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Nonlinear Attitude Estimation Using Intermittent
and Multi-Rate Vector Measurements

Miaomiao Wang and Abdelhamid Tayebi

Abstract—This paper considers the problem of nonlinear
attitude estimation for a rigid body system using intermittent
and multi-rate inertial vector measurements as well as contin-
uous (high-rate) angular velocity measurements. Two types of
hybrid attitude observers on Lie group SO(3) are proposed.
First, we propose a hybrid attitude observer where almost
global asymptotic stability is guaranteed using the notion of
almost global input-to-state stability on manifolds. Thereafter,
this hybrid attitude observer is extended by introducing a
switching mechanism to achieve global asymptotic stability. Both
simulation and experimental results are presented to illustrate
the performance of the proposed hybrid observers.

Index Terms—Attitude estimation, Lie group SO(3), intermit-
tent measurements, multi-rate measurements, hybrid observers

I. INTRODUCTION

The algorithms used for the determination of the attitude
(or orientation) of a rigid body system are instrumental in
many applications related to robotics, aerospace and marine
engineering. Since the attitude is not directly measurable from
any sensor, it can be obtained through the integration of the
angular velocity or determined from body-frame observations
of at least two non-collinear vectors known in the inertial
frame. The latter, known as the Wahba’s problem [1], relies
on vector observations obtained from different types of sensors
such as low-cost inertial measurement unit (IMU) sensors (in-
cluding an accelerometer, a gyroscope and a magnetometer),
or sophisticated sensors such as sun sensors and star trackers.
However, both approaches, although simple, do not perform
well in the presence of measurement bias and noise. This
motivated the use of Kalman-type filters leading to dynamic
attitude estimation algorithms (see the survey paper [2], [3]).
Although successfully implemented in many practical appli-
cations, these Kalman-based dynamic estimation techniques
rely on local linearizations/approximations and lack stability
guarantees in the global sense.

Recently, a class of geometric nonlinear attitude observers
have made their appearances in the literature, for instance,
nonlinear complementary filters on the Special Orthogonal
group SO(3) [4]–[7] and the invariant extended Kalman filter
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[8]. Unlike the classical attitude observers/filters, the geomet-
ric observers take into account the topological properties of
the group SO(3) and can provide almost global asymptotic
stability (AGAS) guarantees, i.e., the estimated attitude con-
verges asymptotically to the actual one from almost all initial
conditions except from a set of zero Lebesgue measure. It is
important to point out that, due to the special space topology
of the Lie group SO(3), AGAS is the strongest result one can
achieve via these time-invariant smooth observers. Motivated
by the work in [9]–[11] and the hybrid dynamical systems
framework of [12], [13], hybrid attitude observers with global
asymptotic stability guarantees have been proposed in [14],
[15]. The idea of hybrid observers, with global asymptotic
stability guarantees, has been extended to other more com-
plicated state estimation problems on matrix Lie groups such
as hybrid pose observers [16] and hybrid state observers for
inertial navigation systems [17].

From the practical point of view, attitude estimation often
involves different types of sensors with different sampling
rates. For instance, in the problem of vision-aided attitude es-
timation, the measurements from a vision system are obtained
at rates as low as 20Hz, which is much lower than the rates
of the IMU measurements (up to 1000Hz). However, most of
the existing attitude observers in the literature are designed
based on continuous output measurements, for instance, [4],
[6], [15], [18], [19]. One common way to implement these
continuous observers, using intermittent output measurements,
is to apply the zero-order-hold (ZOH) method. Unfortunately,
the stability and convergence guarantees are not necessarily
preserved under this practical ad-hoc setup. In this context,
some recent results dealing with discrete measurements have
been considered, for instance, the discrete-time attitude ob-
servers proposed in [8], [20]–[22] and the continuous-discrete
attitude observers proposed in [23], [24]. The latter category
assumes that the measurements of the angular velocity are
continuous and the inertial vectors measurements are discrete
with multiple sampling rates. A predictor-observer approach
has been proposed in [23] based on a cascade combination of
an output predictor and a continuous attitude observer. In [24],
the authors developed a (non-smooth) predict-update hybrid
estimation scheme, where the estimated attitude is continu-
ously updated by integrating the attitude kinematics using the
continuous angular velocity measurements and discretely up-
dated through jumps upon the arrival of the intermittent vector
measurements. Both the results in [23] and [24] guarantee
AGAS due to the topological obstruction on SO(3) and the
nature of the intermittent measurements.

In this paper, we consider the problem of attitude estimation
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using continuous (high-rate) angular velocity and intermittent
inertial vector measurements with multiple sampling rates.
We first propose a hybrid nonlinear observer on manifold
SO(3)×R3N endowed with AGAS guarantees using the no-
tion of almost global input-to-state stability (ISS) on manifolds
presented in [25]. In this hybrid observer, the estimated states
are continuously updated through integration using the con-
tinuous angular velocity measurements and discreetly updated
upon the arrival of the intermittent vector measurements. To
achieve global asymptotic stability (GAS), we propose a new
hybrid observer with a switching mechanism motivated from
[26]. The contribution of this paper can be summarized as
follows:

1) The attitude estimation observers proposed in this work
can handle intermittent vector measurements with dif-
ferent sampling rates (i.e., asynchronously-intermittent
measurements) where not all the measurements are re-
ceived at the same time. For instance, in many practi-
cal applications, the sampling rate of the IMU (up to
1000Hz) is much higher than that of global positioning
systems (GPS) and vision sensors. This is a key difference
with respect to most of the existing attitude observers
assuming that the vector measurements are continuous or
discrete with the same sampling rate [4], [6], [15], [20],
[21]. Our simulation results validate that the convergence
is not guaranteed when implementing continuous attitude
observers (for instance, the complementary filter [4]) with
ZOH method.

2) The proposed observers in this paper have a similar
structure as [24], [27], while the estimated attitude from
our hybrid observers is continuous without any additional
smoothing algorithm as in [24]. The fact that our pro-
posed hybrid observers generate continuous estimates of
the attitude makes it suitable for practical applications
involving observer-controller implementations.

3) In contrast to the observers proposed in this paper, the
existing attitude observers can only guarantee local or
almost global asymptotic stability when dealing with
intermittent vector measurements, for instance, [23], [24],
[27], [28]. To the best of our knowledge, this is the first
work dealing with nonlinear attitude estimation with GAS
guarantees in terms of intermittent and multi-rate vector
measurements.

4) Our proposed attitude observer has been experimentally
validated and compared against some state of the art
attitude observers.

The remainder of this paper is organized as follows: Section
II provides the preliminary materials that will be used through-
out this paper. In Section III, we formulate our attitude esti-
mation problem in terms of intermittent vector measurements.
In Section IV, a new hybrid attitude observer with AGAS
guarantees is proposed. In Sections V, we propose a new
hybrid attitude observer with GAS guarantees. Simulation and
experimental results are presented in Section VI to illustrate
the performance of the proposed observers.

II. PRELIMINARY MATERIAL

A. Notations and Definitions

The sets of real, non-negative real, and natural numbers are
denoted by R, R≥0, and N, respectively. We denote by Rn
the n-dimensional Euclidean space and Sn−1 the set of unit
vectors in Rn. The Euclidean norm of a vector x ∈ Rn is
defined as ‖x‖ =

√
x>x. Let In denote the n-by-n identity

matrix and 0n×m denote the n-by-m zero matrix. For a given
matrix A ∈ Rn×n, we define E(A) as the set of all unit-
eigenvectors of A and (λAi , v

A
i ) as its i-th pair of eigenvalue

and eigenvector. Given two matrices, A,B ∈ Rm×n, their Eu-
clidean inner product is defined as 〈〈A,B〉〉 = tr(A>B) and
the Frobenius norm of A is defined as ‖A‖F =

√
〈〈A,A〉〉.

For each x = [x1, x2, x3]> ∈ R3, we define x× as a skew-
symmetric matrix given by

x× =

 0 −x3 x2

x3 0 −x1

−x2 x1 0

 .
For a matrix A = [aij ] ∈ R3×3, we denote ψ(A) :=
1
2 [a32−a23, a13−a31, a21−a12]>. For any A ∈ R3×3, x ∈ R3,
one can verify that 〈〈A, x×〉〉 = 2x>ψ(A). We denote
the 3-dimensional Special Orthogonal group by SO(3) :={
R ∈ R3×3|R>R = I3,det(R) = +1

}
and its Lie algebra

by so(3) :=
{

Ω ∈ R3×3|Ω> = −Ω
}
. Let the map Ra :

R × S2 → SO(3) represent the well-known angle-axis pa-
rameterization of the attitude, which is given by

Ra(θ, u) := I3 + sin(θ)u× + (1− cos(θ))(u×)2

with u ∈ S2 indicating the direction of an axis of rotation and
θ ∈ R describing the angle of the rotation about the axis.

