i ,
which are the boundaries of the projections of the faces of P̂ onto the xy-plane.
As such, they consist of closed curves in the xy-plane, that are successions of conic
section arcs and/or line segments (e.g., see Figures 2b and 2c). Note that the term
“sign(ni · ez)” is now implicitly accounted for, as the closed curves ∂F̂i (and therefore
their projection onto the xy-plane, ∂F̂⊥i ) are oriented so as to produce a normal
vector pointing towards the outside of P̂. It should also be noted that the integration
domains ∂S̃⊥ and ∂F̂⊥i do not necessarily consist of one closed curve each – they may
each be the union of several non-intersecting oriented closed curves.

Let us assume that a parametrization

(3.17) xi,j(t) = xi,j(t)ex + yi,j(t)ey + zi,j(t)ez, t ∈ [0, 1], j ∈ {1, . . . , n∂F̂i
} ,

is known for each of the n∂F̂i
arcs of ∂F̂i, where the functions xi,j , yi,j , and zi,j belong

to C1([0, 1]). Moreover, let us note that each parametrized conic section arc belonging
to ∂S̃ is necessarily present in one and only one of the clipped face boundaries ∂F̂i,
where it is traversed in the opposite direction for integrating ΨFi

. Eq. (3.16) can then
be written as

MP̂ =

nF∑

i=1

n∂F̂i∑

j=1

∫ 1

0

(
ΨFi

(xi,j(t), yi,j(t))− 1∂S̃i,j ΨS(xi,j(t), yi,j(t))
)
y′i,j(t) dt ,(3.18)

where

1∂S̃i,j =

{
1 if the jth arc of ∂F̂i also belongs to ∂S̃
0 otherwise

.(3.19)

Note that in Eq. (3.18) and in the remainder of this manuscript, the superscript �′

indicates that a function has been differentiated with respect to its unique variable.
A closed-form expression can be derived for the integral in Eq. (3.18), however, its
use for numerically calculating the moments is undesirable for two main reasons:
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1. the expression contains many terms, rendering its numerical calculation ex-
pensive;

2. the expression depends on δi, λi, and τi, which all tend towards infinity as
ni · ez tends towards zero, leading to large round-off errors in the context of
floating-point arithmetics.

Instead, the introduction of a twin parametrization of the arcs of ∂∂P̂ and the ju-
dicious splitting of the integral in Eq. (3.18) can both reduce the complexity of its
closed-form expression and remove its direct dependency on the potentially singular
coefficients δi, λi, and τi. Let us then introduce the parametrization

(3.20) x̄i,j(t) = x̄i,j(t)ex + ȳi,j(t)ey + z̄i,j(t)ez, t ∈ [0, 1], j ∈ {1, . . . , n∂F̂i
} ,

which links xi,j(0) to xi,j(1) by a straight line. For the sake of conciseness, we shall
refer to these two points as xi,j(0) = xi,j,0 and xi,j(1) = xi,j,1 in the remainder of this
work. The twin parametrization of each arc is simply given as

(3.21) x̄i,j(t) = (1− t)xi,j,0 + txi,j,1, t ∈ [0, 1], j ∈ {1, . . . , n∂F̂i
} .

If the jth arc of ∂F̂i does not belong to S̃, then xi,j ≡ x̄i,j , yi,j ≡ ȳi,j and zi,j ≡ z̄i,j .
We can then re-organize Eq. (3.18) as

MP̂ =

nF∑

i=1

n∂F̂i∑

j=1

[ ∫ 1

0

ΨFi
(x̄i,j(t), ȳi,j(t))ȳ

′
i,j(t) dt

(3.22)

− 1∂S̃i,j

∫ 1

0

ΨS(x̄i,j(t), ȳi,j(t))ȳ
′
i,j(t) dt

− 1∂S̃i,j

∫ 1

0

(
ΨFi(x̄i,j(t), ȳi,j(t))−ΨS(x̄i,j(t), ȳi,j(t))

)
ȳ′i,j(t)

+

(
ΨS(xi,j(t), yi,j(t))−ΨFi

(xi,j(t), yi,j(t))

)
y′i,j(t) dt

]
,

The moments can thus be described as the sum of three distinct contributions, i.e.,

(3.23) MP̂ = MP̂1 + MP̂2 + MP̂3 =

nF∑

i=1

MP̂1
i +

nF∑

i=1

MP̂2
i +

nF∑

i=1

MP̂3
i ,

where

MP̂1
i =

∫ 1

0

n∂F̂i∑

j=1

ΨFi(x̄i,j(t), ȳi,j(t))ȳ
′
i,j(t) dt ,(3.24)

MP̂2
i =

∫ 1

0

n∂F̂i∑

j=1

−1∂S̃i,jΨS(x̄i,j(t), ȳi,j(t))ȳ
′
i,j(t) dt ,(3.25)

MP̂3
i =

∫ 1

0

n∂F̂i∑

j=1

1∂S̃i,j

(
(ΨS(x̄i,j(t), ȳi,j(t))−ΨFi(x̄i,j(t), ȳi,j(t))) ȳ

′
i,j(t)(3.26)

+ (ΨFi(xi,j(t), yi,j(t))−ΨS(xi,j(t), yi,j(t))) y
′
i,j(t)

)
dt .
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The contributions MP̂1 and MP̂2 require the integration of the paraboloid and plane
primitives over straight lines only (e.g., see Figures 2d and 2e), hence are straightfor-
ward to derive. The contribution MP̂3 , on the other hand, requires the parametri-
zation of the conic section arcs in ∂S̃ (e.g., see Figure 2f). It should also be noted
that each arc of the clipped faces ∂F̂i contributes to MP̂1 , whereas only the conic
section arcs in those faces (originating from the intersection of ∂P with S) contribute
to MP̂2 and MP̂3 , owing to the presence of the coefficient 1∂S̃i,j .