B. Hybrid Systems Framework

Consider a smooth manifoldM embedded in Rn. Let TxM
denote the tangent space at point x and TM :=

⋃
x∈M TxM

denote the tangent bundle ofM. A general model of a hybrid
system is given as [13]:

H :

{
ẋ = F (x), x ∈ F
x+ ∈ G(x), x ∈ J

(1)

where x ∈ M denotes the state, x+ denotes the state after
an instantaneous jump, the flow map F : M → TM
describes the continuous flow of x on the flow set F ⊆ M,
and the jump map G : M ⇒ M (a set-valued mapping
from M to M) describes the discrete jump of x on the
jump set J ⊆ M. A solution x to H is parameterized by
(t, j) ∈ R≥0 × N, where t denotes the amount of time that
have passed and j denotes the number of discrete jumps that
have occurred. A subset domx ⊂ R≥0 × N is a hybrid time
domain if for every (T, J) ∈ domx, the set, denoted by
domx

⋂
([0, T ]× {0, 1, . . . , J}), is a union of finite intervals

of the form
⋃J
j=0([tj , tj+1] × {j}) with a time sequence

0 = t0 ≤ t1 ≤ · · · ≤ tJ+1. A solution x to H is said to be
maximal if it cannot be extended by flowing nor jumping, and
complete if its domain domx is unbounded. Let |x|A denote
the distance of a point x to a closed set A ⊂ M, and then
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the set A is said to be: stable for H if for each ε > 0 there
exists δ > 0 such that each maximal solution x to H with
|x(0, 0)|A ≤ δ satisfies |x(t, j)|A ≤ ε for all (t, j) ∈ domx;
globally attractive for H if every maximal solution x to H
is complete and satisfies limt+j→∞ |x(t, j)|A = 0 for all
(t, j) ∈ domx; globally asymptotically stable (GAS) if it
is both stable and globally attractive for H. Moreover, the
A is said to be exponentially stable for H if there exist
κ, λ > 0 such that, every maximal solution x to H is
complete and satisfies |x(t, j)|A ≤ κe−λ(t+j)|x(0, 0)|A for
all (t, j) ∈ domx [29]. We refer the reader to [12], [13]
and references therein for more details on hybrid dynamical
systems.

III. PROBLEM STATEMENT

Let {I} be an inertial frame and {B} be a body-fixed frame
attached to the center of mass of a rigid body. Consider the
attitude kinematics for a rigid body on SO(3) as

Ṙ = Rω× (2)

where R ∈ SO(3) denotes the attitude (orientation) of the
body-fixed frame with respect to an inertial frame, and ω ∈
R3 denotes the angular velocity of the rigid body expressed
in body-fixed frame. We assume that the body-fixed frame
angular velocity ω is continuously measurable.

Consider a family of N ≥ 2 constant vectors known in the
inertial frame, namely inertial vectors, denoted by ri ∈ R3 for
all i ∈ I := {1, 2, · · · , N}. The measurements of the inertial
vectors expressed in the body-fixed frame are modeled as

bi = R>ri, ∀i ∈ I, (3)

and satisfy the following assumptions:

Assumption 1. There exist at least two non-collinear vectors
among the N ≥ 2 inertial vectors

Assumption 2. For each inertial vector ri, i ∈ I, the time
sequence {tik}k∈N of its measurements is strictly increasing,
and there exist two constants 0 < T im ≤ T iM such that 0 ≤
ti1 ≤ T iM and T im ≤ tik+1 − tik ≤ T iM for all 1 ≤ k ∈ N.

Note that Assumption 1 is widely used in attitude estimation
problems for observability purposes. Assumption 2 implies
that the measurements of the inertial vectors can be irregular
and have different sampling periods. In particular, the sampling
is periodic at a regular sampling period T if T im = T iM = T
for all i ∈ {1, 2, . . . , N}.

The objective of this work is to develop hybrid attitude esti-
mation schemes on SO(3) for system (2) in terms of continu-
ous angular velocity measurements and intermittent and multi-
rate body-frame vector measurements under Assumptions 1
and 2. We will first design a hybrid attitude estimation scheme
with AGAS guarantees. Then, we will design a new hybrid
attitude estimation scheme with GAS guarantees. Finally, we
will provide a detailed real-time implementation scheme using
an IMU and an RGB-D camera with high-rate gyroscope
measurements and low-rate vector measurements for practical
implementation purposes.

IV. HYBRID OBSERVER WITH AGAS GUARANTEES

A. Observer Design

In this section, we will design a hybrid estimation scheme
to handle intermittent and multi-rate vector measurements. Let
R̂ ∈ SO(3) denote the estimate of the attitude R, and r̂i ∈ R3

denote the estimate of the vector R̂bi corresponding to the i-th
inertial vector ri. Motivated by [28], we propose the following
hybrid observer on SO(3)× R3N :

˙̂
R = R̂(ω + koR̂

>σR)× (4a){
˙̂ri = koσ

×
R r̂i t ∈ [tik, t

i
k+1], k ∈ N

r̂+
i = r̂i + kr(R̂bi − r̂i) t ∈ {tik}, k ∈ N

(4b)

with scalar gains ko > 0 and 0 < kr < 1. The innovation term
σR is designed as

σR =

N∑
i=1

ρir̂i × ri. (5)

where ρi > 0 for all i ∈ I. The structure of our proposed
hybrid attitude observer (4) is given in Fig. 1.

Hybrid vector
estimation (4b)

Attitude
estimation (4a)

b1, ..., bN r̂1, ..., r̂N R̂

ω

Fig. 1: The architecture of the proposed hybrid observer (4).

From (4a), the attitude estimate R̂ is obtained through a
continuous integration using the angular velocity and the inno-
vation term σR. The nonstandard innovation term σR designed
in (5) relies on the inertial vectors ri and the vector estimates
r̂i. Typically, the innovation term for attitude estimation can
be easily designed using the continuous body-frame vector
measurements bi as in [4]. However, the estimation problem
considered in this work is quite challenging since we do
not have the continuous vector measurements that allow the
construction of a continuous innovation term. To overcome
this challenge, we introduce the hybrid dynamics (4b) for
the vector estimate r̂i such that r̂i tends exponentially to
the vector R̂bi as it is going to be shown later, and design
the innovation term σR using the vector estimate r̂i instead
of the vector measurement bi. From (4b), the vector r̂i is
continuously updated through integration using the innovation
term σR such that the time derivative of the estimation error
r̂i − R̂bi is zero, and discreetly updated upon the arrival of
the intermittent vector measurements to guarantee exponential
decrease of the estimation error.

It is clear from (4a) that the solutions of the attitude estimate
R̂(t) are continuous for all t ≥ 0 (not necessarily differentiable
due to the discrete jumps of r̂i in the hybrid dynamics (4b)),
which is a key difference with respect to the existing work in
[24], [27]. It is important to point out that continuous/smooth
attitude estimates are instrumental for practical applications
involving observer-controller implementations. A similar idea
of the vector prediction has been proposed in [23] relying on
the forward integration of the angular velocity on SO(3). The
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main advantage of our work is that no (large) memory or buffer
is required to compute the predicted vector measurements at
each time.

B. Stability Analysis

To capture the behavior of the event-triggered system (4b), a
virtual timer τi for the i-th vector measurements is considered,
whose hybrid dynamics are modeled as:{

τ̇i = −1, τi ∈ [0, T iM ]

τ+
i ∈ [T im, T

i
M ], τi ∈ {0}

(6)

with τi(0, 0) ∈ [0, T iM ]. The hybrid dynamics of the virtual
timers are motivated from [30] and have been considered in
[28], [31]. For each vector i ∈ I, the virtual timer τi decreases
to zero continuously, and upon reaching zero it is automatically
reset to a value, between T im and T iM , which represents the
arrival time of the next measurement of the i-th vector. With
these additional states τi, i ∈ I, the time-driven sampling
events can be described as state-driven events, which results
in an autonomous hybrid closed-loop system as it is going to
be shown later.

Consider the geometric attitude estimation error R̃ := RR̂>

and the vector estimation errors r̃i := ri − RR̂>r̂i = ri −
R̃r̂i for all i ∈ I. For the sake of simplicity, we define r̃ :=
[r̃>1 , r̃

>
2 , . . . , r̃

>
N ]> ∈ R3N and τ := [τ1, . . . , τN ]> ∈ RN .

Then, the innovation term σR defined in (5) can be rewritten
in terms of the estimation errors as

σR = −
N∑
i=1

ρir
×
i R̃
>(ri − r̃i)

= −
N∑
i=1

ρi(r
×
i R̃
>ri − r×i R̃

>r̃i)

= ψ(AR̃) + Γ(R̃)r̃ (7)

where Γ(R̃) :=
[
ρ1r
×
1 R̃
>, ρ2r

×
2 R̃
>, . . . , ρNr

×
N R̃
>] and we

have made use of the fact ψ(AR̃) = −
∑N
i=1 ρir

×
i R̃
>ri with

A =

N∑
i=1

ρirir
>
i ∈ R3×3. (8)

Hence, from (2), (4), (6) and (7), the error dynamics of R̃ and
r̃i are given as follows:

˙̃R = R̃(−koψ(AR̃)− koΓ(R̃)r̃)× (9a){
˙̃ri = 0 τi ∈ [0, T iM ]

r̃+
i = (1− kr)r̃i τi ∈ {0}

(9b)

As pointed out in [4], it is always possible to tune the scalar
weights ρi > 0, i ∈ I such that the matrix A = A> defined in
(8) is positive definite if there are N ≥ 3 linearly independent
inertial vectors. In the case where only two inertial vectors
are non-collinear, for instance r1 and r2, one can always
construct an additional inertial vector rN+1 = r1 × r2 and its
corresponding body-frame vector bN+1 = b1 × b2. Therefore,
under Assumption 1, it is reasonable to assume that the
matrix A defined in (8) is positive definite with three distinct
eigenvalues 0 < λA1 < λA2 < λA3 .