3.1. First term: MP̂1 . Let us be reminded that the boundary of each clipped
face, ∂F̂i, is a succession of n∂F̂i

conic section arcs and/or straight line segments that
each link a start point xi,j,0 to an end point xi,j,1. Now recall that we aim to derive
expressions that are free of the coefficents δi, λi, and τi, so as to avoid round-off errors
in the numerical calculation of the moments. To do so, we assign to each face F̂i a
reference point xi,ref whose only requirement is to belong to the plane containing F̂i,
e.g., xi,ref = xi,1,0. For each arc of each clipped face, rather than integrating on
the straight line linking xi,j,0 to xi,j,1, we integrate instead on the oriented triangle
T

(1)
i,j = (xi,j,0,xi,j,1,xi,ref). Since ∂F̂i is the union of closed curves, the start point of

each of its constituting arcs is necessarily the end point of another arc, and the sum
of all these triangle integrals is equal to the sum of the straight arc integrals. This
yields

MP̂1
i =

n∂F̂i∑

j=1

A (xi,j,0,xi,j,1,xi,ref)B(1) (xi,j,0,xi,j,1,xi,ref) ,(3.27)

where A is the operator for calculating the signed projected area of a triangle from
the knowledge of its three corners, i.e.,

(3.28) A :

{
R3 × R3 × R3 → R

(xa,xb,xc) 7→ 1
2 (xa(yb − yc) + xb(yc − ya) + xc(ya − yb)) ,

and B(1) : R3 × R3 × R3 → R4 reads as

(3.29) B(1) (xa,xb,xc) =
1

12




4 (za + zb + zc)
(za + zb + zc) (xa + xb + xc) + xaza + xbzb + xczc
(za + zb + zc) (ya + yb + yc) + yaza + ybzb + yczc

z2
a + z2

b + z2
c + zbzc + zazb + zazc


 .

3.2. Second term: MP̂2 . For computing MP̂2 , similarly as in Subsection 3.1,
we choose a reference point xS belonging to S. An obvious choice for this reference
point is the origin of our coordinate system, i.e., xS = 0. For each conic section arc
of each clipped face, rather than integrating on the straight line linking xi,j,0 to xi,j,1,
we integrate instead on the oriented triangle T

(2)
i,j = (xi,j,0,xi,j,1,xS). For each ith

face of P, this yields the moment contribution

MP̂2

i,4 =

n∂F̂i∑

j=1

1∂S̃i,jA (xi,j,0,xi,j,1,0)B(2) (xi,j,0,xi,j,1) ,(3.30)

where A is the signed projected triangle area operator defined in Eq. (3.28) and the
operator B(2) : R3 × R3 → R4 reads as
(3.31)

B(2) (xa,xb) =
1

90




15 (αxaxb + βyayb − za − zb)

6β(ya − yb)(xbya − xayb) + 9(xa + xb)(za + zb)

6α(xa − xb)(ybxa − yaxb) + 9(ya + yb)(za + zb)

2αβ(xbya − xayb)
2 + 3(za + zb)(αxaxb + βyayb − za − zb) + 3zazb


 .
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0 π

4

π

2
3π

4

π100

101

102

103

104

105

106

θ

Ellipse/hyperbola semi-major axis

Fig. 3. Semi-major axis of the conic section generated by the intersection of the paraboloid S,
as defined in Eq. (2.2), when α = |β| = 1, with the plane implicitely defined by n · x = −n · ez, with
n =

[
cos(θ) 0 sin(θ)

]ᵀ
, as a function of the angle θ. The semi-major axis of the conic section

tends to infinity when θ tends to a multiple of π, meaning that a parametrization of any arc of this
conic section with trigonometric functions becomes singular if n · ez → 0.

Note that MP̂2

i,4 6= MP̂2
i , owing to our choice of integrating over triangles rather than

the individual arcs, however their sum over all faces is equal, yielding

(3.32) MP̂2 =

nF∑

i=1

MP̂2

i,4 .

3.3. Third term: MP̂3 . To derive a closed-form expression for MP̂3 , a pa-
rametrization of the conic section arcs in ∂S̃ must be provided. For the elliptic and
hyperbolic cases, traditional parametrizations using trigonometric functions are obvi-
ous choices, however they can yield significant round-off errors due to very large values
of their constitutive parameters (e.g., the semi-major and semi-minor axes). This is
illustrated in Figure 3 where the semi-major axis of the conic section generated by
the intersection of a paraboloid with a plane is plotted as this plane is rotated about
the ey basis vector. To avoid singular arc parametrizations, we express each conic
section arc as a rational Bézier curve [13]. This provides a general parametrization
that is valid over all conic section cases (i.e., elliptic, hyperbolic, and parabolic) and
allows a seamless and smooth transition between cases. A conic section arc linking
a start point xi,j,0 to an end point xi,j,1 can be exactly represented by the rational
quadratic Bézier curve parametrically defined as

(3.33) xi,j(t) =
B0(t) xi,j,0 + wi,j B1(t) x?i,j +B2(t) xi,j,1

B0(t) + wi,j B1(t) +B2(t)
, t ∈ [0, 1] ,

where

B0(t) = (1− t)2 ,(3.34)