Proposition 1. Consider the following system on SO(3):

˙̃R = R̃(−koψ(AR̃) + Γ̄(R̃)u)× (10)

with R̃ ∈ SO(3), u ∈ Du ⊂ Rm, ko > 0, Γ̄ : SO(3)→ R3×m

and Du being closed and bounded. Suppose that the matrix A
is positive definite with three distinct eigenvalues, and there
exist constants c1, c2 > 0 such that ‖Γ̄(X1) − Γ̄(X2)‖F ≤
c1‖X1−X2‖F and ‖Γ̄(X1)‖F ≤ c2 for all X1, X2 ∈ SO(3).
Then, system (10) is almost globally input-to-state stable with
respect to the equilibrium I3 and input u.

Remark 1. The proof of Proposition 1 can be found in [32,
Proposition 1], and is therefore omitted here. The proof relies
on the results in [33, Proposition 2] and the facts that system
(10) is AGAS with zero input (i.e., u ≡ 0) and has (finite)
exponentially unstable isolated equilibria. From (9a), one can
verify that Γ in (7) satisfies ‖Γ(X1)‖F = (

∑N
i=1 2ρ2

i ‖ri‖2)
1
2

and ‖Γ(X1)−Γ(X2)‖F ≤ (
∑N
i=1 ρ

2
i ‖ri‖2)

1
2 ‖X1−X2‖F for

all X1, X2 ∈ SO(3). A similar result on almost global ISS of
system (10), with A = I3 and some high gain ko depending
on the bound of the input u, can be found in [34] using a
combination of Lyapunov and density functions.

Proposition 2. Consider the hybrid system (6) and (9b) with
0 < kr < 1. Then, the vector estimation error r̃i, i ∈ I
converges (globally exponentially) to zero, i.e., there exist
constants α, λ > 0 such that

‖r̃i(t, j)‖2 ≤ αe−λ(t+j)‖r̃i(0, 0)‖2 (11)

for all (t, j) ∈ dom(r̃i, τi)

Proof. See Appendix A

Remark 2. From (11), it is clear that ‖r̃(t, j)‖2 ≤
αe−λt‖r̃(0, 0)‖2 for all (t, j) ∈ dom(r̃, τ). It is important to
point out that the global convergence of the vector estimation
error r̃ is independent from the convergence of the attitude
estimation error R̃. In fact, the convergence of r̃i to zero
implies the convergence of ri − R̃r̂i to zero. This result,
together with the convergence of R̃ to I3, allows to conclude
that r̂i → ri as t → ∞. Moreover, the global (exponential)
convergence of r̃ plays an important role in the stability
analysis of the attitude estimation error, which can be seen
a vanishing disturbance in the closed-loop dynamics of the
attitude estimation error.

Let us define the extended state space So := SO(3)×R3N×
[0, T 1

M ]× · · · × [0, TNM ] and the closed set Ao := {(R̃, r̃, τ) ∈
So : R̃ = I3, r̃ = 0}. Now, one can state the following main
result:

Theorem 1. Consider the hybrid closed-loop system (6) and
(9) with ko > 0 and 0 < kr < 1. Suppose that Assumption 1-2
hold and the matrix A defined in (8) is positive definite with
three distinct eigenvalues. Then, the set Ao is almost globally
asymptotically stable for the hybrid closed-loop system.

Remark 3. The proof of Theorem 1 can be easily conducted
using the almost global ISS property of Proposition 1 and the
global exponential stability of Proposition 2, as well as the
results of [28, Lemma 2] (modified from [25, Theorem 2]).
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Therefore, it is omitted here. Note that, due to the topological
obstruction to GAS on SO(3), the best stability result one can
achieve for our proposed observer (4) is AGAS. This motivates
us to redesign the hybrid estimation scheme leading to robust
and global stability results as shown in the following section.

V. HYBRID OBSERVER WITH GAS GUARANTEES

A. Observer Design

It is well known that global asymptotic stability results are
precluded on SO(3) with time-invariant smooth vector fields.
This is due to the existence of additional undesired equilibrium
points other that the identity. To achieve global attitude estima-
tion on SO(3), in terms of intermittent vector measurements,
we propose a new hybrid estimation scheme relying on a
switching mechanism proposed in [26]. We first introduce
an auxiliary scalar variable θ whose dynamics consisting of
continuous flows and discrete jumps. More specially, it flows
to drive the attitude estimation error R̃ toward the equilibrium
points of its closed-loop system, and jumps to some nonzero
value in a nonempty finite set Θ ⊂ R, leading to minimum
value of a cost function, when the attitude estimation error is
in the neighborhood of the undesired equilibrium points. These
carefully designed hybrid dynamics of the auxiliary variable θ
(hybrid auxiliary system), together with an appropriate innova-
tion term for the attitude estimation, guarantee that the attitude
estimation error will converge (globally asymptotically) to the
desired equilibrium point I3 (more details about this hybrid
strategy can be found in [26]). Now, we propose the following
hybrid observer:

˙̂
R = R̂(ω + koR̂

>σR)× (12a){
˙̂ri = koσ

×
R r̂i t ∈ [tik, t

i
k+1], k ∈ N

r̂+
i = r̂i + kr(R̂bi − r̂i) t ∈ {tik}, k ∈ N

(12b){
θ̇ = −kθ

(
γθ + 2u>R>u (θ)σR

)
(r̂, θ) ∈ Fθ

θ+ ∈ {θ̄ ∈ Θ : µφ(θ̄, r̂) = 0} (r̂, θ) ∈ Jθ
(12c)

where ko, kθ, γ > 0, 0 < kr < 1, Θ ⊂ R denotes a nonempty
finite set, and

Fθ := {(θ, r̂) ∈ R× R3N : µφ(θ, r̂) ≤ δ} (13a)

Jθ := {(θ, r̂) ∈ R× R3N : µφ(θ, r̂) ≥ δ} (13b)
µφ(θ, r̂) := φ(θ, r̂)−minθ′∈Θ φ(θ′, r̂) (13c)

φ(θ, r̂) := 1
2

∑N
i=1 ρi‖ri −R>u (θ)r̂i‖2 + γ

2 θ
2 (13d)

with some constant δ > 0 and r̂ := [r̂>1 , r̂
>
2 , · · · , r̂>N ]> ∈

R3N . The set of parameters PA := {Θ, kθ, γ, u, δ} for the
design of the hybrid dynamics (12)-(13) will be given later.
The innovation term σR is designed as

σR =

N∑
i=1

ρir̂i ×Ru(θ)ri (14)

where ρi > 0 for all i ∈ I and Ru(θ) := Ra(u, θ) =
exp(θu×), u ∈ S2. The structure of our proposed hybrid
observer (12) is given in Fig. 2.

Note that the function φ can be seen as a cost function
since r̂i converges exponentially to R̂bi. One can verify that

Hybrid vector
estimation (12b)

Attitude
estimation (12a)

Hybrid auxiliary
system (12c)

b1, ..., bN r̂1, ..., r̂N R̂

θ
θ

ω

Fig. 2: The architecture of the proposed hybrid observer (12).

φ(r̂, θ) = 0 if the estimation error and the auxiliary state θ
satisfy R̃ = I3, θ = 0, r̃ = 0. The functions φ and µφ in (13)
are designed to determine the jump of the auxiliary state θ
using the flow and jump sets defined in (13). The jump map
(12c) is designed such that the cost function φ has a strict
decrease after each jump. Moreover, the flow map of (12c) is
motivated from [26] such that the estimation errors converge
to the equilibrium points of the overall closed-loop system in
the flow set.

The main difference of the innovation term σR defined in
(14) with respect to the one designed in (5) is the additional
term Ru(θ), which is specially designed such that σR will be
reset to some nonzero value after the jump of θ when θ = 0
and the attitude estimation error is close to one of the undesired
equilibrium points of its close-loop system. This term, together
with the hybrid dynamics of θ, are instrumental in achieving
GAS with our proposed hybrid observer.

The set of parameters PA is designed as follows:

PA :



Θ = {|θi| ∈ (0, π], i = 1, . . . ,m ∈ N}
kθ > 0

u = α1v
A
1 + α2v

A
2 + α3v

A
3 ∈ S2

γ < 4∆∗

π2

δ < ( 4∆∗

π2 − γ)
θ2
M

2 , θM := maxθ′∈Θ |θ′|

(15)

where scalars α1, α2, α3 ∈ [0, 1] with
∑3
i=1 α

2
i = 1 and ∆∗ >

0 are given as per one of the following cases:

1) If λA1 = λA2 , α2
3 = 1− λA2

λA3
and ∆∗ = λA1 (1− λA2

λA3
);

2) If λA1 <
λA1 λ

A
3

λA3 −λA1
≤ λA2 , α2

i =
λAi

λA2 +λA3
for all i ∈ {2, 3}

and ∆∗ = λA1 ;
3) If λA1 < λA2 <

λA1 λ
A
3

λA3 −λA1
, α2

i = 1 − 4
ΣA

∏
j 6=i λ

A
j for

all i ∈ {1, 2, 3} and ∆∗ = 4
ΣA

∏
j λ

A
j with ΣA =∑3

l=1

∑3
k 6=l λ

A
l λ

A
k .

with (λAi , v
A
i ) denoting the i-th pair of eigenvalue-eigenvector

of the matrix A and 0 < λA1 ≤ λA2 < λA3 .