B1(t) = 2(1− t)t ,(3.35)

B2(t) = t2 ,(3.36)
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are the Bernstein polynomials of degree 2, and wi,j is a weight associated with the
control point x?i,j . This control point is located at the intersection of the tangents to
the conic section at the start and end points. In the case of the intersection of a planar
face Fi with a paraboloid surface S, these tangents are obtained by the intersection
of the planes tangent to S at the start and end points, with the plane containing Fi.
The point xi,j

(
1
2

)
is, by definition, located at the intersection of S with the segment

linking x̄i,j
(

1
2

)
to x?i,j . Substituting t by 1

2 in Eq. (3.33), it follows that

(3.37) wi,j
(
xi,j

(
1
2

)
− x?i,j

)
= x̄i,j

(
1
2

)
− xi,j

(
1
2

)
,

from which wi,j can be deducted. If |wi,j | < 1, the rational Bézier curve is an arc
of an ellipse, if |wi,j | = 1, the rational Bézier curve is an arc of a parabola, and if
|wi,j | > 1, the rational Bézier curve is an arc of a hyperbola (e.g., see Figure 4).

•
xi,j,0

•
x?
i,j

•
xi,j,1

wi,j = 1
5

(arc of an ellipse)

wi,j = 1 (arc of a parabola)

wi,j = 5 (arc of a hyperbola)

•
x̄i,j

(
1
2

)

xi,j

(
1
2

)

•

•

•

Fig. 4. Three rational Bézier arcs linking a start point xi,j,0 to an end point xi,j,1. Also
shown are the control point x?

i,j and weight wi,j , along with the points x̄i,j

(
1
2

)
and xi,j

(
1
2

)
used

for determining wi,j .

Note that, in order to prevent round-off errors in the numerical calculation of MP̂3 ,
we limit our implementation to cases where wi,j ≥ 0. As a consequence, conic section
arcs that would result in negative rational Bézier weights are recursively split until
positive weights are found. With such a parametrization of the conic section arcs, it
can be shown that

MP̂3
i =

n∂F̂i∑

j=1

1∂S̃i,jA
(
xi,j,0,xi,j,1,x

?
i,j

)
B(3)

(
wi,j ,xi,j,0,xi,j,1,x

?
i,j

)
,(3.38)

where A is the signed projected triangle area operator defined in Eq. (3.28) and the
operator B(3) : R+ × R3 × R3 × R3 → R4 is given in Appendix A.

3.4. A special elliptic case. When αβ > 0 (i.e., S is an elliptic paraboloid)
and the normal to Fi is such that ni · ez 6= 0, the intersection of the plane containing
the face Fi with the surface S is an ellipse. The intersection of Fi with S can then be:
empty, a collection of arcs of this ellipse, or the entire ellipse. In the latter case, the
sum of the contributions MP̂2

i and MP̂3
i can be directly calculated by integrating

ΨS and ΨFi over the full ellipse, which yields the more concise expression

(3.39) MP̂2
i + MP̂3

i = −sign (ni · ez)π
(τ2
i α+ λ2

iβ − 4αβδi)
2

32 (αβ)
5/2




1
λi

2α
τi
2β

5τ2
i

12β +
5λ2

i

12α − 2δi
3



,
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where δi, λi, and τi have been defined in Eqs. (3.8)–(3.10). Note that this case only
occurs for ni · ez 6= 0, hence these coefficients are here non-singular.

4. Integrating on S̃. Although this manuscript is concerned with estimating
the first moments of P̂, the integration domains and parametrizations introduced
in Section 3 can also be used for integrating quantities associated with the clipped
surface S̃, e.g., its moments. The area of S̃, for instance, given as

MS̃0 =

∫

S̃
1 dx ,(4.1)

also reads after application of the divergence theorem as

MS̃0 =

nF∑

i=1

n∂F̂i∑

j=1

−1∂S̃i,j

∫ 1

0

γ(xi,j(t), yi,j(t))y
′
i,j(t) dt ,(4.2)

where

(4.3) γ :





R2 → R

(x, y) 7→
∫ x

0

√
1 + 4α2x2 + 4β2y2 dx

.

The first moments of S̃, as well as the average normal vector, average Gaussian
curvature and average mean curvature of S̃, for example, can be expressed similarly
as sums of one-dimensional integrals over the parametric arcs of ∂S̃⊥. Contrary to the
first moments of P̂, however, they need to be estimated using a numerical quadrature
rule, as closed-form expressions cannot be derived.

5. On floating-point arithmetics and robustness. In the context of floating-
point arithmetics, there exist cases for which the computed topology of the clipped
faces F̂i may be ill-posed, preventing the accurate calculation of the moments of P̂.
This occurs when, in the discrete sense:

1. The surface S is tangent to one or more edges of the polyhedron P;
2. At least one corner or vertex of the polyhedron P belongs to the surface S.

For any given face of P, the former case is numerically detected by computing the
absolute value of the dot product between the normalized tangent to S and the nor-
malized edge from which the tangent originates, and checking whether it lies within
εtangent of unity. The latter case is detected by checking whether the intersection of
an edge with S lies within εcorner of a corner or vertex of the polyhedron P. When
any of these configurations is detected, the polyhedron P is translated in the direction
of the normal to S at the location of the intersection, by a distance εnudge, and the
clipped face discrete topologies are re-computed. In the current work, where we use
“double precision”, we find the values εnudge = εcorner = 15ε64 and εtangent = 100ε64,
with ε64 = 2−52 the upper bound of the relative approximation error in 64-bit floating-
point arithmetics, to prevent the computation of any ill-posed topologies in all tests
presented in Section 6 (for which more than 5× 107 occurences of the current “nudg-
ing” procedure are forced to occur). Choosing lower values for these tolerances may
result in the generation of non-valid discrete topologies and/or erroneous moments.
It should be noted that this procedure introduces a relative error in the calculation
of the moments of P̂ which, for a polyhedron P with volume MP0 = O(1), is of the
order of εnudge. However, this bares little significance, since the rate of occurence
of the cases triggering this correction procedure is also extremely small (that is, for
non-engineered intersection configurations).
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6. Verification. In this section, the closed-form expressions derived in Section 3,
the approach of Section 4 for integrating on the clipped surface, and the corrective
procedure of Section 5 are tested on a wide variety of engineered and random inter-
section configurations. When analytical expressions of the exact moments are not
available, we recursively split the faces of the polyhedron P so as to approximate
∂P ∩Q and ∂P ∩ (R3 \ Q) by collections of oriented triangles. We refer to this pro-
cedure as the adaptive mesh refinement (AMR) of the faces of the polyhedron P. We
then exactly integrate ΦS on the triangulated approximation of ∂P ∩ (R3 \ Q) and
ΦFi

on the triangulated approximation of each clipped face F̂i, effectively approxi-
mating Eq. (3.11). For each case, we ensure that enough levels of recursive refinement
are employed in order to reach machine-zero. Accumulated errors due to the sum-
mation of the contributions of all triangles are avoided by the use of compensated
summation, also known as Kahan summation [17].

6.1. Unit cube translating along ez. In a first test, we consider the elliptic
paraboloid defined by Eq. (2.2) with α = β = 1, intersecting with the unit cube
centered at xc =

[
1/2 1/2 1/2− k

]ᵀ
(as illustrated in Figure 5). For this case, the

zeroth and first moments of P̂, as well as the zeroth moment of S̃, can be derived as
analytical functions of k. We compare these exact moments against those computed
using the closed-form expressions derived in Section 3 for estimating the moments
of P̂, and by integrating Eq. (4.2) numerically with an adaptive Gauss-Legendre
quadrature rule for estimating the zeroth moment of S̃. The parameter k is regularly
sampled on [0, 3] with a uniform spacing ∆k = 10−3.

(a) k = 1/2 (b) k = 3/2 (c) k = 5/2

Fig. 5. Unit cube centred at
[
1/2 1/2 1/2− k

]ᵀ
clipped by the elliptic paraboloid paramet-

rically defined as z = −x2 − y2.

The left-hand graph of Figure 6 shows the exact moments of P̂, scaled by their
maximum values, as well as the exact zeroth moment of S̃, scaled by its value at k = 1.
The right-hand side of Figure 6 shows the errors associated with their estimation,
scaled similarly. These errors are all contained within an order of magnitude of
ε64 = 2−52, the upper bound of the relative approximation error in 64-bit floating-
point arithmetics, except for the cases k = 1 and k = 2 which produce slightly higher
errors. This is due to the occurence of ambiguous topologies at k = 1 and k = 2, for
which S is tangent to edges of the cube and/or contains corners of the cube, hence
triggering the correction procedure described in Section 5.

6.2. Parameter sweep for several geometries. In a second test, we con-
sider a selection of convex polyhedra (a regular tetrahedron, a cube, and a regular
dodecahedron) and non-convex polyhedra (a hollow cube and the triangulated Stan-
ford bunny [26]). These polyhedra, whose properties are summarized in Table 1, are
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0 1 2 3
0

1

k

Scaled exact moments

24MS̃
0

π(5
√
5 − 1)

MP̂
0

2MP̂
1,x

2MP̂
1,z

5

0 1 2 3
10−18

10−17

10−16

10−15

10−14

10−13

ε64

k

Scaled moment estimation errors

Fig. 6. Moments of the unit cube centred at
[
1/2 1/2 1/2− k

]ᵀ
clipped by the elliptic

paraboloid parametrically defined as z = −x2 − y2, and the error in their estimation with 64-bit
floating point arithmetics. The volume moments and their associated estimation errors are scaled
with respect to the moments at k = 3. The surface area and its associated estimation error is scaled
with respect to the surface area at k = 1. The volumetric moments are computed from the analytical
expressions derived in Section 3, whereas the surface area is computed from Eq. (4.2) using an
adaptive Gauss-Legendre quadrature rule. The 64-bit machine epsilon ε64 = 2−52 is shown as the
dashed red line.

scaled so as to have a unit volume (i.e., MP0 = 1), and a centroid initially located at
the origin (i.e., MP

1 = 0). They are then translated along t =
[
tx ty tz

]ᵀ
, and

rotated about the three basis vectors (ex, ey, ez) with the angles θx, θy, and θz, re-
spectively. Throughout this section, (tx, ty, tz) are varied in [− 1

2 ,
1
2 ]3, (θx, θy, θz) are

varied in [−π, π]3, and the paraboloid coefficients (α, β) are varied in [−5, 5]2.

Table 1
Five polyhedra are considered: a regular tetrahedron, a cube, a regular dodecahedron, a hollow

cube, and the triangulated Stanford bunny [26]. The first three polyhedra are convex, whereas the
last two are not. The hollow cube contains non-convex faces.