Remark 4. The design of PA is inspired by [35, Propo-
sition 2] and adapted from [26, Proposition 3]. Note that
the choice of the unit vector u in (15), relying on the
eigenvalues and eigenvectors of the matrix A, is opti-
mal in terms of ∆∗ := maxu∈S2(minv∈E(A) ∆(v, u)) with
∆(u, v) = u>

(
tr(A)I3 −A− 2v>Av(I3 − vv>)

)
u. Note

also that small γ, together with large ∆∗, results in large
gap δ for the design of the flow and jump sets in (13)
(strengthening the robustness to measurement noise). However,
small γ may slow down the convergence of the auxiliary state
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θ as per the flow of (12c), leading to lower convergence
rates for the overall system (see simulation example in [26]).
Hence, in practical applications, the parameter γ should be
chosen as a suitable trade-off between robustness and speed
of convergence, i.e., the measurement noise level and the
convergence rate of the overall system.

B. Stability Analysis

For the sake of simplicity, we introduce the functions φ̃ :
SO(3)×R×R3N → R≥0, µφ̃ : SO(3)×R×R3N → R and
σ : SO(3)× R× R3N → R3 given as

φ̃(X, θ, v) :=
1

2

N∑
i=1

ρi‖(I3 −XRu(θ))>ri

+ (XRu(θ))>vi‖2 +
γ

2
θ2 (16a)

µφ̃(X, θ, v) := φ̃(X, θ, V )− min
θ′∈Θ

φ̃(X, θ′, v) (16b)

σ(X, θ, v) := Ru(θ)ψ(AXRu(θ)) + Γ(X, θ)v (16c)

where (X, θ) ∈ SO(3) × R, v = [v>1 , v
>
2 , . . . , v

>
N ]> ∈ R3N

and Γ(X, θ) = [ρ1(Ru(θ)r1)×X>, ρ2(Ru(θ)r2)×X>, · · · ,
ρN (Ru(θ)rN )×X>]. Substituting r̂i = R̃>(ri − r̃i) in (13)
and (14), the functions φ and µφ defined in (13) can be
rewritten in terms of the estimation errors as

µφ(θ, r̂) = µφ̃(R̃, θ, r̃) (17)

φ(θ, r̂) = φ̃(R̃, θ, r̃) (18)

and the innovation term σR in (14) can be rewritten as

σR = −
N∑
i=1

ρi(Ru(θ)ri)
×r̂i

= −Ru(θ)

N∑
i=1

ρir
×
i R
>
u (θ)R̃>(ri − r̃i)

= −Ru(θ)

N∑
i=1

ρi

(
r×i (R̃Ru(θ))>ri − r×i R

>
u (θ)R̃>r̃i

)
= Ru(θ)ψ(AR̃Ru(θ)) + Γ(R̃, θ)r̃

= σ(R̃, θ, r̃) (19)

where A is defined in (8) and σ is defined in (16c), and
we made use of the facts that x × y = x×y = −y×x,
(Rx)× = Rx×R> and

∑N
i=1 ρir

×
i R
>ri = −ψ(AR) for all

R ∈ SO(3), x, y ∈ R3.
From (2), (12a), (12c) and (19), the hybrid dynamics of the

state xo := (R̃, θ) ∈ SO(3)× R := f are given as{
ẋo = Fo(xo, r̃), (xo, r̃) ∈ Fo
x+
o ∈ Go(xo, r̃), (xo, r̃) ∈ Jo

(20)

where the flow and jump sets Fo,Jo, and the flow and jump
maps Fo, Go are defined as

Fo := {(xo, r̃) ∈ f× R3N : µφ̃(R̃, θ, r̃) ≤ δ} (21a)

Jo := {(xo, r̃) ∈ f× R3N : µφ̃(R̃, θ, r̃) ≥ δ} (21b)

Fo(xo, r̃) :=

(
R̃(−koσ(R̃, θ, r̃))×

−kθ(γθ + 2u>R>u (θ)σ(R̃, θ, r̃))

)
(21c)

Go(xo, r̃) :=
(
R̃, {θ′ ∈ Θ : µφ̃(R̃, θ′, r̃) = 0}

)
. (21d)

Lemma 1. Consider the definitions of φ̃, µφ̃ in (16) and the
set of parameters PA designed in (15). Then, the following
inequality holds:

µφ̃(R̃, θ, r̃) > δ, ∀(R̃, θ, r̃) ∈ ΨA, (22)

where the set ΨA ⊂ f× R3N is defined as

ΨA := {(R̃, θ, r̃) ∈ f× R3N :

R̃ = Ra(π, v), v ∈ E(A), θ = 0, r̃ = 0}. (23)

The proof of Lemma 1 can be easily conducted from [26,
Proposition 2] using the facts that µφ̃(R̃, θ, r̃) = φ̃(R̃, 0, 0)−
minθ′∈Θ φ̃(R̃, θ′, 0) = tr((I3 − R̃)A) − minθ′∈Θ(tr((I3 −
R̃Ru(θ′))A)+ γ

2 θ
′2) > δ for each (R̃, θ, r̃) ∈ ΨA. This result,

together with the definitions of the flow and jump sets Fo,Jo
in (21a) and (21b), implies that all the points in the set ΨA

are only located in the jump set Jo (i.e., ΨA ∩ Fo = ∅ and
ΨA ⊂ Jo).

Proposition 3. Consider the hybrid system (20) with r̃(t) ≡ 0
for all t ≥ 0. Suppose that Assumption 1 holds, and choose
the set PA as in (15), ko > 0 and 0 < kr < 1. Then, the
equilibrium point (I3, 0) is globally asymptotically stable for
the hybrid system (20).

Proof. See Appendix B

Remark 5. The key of the proof is to show that the Lyapunov
function is non-increasing in the flow set and strictly decreas-
ing in the jump set, and all the undesired equilibria are located
in the jump set. Hence, the equilibrium point (I3, 0) is globally
asymptotically stable for the hybrid system (20) with r̃(t) ≡ 0
for all t ≥ 0. Note that r̃ converges (globally exponentially)
to zero as shown in Proposition 2.

Let us define the extended state space S := SO(3) ×
R × R3N × [0, T 1

M ] × · · · × [0, TNM ] and the closed set
A := {(R̃, θ, r̃, τ) ∈ S : R̃ = I3, θ = 0, r̃ = 0}. Now, one can
state the following main result:

Theorem 2. Consider the hybrid closed-loop system (6), (9b)
and (20). Suppose that Assumption 1-2 hold, and the matrix
A defined in (8) is positive definite with 0 < λA1 ≤ λA2 < λA3 .
Choose the set of parameters PA as in (15), ko > 0 and
0 < kr < 1. Then, the set A is globally asymptotically stable
for the hybrid closed-loop system.

Proof. See Appendix C.

Remark 6. The key of the proof of Theorem 2 is to show
that the set A is stable and globally attractive for the hybrid
closed-loop system using the results of [13], [36]. It is impor-
tant to point out that the hybrid closed-loop system considered
here contains two types of jumps: the first one is designed to
handle the intermittent vector measurements and the second
one is designed to overcome the topological obstruction to
global asymptotic stability on SO(3). This makes the proof of
our Theorem 2 more challenging with respect to the works in
[14], [15], [24], [26], [35], where only one type of jump is
involved.
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VI. SIMULATION AND EXPERIMENTAL RESULTS

A. Simulation Results

In this subsection, some simulation results are presented to
illustrate the performance of the proposed hybrid observers.
For comparison purposes, we consider the proposed hybrid
observer (4) (referred to as ‘Proposed’), the predict-update
hybrid observer proposed in [24] (referred to as ‘Hybrid [24]’),
and the nonlinear complementary filter of [4] with a zero-
order-hold method (referred to as ‘CF [4] + ZOH’) given as

˙̂
R = R̂(ω + kP R̂

>σR)× (24a)

σR =

N∑
i=1

kiR̂b
m
i × ri (24b)

bmi (t) = bi(tk), ∀t ∈ [tik, t
i
k+1) (24c)

where ki > 0, kP > 0. For the sake of simplicity, we consider
ϑ := 180

π arccos( 1
2 (tr(R̃) − 1)) as a representation of the

attitude estimation errors plotted in the figures.
We assume that there are three inertial vectors, chosen as

r1 = [
√

2/2
√

2 0]>, r2 = [
√

2/2 −
√

2/2 0]> and r3 = [0 0 −
1]>, available for measurement, whose (noisy) measurements
are written as bi = R>ri + nb with nb denoting the zero
mean white Gaussian noise and Cov(nb) = σI3. The sampling
rate of the vector measurements b1, b2 and b3 are around
f1 ≈ 10Hz (T 1

m = 0.09, T 1
M = 0.11), f2 ≈ 20Hz (T 2

m =
0.04, T 2

M = 0.06) and f3 ≈ 50Hz (T 3
m = 0.01, T 3

M = 0.03),
respectively. The attitude R(t) of the rigid body is integrated
using ω(t) = ωo[sin(0.1t) sin(0.1t+π/3) cos(0.5t)]> (rad/s)
with ωo = 2 denoting the amplitude and the initial attitude
R(0) = I3. We assume that the angular velocity ω is quasi-
continuous and the differential equations for each observer
are solved using the fourth-order Runge-Kutta method with
fixed step size of 1 millisecond (i.e., running at 1000Hz).
The same initial attitude is considered for each observer with
R̂(0) = Ra(π/2, v), v = [0.8 0.6 0]>, and r̂i(0) = ri, θ(0) =
0. The gain parameters are carefully tuned such that all the
observers have the similar convergence rate (see Fig. 3), where
ρ1 = 0.2, ρ2 = 0.3, ρ3 = 0.5, kr = 0.45, ko = 15 for the pro-
posed hybrid observer, ρ1 = 0.03, ρ2 = 0.0450, ρ3 = 0.075
for the ‘Hybrid [24]’ and ki = ρi, kP = 12 for the ‘CF [4] +
ZOH’.

TABLE I: Averaged Attitude Estimation Error

Proposed Hybrid [24] CF [4] + ZOH
Test 1 (σ=0, ωo =2) 0 deg 0 deg 4.36 deg
Test 2 (σ=0, ωo =5) 0 deg 0 deg 11.35 deg
Test 3 (σ=0.08, ωo =2) 1.92 deg 1.95 deg 4.40 deg
Test 4 (σ=0.08, ωo =5) 1.67 deg 1.82 deg 11.28 deg
Test 5 (σ=0, ωo =2, f2 ≈ 10) 0 deg 0 deg 5.92 deg
Test 6 (σ=0.08, ωo =2, f2 ≈ 10) 1.91 deg 1.88 deg 5.96 deg

In the first simulation, as we can see from Fig. 3, all
the observers have the same convergence rate in the case
noise-free case. Moreover, both our proposed hybrid observer
and the ‘Hybrid [24]’ guarantee zero estimation error as
t→∞. This indicates that the convergence of the continuous
observer, implemented with intermittent measurements, is not
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Fig. 3: Time evolution of the attitude and vector estimation
errors for different attitude observers with noise-free measure-
ments (σ = 0).
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Fig. 4: Time evolution of the attitude estimation errors for the
proposed attitude observer with different values of the gain
parameter kr in the presence of measurements noise (σ =
0.08).

guaranteed. In the second simulation, we implemented our
hybrid observer with different values of the gain parameter
kr and vector measurements noise with σ = 0.08. From Fig.
4, we can see that large values of kr lead to fast convergence
rates and large estimation errors. In fact, the hybrid dynamics
of r̂i in (4b) play a role of a low pass filter for the vector
measurements and the gain parameter kr can be tuned based on
the measurement noise and the converge speed requirements.
In the third simulation, 6 different tests are presented with
different values of the noise covariance, angular velocity
amplitude and vector measurements sampling rates. The time
evolution of the attitude estimation errors for different attitude
observers are shown in Fig. 5. Moreover, the averaged attitude
estimation errors (after 2 seconds) for each observer are given
in Table I. As one can see, our proposed hybrid observer
and the ‘Hybrid [24]’ have zero estimation error in the tests
without measurement noise, and the static error of the ‘CF [4]
+ ZOH’ increases when the motion is fast and the sampling
rates are low (see Test 1, 2 and 5). We can also notice that
our proposed observer provides the best results in most of the
tests in the presence of measurement noise except for Test 6.
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Fig. 5: Time evolution of the attitude estimation errors for the attitude observers with different values of the noise covariance,
angular velocity amplitude and sampling rate

B. Experiments Results

Our observer has has been tested experimentally using Intel
RealSense D435i which consists of an RGB-D camera (pro-
viding color images and depth images) and an IMU (including
a gyroscope and an accelerometer). In our experimental setup,
the RGB-D camera provides color and depth images at a
frequency of 30 frames per second with a resolution of
640× 480 and the gyroscope output data rate is 400Hz.

In this test, we made use of the AprilTag markers [37] and
considered the tag corners as the landmarks in the environ-
ment. In this setup, a single AprilTag can provide four (non-
aligned) landmarks/corners. Let pIi , i = 1, 2, 3, 4 denote the
inertial-frame positions of the four corners of an AprilTag.
Then, the inertial vectors are constructed as follows:

ri =
pIi − pIc
‖pIi − pIc ‖

, ∀i = 1, 2, 3, 4, r5 =
r1 × r2

‖r1 × r2‖
(25)

where pIc = 1
4

∑
pIi is the center of the tag, and the

additional vector r5 is orthogonal to the plane of the tag.
For the sake of simplicity, we consider the inertial frame
{I} attached to the center of the AprilTag, and the body
frame {B} attached to the RealSense D435i and aligned
with the IMU sensor (see Fig. 6a). Hence, from the inertial
frame setup, one obtains the following five inertial vectors:
r1 = [−

√
2/2 −

√
2/2 0]>, r2 = [−

√
2/2
√

2/2 0]>, r3 =
[
√

2/2
√

2/2 0]>, r4 = [
√

2/2 −
√

2/2 0]>, r5 = [0 0 − 1]>.
Let (ui, vi) and di denote the pixel and depth measurements of
the i-th landmark, respectively (see Fig. 6b). Then, according
to the structure of RealSense D435i, the body-frame positions
of the corners are given by

pBi = di

(ui − cx)/fx
(vi − cy)/fy

1

 , ∀i = 1, 2, 3, 4, (26)

where the focal length (fx, fy) and the optical center (cx, cy)
are the internal parameters obtained from camera calibration.

Moreover, the corresponding body-frame vector measurements
are obtained as follows:

bi =
pBi − pBc
‖pBi − pBc ‖

, ∀i = 1, 2, 3, 4, b5 =
b1 × b2
‖b1 × b2‖

(27)

with pBc = 1
4

∑
pBi . The construction of the body-frame

vector measurements has been summarized in Algorithm 1.
Moreover, a detailed diagram of our experimental setup is
given in Fig. 6c.

Algorithm 1 The construction of the body-frame vector measure-
ments from an RGB-D camera

1: Read the color image;
2: Read the depth image;
3: Align the depth image to the color image;
4: Detect the AprilTag in the image;
5: if AprilTag is detected then
6: Obtain the pixels (ui, vi) and depths di of the tag corners;
7: Compute the 3D positions pBi of landmarks using (26);
8: Construct the body-frame vectors using (27);
9: end if

The same initial attitude is considered for each observer
with R̂(0) = I3 and r̂i(0) = ri for all i = 1, 2, . . . , 5. The
gain parameters are tuned such that all the observers have the
similar performance with ρi = (6−i)/15, kr = 0.5, ko = 10.5
for the proposed observer, ρi = 2(6 − i)/25 for the ‘Hybrid
[24]’ and ki = ρi, kP = 9.5 for the ‘CF [4] + ZOH’. We also
consider a vision-only-based pose estimation method (referred
to as ‘Vision only’) using the command readAprilTag
provided by the Computer Vision Toolbox, which provides
relative pose estimation from a single AprilTag of known scale.

In this experimental test, the data from the RealSense
D435i are transmitted to a PC using a USB3.0 cable. The
proposed attitude observer is implemented online using the
Simulink Coder (generates and executes C/C++ code from a
Simulink model) on an Intel Core i7-3540M running at 3.0
GHz, while the other methods are implemented offline using
the collected same data (including gyro, landmark positions
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(a) (b)

(c)

Fig. 6: The experimental setup and the diagram of the real-
time implementation of the proposed hybrid attitude observer
using an IMU sensor and an RGB-D camera as well as the
AprilTag markers. A video of the experimental test is available
at https://youtu.be/9eBqG6p7CXk.

and images). Since the ground truth is not available in this
experimental setup, alternatively, we consider the following
root mean square error (RMSE):

RMSE =

√
1

N

∑N

i=1
‖R̂>ri − bi‖2. (28)

The experimental results are presented in Fig. 7. It can be
observed that the three attitude observers have the similar
performance in this experimental test, which is better than the
‘Vision only’ method in terms of noise, due to the nature of
filtering by taking into account the information of gyro. The
RMSE of each attitude observer starting from a large vale con-
verges, after a few seconds, to the vicinity of zero. Moreover,
the zoomed plot in Fig. 7 also shows that the proposed hybrid
observer provides smoother attitude estimation compared to
the ‘Hybrid [24]’ in the presence of measurement noise. This
is benefit from the fact that the proposed observer generates
continuous estimates of the attitude.