Geometry Tetrahedron Cube Dodecahedron Hollow cube Stanford bunny

Number of
4 8 20 16 167, 891vertices

Number of
4 6 12 12 335, 778faces

Are all faces
Yes Yes Yes No Yesconvex?

Is polyhedron
Yes Yes Yes No Noconvex?

Snapshot

A random parameter sweep is first conducted by uniform random sampling of the
eight parameters (tx, ty, tz, θx, θy, θz, α, β) in the parameter space [− 1

2 ,
1
2 ]3×[−π, π]3×

[− 1
2 ,

1
2 ]2, totalling more than 2× 108 realizations. A graded parameter sweep is

then conducted, in which the eight parameters are chosen in the discrete param-
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eter space {− 1
2 ,− 1

4 , 0,
1
4 ,

1
2}3 × {−π,−π2 , 0, π2 , π}3 × {−5,−4, . . . , 4, 5}2, resulting in

53×53×112 = 1, 890, 625 distinct realizations for each geometry2. The graded param-
eter sweep differs from the random one in that it raises many singular intersection
configurations (e.g., degenerate conic sections that consist of parallel or intersect-
ing line segments, or conic sections that are parabolas) and/or ambiguous discrete
topologies that arise from polyhedron vertices lying on the paraboloid or edges of the
polyhedron being tangent to the paraboloid, therefore testing the robustness of our
implementation as well as of the procedure described in Section 5. For each case of
the random and graded parameter sweeps, the reference value of MP̂ for calculating
the moment errors is obtained by adaptive mesh refinement (AMR) of the faces of P
into triangles, followed by the (exact) integration of ΦS and ΦFi , given in Eq. (3.12),
over the triangles above and below the paraboloid, respectively. Examples of random
intersection cases and their associated AMR are shown in Figure 7, whereas examples
of singular cases raised during the graded parameter sweep are shown in Figure 8.

The maximum and average moment errors obtained during the random parameter
sweep are given in Table 2. For the tetrahedron, cube, dodecahedron, and hollow
cube, the average moment error is of the order ε64 = 2−52 ∼ O(10−16), whereas the
maximum error is about one order of magnitude larger. The average and maximum
moment errors for the Stanford bunny, which contains O(105) faces, are each about
one order of magnitude larger than for the other polyhedra but still close to machine-
zero.

Table 2
Random parameter sweep results. For each geometry, we provide: the number of tests con-

ducted, the number of recursive levels used for the AMR reference moment calculation, as well as
the average and maximum errors in the estimation of the zeroth and first moments.

Geometry
Number
of tests

AMR
levels

Zeroth moment error First moments error

Average Maximum Average Maximum

Tetrahedron 5× 107 17 1.6× 10−16 3.9× 10−15 1.2× 10−16 1.5× 10−14

Cube 5× 107 17 1.0× 10−16 2.5× 10−15 6.4× 10−17 7.2× 10−15

Dodecahedron 5× 107 17 4.6× 10−16 2.0× 10−15 6.9× 10−17 4.5× 10−15

Hollow cube 5× 107 17 1.7× 10−16 3.2× 10−15 1.0× 10−16 9.8× 10−15

Stanford bunny 1× 103 13 5.5× 10−15 3.9× 10−14 2.7× 10−15 2.6× 10−14

The graded parameter sweep, whose results are given in Table 3, exhibits similar
moment errors as for the random parameter sweep, with the exception of slightly
larger maximum moment errors. This is due to the graded parameter sweep raising,
by design, many more singular intersection configurations and ambiguous discrete
topologies than the random parameter sweep, therefore requiring a more frequent use
of the nudging procedure described in Section 5.

6.3. Parameter sweep with nudge. In order to further test the robustness of
our implementation and of the nudging procedure described in Section 5, we consider
the same random parameter sweep for the cube geometry as described in Subsec-
tion 6.2, but with the addition of a post-sample translation of the polyhedron along ez
so as for one of its vertices to lie exactly on the paraboloid. At least one iteration
of the nudging procedure of Section 5 is therefore required for each random case.
The results of this random parameter sweep are given in Table 4. Compared to the

2Note that we do not present the results of a graded parameter sweep on the Stanford bunny,
since the “organic” nature of this polyhedron renders a graded parameter sweep equivalent to a
random one.
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(a) Tetrahedron (b) Clipped tetrahedron (c) Clipped tetrahedron (AMR ref.)

(d) Cube (e) Clipped cube (f) Clipped cube (AMR ref.)

(g) Dodecahedron (h) Clipped dodecahedron (i) Clipped dodecahedron (AMR ref.)

(j) Hollow cube (k) Clipped hollow cube (l) Clipped hollow cube (AMR ref.)

(m) Stanford bunny [26] (n) Clipped bunny (o) Clipped bunny (AMR ref.)

Fig. 7. Examples of random intersection cases between the five considered polyhedra and a
paraboloid. The left column shows the full polyhedra; the central column shows the polyhedra clipped
by a paraboloid; the right column shows the edges of the AMR of the polyhedra used for calculating
the reference moments.
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(a) (b) (c)

Fig. 8. Examples of cases with singular intersection configurations and/or ambiguous topolo-
gies covered by the graded parameter sweep: (a) the elliptic paraboloid is tangent to four edges of the
polyhedron; (b) the parabolic cylinder is tangent to one face of the polyhedron, resulting in a degen-
erate conic section intersection that is made of two overlapping parallel lines; (c) the intersection
of the hyperbolic paraboloid with one face of the polyhedron results in a degenerate hyperbola that is
the intersection of two straight lines.