VII. CONCLUSION

In this work, we addressed the problem of nonlinear attitude
estimation with intermittent and multi-rate vector measure-
ments by designing two types of hybrid nonlinear attitude
observers. The first hybrid attitude observer, endowed with
almost global asymptotic stability, provides continuous esti-
mates of the attitude through the use a kinematic model on
SO(3) driven by continuous gyro measurements and a hybrid
input generated from intermittent and multi-rate body-frame
vector measurements. The second hybrid attitude observer
provides stronger stability results by handling the undesired
equilibria through the introduction of an additional switching
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Fig. 7: Time evolution of the attitude estimation and estimation
errors using the high-rate gyro measurements (400Hz) and the
low-rate RGB-D camera measurements (30FPS).

mechanism motivated from [26] leading to global asymptotic
stability guarantees. To the best of our knowledge, this is
the first work dealing with nonlinear attitude estimation, with
GAS guarantees, involving intermittent and multi-rate vector
measurements. A set of numerical simulation tests show that
the proposed hybrid observer exhibits better performance than
the continuous nonlinear complementary filter [4] with a ZOH
method and the (non-smooth) predict-update hybrid observer
of [24]. To illustrate the real-time performance of the proposed
approach, we implemented the proposed observer online using
high-rate gyro measurements and thlow-rate vector measure-
ments constructed from an RGB-D camera.

APPENDIX A
PROOF OF PROPOSITION 2

From (6)-(9b), for each vector i ∈ I one obtains the
following hybrid system:(

˙̃ri
τ̇i

)
=

(
0
−1

)
︸ ︷︷ ︸

τi∈[0,tiM ]

(
r̃+
i

τ+
i

)
∈
(

(1− kr)r̃i
[T im, T

i
M ]

)
︸ ︷︷ ︸

τi∈{0}

(29)

Note that the hybrid system (29) is autonomous and satisfies
the hybrid basic conditions of [13, Assumption 6.5]. For
each vector i ∈ I, consider the following Lyapunov function
candidate:

V ir (r̃i, τi) = eµτi r̃>i r̃i (30)

where 0 < µ < − 2
T̄M

ln(1 − kr) with T̄M := maxi∈I T
i
M .

Since 0 < kr < 1, one can easily verify that − ln(1−kr) > 0.

https://youtu.be/9eBqG6p7CXk
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For all τi ∈ [0, T iM ] (i.e., between two consecutive measure-
ments of the i-th vector) the time-derivative of V1 along the
flow of (29) is given by

V̇ ir (r̃i, τi) = −µeµτi r̃>i r̃i = −µV ir (r̃i, τi) (31)

When the measurement of the i-th vector arrives (i.e., τi = 0),
one has τ+

i ∈ [T im, T
i
M ], r̃+

i = (1− kr)r̃i and

V ir (r̃+
i , τ

+
i ) = eµτ

+
i (1− kr)2r̃>i r̃i

≤ eµT
i
M (1− kr)2r̃>i r̃i

≤ eµT̄M (1− kr)2V ir (r̃i, τi). (32)

where we made use of T iM ≤ T̄M for all i ∈ I. Let λJ :=
eµT̄M (1− kr)2. Using the fact that µ < − 2

T̄M
ln(1− kr), one

can verify that 0 < λJ = eµT̄M (1− kr)2 < 1. Hence, one can
rewrite (32) as

V ir (r̃+
i , τ

+
i ) ≤ λJV ir (r̃i, τi) ≤ e−λV ir (r̃i, τi) (33)

where λ := min{− ln(λJ), µ} > 0. Moreover, from
(31) and (33), one can conclude that every maximal so-
lution to the hybrid system (29) is complete and satisfies
V ir (r̃i(t, j), τi(t, j)) ≤ e−λ(t+j)V ir (r̃i(0, 0), τi(0, 0)) for all
(t, j) ∈ dom(r̃i, τi). Let α = eµT̄M . Using the fact ‖r̃i‖2 ≤
V ir (r̃i, τi) ≤ eµT̄M ‖r̃i‖2 from the definition of V ir given in
(30), one can further conclude that

‖r̃i(t, j)‖2 ≤ αe−λ(t+j)‖r̃i(0, 0)‖2

which implies that for each i ∈ I the vector estimation error
r̃i converges (globally exponentially) to zero. This completes
the proof.

APPENDIX B
PROOF OF PROPOSITION 3

Define T (R̃, θ) := R̃Ru(θ) ∈ SO(3). For simplicity, if
no argument is indicated for T , then it should be understood
that T = T (R̃, θ). For the sake of simplicity, let ν := γθ +
2u>ψ(AT ), then one can show that

R>u (θ)σ(R̃, θ, r̃) = ψ(AT ) + Γ(R̃, θ)r̃ (34)

γθ + 2u>R>u (θ)σ(R̃, θ, r̃) = ν + 2u>Γ(R̃, θ)r̃ (35)

where Γ(R̃, θ) := R>u (θ)Γ(R̃, θ). From (21), (35) and (35),
the time-derivatives of θ and T (R̃, θ) are given by

θ̇ = −kθ(ν + 2u>Γ(R̃, θ)r̃) (36)

Ṫ = R̃(−koσ(R̃, θ, r̃))×Ru(θ) + R̃Ru(θ)(θ̇u)×

= T (−koR>u (θ)σ(R̃, θ, r̃) + θ̇u)×

= T (−ko(ψ(AT ) + Γ(R̃, θ)r̃)

− kθu(ν + 2u>Γ(R̃, θ)r̃))×

= T (−koψ(AT )− kθνu− Γ̂(R̃, θ)r̃)× (37)

where Γ̂(R̃, θ) := koΓ(R̃, θ) + 2kθuu
>Γ(R̃, θ) =

koR>u (θ)Γ(R̃, θ) + 2kθuu
>Γ(R̃, θ), and we made use of the

facts Ru(θ) = eθu
×

, Ru(θ)u = u, Ṙu(θ) = Ru(θ)(θ̇u)× and
R>a×R = (R>a)× for all R ∈ SO(3), a ∈ R3.

Consider the following real-valued function VR : SO(3)×
R→ R:

VR(xo) = tr((I3 − T )A) +
γ

2
θ2 (38)

It is clear that VR(xo) ≥ 0 for all xo ∈ SO(3) × R and
VR(xo) = 0 if and only if xo = (I3, 0). Thus, VR is positive
definite with respect to the equilibrium point (I3, 0).

Hence, the time-derivative of VR in the flows of (20) is
given as

V̇R(xo) = tr(AT (koψ(AT ) + kθνu+ Γ̂(R̃, θ)r̃)×)

− γkθθ(ν + 2u>Γ(R̃, θ)r̃)

= −2(koψ(AT ) + kθνu+ Γ̂(R̃, θ)r̃)>ψ(AT )

− γkθθν − 2γkθθu
>Γ(R̃, θ)r̃)

= −2ko‖ψ(AT )‖2 − 2(Γ̂(R̃, θ)r̃)>ψ(AT )

− kθν(γθ + 2u>ψ(AT ))− 2γkθθu
>Γ(R̃, θ)r̃

= −2ko‖ψ(AT )‖2 − 2(Γ̂(R̃, θ)r̃)>ψ(AT )

− kθ|ν|2 − 2γkθθu
>Γ(R̃, θ)r̃ (39)

where we have made use of the facts tr(AB) = tr(BA),
tr(Aa×) = −2a>ψ(A) for all A,B ∈ R3×3 and a ∈ R3.
From the definition of ν, one has γθ = ν−2u>ψ(AT ). More-
over, from the definitions of Γ(R̃, θ),Γ(R̃, θ) and Γ̂(R̃, θ), one
can verify that there exist constants cΓ, ĉΓ > 0 such that

‖Γ(R̃, θ)r̃‖ ≤ cΓ‖r̃‖, ‖Γ̂(R̃, θ)r̃‖ ≤ ĉΓ‖r̃‖

for all (R̃, θ, r̃) ∈ SO(3)×R×R3n. Then, the time-derivative
of VR can be rewritten as

V̇R(xo) = −2ko‖ψ(AT )‖2 − 2(Γ̂(R̃, θ)r̃)>ψ(AT )

− kθ|ν|2 − 2kθ(ν − 2u>ψ(AT ))u>Γ(R̃, θ)r̃

≤ −2ko‖ψ(AT )‖2 − kθ|ν|2 + 2kθcΓ|ν|‖r̃‖
+ 2(2kθcΓ + ĉΓ)‖ψ(AT )‖‖r̃‖ (40)

where we made use of the facts ‖u‖ = 1 for all u ∈ S2,
x>y ≤ ‖x‖‖y‖, ‖Rx‖ = ‖x‖ for all R ∈ SO(3), x, y ∈ R3.
Given r̃ ≡ 0, one has V̇R(xo) ≤ −2ko‖ψ(AT )‖2 − kθ|ν|2.
Thus, from (40), VR is non-increasing along the flows of (20)
with r̃ ≡ 0.

On the other hand, from the definition of φ̃ given in (16),
one can show that

φ̃(xo, r̃)−
N∑
i=1

ρi‖r̃i‖2 ≤ VR(xo) ≤ φ̃(xo, r̃) +

N∑
i=1

ρi‖r̃i‖2

(41)

where we used the facts ‖(I3 − R̃Ru(θ))>ri‖2 −
‖r̃i‖2 ≤ ‖(I3 − R̃Ru(θ))>ri + (R̃Ru(θ))>r̃i‖2 ≤ ‖(I3 −
R̃Ru(θ))>ri‖2+‖r̃i‖2 and 1

2

∑N
i=1 ρi‖(I3−R̃Ru(θ))>ri‖2+

γ
2 θ

2 = tr((I3 − T (R̃, θ)A) + γ
2 θ

2 = VR(xo). Then, in view
of (20)-(21), (38) and (41), for each jump in the jump set Jo,
one can show that

VR(R̃, θ+)− VR(R̃, θ)

≤ φ̃(R̃, θ+, r̃) +

N∑
i=1

ρi‖r̃i‖2 − φ̃(R̃, θ, r̃) +

N∑
i=1

ρi‖r̃i‖2
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= −
(
φ̃(R̃, θ, r̃)− min

θ′∈Θ
φ̃(R̃, θ′, r̃)

)
+ 2

N∑
i=1

ρi‖r̃i‖2

≤ −δ + 2

N∑
i=1

ρi‖r̃i‖2 (42)

where θ+ ∈ {θ′ ∈ Θ : µφ̃(R̃, θ′, r̃) = 0} as per (21). Thus,
from (42), VR has a strict decrease over the jumps of (20)
with r̃ ≡ 0. Therefore, given r̃ ≡ 0, one concludes from (40)
and (42) that the equilibrium point (I3, 0) is stable as per [12,
Theorem 23], and any maximal solution to (20) is bounded.
Moreover, it follows that 0 ≤ VR(xo(t, j)) ≤ VR(xo(tj , j)) ≤
VR(xo(tj , j − 1)) − δ ≤ VR(xo(0, 0)) − jδ with (t, j) �
(tj , j) � (tj , j − 1) � (0, 0) and (t, j), (tj , j), (tj , j − 1) ∈
domxo. This implies that the number of jumps is finite (i.e.,
dVR(0,0)

δ e with d·e denoting the ceiling function) and depends
on the initial conditions.

Next, we show that the equilibrium point (I3, 0) is globally
attractive. Applying the invariance principle for hybrid systems
given in [36, Theorem 4.7], one concludes from (40) and (42)
that any solution to the hybrid system (20) with r̃ ≡ 0 must
converge to the largest invariant set contained in W := {xo =
(R̃, θ) ∈ SO(3)×R|ψ(AT ) = 0, ν = 0}. Using the facts T =
R̃Ru(θ) and ν = γθ+2u>ψ(AT ), for each xo ∈ W , one has
θ = 0 and ψ(AR̃) = 0. From ψ(AR̃) = 0 with a symmetric
positive definite matrix A defined in (8), one obtains R̃ ∈
{I3} ∪ {R̃ = Ra(π, v), v ∈ E(A)}. Thus, any solution xo
to the hybrid system (20) with r̃ ≡ 0 must converge to the
largest invariant set contained in W ′ := {(I3, 0)} ∪ {xo =
(R̃, θ) ∈ SO(3) × R|R̃ = Ra(π, v), v ∈ E(A), θ = 0}. From
the definition of ΨA defined in (23), one has W ′ × {0} =
{(I3, 0, 0)}∪ΨA. From the definitions of the sets Fo,ΨA and
the fact µφ̃(xo, r̃) = −minθ′∈Θ φ̃(R̃, θ′, r̃) ≤ 0 as (xo, r̃) =
(I3, 0, 0), one obtains {(I3, 0, 0)} ⊆ Fo ∩W ′×{0} and Fo ∩
(W ′ × {0} \ {(I3, 0, 0)}) = Fo ∩ ΨA = ∅. Then, applying
some simple set-theoretic arguments, one obtains Fo ∩W ′ ×
{0} ⊆ (Fo∩ (W ′×{0}\{(I3, 0, 0)}))∪ (Fo∩{(I3, 0, 0)}) =
∅ ∪ {(I3, 0, 0)} = {(I3, 0, 0)}. Consequently, from the facts
Fo ∩W ′ × {0} ⊆ {(I3, 0, 0)} and {(I3, 0, 0)} ⊆ Fo ∩W ′ ×
{0}, one has {(I3, 0, 0)} = Fo ∩ W ′ × {0}, which implies
that W ′ = {(I3, 0)} from the definition of W ′. Moreover,
by virtue of [13, Proposition 6.5], one can verify that every
maximal solution to (20) with r̃ ≡ 0 is complete. Hence,
one can conclude that the equilibrium point (I3, 0) is globally
asymptotically stable for the hybrid system (20) with r̃ ≡ 0.
This completes the proof.

APPENDIX C
PROOF OF THEOREM 2

Define the extended state x := (xo, r̃, τ) ∈ S. From (2),
(12), (13), (6) and (19), one obtains the following hybrid
closed-loop system:

Ho :

{
ẋ = F (x), x ∈ F
x+ ∈ ∪Ni=0Gi(x), x ∈ J := ∪Ni=0Ji

(43)

where F := Fo × [0, T 1
M ] × · · · × [0, TNM ] and J0 = Jo ×

[0, T 1
M ]×· · ·×[0, TNM ] and Ji := SO(3)×R×R3N×[0, T 1

M ]×

· · · × [0, T i−1
M ]× {0} × [0, T i+1

M ]× · · · × [0, TNM ] for all i ∈ I,
and the flow and jump maps are defined as follows:

F (x) := (Fo(xo, r̃), 03N×1,−1N×1) (44a)
G0(x) := (Go(xo, r̃), r̃, τ) (44b)

Gi(x) := (xo, G
r̃
i (r̃), G

τ
i (τ)) (44c)

where Fo(xo, r̃) and Go(xo, r̃) are defined in (21), and

Gr̃i (r̃) :=
[
r̃>1 , · · · , r̃>i−1, (1− kr)r̃>i , r̃

>
i+1, · · · , r̃>N

]> (45)
Gτi (τ) :=

[
τ1, · · · , τi−1, [T

i
m, T

i
M ], τi+1, · · · , τN

]> (46)

From (12c) and (9b), one has x+ ∈ Gi(x) if x ∈ Ji for
each i ∈ I≥0 := {0, 1, 2, . . . , N}. Note that in the hybrid
dynamics (43), x could belong concurrently to multiple sub-
jump-sets Ji at a given time if, for instance, two or more
measurements arrive at this instant of time (i.e., tik = tjk′ with
i 6= j, k, k′ ∈ N). In this case, for each x ∈ J , define I(x) :=
{i ∈ I≥0 : x ∈ Ji} as the nonempty index set. Then, one
has x ∈ ∪i∈I(t)Ji and x+ ∈ ∪i∈I(x)Gi(x). Note that the
flow set F and jump set J are both closed, and F ∪ J = S.
Note also that with the introduction of the virtual timers τi,
the hybrid system Ho is autonomous and satisfies the hybrid
basic conditions of [13, Assumption 6.5].

Consider the following Lyapunov function candidate:

V (x) = VR(xo) + ε

n∑
i=1

V ir (r̃i, τi) (47)

where ε > 0. From (31) and (40), the time-derivative of V in
the flows of (43) is given as

V̇ (x) ≤ −2ko‖ψ(AT )‖2 − kθ|ν|2 + 2kθcΓ|ν|‖r̃‖
+ 2(2kθcΓ + ĉΓ)‖ψ(AT )‖‖r̃‖ − µε‖r̃‖2

≤ −ko‖ψ(AT )‖2 − 1

2
kθν

2 − cε‖r̃‖2 (48)

where cε := µε − (2kθcΓ+ĉΓ)2

ko
− 2kθc

2
Γ, and we used T =

R̃Ru(θ), eµτi ≥ 1 for all τi ∈ [0, T iM ], and the inequality
2b‖x‖‖y‖ ≤ a‖x‖2 + b2

a ‖y‖
2 for all a, b > 0, x, y ∈ Rn. To

ensure cε > 0, it is sufficient to choose the constant scalar
ε large enough such that ε > 1

µ ( (2kθcΓ+ĉΓ)2

ko
+ 2kθc

2
Γ) with

µ chosen as per Appendix A. Thus, V̇ (x) is negative semi-
definite and V (x) in non-increasing along the flows of (43).

On the other hand, we consider the case where the state is
in the jump set, i.e., x ∈ J . In this case, we have the following
three scenarios:

1) The scenario where only the jumps of the intermittent
measurements are involved. One has x ∈ ∪i∈I(x)Ji with
I(x) ⊆ I and for each jump x+ ∈ ∪i∈I(x)Gi(x), which
implies that x+

o = xo and{
r̃+
i = (1− kr)r̃i, τ+

i ∈ [Tm, TM ] i ∈ I(x)

r̃+
i = r̃i, τ

+
i = τi i /∈ I(x)

In view of (31), (40) and (47) one can show that

V (x+)− V (x) = VR(x+
o ) + ε

n∑
j=1

V jr (r̃+
j , τ

+
j )
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− VR(xo)− ε
n∑
j=1

V jr (r̃j , τj)

≤ ε
∑
i∈I(x)

(V ir (r̃+
i , τ

+
i )− V ir (r̃i, τi))

From (33), one has V ir (r̃+
i , τ

+
i ) ≤ λJV

i
r (r̃i, τi) with

λJ = eµT̄M (1 − kr)2 < 1. Hence, one can further show
that

V (x+)− V (x) ≤ −ε(1− λJ)
∑
i∈I(x)

V ir (r̃i, τi) (49)

Since 0 < λJ < 1 and V ir (r̃i, τi) ≥ 0 for i ∈ I, one can
conclude that V (x) is non-increasing after each jump at
x ∈ ∪i∈I(x)Ji with I(x) ⊆ I.