Table 3
Graded parameter sweep results. For each geometry, we provide: the number of tests conducted,

the number of recursive levels used for the AMR reference moment calculation, as well as the average
and maximum errors in the estimation of the zeroth and first moments.

Geometry
Number
of tests

AMR
levels

Zeroth moment error First moments error

Average Maximum Average Maximum

Tetrahedron 56 × 112 22 2.0× 10−16 1.7× 10−14 1.8× 10−16 1.9× 10−14

Cube 56 × 112 22 5.0× 10−16 3.4× 10−14 3.4× 10−16 3.6× 10−14

Dodecahedron 56 × 112 22 4.9× 10−16 1.5× 10−14 8.7× 10−17 1.1× 10−14

Hollow cube 56 × 112 22 1.9× 10−16 2.1× 10−14 1.4× 10−16 1.4× 10−14

results of the random parameter sweep presented in Subsection 6.2, an increase of the
errors by about one order of magnitude can be observe, which directly relates to the
magnitude of the nudging distance, εnudge, that is employed.

Table 4
Random parameter sweep with one vertex of the polyhedron lying exactly on the paraboloid. We

provide: the number of tests conducted, the number of recursive levels used for the AMR reference
moment calculation, as well as the average and maximum errors in the estimation of the zeroth and
first moments.

Geometry
Number
of tests

AMR
levels

Zeroth moment error First moments error

Average Maximum Average Maximum

Cube (vertex on S) 5× 107 17 1.8× 10−15 1.4× 10−14 1.3× 10−15 3.9× 10−14

6.4. Timings. In order to assess the performances of our implementation, the
time required for each moment estimation of the random parameter sweeps presented
in Subsections 6.2 and 6.3 has been measured using OpenMP’s omp get wtime()

function [9], which has a precision of 1 nanosecond on the workstation that we used.
The characteristics of this workstation are summarized in Table 5. The C++ code
implementing the closed-form expressions presented in Section 3 has been compiled
with the GNU 10.3.0 suite of compilers [1], using the flags given in Table 5.
The timings are summarized in Table 6, which shows the average moment calculation
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Table 5
Charateristics of the workstation used for the timing results presented in Subsection 6.4 (this

is the same workstation as used in [8]).

CPU

vendor id GenuineIntel

CPU family 6

Model 158

Model name Intel(R) Core(TM) i7-8700K CPU 3.70 GHz

Stepping 10

Microcode 0xca

Min/max clock CPU frequency 800 MHz – 4.70 GHz

CPU asserted frequency 4.0 GHz

Cache size 12288 KB

Compiler

Suite GNU

Version 10.3.0

Flags -O3 -march=native -DNDEBUG -DNDEBUG PERF∗

∗ -DNDEBUG PERF is an IRL-specific compiler flag that disables additional debugging assertions [8].

time for the zeroth moment only, and for both the zeroth and first moments. Overall,
the average time for calculating the first moments of a polyhedron clipped by a pa-
raboloid is less than 1 µs per face of the original polyhedron. A direct comparison can
be made with the half-space clipping of [8], which used the same workstation as the
current work. It transpires that the clipping of a cube by a paraboloid is on average
about 8 times more expensive than its clipping by a plane.

Table 6
Timings for the random parameter sweeps presented in Subsections 6.2 and 6.3. The timings

measured in [8] for the clipping of a cube by a plane are provided for reference (they were measured
on the same workstation as used for the current work).

Geometry
Number
of tests

Average moment calculation time

Zeroth moment only Zeroth and first moments

µs/test µs/test/face µs/test µs/test/face

Tetrahedron 5× 107 1.58 0.40 2.51 0.63

Cube 5× 107 2.16 0.36 3.28 0.55

Cube (half-space clipping) [8] 15× 106 0.27 0.05 −− −−
Cube (vertex on S) 5× 107 2.48 0.41 3.55 0.59

Dodecahedron 5× 107 3.58 0.30 5.18 0.43

Hollow cube 5× 107 4.46 0.37 6.66 0.55

Stanford bunny 1× 103 6.72× 104 0.20 6.85× 104 0.20

7. Conclusions. We have derived closed-form expressions for the first moments
of a polyhedron clipped by a paraboloid, enabling their robust machine-accurate esti-
mation at a computational cost that is considerably lower than with any other avail-
able approach. These expressions have been obtained by consecutive applications
of the divergence theorem, transforming the three-dimensional integrals that are the
zeroth and first moments of the clipped polyhedron into a sum of one-dimensional
integrals. This requires parametrizing the conic section arcs resulting from the inter-
section of the paraboloid with the polyhedron’s faces, which we have chosen to express
as rational quadratic Bézier curves. The moments of the clipped polyhedron can, as
a result, be expressed as the sum of three main contributions that are function of the
polyhedron vertices and of the coefficients of the paraboloid. These expressions do
not differ based on the type of paraboloid that is considered (elliptic, hyperbolic, or
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parabolic). Making use of this parametrization, we also show how to express integrals
over the curved faces of the clipped polyhedron as the sums of one-dimensional inte-
grals. When ambiguous discrete intersection topologies are detected, e.g., when the
paraboloid is tangent to an edge of the polyhedron or intersects the polyhedron at
the location of one of its vertices, a nudging procedure is triggered so as to guarantee
robust moment estimations. A series of millions of intersection configurations that are
randomly chosen, as well as manually engineered so as to raise singular intersection
configurations and/or ambigious discrete topologies, have been tested. These show-
case an average moment estimation error that is of the order of the machine-zero,
and a maximum error that is about one order of magnitude larger. The timing of
these moment estimations shows that the clipping of a polyhedron by a paraboloid,
with our approach, is on average about 8 times more expensive than its clipping by a
plane.