2) The scenario where only the jump of θ is involved.
One has x ∈ J0 which implies that x+ ∈ G0(x), i.e.,
x+
o ∈ Go(xo, r̃) with Go(xo, r̃) defined in (21) and
r̃+ = r̃, τ+ = τ . From (42), (43) and (47) one can show
that

V (x+)− V (x) = VR(Go(xo, r̃))− VR(xo)

= VR(R̃, θ+)− VR(R̃, θ)

≤ −δ + 2

N∑
i=1

ρi‖r̃i‖2 (50)

where θ+ ∈ {θ′ ∈ Θ : µφ̃(R̃, θ′, r̃) = 0} as per (21).
Then, one has V (x+) ≤ V (x) if

∑N
i=1 ρi‖r̃i‖2 ≤

δ
2 .

3) The scenario where both the jumps of the intermittent
measurements and the auxiliary variable θ are involved
(i.e., the combination of above two scenarios, x ∈
∪i∈I(x)Ji with I(x) ⊆ I≥0 and 0 ∈ I(x)). From (49)
and (50), one has

V (x+)− V (x) ≤ −ε(1− λJ)
∑

i∈I(x)\{0}

V ir (r̃i, τi)

+ VR(Go(xo, r̃))− VR(xo)

≤ −δ + 2

N∑
i=1

ρi‖r̃i‖2 (51)

which implies that V (x+) ≤ V (x) if
∑N
i=1 ρi‖r̃i‖2 ≤

δ
2 .

Next, we are going to show that the set A is stable. We
first show that, for each constant 0 < cδ <

δ
2 , there exist

a finite time T0 ≥ 0 and a finite number of jump J0 ≥ 0
with (T0, J0) ∈ domx such that

∑N
i=1 ρi‖r̃i(t, j)‖2 ≤ cδ for

all (t, j) ∈ domx, (t, j) � (T0, J0) (i.e., t ≥ T0, j ≥ J0).
From (11), one can verify that, for each i ∈ I, ‖r̃i(t, j)‖2 ≤
eµT̄M e−λt‖r̃i(0, 0)‖2 for all (t, j) ∈ domx. Hence, for each
0 < cδ < δ

2 , there exists a finite time T0 ≥ 0 such that∑N
i=1 ρi‖r̃i(t, j)‖2 ≤ cδ for all (t, j) ∈ domx and t ≥ T0.

Then, it remains to show that there is a finite number of jumps
in the time interval [0, T0]. Note that the number of jumps in
the set ∪i∈IJi is finite (bounded by T0/min{T 1

m, . . . , T
N
m })

in the time interval [0, T0] by Assumption 2. In view of (11),
(47)-(49) and the fact VR(Go(xo)) = tr((I3 −T (R̃, θ+)A) +
γ
2 (θ+)2 ≤ 4λAM + γ

2 maxθ′∈Θ |θ′|2 with λAM denoting the
maximum eigenvalue of A, one can verify that V (x(t, j)) is

upper bounded for all (t, j) ∈ domx. Using the following
inequalities modified from (41):

φ̃(xo, r̃) ≤ VR(xo) +

N∑
i=1

ρi‖r̃i‖2

≤ VR(xo) + ε

N∑
i=1

ρi
ε
eµτi‖r̃i‖2

≤ cφV (x) (52)

with cφ := max{1, ρ1

ε , . . . ,
ρN
ε }, one can also show that

φ̃(xo, r̃) is upper bounded for all (t, j) ∈ domx. Moreover,
since φ̃(xo, r̃) is non-negative and has a strict decrease after
each jump in the set J0 by the definition of the jump set J0 in
(21), the number of consecutive jumps in the set J0 is finite
(i.e., no Zeno behavior). Hence, the number of jumps in the
jump set J is finite and there is no finite escape-time in the
time interval [0, T0], i.e., there exists a finite number of jumps
J0 such that (T0, J0) ∈ domx and

∑N
i=1 ρi‖r̃i(t, j)‖2 ≤ cδ

for all (t, j) ∈ domx, (t, j) � (T0, J0). Then, for all
(t, j) ∈ domx, (t, j) � (T0, J0), one obtains from (42) that

VR(Go(xo, r̃))− VR(xo)

≤ −δ + 2

N∑
i=1

ρi‖r̃i‖2 ≤ 2cδ − δ < 0 (53)

This implies that, after each jump in the set J0, V (x) is
bounded for all (t, j) ∈ domx, (t, j) � (T0, J0) and has
a strict decrease for all (t, j) ∈ domx, (t, j) � (T0, J0).
Substituting (53) into (50) and (51) and using the results in
(47) and (49), one can show that V (x) is bounded for all
(t, j) ∈ domx, (t, j) � (T0, J0) and non-increasing for all
(t, j) ∈ domx, (t, j) � (T0, J0). It is important to point out
that T0 = J0 = 0 if the initial conditions are small enough
(i.e.,

∑N
i=1 ρi‖r̃i(0, 0)‖2 < δ

2 ). Therefore, one can conclude
that the set A is stable, and any maximal solution to (43) is
bounded.

Now, we are going to show that the set A is globally
attractive, i.e., every maximal solution x to (43) is complete
and satisfies limt+j→∞ |x(t, j)|A = 0 for all (t, j) ∈ domx.
Define the following nonempty set:

U :=

{
x = (xo, r̃, τ) ∈ S|

N∑
i=1

ρi‖r̃i‖2 < cδ

}
(54)

with some 0 < cδ <
δ
2 and (T0, J0) ∈ domx. Note that the

closed-loop system (43) satisfies the hybrid basic condition
[13, Assumption 6.5], F (x) ⊂ TF (x) for any x ∈ F \J with
TF (x) denoting the tangent cone to F at point x, G(J ) ⊂
F ∪ J = S, and every maximal solution to (43) is bounded.
Therefore, by virtue of [13, Proposition 6.10], every maximal
solution to (43) is complete. Thus, every maximal solution x,
since complete and bounded, is a compact hybrid trajectory
satisfying

{x(t, j)|(t, j) ∈ domx, (t, j) � (T0, J0)} ⊂ U .
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We consider the following functions motivated from [36]

uC(x) :=

{
−ko‖ψ(AT )‖2 − 1

2kθν
2 − cε‖r̃‖2, x ∈ F

−∞, otherwise
(55)

and

uD(x) :=

{
maxi∈I(x){V (Gi(x))− V (x)}, x ∈ J
−∞, otherwise

(56)

with I(x) := {i ∈ I≥0 : x ∈ Ji}. It is clear from (48)
that uC(x) ≤ 0 for all x ∈ U , and from (49)-(51) and (53)
that uD(x) ≤ 0 for all x ∈ U . By virtue of [36, Theorem
4.7], every maximal solution x to the hybrid system (43) must
converge to the largest weakly invariant set contained in

V −1(r) ∩ U ∩ [u−1
C (0) ∪ (u−1

D (0) ∩G(u−1
D (0)))]

for some constant r ∈ V (U). Applying simple set-theoretic
arguments, one obtains V −1(r) ∩ U ∩ [u−1

C (0) ∪ (u−1
D (0) ∩

G(u−1
D (0)))] = [V −1(r) ∩ U ∩ u−1

C (0)] ∪ [V −1(r) ∩ U ∩(
u−1
D (0) ∩G(u−1

D (0))
)
]. From (49)-(51) and the property of

the jump set J0 (i.e., Jo in (53)), one can show that
u−1
D (0) ∩G(u−1

D (0)) = ∅. Moreover, from (55), one has

V −1(r) ∩ U ∩ u−1
C (0)

= V −1(r) ∩ U ∩ {x ∈ F : ψ(AT ) = 0, r̃ = 0, ν = 0}
= {x ∈ F : ψ(AT ) = 0, r̃ = 0, θ = 0}
= {x ∈ F : ψ(AR̃) = 0, r̃ = 0, θ = 0}

where we made use of the facts ν = γθ + 2u>ψ(AT ), T =
R̃Ru(θ). Since F = Fo× [0, T 1

M ]× · · · × [0, TNM ] = {x ∈ S :
µφ̃(R̃, θ, r̃) ≤ δ}, one can conclude from Lemma 1 and the
definition of the set A that

V −1(r) ∩ U ∩ u−1
C (0)

= {x ∈ S : µφ̃(R̃, r̃, θ) ≤ δ, ψ(AR̃) = 0, θ = 0, r̃ = 0}
= {(R̃, θ, r̃, τ) ∈ S : R̃ = I3, θ = 0, r̃ = 0}
= A.

Therefore, one can conclude that every maximal solution, since
complete and bounded, must converge to the set A, which
implies that the set A is globally asymptotically stable for the
hybrid system (43). This completes the proof.
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