The code used to produce the results presented in this manuscript is openly available
as part of the Interface Reconstruction Library at https://github.com/robert-chiodi/
interface-reconstruction-library.
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Appendix A. Third contribution to the moments.
The vectorial operator B(3), introduced in Eq. (3.38), can be shown to read as

(A.1) B(3) (w,xa,xb,xc) = diag (E(w)) (C(xa,xb,xc)KD(w)) ,

where: C is a 4× 12 matrix whose non-zero coefficients contributing to MP̂0 are given
as

C1,1 = α
(
x2
a + 2xaxb + x2

b

)
+ β

(
y2
a + 2yayb + y2

b

)
− 2za − 2zb ,(A.2)

C1,2 = α
(
x2
a + 2xaxb + x2

b + 4xaxc + 4xbxc + 4x2
c

)
(A.3)

+ β
(
y2
a + 2yayb + y2

b + 4yayc + 4ybyc + 4y2
c

)

− 4za − 4zb − 8zc ,

C1,3 = αx2
c + βy2

c − zc ,(A.4)

whose non-zero coefficients contributing to ex ·MP̂
1 are given as

C2,4 = β
(
−12xayayb + 12xayb

2 + 12xbya
2 − 12xbyayb

)
(A.5)

− 6xaza + 6xazc + 6xbza − 6xbzc ,

C2,5 = α
(
−12xaxc

2 + 60xaxcxb − 12xc
2xb
)

(A.6)

+ β
(
28xayayc − 8xayayb − 4xayc

2 + 20xaycyb + 8xayb
2

− 28xcya
2 − 8xcyayc + 20xcyayb − 8xcycyb − 28xcyb

2

+8xbya
2 + 20xbyayc − 8xbyayb − 4xbyc

2 + 28xbycyb
)

+ 10xaza + 20xazc + 14xazc − 22xcza − 8xczc

− 22xczc + 14xbza + 20xbzc + 10xbzc ,

https://github.com/robert-chiodi/interface-reconstruction-library
https://github.com/robert-chiodi/interface-reconstruction-library
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C2,6 = α
(
−36xaxc

2 + 12xaxcxb + 12xc
3 − 36xc

2xb
)

(A.7)

+ β
(
−12xayc

2 + 4xaycyb − 24xcyayc + 4xcyayb

+12xcyc
2 − 24xcycyb + 4xbyayc − 12xbyc

2
)

− 10xazc + 2xazc − 10xcza − 12xczc − 10xczc

+ 2xbza − 10xbzc ,

C2,7 = 2αxc
3 + 2βxcyc

2 + 2xczc ,(A.8)

whose non-zero coefficients contributing to ey ·MP̂
1 are given as

C3,4 = α
(
12xa

2yb − 12xaxbya − 12xaxbyb + 12xb
2ya
)

(A.9)

− 6yaza + 6yazc + 6ybza − 6ybzc

C3,5 = α
(
−28xa

2yc + 8xa
2yb + 28xaxcya − 8xaxcyc + 20xaxcyb(A.10)

− 8xaxbya + 20xaxbyc − 8xaxbyb − 4xc
2ya − 4xc

2yb

+20xcxbya − 8xcxbyc + 28xcxbyb + 8xb
2ya − 28xb

2yc
)

+ β
(
−12yayc

2 + 60yaycyb − 12yc
2yb
)

+ 10yaza + 20yazc + 14yazc − 22ycza − 8yczc

− 22yczc + 14ybza + 20ybzc + 10ybzc ,

C3,6 = α
(
−24xaxcyc + 4xaxcyb + 4xaxbyc − 12xc

2ya(A.11)

+12xc
2yc − 12xc

2yb + 4xcxbya − 24xcxbyc
)

+ β
(
−36yayc

2 + 12yaycyb + 12yc
3 − 36yc

2yb
)

− 10yazc + 2yazc − 10ycza − 12yczc − 10yczc

+ 2ybza − 10ybzc ,

C3,7 = 2αxc
2yc + 2βyc

3 + 2yczc ,(A.12)

and whose non-zero coefficients contributing to ez ·MP̂
1 are given as

C4,8 = αβ
(
−42ya

2xa
2 − 10yb

2xa
2 − 28yaybxa

2 − 28xbya
2xa(A.13)

−40xbyaybxa − 10xb
2ya

2 − 42xb
2yb

2 − 28xb
2yayb

)

+ α2
(
−21xa

4 − 28xbxa
3 − 30xb

2xa
2 − 28xb

3xa − 21xb
4
)

+ β2
(
−21ya

4 − 28ybya
3 − 30yb

2ya
2 − 28yb

3ya − 21yb
4
)

+ 40za
2 + 40zc

2 + 48zazc ,

C4,9 = αβ
(
−7yc

2xa
2 − 10yb

2xa
2 + 63yaycxa

2 − 21yaybxa
2 + 35ycybxa

2(A.14)

+ 63xcya
2xa − 21xbya

2xa − 10xbyc
2xa + 35xcyb

2xa

− 21xbyb
2xa − 28xcyaycxa + 70xbyaycxa + 70xcyaybxa

− 40xbyaybxa − 20xcycybxa + 70xbycybxa − 7xc
2ya

2

− 10xb
2ya

2 + 35xcxbya
2 − 7xb

2yc
2 − 7xc

2yb
2 + 63xcxbyb

2

+ 35xb
2yayc − 20xcxbyayc − 10xc

2yayb − 21xb
2yayb

+70xcxbyayb + 63xb
2ycyb − 28xcxbycyb

)

+ α2
(
63xcxa

3 − 21xbxa
3 − 21xc

2xa
2 − 30xb

2xa
2 + 105xcxbxa

2

−21xb
3xa + 105xcxb

2xa − 30xc
2xbxa + 63xcxb

3 − 21xc
2xb

2
)

+ β2
(
63ycya

3 − 21ybya
3 − 21yc

2ya
2 − 30yb

2ya
2 + 105ycybya

2
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−21yb
3ya + 105ycyb

2ya − 30yc
2ybya + 63ycyb

3 − 21yc
2yb

2
)

− 30za
2 + 12zc

2 − 30zc
2 − 60zazc − 24zazc − 60zczc ,

C4,10 = αβ
(
−56yc

2xa
2 − 2yb

2xa
2 + 28ycybxa

2 + 84xcyc
2xa(A.15)

− 92xbyc
2xa + 28xcyb

2xa − 224xcyaycxa + 56xbyaycxa

+ 56xcyaybxa − 8xbyaybxa − 184xcycybxa

+ 56xbycybxa − 56xc
2ya

2 − 2xb
2ya

2 + 28xcxbya
2

− 12xc
2yc

2 − 56xb
2yc

2 + 84xcxbyc
2 − 56xc

2yb
2

+ 84xc
2yayc + 28xb

2yayc − 184xcxbyayc

−92xc
2yayb + 56xcxbyayb + 84xc

2ycyb − 224xcxbycyb
)

+ α2
(
−6xc

4 + 84xaxc
3 + 84xbxc

3 − 168xa
2xc

2 − 168xb
2xc

2

−276xaxbxc
2 + 84xaxb

2xc + 84xa
2xbxc − 6xa

2xb
2
)

+ β2
(
−6yc

4 + 84yayc
3 + 84ybyc

3 − 168ya
2yc

2 − 168yb
2yc

2

−276yaybyc
2 + 84yayb

2yc + 84ya
2ybyc − 6ya

2yb
2
)

+ 15za
2 + 24zc

2 + 15zc
2 + 120zazc − 6zazc + 120zczc ,

C4,11 = αβ
(
−12yc

2xc
2 + 14yaycxc

2 − 2yaybxc
2(A.16)

+ 14ycybxc
2 + 14xayc

2xc + 14xbyc
2xc

−4xbyaycxc − 4xaycybxc − 2xaxbyc
2
)

+ α2
(
−6xc

4 + 14xaxc
3 + 14xbxc

3 − 6xaxbxc
2
)

+ β2
(
−6yc

4 + 14yayc
3 + 14ybyc

3 − 6yaybyc
2
)

− 7zc
2 − 5zazc + zazc − 5zczc ,

C4,12 = −2αβyc
2xc

2 − α2xc
4 − β2yc

4 + zc
2 ;(A.17)

K is the 12× 10 matrix given as

(A.18) K =




− 3
8

31
48

− 7
8

− 1
16

0 1
24

0 0 0 0

0 − 1
6

5
8

− 3
16

0 1
24

0 0 0 0

0 2
3

−3 11
6

−2 0 0 0 0 0

− 1
32

93
2240

0 − 163
3360

0 5
168

0 − 1
140

0 0

0 1
70

− 1
16

29
1120

0 − 19
1680

0 1
420

0 0

0 − 1
210

0 1
21

− 1
8

13
560

0 − 1
280

0 0

0 1
35

0 − 16
105

0 56
105

−1 1
14

0 0

− 1
128

193
16128

0 − 149
8064

0 19
1120

0 41
5040

0 1
630

0 4
945

− 1
48

65
6048

0 − 1
144

0 11
3780

0 − 1
1890

0 − 1
1890

0 13
1890

− 1
48

11
2016

0 − 5
3024

0 1
3780

0 1
315

0 − 1
45

0 4
35

− 1
4

17
504

0 − 1
252

0 − 1
63

0 29
315

0 − 26
105

0 194
315

−1 1
18




;

D is the vector given as

D(w) =
[
0 w2 0 w4 0 w6 0 w8 0 w10

]ᵀ
(A.19)

+ Θ(w)
[
w 0 w3 0 w5 0 w7 0 w9 0

]ᵀ
;

and E is the vector given as

(A.20) E(w) =
[
Λ(w)3 Λ(w)4 Λ(w)4 Λ(w)5

]ᵀ
,
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with

Θ(w) =





arctan

(
1− w√
1− w2

)
1√

1− w2
0 < w < 1

arctanh

(
w − 1√
w2 − 1

)
1√

w2 − 1
1 ≤ w

,(A.21)

Λ(w) =
1

(w − 1)(w + 1)
.(A.22)

It should be noted that the naive implementation of these expressions may lead to
significant round-off errors when w is in the vicinity of 1. To avoid such problems,
we resort to the Taylor series expansion of B(3) around w = 1 for its numerical
estimation. Using 64-bit floating-point arithmetics, we have found that the Taylor
series expansion of B(3) to order 40 for w ∈ [0.35, 1.7] is sufficient for producing near
machine-zero estimates. This implementation has been used for producing the results
presented in Section 6.
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